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ABSTRACT
Rigorous bounds are described for form factors for scalar and
spinor particles using sidewise dispersion relations. Bounds on the
large q2 behavior and the Drell-Yan-West relation are discussed and
related to the propagator weight function for possible interpolating

fields for the particle involved.
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I. INTRODUCTION

The possibility of a relationship between electromagnetic form factors :
large momentum transfer and deep inelastic electron scattering structure fur
tions near the elastic threshold was first pointed out by Drell and Yan [1] and
shortly thereafter by West [2]. This so-called Drell-Yan-West (DYW) relation
was derived within the framework of a modified field theory model with a trans-
verse momentum cutoff and has also been discussed in parton models [3].
Although the relation is plausible and various model dependent rather hand-
waving arguments have been given [4], no really convincing derivation has been
made.

We shall discuss the problem from the standpoint of a sidewise dispersion
relation for the form factor in which, by the use of the Schwarz inequality, the
imaginary part of the form factor is related to the sfructure functions. We will
show that under certain circumstances, the DYW relation emerges as an
inequality. The critical issue is the high energy behavior of the weight function
of the propagator associated with the interpolating field used to describe a
physical particle.

Although we were unaware of it at the time we began this work, a similar
dispersion-Schwarz inequality approach had been taken some time ago by Cooper
and Pagels and by West [5]. These authors, however, did not have our purpose
in mind. For the sake of making this paper reasonably self-contained we shall
repeat much of their formal analysis. Our use of the Schwarz inequality is
rather different and somewhat more refined. One remarkable feature of the
inequality is that it connects a quantity defined only in terms of an (arbitrary)
interpolating field to purely S-matrix quantities. The full consequences of such
relations is not clear to us, but the freedom of choice of interpolating fields will

be important to our results.
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In Section II we discuss the electromagnetic form factor of a scalar particle
(a pion, for example) and its relation to the structure functions and the propa-
gator weight function, Then in Section I the large momentum transfer limit is
treated under various assumptions. In Section IV, a model theory involving a
transverse momentum cutoff is described. This discussion is repeated for the
nucleon in Sections V and VI. A brief summary is given in Section VI, In the
appendix some results on propagators and interpolating fields within the frame-
work of a soluble model are given.

II. SCALAR PARTICLES

In this section we shall discuss the relation between the form factor of a
scalar particle and the corresponding deep-inelastic structure functions analo-
gous to that given in the next section for a spin one-half particle. It wili be
shown that the asymptotic behavior of the form factor can be related to the threshold
behavior of the structure functions only if the relevant propagator weight function
falls off sufficiently rapidly, We also show later how a model field theory with
a fransverse momentum cutoff in fact leads to the weight function decreasing .
more rapidly than the same theory without the cutoff.

The form factor of a scalar particle is defined in terms of the matrix
element between one particle states (corresponding to mass m, p2 = p'2 = -m2)

of the electromagnetic current operator j“, namely by writing
M (', D) = ¥*@) T, 0", P) x® = (oo 2 <p'1i, () Ip>
pe n 00 M
or in terms of the conventional form factor F(qz), with g=p-p’,
M @',p) = @'+p) F(@))
[ H

In these expressions we regard Tu(p', p) as the irreducible vertex function

formed from the current jﬂ and two scalar field operators and is the analogue of
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quF (qz)I‘“(p',p) in the spin one-half case. The x(p) are "wave functions"

c
whose only role is to indicate the on-shell projection operation and are the
analogues of the spinors u for spin one-half. It will be necessary for us to deal

with the half off-shell quantity R“(p', p) given by
R, @', = x*®) T, 0',p) A (07) @+m?)
u H u b c 9

where AF (pz) is the fully dressed propagator of the scalar particle and, of
c

course, p2 # -m2.

The structure of R“(p',p) is more complicated than that of M“(p',p) since

p is off-shell. We have, in general,
1 = vk 1 ) 2 2 1 2 2
R#(P »P) = x*(P') (P+p)NF(q »=p )+ (P -p)uG(q »=P )

where we know that on-shell, p2= -mz, G must vanish. This is a consequence

of the generalized Ward identity [6] which takes the form
(©'-p), T 0,0 = a2 ©)-2" @)
bR’ c c
or in terms of Ru(p',p), using x*(p') Ak:l (" =0,
c
t 1 = * ! 2 2
(®'-p), R @', p) = -ex*(p) (o +m")

from which we find

2

G, -p%) = p2+;n [F(qz, -p?) - e]
q
We write then finally
2, 2 (0*m?)q
R 6',p) - LT q = prp), - ———2|F(a®, 0%

q q



-4 -

where we have dropped the wave function x*(p') for ease of writing and have
introduced q = (p-p') .
K K 0
Remembering that p'2=-m we see that the coefficient of F(q2, —pz) is

orthogonal to qﬂ so that we may easily project F from Ru essentially by multi-

plying by
2 2
® -p'")q
V = @"p) - ——ms—=b
[0 5 q2
Thus
2 2 2
F(Q",-p") =V-R/V
where

v2 - 4E’ZP'2‘ (p’p,)z]
We note in passing that V2 may be expressed in terms of the variables q2 and
v (=-p'-q/m) as
v? = —am® (P4q?) /o
The next step is to write a representation for RM in terms of field operators.
It is then elementary, following Bincer [7], to derive a dispersion relation for

