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ABSTRACT

We present new equations for four-body scattering, obtained by
generalizing our three-body formalism to the four-body case. These
equations, although equivalent to those of Faddeev-Yakubovskii, are
expressed in terms of singularity-free physical transition amplitudes,
and their energy-independent effective potentials require only half-on-
shell subsystem transition amplitudes (and bound state wavefunctions)
as input. However, due to the detailed index structure of the Faddeev-
Yakubovskii formalism, the result of our generalization is consider-

ably more complicated than in the three-body case.
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I. INTRODUCTION

The treatments of the four-body problem that exist in the literature pro-
vide a variety of solutions to the problem of finding appropriate four-body
scattering equations. Of those obtained by generalizing Faddeev's three-body
theory, 1 the approach due to Yakubovskii2 is the most well-established, in
particular because its equivalence with the Schrcedinger equation has been
demonstrated. The most characteristic feature of this formalism, and also
its main weakness, is its very detailed classification of the clustering proper-
ties of the four-body system.

In some alternative approaches (such as that due to Sloan3), a less detailed
index structure is considered, for instance using only a two-cluster classifica-
tion of the four particles. As compared to Yakubovskii's, the resulting equa-
tions exhibit in general a more complicated structure, and their connection
with the Schroeedinger equation remains unclear.

A common feature of all these formalisms is that they have been developed
almost exclusively at the formal operator level: the actual complexity involved
(such as the singularity structure of the considered entities) is therefore not
explicitly shown.

In the present work, we seek to establish a four-body formalism based on
the Faddeev-Yakubovskii (FY) theory in a way that makes the actual structure
of the formalism more evident. For this purpose we follow a method suggested
by our previously developed three-body formalism, 4 in which a thorough
singularity analysis of the Faddeev kernel led us to singularity-free physical
amplitudes that obey dynamical equations with a considerably simplified input.

With these results in mind, we carry out a similar singularity analysis of

the four-body kernel. As in the three-body case, this task is considerably
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simplified by using the complete sets of eigenstates of the channel Hamiltonians.

The analysis turns out to be particularly straightforward for FY entities labeled
(o

g’
v’ being the conventional four-body FY component—and leads very naturally to

B

new singularity-free amplitudes components for four-body scattering.

by two-cluster indices only—such as the wavefunction components v’ = Z\If

In order to obtain equations for such amplitudes, however, the FY formal-
ism requires that we also analyze the wavefunction component \Ifg itself;i.e., it
requires that the singularity analysis be made taking into account the full index
structure of the formalism. Unfortunately, this more detailed analysis turns
out to be less straightforward than the first; in addition to the physical transition
amplitudes, we are forced to introduce a nonphysical amplitude which, although
not present in the full four-body wavefunction, still appears in the dynamical
equations.

Nevertheless, the set of equations we are led to exhibit essentially the
same features as our corresponding three-body equations: namely, a multi-
channel Lipbmann—Schwinger structure with energy~independent effective
potentials that require a simplified subsystem input (i.e., only half-on-shell
subsystem scattering amplitudes and bound state wavefunctions).

In Section II we review the main techniques and results of our three-body
formalism. In Section III we introduce the four-body notation that will be used
throughout the paper, some basic aspects of the FY formalism, and the appro-
priate complete sets of the channel Hamiltonians. The singularity analysis of
the component 37 is carried out in Section IV, where the physical scattering
amplitudes are identified.

The fully-split FY components \Ifz are analyzed in Section V, and the equa-

tions that the scattering amplitude components satisfy are obtained in Section VI.
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Finally in Section VII, we generalize our formalism to the fully-off-shell case
and connect our amplitudes 10 the operator formalism.
In the Appendix we confirm that our amplitudes are indeed components of
the physical scattering amplitudes.
II. THE THREE-BODY CASE: A REVIEW
The main feature of our three-body ’iormalism4 is the analysis of the

singularity structure of the kernel Gt of the Faddeev equations

OBBY
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corresponding to an initial state E)»a(o) qbf:> of a bound pair in channel ¢ and a

