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ABSTRACT

We report the results of the nonrelativistic application of the quark-
confining string model to the study of 3 spectroscopy. This string model
is defined by a relativistic invariant, gauge invariant and reparametriza-
tion invariant action describing quarks interacting with color SU(3) gauge
fields. The model has no gluonic degrees of freedom, but has instead
string degrees of freedom. Quark masses and the quark-gluon coupling
constant are the only parameters of the model. In the Schreedinger
limit and in the absence of light quarks, the longitudinal modes of the
quark-antiquark pair and the rotational modes of the string for a meson
reduce to the charmonium model with a linear potential. String vibra-
tions, which are absent in the charmonium model, provide additional
levels. They start coming in at around 4.0 GeV; the density of states
increases as an exponential function of the mass. The two lowest
vibrational levels in the e+e_ channel have energies at 4.0 and 4.4 GeV.
Relativistic corrections are estimated to be small for the low lying states
so that the Schroedinger approximation is justified. We consider this

: application to 3 spectroscopy as a test of the model.
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I. INTRODUCTION

THe discovery1 of the y family of particles marks an important turning point
in the development of particle physics. Recent development2 strongly suggests
the existence of the charm quark proposed by Glashow and collaborators, 3 and
the y particles are charm-anticharm quark bound states. The states of the
spectroscopy are very narrow; their masses are accurately measured and a lot
of their properties are known. Their spectroscopy therefore provides an ideal
testing ground for any comprehensive model of hadron dynamics.

The 3 states appear to be most naturally described as nonrelativistic bound
states of a charm quark and its antiquark, as first suggested by Appelquist and
Politzer. 4 It is clear in this treatment that the dominant nonrelativistic potential
between the quarks is linear. In the nonrelativistic approximation, the bound
gsystem may be described by the Schreedinger equation5:

2

oM — %_8_2_+ kr +£(2—+-%2 [re@)] = E[re@) (1.1)
or Mr

where E is the mass of the state, M is the charm quark mass, k is the strength
of the linear potential and & is the radial part of the wave function for a state of
orbital angular momentum ¢. This we refer to as the charmonium model.
Equation (1. 1) describes a set of radial and orbital excitations of § states

with no spin-orbit or hyperfine splittings. Such splittings presumably arise as
relativistic corrections in some relativistic theory to which Eq. (1.1) is an
approximation. This Simple picture does not seem to account for the rich spec-
trum of states observed between 3.9 and 4.5 GeV in the e+e— chammel; it predicts
only one state (~4.15 GeV) in this region.

| There are many other terms one may add to the above equation (e.g., addi-

tive constant, Coulomb, square well, etc.). However, their introduction requires
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the introduction of new parémeters, in addition to the two, namely k and M,
-already present in Eq. (1.1). Furthermore, the contribution of any additional
terms is probably of the same order of magnitude as the relativistic correction
terms (e.g., the spin-orbit splitting). Hence the only way to decide if the above
linear potential term needs modifications or not is to evaluate the relativistic
corrections, among which are the fine and the hyperfine structures.

In the charmonium model, per se, we are unable to c_leduce relativistic
corrections unambiguously, or to understand the origin of the linear potential.
The only reliable way to investigate this problem is to write down a relativistic
invariant model which in the nonrelativistic limit gives Eq. (1.1) for a quark-
antiquark bound state. One can then pig:k up all the relativistic corrections and
evaluate them perturbatively.

A more fundamental issue is the origin of the linear potential. To describe
the potential in relativistic language, fields must be introduced. It is well known
that gauge fields in one-space one-time dimensions have linearly rising Coulomb
potential. However we live in four dimensional Minkowski space.

It has been suggested that the local field theory of quarks interacting with
color Yang-Mills gauge fields, namely, quantum chromodynamics (QCD), may
give string-like solutions, with a linear potential in the nonrelativistic approxi-
mation. Mesons with heavy quarks then obey Eq. (1.1) in the leading approxi-
mation. Unfortunately, to demonstrate string-like hadrons as solutions of QCD
is extremely difﬁcult.ﬁ Equally difficult is to calculate hadron properties from
QCD in a reliable way. An easier task will be to start from a precisely defined,
relativistic invariant field theoretic . model where quark confinement is explicit,
z;nd where the linear potential arises straightforwardly. To such a model we

address ourselves.
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In this paper, we consider the dynamics of nonrelativistic heavy quark
bound-states in the '"quark-confining string' model (QCS) recently proposed by
one of us (SHT). 7 This is a classically Lorentz-invariant, gauge-invariant and
reparametrization invariant model.of quarks and color SU(3) gauge fields inter-
acting in a two dimensional world sheet (i.e., string). The color dynamics of
this model is analogous to that of two dimensional QCD; in particular, all
physical states are color singlets; there are no independent gauge field degrees
of freedom, and a linear potential arises naturally from the color Coulomb
force. There are additional string degrees of freedom describing the embedding
of the string in Minkowski space. The quarks are Dirac fields in Minkowski
space.

In this work we investigate only the application of QCS to the 3 spectroscopy
in the nonrelativistic limit. 8 We ignore all the light quarks and consider only
the charm quark. This we refer to as the charm string. We shall assume the
charm quark to be heavy and the quark-gluon coupling e small enough so that a
Schreedinger approximation is valid for the charm-anticharm quark bound system.
The relativistic effects are to be introduced as corrections. We discover that
even in this nonrelativistic limit, there are new features qf the string model
that are absent in the charmonium model.

Pictoriaily, the  meson is composed of a quark and an antiquark linked by
the appropriate color electric flux line (see Fig. 1). This electric flux defines
the string. When the String is straight (note that straightness is meaningful
only in the nonrelativistic limit), the electric field is essentially a constant.

The string and the quarks can rotate as a unit. Ignoring its vibrational motion,
v:/e obtain from QCS the Schreedinger equation (1. 1) where k= 2e2/3. However,

the string can also vibrate. These vibrational modes provide new states beyond
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the charmonium picture. In the e+e_ channel, the two lowest vibrational levels
lie at 4.0 and 4.4 GeV.

As QCS is a relativistic model, all relativistic corrections are, in principle,
determined. For the lowest P state, the A (E J=9" E J=0) splitting is of the order
of 0.14 GeV. This indicates that the Schreedinger treatment of the 3 spectros-
copy is a valid approximation. However, a complete evaluation of the spin-orbit
coupling, hyperfine splittings and other relativistic effects is nontrivial and is
beyond the scope of this paper. Throughout we emphasizé the physics of the
string picture instead of mathematical rigor. This work is organized as follows.
QCS is reviewed in Section II. We also discuss our choice of gauge and param-
eters. In Section Il and Section IV we consider the charm string in the absence
of vibrational modes. In the nonrelativistic limit, we show how the quantization
of angular momentum emerges from the rotation of the string. Then the char-
monium equation (1.1) results. It is amusing to note that quan.tum mechanically,
the ground state of the charm string has a spherically symmetric wave function.
In Section V we study the lowest vibrational modes. We calculate the vibra-
tional energy as a function of the distance between the quark and the antiquark.
This is then treated as an effective potential Vn(r) inserted into the bound state
equation. Besides a summary, Section VI also includes a discussion of the
validity of the Schreedinger approximation, and some of the properties of QCS

beyond those studied in this work.