F(qz, -p2) in the variable s= -pz, for fixed positive qz. By standard methods

we have
R @, =120y "2 [ d*x P X i (0, 57 o) 105 6(x)
© 0 [ 0
Here J(x) is the "source" of the spin zero field which we may imagine to be given

in terms of suitable interpolating field ¢ (x) by (mz- 0O) o(x)=J(x). We ignore

equal-time commutators. The absorptive part of RM from which the imaginary
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part of F(qz, —p2) is to be computed is
_1 172 1 4. ip-x [ T
mR o0 = 5 @)% [ax P i, 0, 3T ] 10>

1/2

=2 (2p}) > 20" s(o-p,) <P 1j, In><al"f0>

Because J is a scalar operator, all of the states in> have total angular momen-
tum zero. Using the relation between F(qz, -pz) and Ru we find

ImF(qz, -pz) = -%-(Zp'o)l/2 ié- Z (21r)4 6(p—pn) <p' [V-jin><n IJTlO>
V n

We use this form to bound Im F by using the Schwarz inequality:

mF? < —>= 5 @n* se-p,)(@p}) 1<0" IV-jln>1?
4(v9)” n

4
X 2 (2m) " &(p-p) I<n|JT|0> 12
n
The first factor can be expressed in terms of structure functions which we define

as follows:

Y (@ ao-p_)(@pl) 1<p' 1V-]10>1% = e”m v W
n

TR TR
where
q.q W
= (25 - 50,58 19, 53) 2
7 wog TR v /) m

and e2=47ra. Note that W Wz are not the true full structure functions because

1’
of the restriction of zero angular momentum on the states |n>.

The second factor in the inequality for [ImF |2 is related to the weight
function in the K#llén-Lehmann [8] representation for the propagator for a spin-

zero field. We write

4 _ .y ~ 2
S= 327 o(p, -p) <O In><an I 0> = 27p(-p7)
n



[
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and remark that this is related to the usual weight function that appears as

o0 2

AF@2)=[ ax’ 725
c 0 K +p -ie

with

o) = X @06 -p) <0191 n><n 1o 10>
n

The relation between p and p is simply
~, 2 2 22 2
p(-p") = (m +p ) p(-p’)
since J= (m2 -D)¢. Note that while p(-pz) contains a single particle contribu-
tion 5(p2+m2), this is absent from 5(-p2).
Putting all the pieces together and writing p2= -s, we find

2 2
mF?,5)1° < Z58 5s) V- WV
(V')

Note that

2,2
VoWV = (—Vz)[zizqhﬁ"z'wl} :
q

and therefore

222 2 2

2 .2 o el

ImF(q“,s) 1" < ”;qzmz {V 5 W2_Wl]p(s)
4(r +q )m q

In terms of the longitudinal structure function WL defined by

v =X ® -
W= W= Wy
q
the inequality may be expressed as
2 2 2
T e'q m

2 L A )
lImF(qz, s)I” < —5 55 Wy 0(s)
4m~(p"+q )
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Finally, one may introduce the usual structure functions & and the variable
w= 2mu/q2 and write

2 2

2 2 e ~ 2, ~
ImF(q",8)1" < 55— F@,q)p(s)
w q +4m

F = mW =1( 2_m.>:'_ J‘}
K mw 2{w+y ,72 2?1

We assume that F(qz, s) satisfies an unsubtracted dispersion relation:

= 2
Fa?,s) =2 [, ds' 5EE.8)

st=s-i
9m €

The physical form factor corresponds to setting s=m2 and we write this as

simply F (q2):
o0
2 1 ds 2
IF @)l < ?f , —=5 ImF (g%, 5l
Im” s-m
~1/2~1/2
< e f ” s 1 o
- 9m2 s—m2 (w2q2+4m2)17§
Recall that

s = -p2 = —(p'+q)2 = m2-q2+2mv = m2+q2(w-1)
This inequality relates two quantities defined as S-matrix elements and hence
measurable, to the field theoretic quantity p(s) which is defined in terms of an
arbitrary interpolating field. We shall try to use this arbitrariness in the
weight function p to achieve the most restrictive inequality possible. As an aside,
note that since we cannot restrict the sum over intermediate states to spinor
states only, it is not possible to discuss the extra power of (,~1) found in models

in which the pion is a bound state of spinor quarks compared to scalar quarks [9].
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II. LARGE MOMENTUM TRANSFER

In order to discuss the behavior of lF(q2)| for large q2 we must make some

~

assumptions about #L

w fixed) the so-called Callen-Gross relation [10] wﬁz=29?l

hold, at least for the true structure functions which involve contributions from

and about B' We note first that in the scaling limit (q2——oo,

is expected to

states of all angular momentum. The deviations from this relation can be
expected to be of order l/q2 and thus of the same order as the ferm 2m %/y

that appears in F1,:

in the large q2 limit in order to have something concrete to work with. We

~
—

We shall first take this, in fact, as representative of ‘J/'L

have then for large q2 and with the above assumptions

1/2[ =, «~,.]1/2

oo 2 Fo(w)p(s)

F)I< y2me [ , = L ; 5 2] [ s
s-m +q

9m s—m2 s—m2+q2)+4m q

where we assume that gﬁ"z indeed scales and is a function of w only; we have also

expressed the integrand in terms of s. We assume that
> ~ p
Fo(w) ~ (w-1) w—1

Dropping the 4m2q2 term in the first bracket in the limit of large q2 we have

0 ] 2 3/2 Zo(w) 1/2
~ q1/2
|F(q2)|_<_ —"é——g—@if 9 ds(s—mz)2 q2 2] 2 5 (5(s)] /
(@) 5+179m s-m+q|  |(w-1)
Since ,v}z(w)/(w-l)p is finite at w=1 we conclude
B