> is the Faddeev component of the three-body wavefunction

third free particle; E p(O) —Ka is the total energy, t B(E+iO) is the two-hody
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of the Faddeev kernel is best exposed using the spectral decomposition of G ey
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-E-iO)_l, the singularity structure

or equivalently, by considering projections onto channel eigenstates, i.e., onto

the complete set of eigenstates Iﬁﬁcpﬁ >, IFBZ'/):* >] of the channel Hamiltonian

q
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In this way, we obtained for the three-body wavefunction components the
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where the elastic/rearrangement and breakup poles occur explicitly in separate
terms, and ‘%ﬁa and Z gﬁa are the corresponding physical scattering ampli-
tudes. It is important to note that these amplitudes are free from primary
singularities. 6 We then proceeded to show that, when expressed in terms of
th@a and <§’Ba, the three-body equations (2.1) take a particularly simple form:
they become coupled multichannel Lippmann-Schwinger-type equations, whose
"effective potentials™ are energy independent, and require only half-on-shell
two-body input (in contrast, in all previous exact formulations of the three-body
problem such effective potentials are energy-dependent and require fully-off-
shell two~-body input).
III. THE FOUR-BODY CASE: PRELIMINARY CONSIDERATIONS

For our treatment of four-body scattering we make use of the FY equations
for the FY wavefunction components, 7,8 i.e.,

|~1¢‘E(T)> = 5"T|<1>g)> - 2 Gy (B+i0) K(;y(EHO) > 50p|,1,§>/(7)> . (3.1)

Yco poY

The wavefunction components are labeled both by two-cluster indices o,p, T,
etc. (i.e., of the type (123)(4) or (12)(34)), and by three-cluster indices «, 8,7,
etc. (of the type (12)(3)(4), i.e., pair indices). The decomposition is such that
}: Z \IIZ(T) is the full four-body wavefunction. A three-cluster index below
aotvfcfiluster index (as in \I/(;(T)

obtained by further splitting one of the two clusters (as in 0=(123)(4) — (12)(3)(4) =

) indicates that the three clusters have been

,8).9 This is also described by writing pCa.
In Eq. (3.1), <I>'(BT) denotes the f-component of the initial state wavefunc’cion;10
the operator KZ’V is the three-body kernel operator of subsystem o (more pre-

cisely, it is the two-cluster subsystem kernel operator, since o can be either of



the 3+1 or the 2+2 type), defined as

o _ _ o
KBV~EG{VBGBA VG VA}‘SM , (3.2)

-1
where G7 = (H - E-i0)" ! = ( ot S v -E-io)
yco

In order to proceed with our treatment of the four-body case, we need to
define the appropriate complete sets of eigenstates of the channel Hamiltonians
H’, For ¢ of the 3+1 type, the complete set of eigenstates of the three-body

Hamiltonian §2+az+ Z V_ is given by Faddeev11 as being,
yCo

18>, W° >, 5 >t , allsco (3.3)

(¢ pq
where |®> is a three-body bound state (we only consider one three-body bound
state per channel) of energy 'Kczr; I\If+ > s the (outgoing wave) scattering state
corresponding to an initial state of a(?o)gund pair 6 and a third free particle with
relative momentum p, and I\Ifi_’> is the (outgoing wave) scattering state
corresponding to an initial sta?eqof three free particles of relative momenta EH

Therefore, in the 3+1 case, the complete set of four-body channel eigen-
states can be written as
I?¢(0)> , s , Te %

- TS, allsco (3.4)
6)p pd

where if, say, 0 = (123)(4), ?(T is the momentum of the fourth particle relative to
the center-of-mass of the other three. (Note that we suppress the channel
indices of all variables.)

On the other hand, if o is of the 2+2 type, the complete set of channel

eigenstates is given by

Fa@s, Fev9%, e (3.5)
(6)q qq' ‘
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In (3.5), if we let §,v label the two subsystems of o (i.e., if 0=(12)(34) and
6=(12), then y=(34)), |§¢(0)> = s qbi ¢Z> represents a state of two bound pairs

moving with relative momentum s and corresponding to a total energy

2 2 2 ~2_ 2 o
E=s"- Ky =K where s _= so/zng, with = [(m1+m2) (m3+m4)]/(m1+m2+m3+m4)
—_— — 6
if o=(12)(34). Similarly, |s \If(o)_i__>= iS¢ ¥, > represents a state where

(6)a
the d-pair is bound, while the y-pair is in a scattering state of initial momentum

E:y,and so forth.

In what follows, we will in general not treat the two kinds of indices o
separately, but use only the set (3.4), with the understanding that when ¢ is of
the 242 type, the labels T,p,q of (3.4) should be replaced by the labels §,q, q'
of (3.5).

IV. SINGULARITY ANALYSIS OF \IfG(T): THE SCATTERING AMPLITUDES

The most natural generalization of our three-body formalism would be to
consider four-body wavefunction components labeled only by a two-cluster index

(1)

o. As we have seen in Eq. (3.1), however, the FY components \Ifg represent
a more detailed splitting of the full wavefunction, since in them not only the
last interacting subsystem is specified (labeled by d), but also the last inter-
acting pair (within the subsystem labeled by 7).