-6 -

II. THE QUARK CONFINING STRING

A, Review and Notations7’ 9

The string we consider is a 1+1 dimensional world sheet, of infinite extent,
embedded in 3+1 dimensional Minkowski space. -It may be described by coor-
dinate function R”(ua): where p is a Minkowski index (0, 1, 2, 3) and {uO, ul}
gives an arbitrary coordinatization of the world sheet. The flat geometry of
Minkowski space induces a Riemannian geometry in the internal coordinate

space {ua, a=0, 1}. Let 1}(; be the tangent vector to the sheet in the u? direction:

I
h=o R :_a%_ =R, . @.1)
ou
Then we define:
g™ Ta T o (2.2
g = det gOlB

8o 8 is the induced meftric in the internal coordinate space, and it will be used

i the s . .
along with its inverse, g B , to transform between covariant and contravariant

tensors.

At each point on the sheet, we introduce two unit (spacelike) normal vectors

Eog= Do=n.r = ‘2
1, =1, 2), nl D,=Ny. 7, 0. We have =" )

By _ _p_Qy pov
= rts —zﬂ:nﬂnﬂ (2.3)

where nuv is the Minkowski metric (1, -1, -1,-1). Also

B0 B _[v)_ M Iz
Tols= P T {aﬁ}77+§ﬂ:hmﬂnﬂ 2. 42)

¥ o=n  PPie n (2. 4b)

Ll L,aB €m muVoz



{7 }is the usual Christoffel symbol,

aB
- Y iz .1 vp + -
{aﬁ} & [gap 18" 8ppla gaﬁlp]
and h2 ap is a symmetric tensor for each £, whose principal values are the
inverse radii of curvature of the sheet in the n, direction. The torsion
= . = - = o i
Vo +n2|a n, and €157 "€91 1. We shall use " [" to represent ordinary
derivatives, "|I'' to represent covariant derivatives:
o aAO‘
A TP
ou
o o) al .Y
= +
A% =A% g+ { ] A

. ‘e . . 10
We also have a covariant derivative for Dirac spinors

g - Llghv B )
Dy a 2 TuTavlp (2.5)
QCS is a model of interacting color quarks and gauge fields defined on the

string. The system is defined by the action:
oo .
> zf_oo Fu J:g{ ; b [”La(li Ty~ °Pag Ta) - MJ‘] i
'%FaaBFa&B] (2.6)
zpj(u), for each flavor j, is a four-component Dirac field which is also in the
fundamental 'representation of the color gauge group SU(3); fa='y“7a” . dqu——g

is the invariant volume element on the sheet. Ta, a=1,...,8 are the matrix

generators of SU(3) color:
a b] s c
[T LT = lfabcT . (2.7)
Baa(u)’ (@=0, 1) are color gauge fields in the internal coordinate space.

FaaB:Baﬁla—Baa|B+ efachbchB (2.8)
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E e , wheree is the unitantisymmetric

aaf a ap Y
tensor=in two dimensions (eO 1=~/ -g) and Ea is the color electric flux (a scalar).

and may be written as F

The action (2.6) is invariant under color gauge transformations:

s ‘ a -1 i . 1

8, 0 = V) [1°B, ,)] v+l v @ule @)
where U(u) is any element of SU(3). The action (2.6) is also invariant under
general coordinate transformations of the two dimensional {ua} spaces

u® —v¥u)
) — (V)
(2. 9b)

R*(w) —RH(v)

-
v
Pao® = 5 BapV)

Coordinate invariance is manifest once we note the identity

Qe _ O @_ o - a
f aa_f aa_goz" f Tjoz ﬁa'f
The equations of motion of the theory follow directly from the variation of

the action (2.6) with respect to 3, B, and RH:

[fa (iDa-eTaBa a) - Mj] b,

. O i,0 0 _
=[1f aO! +§f IIOZ—ef T Baa-Mj]ij—O (2. 10)
ap Ba - B I
Fa e ™ efachb afec ~¢ JZ z/)j;‘ T, ij =€l | (2.11)
0=, , 2.12)

Il o

o . .
where P™ is the covariant energy momentum tensor

i

pA = OB B S B y? (2. 13a)
g T2y



with

- T = 1525 4 3 5. 4% (3P -eB 1% (2. 13b)

ol _ = 1w A
v, —Ej: zpjyIﬂ(ga —eBaT)z/)j . (2. 13¢c)

Equations (2.10) and (2. 11) are the natural generalizations of the corre-
sponding flat space field equations to a curved two dimensional sheet. The
differential operator:

# (Da+ieBaaTa) =F%0 + % 1t i¢Bag AT
is the covariant spinor derivative with respect to both the general coordinate
group and SU(3) color. The Dirac matrices 7,‘0, ;fl replaces the 'yO, 'yl which
would be present in flat two dimensional Minkowski space. The term Talﬁa is
the mean curvature vector of the sheet. Its presence in Eq. (2. 10) reflects the
sensitivity of the spin of the quark field to the curvature of the string. A spinor

forced to move along the curved string will precess.

The equation of motion of the gauge field (2. 11) can be rewritten as

B

E +ef eaﬁ'ja

ajo abc Bpa EBe =-°
This determines Baa up to gauge transformations, in terms of the quark color
charge density; as we expect, the 1+1 dimensional gauge field has no independent
dynamical degrees of freedom.

The string equation of motion is simply the local conservation of energy
momentum. We note that the tangential-components in Minkowski space of the

equation P* =0 follow from the field equations (2.10) and (2.11). Thisisa

1)

- . . . . ‘. o
trivial consequence of coordinate invariance, since variations of RH (u’) along

the sheet are equivalent to coordinate transformations. The nontrivial string
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equations of motion are the two normal components of p¥ le™ 0:
- QB o . a _
hfZaBT *Vota™ Gm¥e¥m =0 (2. 14)

The left-hand side is the net force density on the sheet arising from the field
stresses on it, and must vanish if ‘the sheet is freely moving.

We remark, as discussed in Ref. 7, that the color electric field energy
plays precisely the same role in the stress tensor TaB as does the string con-
stant 1/2na' in the conventional string. The term —;—Eig'aﬁ provides a constant
energy per unit length along the string.

We expect that this dynamical generation of the string constant will have
profound effects on the spectrum of states in the theory. In a completely clas-
sical picture, with quarks in localized wave packets, we expect that noncolor
singlet states will have infinite energy, since -;-E: will be nonzero along the
entire infinite string, while color singlet states will have nonzero string constant
only between quark and antiquark (Fig. 1). The string can carry energy-
momentum only in the region between qq, and thus the quarks appear to be at
the ends of the (physical) string.

For a baryon, each of the two ends of the physical string must also end with

a quark.

B. Coordinate and Gauge Choices

The gauge invariances (2.9a) and (2. 9b) of the theory reflect the presence
of nonphysical, "gauge' degrees of freedom in the action (2.6). Indeed, all
components of Baa’ and the tangential components of the string motion are
nonphysical. One may approach the quantization of the theory either by quantizing
"covariantly' and showing that nonphysical degrees of freedom decouple, or by

eliminating the redundant degrees of freedom from the outset at the expense of
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manifest gauge, coordinate, and Lorentz invariance. We shall take the latter
approach.

We will not discuss a fully quantized theory here. Our strategy will be to
remove all nonphysical degrees of freedom through gauge choices, with the
focus of maximally simpiifying the Dirac structure in the rest frame of a heavy
qq system.

Our notation is such that a,b,c,d, ... refer to the group index, p,v, A, p =
0,1, 2,3 refer to the Minkowski space index, and «,8, v, 6 = 0,1 refer to the
string parameters. The p=0 and =0 components are timelike. The flavor
index j shall be suppressed for convenience.