IF (@] < const/ @>?

provided

o

25°1 . 1/
[ g ds emDH? [5e] P <

Im
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I E~s-r for large s, the integral will converge for r>p. For the pion, it is
believed that p=1 so that this limit contradicts the usually accepted quark counting
lore on form factors which predicts F N(qz)—1 whereas we have the bound

F< (qz)-s/z'

Alternatively, it is easy to verify that if for some reason ﬁL(w, q2) — G(w),
rather than m%(w) /v as q2—»oo, and if G(w) ~(w- 1)p near =1, the limit would
be IF(qZ)I <(q2)_(p+1)/ 2 in agreement with the DYW relation. We shall see
shortly that in a model field theory with a transverse cutoff that one can expect
a p(s) that goes like 1/s or better so that our optimistic estimates may be valid.

If however the integral over p does not converge we must proceed in a

slightly different fashion. We go back to our first case, Z.

L ~m3f2/u and write

q2 Im~ s-m -m2+q 2

: 3/2
o 2
) < 2B dsz[ . 2] AP rOe
S

and scale the s-variable according to s-m2=xq2, w-1=Xx so that we may write

L ST TR e

q 8m2/q2 X

and if we again say
FV 21~ P2 o

~, 2 2 -r 2
pixq)~ (xq*) as xq oo

o 3/2 BL
IF(q2)I < const j _clx_(__l__) 2
- .2_§_+1 8m2/q2 X \14x
Q")

so that if r <p we may set the lower limit to zero and obtain

by
2., ., a3+l
IT(q")! < const/(q")
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which is a fine limit but has nothing to do with the structure function threshold
behavior. Note also that we recover our previous result by imagining that r >p
in which case the lower limit cannot be set equal to zero and one must integrate
by parts a sufficient number of times before passing to the limit.
IV. A TRANSVERSE CUTOFF MODEL

It is iﬁteresting to look at the propagator spectral weight function, p (m2),
in a theory which resembles some of the softened field theoretical models fre-
quently discussed in connection with parton models [3]. In particular we want
to study modifications inp (mz) for large m2 induced by the introduction of a
transverse momentum cutoff.

As an example we consider a trilinear scalar coupling and the following
familiar approximation to the Dyson equation for the unrenormalized propagator

A'(pz) for a field with bare mass M interacting with another of bare mass u:

0

[A*(pz)]‘ =p’ + M. - (")

go fo s at 3 A'[(p-k)z]
2 ) k +u ~ie

Our approximation consists of neglecting vertex corrections and propagator
corrections for the field of mass u. We have then only the wave function renor-
malization, Z, of the mass M0 field and a mass renormalization.

Renormalized quantities are introduced in the standard way:

AR =25 A
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M2 = Mg - (-M?)

It is further useful to introduce ﬁ(pz) =7 II(p2) which then involves only the renor-
malized quantities g“2 and A. In terms of these we have
APy = pPeM? - Tip?) - Ti-M?) - %) T -1

—1+—| =1+ N-M?)

It has been shown by Saegner [11] that A(pz) has a Killen-Lehmann representa-
tion [8]

2
m

00
ap% = [ am? L
0 p +tm -ie

2 2 2 2
p(m%)=8s@"-m") +p (m") (m-M-p)
Writing p2=-s, we can deduce a very complicated nonlinear integral equation

for pc(s) using on the one hand the above representation for A(pz) and on the

other hand the relation between Al and II. Thus we have

i, (s)
- - p ~
ma g - A . _Pe o _miies)

lAGs) 12 1AGs)l

from which it follows that
(s) = |A¢5)1 Im [i(-s)
Pe I

To proceed, we shall express ﬁ(-s) in such a way that we may easily insert
a transverse momentum cutoff. We introduce an arbitrary quantity P which
serves to define the longitudinal direction of the four vector p and write for p

and the integration variable k the following (p2=-s):

1(P+ i))) ,

p=(0i, P-ﬁ),
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ki-kz < kf-kz
k= kJ_’XP-_EP—;l XP+—4'F ,
4 2 2 dx
= dg® 22
d’k dk_L 5]
We note also
2

k 2
(k)% = =& - s(1x) - 2L

The limits on 1«:2 and x are -« to +«. We find then for ii(-s)

fi(-s) = i (—2—-)-2-p(m ) [ f_:z#";—[: k2 [k2+u2—1€:| -1

X [52; - s(1-x) - kz(l X>+m2-ie:|—1
X X
Evidently, if x>1 or x<0 both poles in the kz-plane lie in the upper half-plane
and the k2 integral is zero. This restricts x to the interval 0 to +1 and the k2

integral may be done by closing the contour in the upper half-plane, say, picking

up the pole at k2=-u2+ie . We find

2

1. [x

fi(-s) = ?L /dm o(m )]d K fo ;—"; [—}‘{L--i-uz -1:X§ -s(l—x)+m2-i€]
7T

2

1 k

£ fa e e )
(2)

Without a cutoff, i is, of course, logarithmically divergent. However, the

imaginary part is finite and that is the quantity of interest:

2
2 1 k
Im 1i(-s) =B dmzp(mz)fdzk & ) —£+1—-)-{-u2-s(1—x)+m2
(21r3 17 2x X X

[dm n(n‘\)[ »——':-'-_}.___M*“——

-
<
i
wn

ey
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where we use the §-function to do the x integration (both roots lie in the interval
0 to 1 and the upper limit on the ka_ integration is a reflection of the physically
2
obvious fact that s> [<m2+ki>1/ 2, <u2+ki>1/ 2] ). Here P, is the relative momen-
tum given by
asp? = [s - (] s - o]

The fact that we must have pi >0 implies the upper limit (J— S - u)z for the m2
integration.