Therefore, we first consider the singularity structure of the "partially

summed" wavefunction component \I/U(T) = Z \PZ(T). Using Eq. (3.1), we find

gCa
705 = 7 FOsh _ w3 v 9P @y
Yo pOY Y
where V(%) = > v, 57\ (it is understood that yCo), and we have used the relation
AC O

G, %}K‘;y - G"Vf’ , (4.2)

which follows from (3. 2).
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With the explicit appearance of the channel Green's function ¢ in (4.1),

the singularity analysis of \IIG(T) becomes straightforward. Using the complete

set of channel eigenstates (3.4) or (3.5), we obtain
a7 (E+i0) = / 7 o>t <7 5%,

T -K,- E-i0

+ > [T — Ngr dg <?\If(a):_
Yt OFF T 4D -ki-E-i0 ©®)p
v [Fe@s =< dr dP RS (4.3)
Pq r+p+q -E-10 P q

where 52 and az are defined in Section II, and ?§_= Lo / 2770_

with Ng™ [m 4(ml+m2+m3)] / (m1+m2+m3+m 4) if 0=(123)(4). With the aid of

Eq. (4.3), (4.1) can now be written as

(O")—»-—-» c% ( , T (O), E+i0)

T T =777 6E,T) - 2,9 .
T —K‘O_—E—IO
/‘I’(G)_ —>—>) — zd '2 g?é’l)'(‘l‘,”'ls‘,,?(o) ,E+10)
6)p! T +p' —xé—E—iO
- [ FD o &7, 7 D E+0)
P’ q' r +p'+q'" -E-i0
(4.4)
where
O'T(r I'(O) E+i0) = <T <I>( )l E Z 6Gp V(O-) |\pr(7)
Yoo poY Y
#0T @ T OEHo) = <TI0 1D X 5% vg’)qupm (4.5)

(r,p'";r
(6) (6)P' YCo poY

TTEPT 70, ;E+i0) = <1 \Ir(o DI 5905 () g (),
p'q" ¥yCO pDY Yo
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Equation (4.4) constitutes a four-body analog of Egs. (2. 2); i.e., it
explicitly exhibits all the physical poles of the wavefunction components \IIG(T)
in separate terms. The residues at these poles—i.e., the amplitudes (4.5)—
are free from primary singularities (just as in our three-body formalism), and
are the components of the physical scattering amplitudes: As is shown in the
Appendix, the on-shell values of GT, E F ((Ic;-) and Zé° 9T are the amplitudes
for elastic/rearrangement, partial breal(;l:l)lg3 and full breZkup, respectively. 12

The remaining step in the generalization would now be to find equations for

these amplitudes. Unfortunately, as can be seen from Eqgs. (4.1), \IIU(T) is

a(r)

B

As a result, no equations for the wavefunction components \IIO(T) are available

coupled to all the FY components ¥ , and not simply to the remaining ¥P (T).

within the FY formalism, and it is therefore not possible to obtain dynamical

equations for the amplitudes (4.5) at this stage.

To proceed within the FY formalism, it is also necessary to perform a

o (1)

B

are available). This however is not straightforward, as will be seen in the

singularity analysis of the ¥Y components ¥ (for which, of course, Egs. (3.1)
next sections, énd is certain to lead toa larger number of amplitude components
(this being the weak point of the FY formalism in general).

At this point one could therefore abandon the FY formalism and use other
dynamical equations for the components \IIG(T), for example those discussed
in Refs. 3 and 13. However, all such alternatives we are aware of lead to
dynamical equations with effective potentials that are not only energy dependent,
but also require fully-off-shell subsystem input. In addition, these alternative
equations may possibly admit spurious solutions. For these reasons, we

choose to remain within the FY formalism for the present work.
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V. SINGULARITY ANALYSIS OF THE FY COMPONENTS \IIZ(T)
Recalling Eqgs. (3.1) and (3. 2), we see that the kernel that must be now

analyzed for singularities is G In analogy with (4.2), we write

B’Y
}\}C_“‘G Gm . 7w , (5.1)
where
ng=amc; —GOVﬁG 6.2

is the Faddeev component of the Green's function Ga, with the property that
Z G7 /37\ G°. Therefore, we see that for the pole decomposition of \IIZ(T) it is

necessary to analyze the Green's function components G> , rather than G’ itself.