We shall choose coordinates (u0=7-, u1=0) by requiring:

Ru(ua) = (t, Ko, 1) (2. 15)

891 =To'T, = R R' = ' (2. 16)

Hence the induced metric g, 8 becomes

1-R2 o0 r2 o
- - 2.17
BB g ) | (2.17)
0o K 0 -h
and
2
r’ o
g%h - @. 18)
0 -n2

In this coordinate system, the coordinate '"time" uO has been chosen to agree
with the time, RO, in Minkowski space (in a particular Lorentz frame). o has
been chosen so that the instantaneous spacial velocity of the string at a point of

fixed o is normal to the string. The coordinate system is still not uniquely
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fixed as we still have invariance under o — f(0); o will be specified more pre-
cisely.in the next section. The choice of coordinates we have made manifestly
breaks Lorentz invariance.

We now turn to the specification of an SU(3) gauge in the coordinate system

{--04} we have oh

<
o
¢
<l
m
Q
e
o]
[
o]
=
-
[¢2]

B,=0 . (2.19)

The gluon equation (2. 11) becomes G%=7 faT¢)

JEF2 =(JgoB ) =eJgT" 2. 20)
0

o’
‘_’0 o "."1 1
(Ve F ]) =e\-g ] —eT3'0><'F OJ—g (2.21)

where we introduce the notation f=9 f=0,f, f'=09,f=9 f and T?;xh=fachbhc.
Recall aa(J-gfo‘):J-' g fo‘" .- Fauation (2.20) can be immediately integrated
to give

§O = efdo' NEIG) TOG(G,G') (2.22)
where the Green's function G(o,0"') obeys

8, [J 20 a"G(o,o')J = (00" (2. 23)
Using Eq. (2.20) and (2.21), we obtain the vector current that is conserved:
8 T%=0

o
-0

ERRINEY (2. 24)

=1 -1 1 1< )

7t g2 T (LT, (2. 25)

—

where the symmetrization {FOl,_ﬁ ‘}c Tl --B)XT"OI is introduced in antici-

pation of the requirement that J~ is Hermitian‘in the quantized theory.
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C. Transformation of the Dirac Field

In principle, the quantization of QCS can be realized using the Dirac con-
straint method. 11 This problem has not been solved. In our discussion we will

focus on the quantum mechanics of the Dirac fields. Canonically, the momentum

conjugate to the Dirac field is
0L _ i = 0
= =5 N-gy7 (2.26)
0y

which would (formally) lead to the anticommutation relation

{¢(o, t), NETL 0", t)} .= blo=o) @.27)

The factor J-g ;‘0 involving the string degrees of freedom immensely compli-
cates the analysis of the model in terms of . Its origin is easy to understand:
szzp transforms as the zeroth component of a four vector in Minkowski space,
but as a scalar in the internal (0,t) space. .J—_g%‘ozp, like 5(oc~0"), transforms
as the zeroth component of a vector density in the internal space. This suggests
the introduction of a new Dirac field y, related to i by a local transformation
S(a, t)

¥(@,1) = S(o,t) (@, 1) (2.28)
such that

{x@,1), 1@, b} = 6 -0v) (2. 29)

In our coordinate system we can write

Tou = Ry(l,vr;l) : (2. 30a)
T, =Ry = (0, hr) (2.30b)
ny, =T, m) (2. 30c)
| n, =(0,T~m) (2. 30d)

2u
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where r and m are unit tangent and spacial normal vectors respectively,

#2221 mer=0, T=(1v) 2,

We introduce the transformation
Yo, t) = U, t)x(o,t), U=SW where S is a local boost transformation and W a

local rotation transformation such that '

vl v=40r (2. 31a)
vtAu=gqt (2. 31b)
U‘lyilu = -'yz (2.31c)
U'lyizu . -73 (2.31d)

We find it convenient to rotate to the string frame (via W). It is straightforward
(although rather lengthy) to show that the Lagrangian of QCS can be written in

terms of y as

i
$=XT[iat+ 181< 1 ) _L’II‘E_eBOaTa
JTh JTh
+ Lo @ M) + 05 @ mam)| g+ L2 @. 32)
271 2h XV 20 20 :

The effective Lagrangian in this form is convenient for the nonrelativistic approx~
imation. We note that the derivation of the form (2. 32) does not require the

explicit consfruction of U. We need only

Tvv? .
-1 4 2, A A h
20 'U=-—% +012I‘ v+a3I‘V(r mAIh)-E
i03I‘v' A ioov
- i A7) . PN 1
- -10'1I‘(r-m m) + h (r-m-~m?) (2. 33)
and
 2U = 0, Th+ o, T% + 0, Tv(E-farm') o
1 2 3 h

- io,T'(F-m~m') + iag(f-ﬁl»r') + 103r£.m' (2. 34)
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which follow from Eq. (2.31). The string equation (2.9) in this new frame is
summarized in Appendix A. In this notation the Dirac and gluon equations (2. 10)

and (2. 11) become:

i io N\ .
lia 1o +—1-(—1—) _Mé-eBO

t* Th 5 \Th) - T
+ Lo @ ffl*fn)+z5- r-m-m'}y = 0 2. 35)
7 71 T X .
1\t \
(Bll B2 ) +ex Ty =0 (2. 36)

The Dirac field y obeys the anticommutation relation (2. 29).

Physically, the transformation U(o,t) brings us from the space frame to the
string frame. To derive the string equation from the effective Lagrangian den-
sity (2.32), a Lagrange multiplier term must be introduced for the constraint
RE'=0. We shall use the string equation (2. 9) given in Appendix A. This Lagrange

multiplier term has no effect on the derivation of the Hamiltonian, and the Dirac

and gluon equations, as is obvious.



- 16 -

III. THE NONRELATIVISTIC LIMIT

A. The Nonrelativistic Hamiltonian

We consider the case where the quark mass M is large compared to the
coupling constant e, which has the dimension of mass. In the bound state problem,
it is the condition (for color SU(N), N=3)

NP1l e
2 TON 2 g2

«1 (3.1)

that allows us to treat the system in the Schrcedinger appfoximation. In this
limit the relative quark motion is nonrelativistic. Throughout this work we
consider only quarks with nonrelativistic velocities in the Lorentz frame we
have chosen. This restricts our study to the low energy states.

The motion of the string away from regions where the quark wave function
is large may be relativistic or nonrelativistic. We can see this qualitatively

from the structure of the energy-momentum tensor on the string. TOO, the

T

'mass" density of the string, is of order My Bx where y is large and goes to
Ez/z gOO ~O(62) where x is small. The "tension" of the string
(T11)~ E2/2 g11+§iXTa1§'1x is always of order e2. When y is small, the

velocity of sound (Tll/ TOO) 1/2

is 0(1). Therefore, the string can rapidly adjust
to changes in the position of the quarks and, we expect, will be straight in the
lowest energy states. String excitations ("'vibrations") will, however, involve

T

relativistic motion of the string in regions (between quarks) where 'y is small.