We are particularly interested in the behavior of Im ﬁ(—s) for large s with

and without a transverse momentum cutoff. Let us study then the k.l. integral

and introduce a cutoff function f <k,%) . The quantity of interest is

t
F(t) = f dr S0

0 Nt=T

3

where we have written t=p§, 7-=kf. With this notation,

2
- 2 (s -p)
Im [I(-s) =—£ dm2p(m2)F<p2> .
1675 70 r

If there is no cutoff, f(r)=1, the r integral is trivial,

1
F, = dr =24t
1 é t-71
and
2
2 (Ns-p)
Im I, (-s) =—£— dm”p(m”)p,.
8ms 70
& [
16”[() am? pm?)

independent of s provided the integral over ¢ exists. If p(m2) ~1/m2 for large

‘) o~
m~, Im il(-s) would increase logarithmically in (-s). If we assume p goes to
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zero more rapidly so that Imﬁl(-s) approaches a constant, we can use our rela-
tion between Pe and Im I to discuss the asymptotic behavior of Per With this

assumption we conclude

2
= 189l IR 2
.1 - Imﬂl( s) — const/s

since A(-s)~ 1/s for large s. The constant of proportionality can be expressed
in terms of the wave function renormalization Z using

z"1- /’dm2 U(mz) ,
as

2
9e1 ™~ 12 3"—12'
167°2° s

Next we consider what happens if there is a transverse momentum cutoff.
It is obvious that if f(r) is positive and goes to zero rapidly for large r we will

have
1 o0
F(t) —— [ dr f(r)
\/E'[) T f(r

This leads to

. 2 o (\/—s-u)2 5 o(m2
Im ii(-s) = ~&— / de(T)> f dm?2 20 )
16ms \J0 0 Py

2 o0 o0
2 2
»§%<4 de(T)>[) dm” p(m®)

and finally, for the asymptotic form of Po to

2 f dr £(7)
el — g2 3 > 3
8t Z S

We see that the transverse momentum cutoff has gained us a full power of s in

the rate of decrease of pc(s).
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If we lift the restriction on the positivity of the cutoff function f(r) we can,
of course, cause the integral F(t) to fall off much more rapidly than the 1A/t
we found above. We have studied some examples just to illustrate that one can
obtain almost any desired behavior for F(t).

Given F (t), f(t) can be immediately found by quadratures:

t
£(t) =_11F'cht-f dr L1}
0 Nt-T

o0
-1 _[
2rt3/2 Jg
The formula for F(t) is called Abel's equation for f(t); the inversion is easily
carried out by Laplace transform methods. The limiting form for large t holds

for any positive F (t) such that the integral exists. We give two examples:

=At
1 -
2 2
a4 o2 /4t a3 (az_ at) o2 /4t

(2) F(t) = W , I = . 572 ,

There are many more examples that can be constructed using tables of Laplace
transform but the general pattern of the cutoff functions, f(t), is clear: They are
positive for small argument, go through zero and then approach zero for large

3/2 or faster. Although these cutoffs are admittedly some-

agreement like -t~
what weird, since one does not understand the mechanism of transverse momen-
tum limitation they should not be necessarily discarded out of hand, and one
should be prepared for the possibility that the spectral weight function of the
propagator corresponding to some choice of interpolating field might decrease

rapidly. Note that an oscillating cutoff function does not force the weight function

in the propagator te go negative. In cur examples they are always positive so
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that the theory is perfectly consistent at this level. This is to be contrasted
with the regulation procedure of Pauli and Villars [12].
V. NUCLEON ELECTROMAGNETIC FORM FACTOR
The sidewise dispersion relation for a nucleon were given long ago by
Bincer [6] and we shall lean heavily on his results and reproduce many of them
for ease of reference. The fundamental quantity of physical interest is the
matrix element of the electromagnetic current density operator j“(x) between

physical nucleon states of four-momenta p', p and spin s!, s:

1/2

p1p o\

M (p',s%p,s) =|—5 <p',s'lj (0)Ip, s>
K M2 K

which is generally written in terms of form factors Fl’ F g 28
M, = Gp's) [iy, @) + 10, 0" F @) wes)
K ko1 34 2
where q=p-p' and u, u are spinors describing the initial and final nucleon states
[13]. The Pauli form factors are related to the more popular form factors GE

and G, , defined by Sachs [14] by

M

2
= _-g—
GE Fl 2M F2

G =F1+2MF2

M
We shall be interested in writing a dispersion relation in what is essentiaily

the mass of the nucleon which entails taking it off its mass shell. To this end

it is useful to introduce the proper vertex function I‘“(p',p) which describes the

interaction of off-shell nucleons and photons and define a new quantity R“ in

terms of it:

R ('s'sp) = u('s") il' (@', p) SFc(p)(iv-p+ M)
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where SF is the renormalized nucleon propagator. The precise relation be-
c
tween M and R is
B 1z

tqt — 2 2 tqt.
M, @'s',ps) =q AFc(q )R, (0's';p) u(ps)

