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ABSTRACT
A two-component SU(2) X SU(2) nonlinear ¢-model with a general
symmetry-breaking term is presented in which an SU(2) symmetry of
internal discrete transformatiéns is introduced. In a redefined PCAC
relation this model gives a modified Goldberger-Treiman relation with
a correction factor. The estimated value of the axial vector coupling

constant g A in neutron B-decay is in good agreement with experiment.
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Nowadays the validity of the Goldberger-Treiman (GT) relation1 is prop-
erly udgdefstood as a consequence of a slightly broken SU(2) x SU(2) chiral

symmetry with the pion as the Nambu-Goldstone boson. 2,3 With the recent

4,5,6

experimental dafa *” the corrections to the GT relation are about 6%

(ANr(exp) =0.06 £ 0.02). It was shown that in the unsubtracted dispersion

treatment continuum contributions from 37, pm, or ow states are too small to

7,

The most attractive candidate to enhance the
7,9

explain these corrections.
corrections has been a heavy pion, the 7' (which is not a Goldstone boson).
This two~component theory of PCAC was also used in the study of ™~ 2y de-
caylo and generalized to many heavy bosons. 11 The possibilities of hadronic
symmetry-breaking due to weak and electromagnetic interactions have also

12,13 In spite of all these ef-

been studied in connection with these corrections.
forts the understanding of these corrections still remains unsatisfactory.
In this article we present a two-component SU(2) X SU(2) nonlinear o-model

14 in the tree approximation. Here

with the general symmetry-breaking term
the two components form an 8U(2) discrete symmetry doublet. We first intro-
duce the SU(2) symmetry of discrete transforl.nationS in the context of the non-
linear realizatiog of the SU(2) X SU(2) o-model. Then the usual GT relation is
derived in the one—componént theory of ouf model where the PCAC relation is

fedeﬁned. This one-component theory is then extended to the two-component

case. It is showg that the two-compbnent theory gives a modified GT relation

with a correction factoi' (a function of m fﬂ, GN1r’ and a characteristic con-

N’
stant of this model 'yz) to the usual GT relation, and that the estimated value of
ga (the axial vector coupling constant in neutron f-decay) is in very good agree-

ment with experiments.
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The SU(2) X SU(2) nonlinear g-model which provides a realization of chiral

symmetry in terms of the fundamental pion field alone is given by the condition

2 2_ 1 _f2
g +1m = =f . (1)
(Za)z T

a is a constant with the dimension of length and f7r the pion decay constant. As
pointed out by Weinberg, 15 the simplest nonlinear realization which rational-
izes the relation between 7 and ¢ is as follows:

a

ﬂ'a = —2—-‘31———' ’ (O[=1,2,3) (2)
a ¢ +1
2,2
_-1 . 2a¢ -1
g =5 ° s (3
2a a2¢2+1

where <;ba is the fundamental pion field. Eq. (1) is invariant under the chiral

gauge transformations in the (7, ) -representation:

™~ 1® - 2%, (4)
o — 0o+ A%r® , (5)
which are expressed as
o o 1 2.2 .«
¢% — ¢% -5-(1+a"¢9)A (6)

in the $-representation, A% being an infinitesimal constant vector component.
To begin, let us consider a R(a) symmetry which contains the following
gauge transformations in the ¢-representation:

R, @¢% (MR (@) = 5—=— , (M

a“¢% (%)
Ry(2)6" (R (a) = -6%(x) , (8)
Ry(2)9% (MR, () = - —— (9)

a“0%(x)



with the SU(2) commutation relations
- [Rk(a), Rl(a) 1_= 2i€k£mRm(a) R | (10)
(k, 4, m=1,2,3)
and

[R(2),Ry(a)], =20, . (11)

Then from Eqs. (2) and (3) we obtain the following transformation properties in

the (E o) -representation:

Rl(a)chil(a) = ¢
R: . (12)
o R@T R @y =" s
R4 =
Rz(a)a 2 (@) =¢
Ry: (13)
Rz(a)raRgl(a) =% ,
; R3(a)aR§1(a) =g
R3: (14)

lR3(a)7raR§1(a) =%,

Such Rl's form an SU(2) symmetry of discrete transformations in the (7, ¢)-
representation. This symmetry commutes with the isotopic SU(2) subgroup of
the internal O(4) symmetry in the (T, 0)-representation. In fact, we have

[R,,R,]_=2ie,, R, (15)

kim
’ iR ’R!Z]+=26k2 . (16)
The chiral symmetric Lagrangian density in the linear realization is invariant
under the R-symmetry. It is to be noted that the chiral gauge transformations,
Egs. (4) and (5), only commute with the total discrete transformation operator

RS’ For later use we introduce the R3 doublet, (?1,01) and (?2,02) obeying the



following transformation properties:

— —1 —
- Ry(m,0)Ry™ = (7,0)) » (17)
R.(7.,0. )R = (=7, - 18
3(Tg: TRy~ = (-T5s ~09) | (18)