B
As is evident from (5. 2), use of the spectral decomposition of e (Eq. (4.3)) is
not sufficient, since there is also a pole in GO' This pole is accounted for in the
following way: In each term that results from applying the spectral decompo-
sition (4. 3) to the product GO(E+i0)V BGG(EHO) of (5.2) we use the resolvent
identity

G,(E+ie) = G (2") + (B+ie-z') G (E+ie) Gy(a") G.3)

with z' equal to the energy of the corresponding channel eigenstate (with an
imaginary part €' that is always understood to go to zero before €). Then, the

Go(z')V factors in (5.2) can be eliminated using the three-body relations

B

2 20 = (0) _ = (0)
Go(r —KO_)VBIrcb >—-lr¢>B>

G (r +P -K2-1€')V Ir \I/«I) —I?\P(G)— >

>, (5.4)
0 B (6)p B:(5)p
Gy @ +7+ @ -1en v F e > = - F ¢
P q qu

(@)~ is what remains of \If( )- once the initial-state plane wave has been

B B
subtracted.

where y
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As a result, we obtain a ""pole decomposition" of the Green's function com-

ponents given by

s

Gy (E10) = f T &l9)> dr < &%)
A B 32 Ei
-k _-E-i0
[ox
v+ [ > A& v
SCa B;(6)p r +p -Ké—-E-iO ®)p
+ / Fol? > Ay

——n ~2 "’2 . ———
BAy;pq r +p +q -E-i0 pq
, = (O), = = .0)
+ GO(E+1O) 6@\ —flr @B >dr <r & | -

Y [7e s & dp v -

5Co " Bi(O)p ©)p
- fl?\xf(")‘___g dr dp dq <?~1rf_):l , (5.5)
BA)ip g Pq
where we have also replaced [T x(a) _>by T s.s BAI?FEB and made

BPq _____ BMPd

—

use of the fact that GO is diagonal in an |r p q> representation.

In (5.5) we see that upon summation over fCo, the factor multiplying
GO (E+i0) vanishes identically. In addition, the first three terms become equal
to the expression (4. 3) for GG, since the Faddeev components of (5.5) add up to

the full channel eigenstates.
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Using (5.5), we finally obtain the sought-for pole decomposition of the FY

kernel (5.1), and also of the FY wavefunction components (3. 1):

<TPq |\1:g(7)> =677 5= () @‘I;r)@’a’)
(‘7)(

P q)
TE—-——JKGT(r 7). E+i0)
T —KO_—E—IO

- -—»—-» _>' —
- Z fwlf(a) (Pq)= dp > g'(g)(r pir (O)-E+iO)
6CCo K (6)p' r+p' - Ks -E~i0

- [f9 g 24 &7 BT ) sEHo0)
ACTT BN P g r +p +q -E-i0 ‘
1 %7 g O E+io) 5.6)

P2+ P o E-i0

where #°" and & ((Tg) have already been defined in (4.5), and é”;T is a decompo-

sition of the amplitude &°7 of (4.5), i.e

—(0), _ (0)- Tp 1P (T
(r Pqr VEHO) = <Te TV, D5 Y 5P . (.7
Fq 7\’)/CO' M/p:)'y

with Z é"iT &°T. The remaining amplitude @ is given by

Ao
27T TP T O E+0) = FD QI 2 [55;\-
ACo
- fl?' <I>(g)> Tt 6% |- [lr'\P(a) > dr'dp'<r'\If( )
s6Co B;(5)p" (5)P

/ Fel?" s ddpdg < ) }v X By, 287 lezf;(T)>
B();D'q p'q’ vCo Y p>y 7

©.8)
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Equation (5.6) constitutes a further generalization of our previous decompo-

sition (4.4), where now all physical singularities of the FY component \PG(T)

B

are explicitly exhibited in separate terms. It is a remarkable fact that in (5. 6)
the B-dependence in the terms containing <# and & factorizes, so that these scat-
tering amplitudes still depend only on the two-cluster index o of the wavefunction.

In other words, further splitting of \IIO(T) in (4.4) into \IIU(T) in (5.6) only produces

B
a splitting of the amplitude & or.