=1q 8 @) EE'ST, @', D) ups)
C

where AF (q2) is the renormalized photon propagator. We will drop the product
c
quF (qz) since it is unity to lowest order of electromagnetic interactions. The

vertex function I‘u(p',p) satisfies the Ward-Takahashi identity [6]
i@'-p), T @0 = e|S;" OV -5 0| .
HoH c c
where e is the nucleon charge, which leads to
R, ('s';p) = eu(p's") (iy-p+M)
This condition enables us to write the structure of the spinor R# as

R, @'s"ip) - el(p's) q#(M+iv-p)/q2 =
o A A
=u(p's") 2, w-qlvq/q Fi+iv, a Fola,
A=+ ®
where

= W-Aly.p)/2W , pP=-W2 , pl=-M?

and

F; = Fi(qz, M, +W)

The form factors F-: evidently coincide with the physical Pauli cjuantities Fl(qz),
Fz(qz) if we go onto the mass shell W=+M,
The next step in our analysis is to write a representation for R in terms of

field operators from which, as Bincer [7] has shown, dispersion relations for
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the Ff as functions of W may be derived, holding q2 fixed and positive (space-
like). Standard reduction formalism leads us immediately to

1/2
P¢ .
R,('s',p) = i = [a*xe™® X<p's'l[j“(0),'f(x)]|0> o(-x,)

where we have dropped possible equal-time commutator terms and 1(x) is related
to the interpolating field for the nucleon, y, by

<_-YE 538?' + M> 3 = T(x)
m

The absorptive part of Ru from which the imaginary parts of the F? are to be
computed is
prl/2 .
Im R (o's",p) =-21-(-1\%) fd4xe1p'X<p'S'|[j“(0),'f(x)]|0>

p! 1/2
=%(m9') {: (27r)46(P—pn) <p's'ljuln> <nif©0)l0> .

It is important to note that the states |n> are all of total angular momentum 1/2.

We must now project out the imaginary parts of the Fi\ (it is at this point
our work begins to deviate from that of Ref. [5]). To do this we multiply by a
"polarization vector" e“ and form

€ ImR A u(p's") =
‘Z‘?# p At e's)

e [.M__v_p_ o (e-a5) e, 8, Impx]m]

2M 2 2W
q
W+AM A 92 A q-p'
=—1\7I'V_V-[ImF1‘M+7\W ImF, (6- p'-q o2 ) :

In order to be able to solve for ImF1 and Im F2 separately we must find another

combination; there are no other veectors in the problem so we bring one in from
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the outside, call it t. We then form

€ ImR A_iy-ty.u(p's!
:4?” BBy tygu(p's)

=Tr

M-iy.p' |. . €q A, A W—i?\x-g.
M [1')/ <e-q q2>ImF1+1eﬂoquImF2:| oW 1'y-t')/5

- _ A A )y
= - W uVNT pupv Gxto [Im F 1 ¥ (M+AW) Im Fz] ,
and find

AL A,
Im¥F € I.mR A [A.+B.1 -t ]u 'sh) ,
J ; 2 N i Rl R

where

1

A} = ) MWQOEAW) ap™
M+AW)? +q2[( - >]

Bl——}\———q-—— —e ! et]
(M+MV) +q L

B -1
Abop MW (pq&_éq_)]
!

(M+AW) 2+ ¢ q
} -1
- w B e t
2 - Luv?xcfpupv AT

MAAW) 2 + g2
We may choose the vectors e“ and tﬂ at our convenience though neither of them
may be parallel to qu. We will make a definite choice later.
We now use our expression for Im Ru in terms of the sum over states and
find
1/2

ImF;‘=—;-<—M> Y entse-p J<p'stle. J|n><an|O>AA[A +B;‘ry t'y]u(p's')
S'
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This expression will be bounded by using the Schwarz inequality on the double

sum on the right:

\
A2 1 4 (po) g1 ; 2
mFJ1< 7 s%(zw) s(-p)\g7/) 1<p's'le-jin>|

4 ' ASA 2
X - inse 1ot
s'z% 27) (S(pn 19)) |<n|'f|0>zs\[Aj+BJ. iy t'ys] u(p's')|
The first factor can be expressed immediately in terms of deep inelastic elec~

tron structure functions defined by

t .
1 3 po) Lttt o2
3 SA‘% (2m)" 6(,-P) (—1\7[' I<p's' le-jln>|" =e ALY
with
W“V—< -qu/q)W +<p -q —P—><p q——&>——2—
q qa/ M

and ez= 41 a=~47/137. We should note that in view of the original restriction on
the states In> to be of total angular momentum 1/2, \NVl and Wz are not the
customary structure functions which include states of all angular momenta. We
can of course weaken our inequality by allowing the sum to include all states and
make the replacement VNV1 ——Wl and W2 —-Wz where Wl’ W2 are the famlhar
quantities. We will return to this point later on.