In this section, we consider completely nonrelativistic motion:

v= Bl«1 (3.2

In the nonrelativistic approximation we may choose ¢ so that

e =F"“el1 : (3.3)
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and
2
1 v
- T = 1 - (3.4)

so that both h and I" can be replaced by unity except when multiplied to the mass

term. The effective Lagrangian density (2. 32) becomes

+ < VZ) Tz'(')z
&L~ i i - — e | - ——
L~y 18t+ 101180_ Mg (1 5 eB0 X + 5 (3.9)
Equation (2. 23) becomes, to leading order

2 " — 1

0,G(o,0') = -5(c-0")
or

n=_ dig_g
G(o,0") = - 5lo-0'| (3.6)

so that Eq. (2.22) also simplifies to (32=320)

B =e f o' G, ")y @) TPy
3.7
=e /dcr' G(o,a") Ja(cr')
Now we can derive the nonrelativistic Hamiltonian for QCS

H=fda[5—-x+5tﬁ’ -Q]

o% oR

2\
= jdo[xT(BM_ial»aa+ eBO+Bl‘gV )x

a\2
_(BOZ) ] : (3.8)

Since Bg: is given by Eq. (3.7),
/Bg‘z do = e2/dcr'do"Ja(o') G(o', o™ Ja(o-n)

| + e2/ dO"dO'"Ja(O") Ja(o“) BO_G(O', on G(o, 0™
c

(3.9)
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the Hamiltonian becomes

2
- H=fdoxf(3m+%-ialaa)x
2
4 % / dodo' 3*(0) G, 0"y J*@") - (3. 10)

where we have dropped the surface term in Eq. (3.10). Dropping this term is
valid only if the net color charge vanishes. The surface term is:
-

2
lim =~ / dodo™ 3% (@) 3 (o) {e(o-o")l o-0m|}
A—oo o=-A

1

2
Alir.noo 5 f dot 72 (@) / o't 3% (0"

R

2
lim ezA QaQa
A—»OO

If Qa#O for any a, this term contributes an infinite energy piece to the Hamiltonian
(3.8). Hence only color singlet states can have finite energies:
a . a

Q" lcolor singlet>=Q7[S> =0 (3.11)
Using the commutator of y, Eq. (2.29), we obtain

[Qa, Jb(cr)] - if2P¢ 1C1g) \ (3.12)
Equations (3.11) and (3. 12) together give another amusing statement

c —
<SllJ (cr,t)lS2> =0

To argue that there is quark-confinement, we must show that> the quarks
and/or the antiquarks in a color singlet state can be pulled apart only at a cost
of infinite energy. This is provided by the Coulomb (last) term of Hamiltonian
23. 10). As we shall see, the Coulomb potential between a quark and another

quark or antiquark is proportional to the distance between them. This linear
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potential completes the quark-confinement. Of course, as we pull a quark

away from a color singlet state, new quark-antiquark pairs can be created as

the potential energy grbws.
The Hamiltonian (3. 10) is composed of three (the quark, the string, and
the Coulomb) terms
H=Hq+HS+HCw

A2
= [da XT(MB—iOllal)x + de'xTﬁx —:M—;r—-

e2 T a T a
+5 fdodcr'x @) T x (@) G(o,0" x' (@") T x(@") (3.13)

The quark equation of motion follows from the Hamiltonian. This can be checked
by taking the nonrelativistic limit of the quark equation of motion (2. 10) and the
gluon equation of motion (2.11). The nonrelativistic Hamiltonian has a clear
physical interpretation. The first term describes the motion of a quark field
along the string. The second term is the kinetic energy of the nonrelativistic
string, which involves only the mass densities of the quarks. This immediately

T

implies that the string is straight because, where y' By is zero, the string
energy has no kinetic term. The last term is the remnant of quark-gluon inter-
action. The segment of the string between T{'(G) and ﬁ(a')‘ (i.e., between quarks)
has a nonzero color electric flux line. This contributes to the Hamiltonian an
energy piece proportional to e2.

In the Schraedinger approximation, the spin structures of the quarks play
no role. Since it is important for us to retain the quark-antiquark structure,
we must extract this from the first term of the Hamiltonian.

Let k and s be the momentum and spin labels where

x©@, 1) = kZ Ulk, 5)b(k, 5) e Ct + V(k, 5) dT (k, 5) 00 (3.14)
, S
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Choose U and V to be the nonrelativistic solutions of the wave equation
- (-ialaa+ M) W = EW (3.15)

where
U forE>0 -
W =
Vv for E <0

Solving the equation, we obtain

1 k2
U= Uk, s) E=M+—
. 2M
-~io, 0
17c
2M
iala(r
2M ( k2 >
V= L V(k, S) E=-IM+ m—-

where oy is the first Pauli matrix. For a free quark field moving along a string,

we have

U(k, s) b(k, s)
x(@,0) = T
k,s \V(,s)d (k,s)

ol
={ 4 (3. 16)
d’ (o)

Using this solution for y(o,t) we obtain (tr =transpose)

) + corrections

xex =@ b©) + d'©) d) (3.17)
=yt = b @) - dT(a)Tfrd(cr) ’ (3. 18)

where normal ordering has been introduced; following from the anticommutator

of y, we have

1

{bi(o),b;f(o')}t = 6;;6(0=0") (3.19)
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{di(o), djT(o')}t =55 5(a-a") (3.20)
"All other anticommutators among the quarks and antiquarks vanish. The index
i, j refers to the color (i,j =1,2,3). The quark gluon interaction term is approxi-
mated as an insténtaneous Coulomb potential term.
Performing the Foldy-Wouthuysen fransformation on Eq. (3.10) to remove

the @y matrix, we obtain the final nonrelativistic Hamiltonian

H = fdcr[b}.(cr) {M_ S a(?;} b, () +d] (0) {M_§1M a%} di(o)]

2
+ f do [b;f(cr)bi(a)+d;r (©) di(O)] %’—

2
+% fdcrdcr' Ja(O') G(o,0") Ja(cr') (3.21)
where J% (0) is given by Eq. (3.18). The color index is summed in the Hamiltonian.
d(g) and b(o) annihilate antiquarks and quarks, and dT(o) and b'T(O') create them
respectively. Explicitly
b, (©)
b(o) = bz(o) (3.22)
b4(0)
It is straightforward to extend to more than one flavor, each with mass Mj .
The Hamiltonian (3. 21) is valid provided 262/ 3Mj2 « 1 for each flavor j. In the

presence of flavor

féf=2ﬁ | (3.23)
j

This implies that a string with mixed flavors can also be an eigenstate of the

Hamiltonian.
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The Hamiltonian (3. 21) describes both mesons and baryons. For a meson

-state with energy EM

IM> = fdcr do* ¢(a,0')bz(o) dg-(cr')|0>

(3.24)
HI|M> = EM|M>
For a baryon state with energy EB
IB> = _/dcr do' do" ¢(o, G",O'")b’I(O‘)bZ(O")b;(O‘")IO>
: (3.25)
HI[B> = EB|B>

Proper color symmetrization must be incorporated.