In addition, the amplitude % 9T must now be introduced. Just as in (5.5),

B

this amplitude vanishes identically upon summation of \PZ(T) over all BCo (as
did the last term in (5.5)), and is therefore also absent from the full wavefunc-
tion. Consequently, ?/BGT is not a physical scattering amplitude.
VI. EQUATIONS FOR THE SCATTERING AMPLITUDES ‘
Let us now derive the equations that our amplitudes AT , 7 ((:;’)' and & ;T
satisfy.
Replacing the pole decomposition (5.6) for I\Iff; (T)> in the definitions (4.5)

and (5.7) for these amplitudes, and in the definition (5.8) for & the following

B b
(half-on-shell) equations are immediately obtained:
2T @ F D Eri0) = 37w )7 770
- Y [ 2P @7 E+io)
p#o T —-g -E~i0
o
Y fﬂy( "’g)ap(r ') — ng' dp; FOL @ 770 Er10)
p#G 8Cp T o+p T - -E~i0

e . — T dpt dgt
-2 X [rNER T §) st o8 E F g o)

p;éa ACp ' +p+q " -E-i0
— i T --T g
_ Z /”V( /t’@/)O'p(r 5P zdr' 2dp quv g";\T(r' 7§ +(0), .E+i0)
p#T ACp TE+p+q “- E-i0

6.1)
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where E= r(o) 2 x?_. The corresponding equations for & or cS° T and ff?joT

(B)’
are obtained from (6.1) by replacing, respectively, ¥ (o) by v ( FH) , vV ()
d “V( MK), and so on.

Examples of the potentials appearing in (6. 1) are,

v PEE) = 3 <FaDv e, 1 el
BCCo

(#F)0p =%, _ (@) =i (0)-
4 @TTp) = 2, <T NV, 5. [T >
* Bco BB yp

/.y o 67\-(1‘ _53 YF) Z <r \II(O- lV ‘Sﬁyl?\lf(p)__)> (6.2)
BCo  (8)ip Y(\);p'

where the index v is uniquely determined by the conditions yCo and yCp, (0#p).
(Note that when both ¢ and p are of the 2+2 type, ¢Np=0, so the correspond-
ing potentials vanish.)

In spite of the fact that two-body potentials appear in (6. 2), all effective
potentials in (6. 1) can be expressed in terms of half-on-shell subsystem scat-
tering amplitudes and bound state wavefunctions, with no two~-body potentials

remaining explicitly. For example, ¥~ (o7) in (6.2) can be written as

”V(%y) P(r I"p )— <q,( )Ip(1)¢ >("’(1)2 K,.y+K )><

2 .
2 s @, B - '10))
X {6, SN~}
™ - =EE s =7, 2+iO
Py Ty TRTR

(1) + 1)2 2. 1

—~(2) — 2
+q + ,p - i0
q_y Ko /N(z)2+ p, 2, )2\_'_10 y;\(p NI px 1k, =10)

"6

qu_y<<I> Ip

(6.3)

where, as in (6. 2), Yy=0p is uniquely determined by o and p (0¥p). Also,

M M
Py TR FM TetT, amd Py STty IW r, oo
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where if, say, 0=(123)(4} and p=(124)(3), =12, M1/=M1 =m+m,, M_=m 4 2nd
Mp= mg.

The factors appearing to the left in (6. 3) are projections of the three-body
bound state wavefunction onto the complete set of two-body channel eigenstates.
The amplitudes J€and & are the scattering amplitudes of our three-body for-
malism, taken half-on-shell.

The potentials coupling iygT to the physical amplitudes differ somewhat
from those in (6.2); e.g., '

y(VPEET TP = <~f5m'5m - J i aDs & o)

- Z ][I‘"\II( ) >drﬂ dpﬂ <rn ‘I/( ) |

6Co B;(5)p" (5)p"
] - TR e e T N (0 B R [pipt ot
fl > dr' dp" dq® <t v I}V,yéw\lr p'a'> . (6.4)

6(7\ ;pq" pq"

As expected, all these potentials vanish upon summation over gCo. Again,

all two-body potentials that appear explicitly in (6.4) can be eliminated in favor
of half-on-shell subsystem amplitudes and bound state wavefunctions (the first

term §,  in (6.4) is actually cancelled by a piece of the fourth term).

BY
The coupled integral equations (6.1) constitute a generalization of our three-
body equations to the four-body case. We obtain in this way a formalism with
advantages similar to those present in our three-body theory, namely:
(i) The dynamical equations are expressed in terms of components
of the physical scattering amplitudes;
(ii) The amplitude components defined in the formalism are free

from primary singularities, i.e., from poles (in the off-shell

variables);
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(iii) The equations have the structure of a multichannel Lippmann-
Schwinger formulation, with effective potentials that are inde-
pendent of the four-body energy;

(iv) The equations require as input only half-on-shell subsystem
transition amplitudes and bound state wavefunctions.

As pointed out before, however, the equations also include a nonphysical
amplitude @gT , and our goal is therefore not fully achieved. The presence of
this nonphysical amplitude can be understood as follows:

The FY equations are obtained from the four-body Lippmann-Schwinger
equations by means of a two-step proceduresz the two-body disconnected pieces
are first removed from the kernel, and only then are three-body disconnected
pieces removed. (This is done in such a way that the resulting FY kernel con-
nects three particles after one iteration and all four particles after two itera-
tions.s) As a consequence, the full wavefunction is split first according to
three-cluster indices, and then split further according to two-cluster indices.