The second factor in {Im FKI:2 is related to the weight functions in the K#11én-
Lehmann [10] representation of the propagator of a spin-one half field. We define

A - A* A* 3
F. = u(p's’ [A. +iy.tv_B. ]A 21" 6(p_~
; SZIJI (0's") | &} +iv-t v By | A, (2m)" 6P, P)

x <0Ifln><n [T]0> A)\[A +iy-tv.B ] u(p's") ,

and

2

Z(‘Zr} A0 -p) <Oifins<niTios = 2, A

y =DV A
n A=% A A

-
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To see the precise relation of the 3's to the conventionally defined propagator
weight functions, we recall that

- 2
S () = (iy-pr) L T awe? [(-IV'WW')plm' )'Pz(W'zﬂ
¢ (M+“)2 (W'Z-Wz-ie)

where

and
3 - 2 2
3" @m)° (o) <01 In><nlF (0> = (<iy-p+W) p (W) - p, (W)
n
=3 Ap, WHA
= P A
We find
Py = 2Wpy ~py
P_~ Py

and so when we use the relation between y and f, namely (7u8/ ax#+M)zp=f , we

see immediately that
~ 2
Py = (W=AM)"py
Finally we recall [10] that

2WP]_'92 >0

Thus

and in particular

~ 2
b, < (W-M)” 2Wp,
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The latter relation is used in Ref. [5] together with the definition of the wave

function renormalization constant

z7 =1+ [, aWp (WD)
(M-+u)

=1+ f(M+y)2 daw [p+ + p_]

The sum over the spin s in the definition of 9? is trivial and we find

Y [ 2 ][7\ AL AX A ] A*
P = et L WHAM)“ +q“ [|AT AT+ BT Bl tet]| + 4B B pr.tt.
i 2MW| ) ) B B i 5P P

The vector t enters only in the denominator of the B?'s and explicitly in # j\

It is not difficult to show by going to the rest frame of p' that SP? is minimized
by choosing p'-t=p:t=0. In addition the choice t. €= 0 maximizes the B?

denominator,

We have then

A Pa

L5 = oW

[(W+xM)2+q ][A" A>‘ + B B;‘ - t] ,

and in terms of & i‘ and the tensor Wuv we have

|Im F?lz < 2n%e? . W. e??

We shall now choose the vector € in such a way as to minimize the product
€*. W. e&”;‘. To this end work in the rest frame of p', and note first that we may
as well choose €-q=0 because any component of € parallel to q annihilates Wuv
The following kinematic relations obtain:

p' = (0, iM)

o= i, -M>>

( . i(w2ea) ")

!l



- 23 -

v =-p-q/M=q,=p,-M

qi = q2+ v2 = [(W+M)2+q2] [(W-M)2+q2]/4M2

W2 = Mz—q2+2MV = M2+q2(w—1)

w.=_2My/q2 . 15(.0_<_°°

In our chosen frame, t0=0, € =9, ez/u, e.t=t.p=0 and we may choose €L

parallel to the x axis, tJ. parallel to y.

Then we have

o~ & 2 2 2 2) ~ 2,2 2
€e-W.¢ —W1 (el- ezq /v +W2(1+q /v )ez

-

Py wet 1 w2 L1
1 2M (\N+AM)2+q2] v2g? q4e§ ef
APy woam? 1 N |
2 2M [ 2+ q?] v24q? |wenn2e? el

L J L

and writing €, =COS 0, € =sinf, our job is to choose the angle 6 to minimize
IIm F;‘I. The result of this elementary calculation is most conveniently expressed

in terms of what might be called the longitudinal structure function W’L defined by

WL=-——ﬂ—q2 Wz-leo

The positivity of WL follows from the fact that €-W. €>0 for any vector € and in

particular for the angle 0 =0 in our frame. We find
2
Myl A weam?  [IYW e
271'262 - 2M [(W+7\M)2+ q2][v2+q2] WH+AM L
A2
HmF ] 2
2 < ﬁz‘; - LA l (u%}d}\/ﬁ £ VPR l
2’ T (T |[ve) | =)
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It is interesting to compare these bounds to the ones given by Cooper and
Pagels [5]. That our bounds are an improvement can be seen by fixing Wz and

choosing W, to maximize the right-hand side of the above inequalities. The

1
two maxima are achieved at different values of the ratio (\371/\75'/2), and these

weakened inequalities are

Im F)l‘lz AW
< W

27r2(32 -2M "2

A2
IIszl

B
5= 7 Wy
e

2 1r2 2Mq

Since these bounds are achieved (in the scaling limit) only if (%'I/FN 2) is 1/2(w-1)
for the former and 1/2 for the latter, they are probably considerably poorer than

our previous bound. Finally these can be further weakened to the Cooper-Pagels

bounds by using the fact that
5 < W-aM)Z W
A= P1
We may also write our expressions in terms of the analogues of the usual

deep inelastic structure functions which we write as # 1 and .7, 2 to avoid confu-

sion with the Pauli form factors already introduced. Thus

3’1=MW1
7 =MW. =+ ¥ 95
&L—MWL—z{(w+2M/v)J2-2.71}

Another useful set of relations is obtained by introducing the so-called longitu-

dinal and transverse cross sections:

\7»-'1 = (y- q2 /2M) ET/4 2o
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2

W2 = (v-q2/2M) _éq-E (0T+<?L)/41r2a
(v"+q%)

WL = (V-q2/2M) S"L/47r20t

and in terms of ﬁsz/a‘T we have

wFy/2 Fy = (147 v/ 4D

F.=RF =~§’- — (1+q /u)7

Note that if these ""cross sections" ET’ 3L for space-like photons behaved

like conventional partial wave cross sections for fixed q2 as W2 —c, namely

o~ 1/W2, recalling p~ Wz, we would find 3?1

W2 —, Finally we remark that it is part of the folklore that for the experi-

~ constant and ﬁz ~ l/W2 as

mental quantities, i.e., involving summing over states of all angular momenta)
R is either zero or very small q as q2 —o,  fixed and that q2 o, —0 in the
same limit and also for fixed q2 as W2 — w [5]. Interms of Rand ﬁl’ say,

our expressions for the hnF?'s become

Tm M2 W(W+AM)2 F 2 = |2
1 < 1 q + [4R
73 < 3 q] M(WAAM) 5

I:(W+7\M) +q J[ M

A2 ~ )2
ImF,l . e v | q2R
7r2e2 -_ [(W+?\M)2 +q2][v2+q2] M MZ

In the next section we shall use these expressions for the imaginary parts
of the form factors in the appropriate dispersion relations and discuss the large

q2 behavior.
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VI. LARGE—q2 BEHAVIOR OF THE NUCLEON FORM FACTORS