Let us turn our attention to the string motion. Physically the string can
translate, rotate and vibrate. Since segments of the string may move at rela-
tivistic velocities during vibrations, we can discuss only rotations and
(Galilean) translations in the nonrelativistic limit. The string equation given
in Appendix A is simplified considerably in the nonrelativistic limit where all

spin effects drop out. In the leading order approximation,

00 T
T hg’ 00 = My ') hﬂ,OO ~ 0 (3. 26)
or
hl, 00" I'Vv~v= (3.27a)
hz, OOQR' (r~m) = (3.27b)

A constant translational motion is clearly a solution. For rotation we consider

R(o,t) =or(t) + R’O

(3.28)
then the string equation (3. 27) becomes (f'2=1)
i :.[.'Af'n =0

¥ (@am) = 0

where a constant rotation is a solution.
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IV. THE CHARMONIUM PICTURE

In this paper we limit ourselves to investigate the meson state (3. 24).
Physically it is clear that the string can translate, rotate and vibrate with the
quark and the antiquark at the two ends. In this section we shall study the
string in the absence of <vibrationa1 modes; in this case, the string is essentially
straight. To show that the charmonium equation (1. 1) emerges from the string
picture, we proceed via three steps: first, we quantize the rotational modes;
this gives simply the standard discrete angular momentuin; then we obtain the
Schreedinger equation for the probability amplitude along the string. Finally
we derive the relation between the bound state wave function in Minkowski space
and this amplitude along the string.

A. The String Modes

To separate the translation and the rotation, let

o, t) =0 ) + X(t) ' .1
where f(t) is a unit vector 72=1. This is the form of the solution from the string
equation. The derivatives are

B, 1) = 0 b(t) + X(b) (4. 2a)

RB'(o,t) = £(t) (4. 2b)
The constraint (2. 20) becomes

B =g— @2+ Xor

.~ 4.3)
=X.r =0

Now, the string term in the Hamiltonian can be written as

Hy = fda[nb(a)+nd(o)]%/[- <021'2 v oot F4%?) 4.4)
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where

- n, (@) = bgbi(O')

n4(0) = df d;(0)

Since 1(t) and X (t) both are indepeﬁdent of 0, Eq. (4.4) can be rewritten as

HS=%H~2+Zi~§’ + 2 i (4.5)

where
I= /dO'Mcrz n() (4.6)
7 = /,doMcr n(o) 4.7
B = de‘Mn(o) (4.8)

where
n(o) = nb(cr) +n d(cr) (4.9)

I, Z and p are the moment of inertia, the first moment, and the mass operators,
respectively. The Hamiltonian (3. 25) now becomes, in the absence of vibrational

modes,

+92— ]dcrdo' n%(G)IG—U'l nz(O")

2

+ 2142z X + 2% (4. 10)
2 2
where only the relevant (for meson) Coulomb term is kept, and -
n;‘(a) =b i) T (0) (4.11)

ni(cr) = dl(o) T?d(o) (4.12)
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In the effective Lagrangian (3.5), we write the v‘2 term in terms of Egs.

(4.6)-(4.8). We derive the canonical momenta:

—I’zé—lgi=u};f+ Zr
6%

P=-73+1
ot

Equation (4.5) can now be written in terms of the momenta,

L %
HS=—2-(3?,i')W .

Where W_1 is the inverse of the matrix operator W,

B. Quantization of the Angular Momentum

(4.13)

(4.14)

(4. 15)

Following Eqs. (4.3), (4.13) and (4. 14), we have the following constraints

0

Ii

A~
r-

=T

I

0

>

(4. 16a)

(4. 16Db)

. - - ~ - . -
As a consequence, the canonical commutation relations of r and x with their

respective momenta P and T are nontrivial. The commutators must be intro-

duced in such a way that the constraints (4. 16) remain valid.

Physically the momentum I generates translation normal to r and the

momentum p generates rotation. To satisfy Eq. (4.16a) it is convenient to

introduce a new operator L. such that

P=-rxL

(4.17)
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The commutator of X and 1i is modified to satisfy Eq. (4.16b):

| [xi, nj] =i, 1T (4. 18)

The operator T obeys the commutators of angular momentum
[Li’ r].] =1 eijk L (4.19)

[Li, Lj] =i Ly (4. 20)
To shorten the discussion, let us write down a differential operator representa-
tion for T and Ti+

A

L.=-i€,.

Y, — 4,21
i ijk™j 8;- ( )

I, = -i(5,, ~T.T.
i ij

i -a—X-J- (4.22)

Commutators (4. 18), (4.19) and (4. 20) are satisfied, where 'I': is the standard
orbital angular momentum operator. All other commutators among X, T, I

and T vanish except
[Li’ Hj] #0
The constraint (4. 16b) remains valid, since

[L.,;'_IT]= 0
1

[Hs’r'n]= 0

where HS can now be written in terms of —I-:q_; 2 =f2),

and

—L {pﬁjz + 102+ 27T (¢ x'ﬁ)} (4.23)

2(lu-Z")

' Since we are only interested in the bound state problem, we can choose the frame

Hg

where the translational momentum Tl vanishes (see Appendix B for an alternative
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approach). The Hamiltonian for the meson bound state then becomes
- 1 i { 1 }
[do[ {M"zM ao}b + d, anMaG d,

2
e a a
'+-§- jdodo' nb(a)lo-aflnd(o)

.Eﬂ_(ﬂilL (4.24)
2(u -7 )
where £=0, 1,2, ... is the angular momentum eigenvalue. We have restricted

ourselves to consider the case where the quark and the antiquark both are of the

charm flavor. We are now ready to derive the charmonium equation (1. 1).

C. The Schreedinger Equation

The equation of motion for the bound state wave function ¢(o,¢') where
HMIM> = HM /dadcr! qb(a,cr')bg(o) dg(o')|0>

= E|M> . (3.24)

can now be evaluated using the anticommutators for b, and d,
Jao b] o) {M_ -é}M-Bi}bi(p)lM>
= [dp dodo’ §(3,0"b] (o) {M - %M‘a‘pz} by(0)b;(0) d]T(o')m>
= fdoda' bJT(cr) {M— mﬁf} ¢ (o, ") d}(a')lo>

/dcrdo" {( - 2%\’[ o) oo, O")} bT(o) d, (0')[0> (4. 25)

and similarly for the antiquark term.

< ot tpmp? 1 1300 I

/ dodo?* [ 5

where N=3 for color SU(3).

IO'— ol ¢(o, o')] bT(o) dT(o') 0> (4.26)
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To calculate the angular momentum term, we use Egs. (4.6), (4.7) and (4.8)
- I:I,bT(o) = Mosz(o)

[Z ,bT(cr; = MO'bT(O')

lw.b@)] = MbTe)
and similarly for d(o). Therefore
—E— m> _[ f dy exp -y (I - Z ):|IM>
Tu-72

/dO'dO" —5 % o (o, a')bT(a) dT(cr')|0> (4.27)
M (o-a")

where

(I —Z2)1M> = [dodcr' ¢(o,0") {2(02+0'2) - (cr+o')2} Mzbz(o) diT(O")|0>

= fdodo' ¢(o,0") Mz(a-o')z bg‘(a) diT(o')|O>

is used. Combining Eqs. (3.24), (4.25), (4.26) and (4. 27) then gives

E[M>

2
- dado-'[<2M 108 1 9% 2 |0-0'|+—ﬂ-(2-i-lz-> 6@, a')] b @)al @"10>

M 2 2M 2 3 M(o—o"p

(4.28)

]
Introducing the center of mass coordinate z =g and r=0-0" we finally obtain

2

the Schroeedinger equation for the meson bound state wave function ¢ (o, c")=¢(o-0")

2 2 2
E¢(r)=[2M— Lo L 9o, 2 lri+£‘“1)]¢() | (4.29)

M8r2 4M 8z2 3 Mz

Earlier we have set [i=0. From Eq. (4.16), it is clear that the longitudinal

component of the quark translational momentum is still not fixed. We obtain

t
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zero total momentum by choosing ¢(r,z)=¢(r), or

- 192
- m—é—i ¢(r,z) -0 (4. 30)
oz

so that ¢ becomes a function of r only. Equation (4.30) completes our choice of
the center-of-momentum frame.