On the other hand, as we have seen, the singularity structure of the full
wavefunction is most naturally exhibited by considering the wavefunction compo-
nents \I/G(T), split only according to the two-cluster index ¢. The (prior) addi-
tional splitting according to three-cluster indices required by the FY formalism
(in order to achieve connectedness of the kernel) appears thus far less natural
from the point of view of the singularities of the kernel (or from the point of

view of asymptotic channels).

The FY formalism nevertheless requires that we perform the more compli-

o(r)y
ﬁ 3

i.e., that we retain the full index context of the FY equations. In .choosing to

cated singularity analysis of the fully-split wavefunction components ¥

remain within the FY formalism, and insisting on energy-independent
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half-on-shell input, we are not only required to split the breakup amplitude
%7 further into components &7 (an expected complication) but also to intro-

B

duce the nonphysical amplitudes 27T,

B
VII. GENERALIZATION TO THE FULLY-OFF-SHELL CASE

In the previous sections we constructed our four-body formalism keeping
the use of four-body operators and operator relations to a minimum; i.e.,
staying essentially within the wavefunction approach. It is illustrative however
to consider how our formulation relates to the four-body transition operators,
and how a fully-off-shell version of our amplitudes can be obtained from these
operators.

To do so, we first recall that in our three-body formalism the fully-off-

shell amplitudes are defined using the three-body Operau:or4
Tﬁ'a(z) = VBGO(Z) U,Boz(z) Go(z) Voz , (7.1)

where U pa (z) is the three-body AGS transition operator. 14 The on-shell matrix
elements of the operator (7. 1) between appropriate channel eigenstates give the
various three-body physical transition amplitude components.

In order to obtain the corresponding four-body operators, it is convenient
to make use of the matrix formalism7: We first define a matrix version of (7.1)

by means of the four-body matrix of operators T97 = {’1“2;

for _\(©) Ggr) 1°7 G(()ﬂy(’f) ’ (7.2)

}, according to

where V@ = {- 5301 Gal}, Ggr) ={-6Ba GOtBGO}, ete. (with 8, @Co), and

To7 = {UO-ZA} stands for the matrix of four-body AGS operators. 7

B

Next, as in (7.1), we define

or _ T
TBOé = VBGO Tﬁa GOVa , (7.2)
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or, more explicitly,

oT ar %
T =va (> ¥5,t6 U7G¢tS5 )GV : (7.3)
ga= Vg O(yccr & 20 I 0%/ G0V

The equations these operators satisfy are easily obtained using the four-body

equaﬁons for Uz; 7:
17 (z) = vV G
Ba(z) = 63’)’ 8 O(Z)t (z)G (z) Vad'ya
-Z 2 VB, G @) TR (2) (7.4)

where Gﬁ " has been defined in (5.2) (recall also (5.1)), and v,v' are determined
by the conditions y=0N7 and y'=0Np.

By analogy with the three-body case, we expect matrix elements of the
operators (7. 3) (rather than matrix elements of just U /3 ) to be closely related
to the amplitudes of the previous sections. Indeed, by applying the pole decom-
position (5.5) of Gf; " (with E+i0—z) . to (7.4), and projecting onto channel
eigenstates, we easily verify that the resulting kernels are identical to the
kernels of Egs. (6.1). Moreover, when z is chosen to be the energy of the
initial state, also the resulting driving terms become identical to the driving
terms of (6.1).

We can therefore identify the half-on-shell matrix elements of TZ; between
appropriate initial and final states with our previously defined scattering ampli-
tudes A UT I ((:3; of (4.5) and &7 5 T of (5.7) (recall that & oT Z éﬁT

With this identification it is straightforward to define the corresponding

fully-off-shell versions of our amplitudes as
T (?r (0) Z)=<rT ‘I>(0)|T (z)lr(o) (T)

702y = Fe0" 1177 T O

)(r T
)P

(6
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77 TV =<1 X 17 yiw @ arh (7.5) i
‘8 Pq acT B }
where ‘
T3 197 . (7.6)
BCo aCT po:

It is important to note that it is from the appropriately "dressed" operator
(7. 3) that we can obtain singularity-free scattering amplitudes. This is in
analogy with the three-body case, where the factor V BGO inT pa (Eq. (7.1)is
present to eliminate the primary singularities of the matrix elements of U pa*
In the four-body case, the factor V G %0 Bht?xGO in (7.3) performs a similar
function.