Bincer [7] has shown that the Pauli form factors F?=Fj(q2, M, AW) satisfy
dispersion relations in W, and as we have noted, the F';(qz, M, M) are precisely
the usual physical form factors Fj(qZ). We shall make the fundamental assump-

tion that the combinations
1 2 2
: [Fj<q M, W) + Fi(a ,M,-W>] :

[Py W - 7y, -w)

satisfy unsubtracted dispersion relations of the form
2.1 (% 2 2 .2 5]~1
F(W)=—f aw' Im F (W' )[wv -(W+ie)]
T 2
(Mrp)

from which it follows that

Ffom=F. % MW = 1[°° aw" [ImF;r(W') sl
j 7@ ™ J ot W-W-ie & WHwW |
— 2 17 ’[ImFJ._(W') ImF-;(W')-‘
Fj (W)= Fj(q , M, -W) =< M) W' | T e |

We are ultimately interested only in F']."(W=+M) and it then follows that

o MmFT (W) |ImF(W)
daw I+ ]

2, 1
P < W-M Wil

(M-+p)

The assumption of an unsubtracted dispersion relation for F 2(qz, M, W) probably
scares few people but this assumption for Fl(qz, M, W) is more unusual. One
usually tries to build in the boundary condition that F 1(q2=0, M, M)=e and it was
assumed by Bincer and by Cooper and Pagels that the more general relation
Fl(q2=0, M,W)=e holds. It is our feeling that this is not absolutely necessary

and that the unsubtracted relation is tenable {(especially in composite theories).
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Dealing as we do with absolute values and inequalities it is sufficient to study
the form factors in the abbreviated form

[+ ]

2. 1
IF.@) <=
j@s 7rf(M+u)

since the two terms in the dispersion relation appear to be of the same order of

aw Im F; (W)I(W-3) ™",

magnitude.

The large q2 limit of this inequality will now be considered. Since
W2=M2+q2(w-1), the variable  will be forced to 1 for large q2 if the W integral
is sufficiently convergent. Thus the large q2 behavior of the form factor will
depend upon the threshold behavior of the structure functions g‘i' In the thres—~
hold limit, it is also reasonable to expect that the higher angular momentum
states present in the full structure function, the #'s, should become less impor-

tant. Hence the  near 1 behavior of 371 and ﬁi is expected to be the same,

It is useful to denote the following limiting behaviors:
Fy ~ (w-1)P

0, WD) ~ WHT
If R does not grow faster than q2 in the threshold limit, scaling arguments such as
used in Section III on the dispersion integral lead to

IFl(qz)! <@

where

N=lfesd) it repsl

-—1 1 10
N—2(p+1) 1fr>p+-2-,

Thus if r is greater than p+1/2, thatis, if p + is sufficiently convergent, then the

DYW relation saturates the inequality and N=1/2 (p+1).
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A similar analysis can be carried out for ]5‘2 and one finds (assuming that

q2§<W2):
2 2. -N-1
IF (@)l < (@)
where
_17..01 . 3
N—§-< ——2-) if r<p+2
_1 . 3
N= > (pt1) if r>p+ )

As before, if r is sufficiently large, the DYW relation is satisfied for the mag-
netic form factor. The extra power of (qz)—1 in |F 2I relative to IFll actually
have the same asymptotic behavior in q2 as required.

insures that G and G

E M

V. CONCLUSIONS

The alert reader will have discerned by now that the inequality used here,
while it is quite strong from an abstract point of view, is quite weak when
compared to the predictions from simple composite models. The resulting
rigorous bounds on the asymptotic behavior of the form factors are not useful
unless one can find an interpolating field whose weight functions in the K#11én-
Lehmann representation fall very rapidly in Wz. Since the inequalities assume
nothing about the composite nature of the particle involved, one might hope that
if this information is used, it would be possible to find an interpolating field with
the required convergence. Unfortunately, the weight functions for a composite
field are a priori expected to behave worse for large W2 than for an elementary

field (e.g., so that Z_ can vanish). This situation is discussed and clarified in

2
the Appendix for an exactly solvable model. While the above expectations are
found to be usually true, interpolating fields with arbitrarily good convergence

properties were found. However, we feel that in the realistic situation, it may
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not be possible to find a local interpolating field with improved convergence
properties. This remains a very interesting open question.

The physical origin of our basic inequality (and perhaps the reason why it
is not always very stringent when compared to an explicit composite model) is
the following. In any bound state picture, the space-like momentum of the
photon is ﬁbsorbed by a constituent which must then propagate far off shell
(~W2). The intermediate configuration is one off-shell particle with the remain-
der of the constituents on shell. The constituents must then interact, thereby
sharing the photon momentum, and finally binding into the final bound state as
prescribed by the dispersion relations. The inequality arises by replacing the
intermediate configuration by all possible momentum partitions that are present
in the propagator weight functions at fixed W2. This can grossly overcount the
number of intermediate states.