D. The Charmonium Equation

To conclude that Eq. (4.29) is the charmonium Eq. (1. 1), we need the

identification

¢(r) ={(r)=r &(r) (4.31)
where, in both cases, r measures the distance between the quark and the anti-
quark. In Eq. (1.1), r>0. In Eq. (4.29), r=0-0" and -w<r<. Hence, it
appears that Eq. (4.29) allows solutions where

). _n7 0 (4.32)
in addition to the solutions of Eq. (1.1), where

£(r)],y =0 | (4.33)

(Equation (4. 33) is required since the probability amplitude & (r)=£f(r)/r must
remain finite at r=0.) Actually the identification is correct, and therefore the
additional solutions (4. 32) are not allowed.

First, we interpret ¢(r) to be the probability amplitude along the string.
To see this, we calculate the following correlation function of [M> along the
string

<M In, (0) ny(0")IM> = ¢*(7-0")

where |M> is normalized,

‘ <MIM> = [dr ¢2(r) = 1
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Next we want to calculate the probability distribution in the real physical space.
Since_the string is embedded in Minkowski space, it also can be calculated from
IM>. For £#0 solutions in Eq. (4.29), ¢(r=0) must vanish. Hence we can con-
sider only the S (£=0) wave case. The correlation function in Minkowski space

is given by
£ = <Min, () ny(z)IM>

where
nb’d@’) =f53(§r’-fi’(a)) my, 4(0)do

It is straightforward to obtain

027z _ 03
— — 2 2

ly-z1 T

tEy,z)

and ¢(r) must vanish at r=0 so that the correlation function £ (r) remains finite
at r=0. This completes our derivation of Eq. (1.1) from the quark-confining
string, where k=2€2/ 3. The eigenfunctions for the angular momentum are the

standard spherical harmonics Y2 m(@, ).
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V. VIBRATIONAL MODES

- Inthis sectign, we calculate the vibrational states of the string. The
coupled string and the quark equations are very nonlinear so that there is no
hope of solving them completely. We conten’g ourselves with the following approx-
imation scheme. First, we solve the string equation (via the Bohr-Sommerfeld
method) to obtain the vibrational mode energies as functions of r, the distance
between quark-antiquark. These are then inserted into the meson equation as
an effective potential V n.Q(r) between the quark and the antiquark: |

82

Ef(r) = [ZM - 314— —5+V n!l(r)] £(r) (5.1)
or

where n is the vibrational mode quantum number. For n=0, VOﬂ(r) is simply
the orbital angular momentum term plus the linear potential term in Eq. (4.29).
This approximation is valid if the vibrational energies are bigger than the quark
longitudinal mode energies. In the presence of both vibrational and rotafional

modes, V nﬂ(r) is, in general, rather complicated. We shall assume

V_ () = V() + ‘ll\iﬁ-r*—%? G.2)

and keep in mind that due to the negligence of the vibration-rotation coupling,
states with n#0 and ¢#0 in general have errors bigger than that of the other states.
In subsection V. A, we provide a naive guess of Vn(r). In subsection V.B we
estimate via Bohr-Sommerfeld quantization the form of Vn(r) for the case of
infinite quark mass. Since for r>2M/k, the string is heavier than the quark
masses, the above approximation is obviously inadequate. The finite mass cor-
rection- is introduced in subsection V.C. Vn(r) for n=0, 1 are plotted in Fig. 2.

The two lowest (¢=0) vibrational energies from various estimates are given in
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Table 1 for comparison. Their wave functions at the origin are also given in the
form & (0)I2/E2 normalized to that of the ground state.

It is clear that the energy levels differ a lot less than the wave functions at the
origin for different estimates, as is expected.

A. The String Motion

For massive quarks, the quark and the antiquark essentially sit at the two
ends of the string. In the nonrelativistic limit (i.e., 2e2/3M2 « 1), we can

simplify the string equation (2. 14) (Appendix A) by the foliowing approximation:

o0 I‘4B'2 ;

T = ———+ My Bx (5.3)
2h

n By

T ~ 1 (5.4)
2h

TOlngoo_»Va ~ 0

Physically, the ends of the QCS are dominated by the quark mass terms while
the string itself is dominated by the color electric flux line where I" and h are
not necessarily close to unity. The quark effects along the string are neglected.
Using Egs. (3.6) and (3.7), we obtain

190 & 1% + vy Ty (5.5)

Tll o kg11

so that the string equation is given by
(2 TRy + W TRy ~ 0 (5.6)

Away from the ends of the string, we have

052 - 0, (T 5o =0

1
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First let us make a very crude estimate of the vibrational mode energies as a

A function of the distance r between the quark and the antiquark. This function is
then inserted into the bound state equation as an effective potential. This illus-
trates our approach and also indicates the areas where better estimates are
required. Since the qﬁark mass is heavy enough so that the ends of the string
are moving at nonrelativistic speed, we assume they are essentially fixed.
Next, we assume (wrongly!) the string speed is also very slow and the amplitude

of the vibration is small so that Eq. (5.7) reduces to

0
-—

R-R'"=0 (5.8)

Then the vibrational energy is given by

c _nmw
Vn(r) ~ kr - (5.9)
where n=0,1,2,... . The superscript ¢ is to remind us that this is a very crude

estimate. Adding this term to the meson equation (4.29) gives (k=2e2/3)

2
(E-2M) £(r) = |- 3z~ +hr + 20+ 2
or Mr

; f(r) (5.10)
where the vibrational energy acts like a repulsive (three-space dimensional)
Coulomb potential. The two lowest eigenvalues E(N,n, £=0) are given in Table 1,
so are their wave functions at the origin. This is clearly an overestimate since
Vz(r) blows up as r—0. Physically Vn(r) is expected to remain finite and smooth
as r—0. The approximation (5.8) breaks down as r—0 since R and B! are no
longer small.

In the remainder of this section, we treat Eq. (5.6) semiclassically for the
vibrational modes. First we assume quark masses to be infinitely heavy so that
the ends of the string are fixed. Next we improve this approximation by intro-

ducing the finite quark mass effect. A numerical treatment of Eq. (5.6) gives

essentially the same results.



- 34 -

B. Bohr-Sommerfeld Method

Let us assume the quark mass to be very heavy so that the ends of the string

are fixed:
T
R = (t, 0, 0,_5) | . 11a)
Py = L

RU(t) = (t, 0,0, -2> . 11b)
The equation of motion (5.7)

i a —

aa <»\/—g TN) =0

. 0

has the general solution (parameters u-, ul)

rY o) = #f) +@Fad (5.12)
in the light-cone coordinates

2oy 2=
8o =5 = (9,97 =0 (5.13)
2 2 '
gll:q = (auQ) =0 (5.14)

Let us choose SO=u0 and Qo=u1 so that
0,1 —=
Ru =(u+u, S+Q) (5. 15)

Equations (5. 13) and (5. 14) become

2 2

s°=q°=1 (5.16)
_.0, 1 0. 1 . .
and t=u +u~. Let o=(u -u’)/2 and cri(t) be the ends of the string. Equation (5. 11)

becomes (1« 1,2)

t

sl(g +o () +Q 1<‘2“ 7,(0) = 0 5.17)
33(% + oi(t)) +Q, (%_ oi(t)> =+Z 5. 18)
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From Eqgs. (5.17), (5.18) and their time derivatives, it is clear that o, are
~ constants. From reflection symmetry, we can write