The equations satisfied by the amplitudes (7.5) can be directly obtained
from the operator equation (7.4), using (5.5) with E+i0 replaced by z. The
effective potentials in the resulting equations are identical to those of Eqs. (6.1),
but the driving terms are slightly different.

At this point, in view of the coinplications we have encountered in gener-
alizing the three-body formalism of Ref. 4 (in particular the appearance of the

nonphysical amplitude % one may ask whether the off-shell four-body

,8 ™),
amplitudes have really been chosen properly. We therefore conclude this sec-
tion by giving another argument in favor of our choice.

For this we turn to the full four-body Green's function G, and note that in

terms of the transition operators we have defined, it is straightforward to write

G=Gy~GyTG,=

Satae -3 ¥ a6 - Y6176, (7.7)
%: 0y 0 ;ﬁco B pa "« O;T
oaCo
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gz is the three-body (i.e., two-cluster) transition operator (Eq. (7.1)), |

and T°T has been defined in (7.6). \

where T

In (7.7) we observe that the four-, three- and two-cluster disconnected
pieces of G have been separated from the true one-cluster (i.e., four-body
connected) piece in a very natural manner. In addition, it is easy to verify that

the four-body connected pieces of G can be written as

00T ~T O "OTxT
¢1°"¢"= Y, G, TJGT (7.8)
fco By YA TAw
YCo
where GZ’Y is the "left-hand" splitting of G” as defined in (5.2), and
AT T : s T 1" soge T
G?\ o —67\(1(}0 -G VozGO is the corresponding "'right-hand" splitting of G' .
We thus see that both the operators 77 of (7.6) and 97 of (7. 3) appear

Ba

in the cluster decomposition of the four-body Green's function in a very natural
manner, suggesting that they are indeed the proper choice of transition opera-
tors in this formalism.

VIil. CONCLUSIONS

In a previous paper, we have shown how a thorough singularity analysis of
the Faddeev kernel leads to a three-body formalism that holds several advan~
tages over Faddeev's formulations, although remaining completely equivalent
to it.

In the present work we have carried out a generalization of this method to
the four-body case, by performing an analogous singularity analysis of the
Faddeev-Yakubovskii four-body kernel. When performing such an analysis
on the wavefunction components 1IICI(T)-—Where g is a two-cluster index—we find,
as expected, a natural expansion of \IJG(T) in terms of singularity-free scatter-

ing amplitudes that exhibits all the physical singularities of the full wavefunction.
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In addition, we also find a corresponding natural separation of the four-body
Green's function into pieces of increasing degree of connectedness.

However, since this analysis is carried out on objects that are labeled only
by two-cluster indices, while the FY formalism involves objects labeled by both
two- and three-cluster indices, no dynamical equations within the FY formalism
can be obtained in this manner; it becomes necessary to carry out a more

detailed and much less transparent singularity analysis of the FY components

o(7)-
v

Such an analysis does yield dynamical equations that exhibit advantages

analogous to those obtained in our three-body formalism, namely,

(i) The equations are expressed in terms of components of the
physical amplitudes;

(ii) The amplitude components defined are free from primary
singularities, i.e., from poles (in the off-shell variables)
that correspond to physical singularities;

(iii) The equations have the structure of a multichannel Lippmann-
Schwinger formulation, with effective potentials that are
independent of the four—body energy;

(iv) The equations require as input only half-on-shell subsystem
transition amplitudes and bound state wavefunctions.

However, the equations also include a nonphysical amplitude % ?

B

is an unexpected complication. This additional amplitude is the result of a lack

T, which

of correspondence between the singularity structure of the FY equations and
their detailed index structure: In fact, to our present understanding,the con-
nectedness of the (twice iterated) FY kernel has been obtained through a pro-

cedure that is incompatible with a straightforward singularity analysis. The
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aT
B

a way that allows the desired features (i) to (iv) to be carried over-directly from

nonphysical amplitude % " serves to compensate for this incompatibility, in
the three-body case.

Whether or not to remain within the FY formalism becomes therefore a
matter of deciding which characteristics of the four-body equations one chooses
to emphasize. As was pointed out, we could have chosen to consider formalisms
other than that of FY to obtain equations for the components \PG(T). None of
these formalisms, however, are clearly free from spurious solutions; and,
more importantly for our present treatment, all the alternative formalisms we
are aware of lead to equations with an input that is not only energy-dependent,
but also fully-off-shell. In keeping with our aim of obtaining a theory without
such features, we have chosen for the present work to remain within the FY
formalism. Nevertheless, further work on alternative formulations of the four-

body theory is clearly called for.
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APPENDIX

or
(6)

é"UT yield the transition amplitudes for all physical processes starting from an

We show here that the on-shell values of our amplitudes Eadd s F and
initial state of the 3+1 type.