Here we assume the R3 transformation property of zZzp is the same as the gy

Next we start with the one-component SU(2) X SU(2) chiral invariant La-
‘grangian densityi16

_ 1 2 2, = o PR o o
= - 31,0 (0,71 - fy,0,8 -Gy Ho- vy T ™. (19)

The nucleon mass and the pion mass Hnare generated by the following general
. 'symmetry—breaking term14 | .
ac + byy (a,b > 0) (20)

with the nonlinear constraint condition

Crre=f2, L (21)
T
We choose a, b, and ¢ to be
=f 2= 22
a= 1l'#1f= €, ( )
b=f Gy -mg, (23)

and

c=£V1- 1rz/f72r , (24)

where € is the symmetry-breaking parameter in the sense of Dashen14 and my

the nucleon mass. In this broken chiral system we then have the followmg vec-

tor and axial vector currents:
v¥=(x g ) + iy 3% 25
u ( 8#” )a ) ‘Yuz Py (25)

a _ [0 o -. 1.0
A, =09, -(3,07") + Iy, v53T ¥, (26)



and their derivatives

- =0,
auvl‘f (27
a“A‘Z = f 1ru.72r1ra - b{pinT“zp, ' (28)

Using the expansion of ¢ (Eq. (24)) in terms of 1r2, the total Lagrangian
density is rewritten as

. Y 1 2 l._ 2 2 - . - o o . . L )
Lot = 7 5(8,M" - g™ -~ 3,9, + 0¥ ¥ G pivgT 9m +eee (29)
where the nucleon mass m fixes the symmetry breaking constant b by Eq.
(23). From the leading part (associated with one pion) of Ltot in Eq. (29), we

get an approximation consistent with Eq. (28) by setting

a (4 T 1. Q¢ )
A“ o fnaur + zpwpvsi 2T ¥, (30)
Ts (47 -, (4
a#(wlyﬂyséf ¥) = mdivgT 9§, _ (31)
and
2, « = a
@-p )T == G Piv, 7 4. (32)

Then we rewrite Eq. (28) as

o b o b a -, 1. O b 2 a
o (A7 - 2T )=20 ((f ———-—)ar + Yiy v —2-7'4)=<f ——-—)uﬂ,(33)
[TANT} GN7r 7 u\‘lr GN7r 7 p'b T GNﬂ' T

o qos -1
where we have used Eq. (32). Multiplying by a factor { 7rGN7r(f7rGN1r -b) “on

both sides of Eq. (33), this relation has the standard PCAC expression17 of

o _ 2 o -
a“Au’ off = fﬂpww R (34
where A‘Z’ off is given by
o - a T 1.
A#. off f7r8“7r + gA’ Gszryp'ys 3T U, (35)

and the axial vector coupling constant g A GT is
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- f7rG'N7r - waNw
€A,GT my LGy, P’ (36)

-

Eq. (36) is just the celebrated GT relation. Using the redefined PCAC relation
(Eq. (34)), this result can be easily confirmed by the one-pion pole dominance
approximation in the unsubtracted dispersion treatment or by the axial vector

current conservation method, under the on- and off-shell smoothness hypothe-

ses. 18.; 1t is to be.noted that in our model the axial vector current conservation

does not correspond to exact chiral symmetry (BMAC; =0, ].L72r =0, and b = 0;

g aT = 1). Hence the redefined PCAC relation in Eq. (34) should be reinter-

preted as the consequence of deviations from the redefined (or partially) exact
f G
i @ oy, ul= - . : _ T Nm
chiral symmetry (aMA“ =0, u_= 0, and b = f'erNn' my > 0; gA,GT my )s
which is consistent with current algebra approach.

Next, restricting to the tree approximation, we proceed with the two-

| component SU(2) X SU(2) chiral invariant Lagrangian density: -

L=-

DO

2 2
_ 2 2 n = s oo
;lt(a“on) (o, )71 - v, -n;l Gy U5 Tom)Y (37)
2
(G =Gy (1))
N7rn N7rn n

Here we have identified the total discrete symmetry doublet (1?1, crl) and (7r2, 02)

as (?1 =T, o, =0) and (1, = , o, = 0'), respectively. The general sym-

1
metry breaking terms are given by

5 .
s 1
Z_: a o +bfy (a, > 0) (20"

n=1

with the conditions

2 — = t
crn+7rn—f n=1,2). (21h
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Now let us choose an and g, as follows:

=f 2 =f 2= '
- az—fzpz—flul—e , (22"
g . =fV1i-7 /f2 ) (24")
n n nn ) .
where b = erNw - my has been fixed in Eq. (23). We observe that the R3-
symmetry breaking terms in Ltot are
- . o
- GN1r2¢(02-1757 1r2)zp + 8,0, »
. 2 2
which guarantees GN7r1 # GNwz and Ky # Ho
Then, the vector and axial vector currents of this system are
O _ v - -1 «
V” - Izl('”n X 8;.L7rn)a + ¢17“27 d) ’ (38)
a _ a a = 1.0, . _
A, i[(cnauwn (0,0)7 ] + 91y vg 37 lp S (39)
whence
a
vV =0 40
¥y ’ (40)
a _ 2 a -, o,
BMAH =2 fn;.znvrn - b¢ry57 /N (41)

n
Using the expansion of oy (Eq. (24")) in terms of W121’ the total Lagrangian density

is rewritten as

=-1 2_1y 22 - ' T, 2O O
Ltot 5 Z(auwn) ) z BT zp(y#au + mN) + 2 GN?r zp1757 z,lnrn +o.ey (42)
n n n n
where the shifted nucleon mass m‘N is given by
! = -
my z fnGNr b . (43)
n n

Just as in the one-component theory we take the approximation which is con-

sistent with Eq. (41):
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(4 (47 T, 1.0
AM o~ i fnaurn + 11)1qu5 2T Y, (44)
- 10 a1 T 0
8“(‘/)17#')’5 2 T ‘f)) - mNZerST lp s (45)
and
@ - pH7% & -Gy Fiv Ty (46)
n'n N7rn 5 °

“Thus the divergence of axial vector current can be taken in the standard PCAC

form:
a 2 2 o
a;,LAu,eff - ; fn“nrn ? (47)
n=1
with
o _ % o - 1l o
Au_’eﬁ‘ ~ fnap”rn + gA¢1Y5Y“ 9 ! ¢, (48)
121 fnGan
A~3fG -b ° (49)
n Nrm
n n
or
2 2
_ Y fﬂ'GNTr ~ Y fnGN'rr
gA - 2 - 2 ’ (51)
0% f7rGN7r -b (v —l)f_”GNﬂﬁ-mN
where
2 _
ve o= 1+ (f2GN7r2 /-f1GN7r1) . (51)

Eq. (50) is just the desired modified GT relation. This g, can be expressed in

terms of the corrections AN‘rr

8o =(1-Sxp8a,gT * (52)

where

2
(Y - G - m,,)
- 2 7 NT N
BN = ANw(mN’fw’GNr’ Y=

. (53)

2
(V-1 £ Gy, + my
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Using the recent experimental numbers for My f7r’ GN7r’ and g A (or AN?T)’ »

we obtain the characteristic constemt19 of this model

(: y —1 2> ~ 1.2337.... (59
r=1 (2r-1) ; '

2 _
’Y_

oolﬂw

Conversely, if we postulate 72 as the one given in Eq. (54), then the estimated
value of g A (or ANW) is in excellent agreement with data (see Table I).

From Egs. (22'), (51), and (54) we have

2
1
£ o=—f (55)
7T2 & 7Tl
Ho
u2
2 2
Gy =0-1) 5 Gy, - (56)
2 By 1

Both Egs. (55) and (56) suggest that there exists the heavy pion, Ty = 7', obey-

ing the bounds:

2 2
Wao> (), (57)

2 . |
Gy 2 (V-G = 2.1Gy (58)
£ o< if 59
™ =9 7T (59)

In conclusion, our results indicate that the corrections to the GT relation
are almost covered by the effect from the heavy pion 7'. Using the redefined
PCAC relation (Eq. (47)), the modified GT relation (Eq. (50)) can be easily ob-
tained by summing up the effect from the heavy pion n'-pole dominance in the
unsubtracted dispersion treatment, 20 or by the axial vector current conserva-
tion method, under the on- and off-shell smoothness hypotheses. It is to be
noted that a shift in the experimental numbers has been all in the direction of

reducing the experimental values of A In fact, the value of g A, exp has

N7*
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increased with time and the NN7 coupling constant G,. has tended to decrease

N7
with time. The estimated values for g A with variant GNﬂ_'s in the one- and two-
component theories are summarized in Table I.
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Since YszGNr -b e fﬂ'GN 1r/ Bz with experimental numbers, we have a

simple relation for g A’

g4 mBzyz =1.2518... ,

or
2
gy =7 =1.2337...,
where
2 2 1
F =96~ % :

r=1 (2r-1)*
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In fact, we have

hence

1 = 3
2ml (0)g , (0) qlz‘

g,(0) =

-13 -

2
fn“nG’Nw
m 2 —s—35
n 2 2

—0 q +p.n

2
Y waNW(O)

77, Gpg(0) - B(O)
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TABLE I

2
Estimated numbers of g A in the one- and two-component theories (72 = %—)

Giﬁr/ am “Gyr “Ba,GT=8A,1 BA,2°8A Onr “BA,exp
13.90 13,22 1.296 1.228  0.052
14.00 13.26 1.300 1.230  0.054
14.30 13.41 1.315 1.241  0.056
14.64 [Ref. 5] 13.56 1.330 1.252  0.059 1.25%0.009 [Ifsf'
15.00 13.73 1.346 1.264  0.061
15.20 13.82 1.355 1.270  0.063

_1 - - - -
m = §(mp+mn) = 6,72 ”7r+’ szW = 0,932 u1r+ {Ref. 6], u7r+ =139.7 MeV.