G, =0 =§2‘- (5. 19)

where the constant a is to be determined. § and @ have the following periodicity

properties
S_L(u+2a) = SL(u) = -Ql(u—a) (5.20)
Ss(u+2a) = S3(u) =r ' (5.21)
Qq(0) =5 - Sy(uta) (5.22)

Introducing a new function FJ.(G) with period 27, F i (%—) =§ SJ. (u) we have, using

Eq. (5.16)
m/a 1/2
s =2 fo do [l-Fl(G)z] . 23)

where the prime denotes derivative. Combining Eq. (5.21) and (5. 23) gives

27
T 1 2
= _—%/0 do «/1-Fl(9) (5. 24)

a

The energy can be computed in terms of a easily:

o= [ a1 [

-a/2 ~a/2

a/2
00 . 01
dp g {g 0. 08 71 0}

= 2ka (5. 25)

where

- 3e0) v (2 -0)

and

JE=1-5.@
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From Egs. (5.16), (5.20), (5.22) and (5.23), we can write Q3 as
- 7T+"ﬂE 2
Q) =-§~%£ % do~/1-¥1(0) (5.26)

We also note that the largest periodﬂT of RJ_ (hence lowest frequency) is 4a.

We now have all solutions to the classical equations of motion (5.7) subject
to the boundary conditions (5.11) parametrized in terms of the arbitrary func-
tion Fl(e). Unfortunately this does not extend naturally to a parametrization of
all of phase-space so that we cannot quantize the system s;imply in terms of
these modes. We content ourselves with a Bohr-Sommerfeld estimate of the
energy levels of one of the simplest possible modes—that is, we choose a form
for FL(G) that depends on one parameter and then quantize the values of that
parameter via the Bohr-Sommerfeld method.

Now we are ready to introduce Bohr-Sommerfeld quantization

ony = f (H+L)dt = UT + S
orbit

2a a/2
= 2ak(4a) - k[ dt[ do 8 (. 27)

=2a -a/2

where the last term is the action. Defining

91 = nt/2a
92=1m/a
1= (Fl',\/l- Fl2>

Equation (5.27) becomes

7 dé /2 dé
onm = 42’k [1-[1r 2_73[ , -2-%’5'*'(01+92)-T"(1r+01-92) (5. 28)
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Consider the simplest example for FJ. (see Fig. 4a)

-

Fl(e) 1 0<6<n
o = (5.29)
-1 7< 0 <27
For this oversimblified case, Eq. (5.24) can be solved immédiately,
2
2a4/1-¢“ = r (5. 30)
and Eq. (5.28) gives
2nw = k(2a)2c2 : (5.31)

From Eqgs. (5.30) and (5.31) we finally obtain the vibrational plus potential energy
Vn for very large quark mass,

Vn(r) =2k a,

1/2
2’”] / .32)

=kr {1+—5
' kr2

For large r, we have

V. (r) — kr+ 2=
n r
T —00

which is precisely the effective potential given in Eq. (5.9). For small r, we
have (for n#0)
krz
V_(r) — J2knr {1 +—
n dnm
T ~0
which is finite, as one might expect. Using the potential (5.32) for Eqs. (5.1)
and (5. 2) we calculate the lowest two vibrational levels and their wave functions
at the origin. These are shown in Table 1.

C. Finite Mass Correction

Since the quark mass is finite, the above approximation breaks down when
kr becomes comparable to M. As we shall see, the charm string has

M/k~5 GeV_l. Hence the finite mass effect cannot be neglected. To include
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this, we simply extend the above approximation with a linear trial function used
in Section V.B. Let us consider the QCS in the center of mass:frame. With the

same trial function, we have (see Fig. 4b)
r - .
kf do R @) V1+ ¢ + 2M(~de) = 0 .33)
0

This can be solved for d

2 5
d(r,c)=-i— kr 1+c , (5. 34)

oOM+kr V1+c2

In the Bohr-Sommerfeld quantization formula (5.27), 2n7=UT+8S, T remains 4a

while
a
§+b
U= do (2k) = 2k(a+2b) (5. 35)
a
and
a
2a Pl o
S=-k dt / do (1-5Q") (5. 36)
22 a_
)

where b is the correction to a due to the finite mass effect. ' To the leading order,

we simply extend the relation (5. 30) to (where r is replaced by w)

2(a+2b) Vi-c% = p+2d=r (5.37a)
or
2 1-c2=d ’ (5.37b)

It is then a simple matter to obtain the following quantization formula

onm = 4k ¢ {a(a+2b) - 2b(a-2b)} (5.38)



Eliminating a,b using Eq. (5.37), we obtain, using Eqgs. (5.34) and (5. 38)

- -1/2
v @) = U=krfi-c?}
1/2
- kr [1 + o (5. 39)
k[ (r-2d)% +4d°] |
where d is given by Eq. (5.34) and c? by
2 2n7

2o (5. 40)
ong+klr-2d)% + 4d%] -

The coupled set of equations (5.34) and (5.40) determine c and d in terms of r
so that d=d(r).
Since cz-»O as r—o and 02—-—1 as r—0, dis relatively insensitive of 02 and

hence it is easy to estimate d(r). We note that

V (r) — kr+2—nlr-
n T
Y —o00
—> J2n7k [1+ kr
r ~0 2.J2M

Putting together Egs. (5.1), (5.2), (6.34), (5.39) and (5.40), we obtain the non-

relativistic charm string equation:

2
oM - “1\1Z A V() +£(’lelll £(r) = Ef(r) (5.41a)
or Mr
where
1/2
2nm
V_(r) =kr [1 + }
n Klr2-4rd+8a?]
51-1/2
=krf2-o?] (5.41b)
n
and
kr2 ozn
d(M,r ,k,n) = (5.41c)

I@M+kra_)
n
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where n is the vibrational quantum number. For n=0, ozrzl=1 and Vn reduces to
the linear potential in the charmonium model (1.1). d is introduced as a cor-
rection due to the finite quark mass. d-—0 as M-, The effective potential
Vn(r) is plotted in Fig. 2 for n=0,1. The two lowest vibrational levels and their
wave functions at the origin are given in Table 1. The spectroscopy of Eq. (5.41)
is shown in Fig. 3.
After the series of approximations we have adopted to derive Eq. (5.41) from
QCS, the resulting picture resembles closely that of a string with a quark and
an antiquark at its two ends. 12
The two parameters of the charm string are the charm quark mass M and
the color coupling in the form k. They are taken to be
M = 1.154 GeV
k=0.21 GreV2
We observe that the wave functions at the origin for the vibrati;)nal levels are in
general smaller than that of the radial excitation levels. Unfortunately, our
method is too crude for the determination of the wave functions (the energies of
the levels are more reliable). Since physically, the vibrational mode of the
string between the quark and the antiquark tends to push them apart, we expect
the quark-antiquark annihilation probability to be smaller for the vibrational

levels.
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VI. DISCUSSIONS AND REMARKS

In order to compare quantitatively the spectroscopy of the charm string
with experiments, we must include the leading order relativistic effects, pos-
sible S-D mixing,- threshold effects (of charmed.mesons and baryons in the
e+e_ channel) and vibration-rotation couplings. These investigations are beyond
the scope of this paper. Instead we would restrict ourselves to a simpler task:
to check the validity of the nonrelativistic approximation employed in this work.