In order to do so we first establish some intermediate results, such as the
relationship between the three-body initial state wavefunction and its Faddeev
components, Combining the relations I<I>(T) =—GOV7\I<I>(T)> with the Faddeev

t 25 |<I>(T)> we get

equations <1>(T)> = -G
qu e, oy

I<I>(T)> = Gt Z 5, GV, 18> (A1)

YA~ O

where it is understood that all operators are to be taken on-shell.
Combining now relations (7.5), (7.3) and (A.1), we get for the half-on-shell

amplitude %7 the expression

27T FTOEr0) = F6NYE X w3, Z Got SR T

YyCa ACo
(A.2)
If we now take (A.2) fully~-on-shell, we can again use (A.1) to obtain
Pt (?;?(0);E+10) Y, Y <7 @‘G)IUUT I"(O)@g)> , (A.3)

Yo aCT
which is known to be the expression for the elastic and rearrangement scattering
amplitudes. 8
Next we turn to the full breakup amplitude. Taking the expression for & oT

in (7.5) fully-on-shell, and applying (A.1), we get

Tw T ar Qe = <TeO1 Y T v 3, Z Got, G T 1 Va7
pq yCo ACo ’Y

(A. 4)
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©)-

In order to proceed we need the expression for 3 v 7 > in terms of the

initial state [r p q>. This is obtained from three-body theory by recalling that
x> =6 (E-10) ¥ M) (E-10) B> (A.5)
BT ACo P

o g
where M .. =V § . -V_G V. is the three-body Faddeev operator in subsystem
BAT VRO T BT A v P y

o. Combining (A.5) with the last of Egs. (5.4) we obtain

E-i0)V_ ¥ 97> = g (B-10) L M7 (E-i0)lp &> . A.6
Go(B-0)V, 7 9 (1)%(77}\( ) (A.6)

With (A.6), the on-shell amplitude &7 can be written (recall that G'(')-(E—iO) =

G, (E+10), etc.),

FT-T Y TN F T IG5 6060 T Vel wn
BCT yCG ACT aCrT B Ao 0y

To simplify this expression we recall from the matrix notation7 that

(4) _ { } g oo
G GOWB G.t, where Wﬁa is the connected part MBa, i.e.,

g g

wo=M -3 M (A.8)
po Ba ~ /3 vCo By ya O a
Using the fact that Gg4)T(4) = N(4) {GO K’ Ba: }, where KZZZ is the four-body
kernel operator, we can now write instead of (A.7),
=Y, X &P TiIK T (0)(1)(7) . (A.9)

ACo oCr
When summed over 0, (A.9) becomes identical to the expression for the full
breakup scattering amplitude given in Ref. 8.
We conclude by considering the partial breakup amplitude. We proceed as

before, and take expression (7.5) for & fully on-shell,

(5)

> S T vs cte T T (O)cp(T) (A. 10)
(5) 'yzC:O' ACO aCTr (6)p }\ Ay 0y 0 ve
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again using (A.1). Further, we recall from three-body theory that

(o)~ _ . a . —- 5
K% > = (6, -G (E-I0) K (E-i0)}Ip ¢ > . (A.11)
B;(5)D < g5 0 B6 > K

If this expression is multiplied by t B(E-iO) 5 N the Faddeev equation for KC[; 5

can bé used to simplify the right-hand side. Using in addition the second of
Eqgs. (5.4) on the left-hand side, we get

3 A}Cj& t5(B-i0) 3 5, Gy (E-i0) ¥, | \Ifggg = K; S(E-0)I ¢2 > . (A.12)

Finally, with the relation K =t G. U7 we get for the on-shell value of (A. 10),

Bs B0 Bd
70T _ - = .0 o ot = (0) (1)
7FT=Y S F7¢°1 X W atctT TV | A1)
(9) vCo aCT K xCo YATOAT0 A o

We compare this with the expression obtained in Ref. 8 for the partial

breakup amplitude, i.e., with

a
E<¢[b3]lB(3’2)l¢[ 2]> ; (A.14)
b2
i s [Ps] 2] (o7 (7) (3,2) [0
with the definitions ¢ = {637 ‘1)(3)}’ o ={5 T3 VT } and B = {B B;} =
[ Z U;yGOtyGOUzg] , (A.14) becomes identical to (A.13) when the latter is
yCo

summed over all ¢C§.
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