There are two features of our general approach that deserve comment. The
first feature involves the purely formal question of the full impact of the many
relations between S-matrix quantities and purely field theoretic quantities as
exemplified by our basic inequality. The second feature is purely phenomeno-
logical: what are the full implications on the basic theory if the DYW relation
is found to hold experimentally for strongly interacting particles? These ques-
tions deserve further study. In any event, one sees that the Drell-Yan-West
relation is certainly compatible with the general inequality. The general theo-
retical problem in tightening this inequality is to find the particular interpolating
field that has the most convergent propagator weight functions in any given theory.
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APPENDIX: SOLVABLE MODELS
The purpose of this appendix is to discuss in a simple model the asymptotic
behavior of the Killen-Lehmann [8] weight function for a propagator, on its
dependence on the particular interpolating field chosen, and all of this on the
composite nature of the particle involved. Surely one of the most studied soluble
models is that due to T. D. Lee [15], and it will prove very instructive for our

purposes. The Hamiltonian for the coupled V-N system is written as

H = (My+oM) dy + Mgty + Doy + € ["’;L/‘PNA * e 0'] ’
where

A=Y M) ,
¥ Vaew K
2_2.2 . .
w =p +h", and Q is the quantization volume.
The solution in the V or N@ sector is easily obtained. The solution in the V6
and N6 sector has been given by Amado [16]. One finds that
_ 2
Z=1-g" F,(aM)

2
oM = - % P, (AM)

where AM = MV - MN and

2
7 @z)= 12 7)™
n 2w

The explicit solutions for the physical V particle and N§ scattering states are
straightforward to determine but we shall not bother to write them down. How-
ever, the behavior of the solutions in the limit Z=0 is worth commenting upon.

In this limit, with g2 and MV fixed, the bare V-particle mass becomes negatively
infinite, and the V-field disappears from the Hamiltonian. The effective inter-

+

action term achieves the form of a four {ield interaction, namely MN;NA A,

with A-1= L (AM).
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The quantity of major interest here is the spectral function for the V-particle

defined by

o(E) = }1; 6(E-My-w) <01 1IN0 51
or

oM ytw) = (21;)2 (209) <01 IN6{>(

where \I/V is the chosen interpolating field with the quantum numbers of the V-
particle. The wave function renormalization constant "Z", defined by the spec-

tral representation, is given by

("z")'1 =1+ fw dE ¢(E),
MN+“
and its value clearljr depends upon the choice of the interpolating field. This
choice is by no means unique. We hasten to point out that while the propagator
is not unique, neither are the vertex functions. All physical on-shell quantities
are, of course, independent of the choice of \I/V. A discussion of this situation
using dispersion methods has been given by C. Albright [17] for this model.

The simplest choice is ¥ but an equally reasonable one is \I/V = szA,

v
or even some linear combination of these two. We shall shortly consider a more
general combination of sz and 2, as an interpolating field but let us first consider

the particular combination
Yy =gy + bszA ,
where a and b must satisfy the normalization constraint

<Ol\I/V|V> =1=a+bg Jﬂl(AM)

A simple calculation leads to the result

2 o -1
"zt =7 [a +b‘.f02]
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In the limit b=0, one finds the expected result "Z"=Z, while in the opposite limit
of a=0, "Z"= (1—Z).¢§/.5ﬁ0,7’2 < (1-Z). By choosing the value of a and b that

maximizes "Z", one finds that
N7AIP R4l = -
<Nz =2+ (1-2)gh 7 P,

Therefore it is possible to choose an intéerpolating field so that the wave function
renormalization constant "Z'" does not vanish even if the basic Z of the theory
does vanish (thereby indicating a composite V-particle).

The behavior of the weight function ¢(E) for large E depends upon the choice
of the interpolating field. For example, the above interpolating field yields the
limiting result

9 2

oM +ew) = (7()92) [ag (Zw+g2.?1(AM)>-1 + b]

If Z=0, both terms in the square bracket produce a constant behavior, and its
value is independent of the values of a and b. In the case of an elementary V-
particle, Z#0, and the square bracket again is constant if b#0, that is if there
is an N-6 component to the interpolating field. If b=0 and Z#0, the square
bracket falls as w_l. Thus we see that with this type of interpolating field, the
spectral function is less convergent in the case of a direct product interpolating
field, i.e., b#0, and also in the case of a composite V-particle, Z=0.

However, this is not the case for more general interpolating X fields. For

example, the choice

1
Yy T W, (& ‘/’sz W(w) ay
where

Wy2) = X “2—$%>w<w) (Z-a)”
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leads to the weight function

ku?(w) 1
(27 g7Wa(AM)

o(Mp+w) = IW(w) +g” W, (w) X

2

x [z (w-AM) + g%( 7, (AM) - Jﬁl(w)>]—1‘ .
Whether or not Z=0, it is possible to choose an oscillating weight function w(w)
so that the absolute square term above falls with any given power of . One
must choose w(yw) so that w(w) and Wl(w) falls sufficiently fast. In fact, for
the case Z=0, if w(w)= (AM-w)-l, then o is identically zero for all ! This is
due to the fact that this choice of w(w) produces the exact V-particle state when

+
Yy
We realize that the arbitrariness in w(w) that has been utilized here will yield

is applied to the vacuum, and thus is orthogonal to the scattering No state.

an uncomfortably nonlocal (even in the Lee model sense) interpolating field, but

it can be utilized to produce a ¢ that falls arbitrarily fast in w.
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