To be specific, let us consider some typical contributions to the spin-orbit
splitting. Using the same string variable (4.1), we pick up from the Lagrangian
terms that contribute to the Hamiltonian in the form T..§

TE.: {.A" 'AA 2 ;'—'-)AA iy A}
X 35X §f+(r )V +(x-r)Rr-4Mrr

2;\/[ o 2§*r8 | (6. 1)

where we have rotated back to the space axis. The first term involves the string
acceleration R and is identified as a quark precession term. It is straightforward
to evaluate their contributions (in leading order approximation) to the bound state

Hamiltonian in Eq. (1.1)

1T.T {212(1+1)-1 5 }
T

M3r3 T

H—H+ (6.2)

For the lowest P state which has a mass E=3.45 GeV, the total splitting due to
Eq. (6.2) can be evaluated straightforwardly

E;,-E;, ~0.14 GeV 6.3)

This is small in comparison to the binding energy of the state E-2M~ 1.1 GeV.
Hence our Schreedinger approximation for the low lying levels are justified

1

a posteriori. Of course, the complete fine structure involves other terms as
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well (e.g., tensor splitting). The splitting (6. 3) should be taken as an indica-~
tion-of the size of the relativistic corrections we expect from the charm string.

Spin-spin splittings do not arise directly as a result of transverse vector
exchange in this model. Quark spin interactions arises only from quark-
antiquark annihilation terms in the Dirac Hamiltonian and from virtual exchange
of transverse string vibrations. Though such terms have not yet been evaluated,
it is expected that they will be small corrections to the nonrelativistic limit.

We remark that our estimate of the n=2 level may not be as good as that of the
n=1 levels. Hence it is possible that the 4.46 GeV level in the e+e" channel is
degenerate with the 4.41 GeV level.

Since the vibrational levels are above the charm (i.e., DD) threshold, they
are expected to decay predominantly into charmed mesons.

We note that the presence of vibrational levels in the 3 spectroscopy is
actually more general than the quark-confining string model. To obtain a linear
potential from field theory, the color electric flux must be confined, dynamically
or by hand, to a tube (or a vortex). The resulting tube can in general move and
vibrate in space. Such motion gives the extra vibrational states in quantum
mechanics. The rigidity of such a tube is determined by the dynamics of any
particular picture. Hence it is the energies (not the presence) of the vibrational
levels that is characteristic of QCS.

To summarize, we have shown that the charmonium model _with a linearly
rising potential can be derived from a relativistic, gauge and reparametrization
invariant field theoretic (albeit unconventional) model. Furthermore, in QCS,
relativistic invariance requires the introduction of string dynamics, which pro-
vides additional vibrational modes that are absent in the charmonium model.

This already occurs in the Schreedinger limit. With the inclusion of all the
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relativistic corrections, we expect many additional terms contributing to

Egs. {1.1) and (5.41). Their effects on the mass shifts of the low lying energy
levels are roughly an order of magnitude smaller than the binding energies.
However, their effects on the wave function may be more drastic. It is also
very important to evaluate the effects due to S-D mixing, opening of thresholds,
and various decay channels. Keeping this in mind, the charm string spectrum
seems to agree with experimental datal quite well.

Though we have discussed only the y-spectrum as a test of QCS, it is clear
that the model can be considered successful only if it can be applied to the rest
of the hadronic spectrum and interactions. As a model of hadrons, QCS appears
to have the unique property of color quark confinement without the presence of
massless color gluons or of pure glue states. Further, we expect that physical
states with light quarks will lie on essentially straight Regge trajectories with

-2 13

slope a'~§—11Tk—~ .8 GeV ",
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APPENDIX A
The string equation (2. 9)

%y s v@ v ¢

08" "4l Sm 'm, Vo = 0

in the coordinates defined by Eq. (2.31) looks rather complicated. Using Eqgs.

{2 30 (2 31 an
g.0Y), (a.cl) a

3
00 _ I'Y (. A A Ao . Iv! }
T -——2—)( {lat— 26B0+F(r.m m)_o-z(r,m 1) +_h_0-3 X
4
+E-—2§62
2h
T =-—3x 15;+F01(r-m m') - 0o, (r-mer') - =0, X
2h
10_ 12 t 2 ~ A n
T ==—x {ia D, - 2eB . - IV0, + ['vo_(r.-m~th) + T'(r- math)Y }X
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on? 1o 3 2 5
O Fz T I‘VV' A A A A
Vi, =" X {10‘2‘5;’26300‘2‘ h 03'Fv(r'm*m)ol“%(r'm“r)}x
v, 1=ty ie 5 + rho, - Tvo (T-mam?') -y (f.ﬁpr")}x
1, 3 X 2% 3 1 5
2h
0. r? b B - 2B, .+ 1 ¢ 4 %0, + L0 }
Va, “Tzﬁx{m‘?,t‘ 0“8 "h 27 17 Y5)X
11 F(. = : 2 T'h }
V2 =—3X {1043'50-I‘h02+1‘ v'al-—‘-r—-ys X
> 2h
‘ hy,00= 1V
h =Iv?
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hy ;=Th m.r' = -T'hh/v

1,1
- h2, 00 = V(T ma1n)
hz, 01" V(f-fﬁ»\m')
hé, 1= h(f.ﬁlar')

vy = +T (T math)

vy = +D(r. mam?)

. 00 . e af o
Notice that T~ has a term (the time derivative) of order M; all other T ", V
h£ ap and v, are of lower order in M. Note that this string equation must be

2
derived from the original Lagrangian (2.6). To derive this equation from the

Lagrangian (2. 32), a Lagrangian multiplier term for HE'=0 must be taken into

account in Eq. (2. 32).

’
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APPENDIX B

We note that with Ti=0, the quantization of angular momentum can be easily

obtained via Dirac's method. 11 Starting from the canonical Poisson bracket

r.,p.} = 6.,
{1p1}p ij

under second class constraints

we obtain the Dirac brackets

Introducing T=r xp, we obtain

1{Li, Lj]D = leijkLk

Quantization follows from replacing the left-hand side by a commutator.
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TABLE 1

2

Table of various estimates of the first two vibrational levels (n=1, ¢=0)
and their wave functions at the origin. The latter are expressed as
lq)(O)Iz/Es where Ev is the Iﬁass of the level. For comparison, we
include (3. 1) and ¢'(3. 7) as well and the above expression is normalized

to that of (3. 1).

2
V_(r) E 1 (0)12/E
the effective potential mass in GeV normalized to that of (3. 1)
3.10 1
kr (n=0)
3.68 0.71
4.15 <0.01
kr + -71;’ (n=1)
4.55 <0.01
or 1/2 3.82 0.23
kr (1 + ——2> (n=1)
kr 4.26 0.23
3.96 0.35

Eqs. (6.41b,c) (n=1)
4.41 0.32
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FIGURE CAPTIONS
The physical picture of a meson charm string.
The effective potential Vn(r) for n=0, 1.
The nonrelativistic spectroscopy of the charm string. y(3.10) and ¥(3.68)
are fitted to obtain M=1. 154 GeV and k=0. 21 GeVz. The dotted lines are
the vibrational levels absent in the charmonium model. Levels with
E> 4.5 GeV or £>2 are not shown.
The trial shape of the vibrating string for n=1. In 4a the ends of the string
are fixed. In 4b, the ends of the string (where the quark masses are) move

in such a way that the string's center-of-mass is fixed.
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