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The total contribution from diagram (b) in Fig. 4 should read

m , M m 1
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As a consequence the oz2 log o EF contributions are

m m
AE =2 o® —2E-10g o™ E (ue) = 0.0112 MHz  for muonium

(me+mu)

AE = - 514 o? log ot Ep(ee) = -0.0038 GHz for positronium

and the total theoretical predictions for ground state splittings are:
AE = 4463. 304 (10) MHz for muonium

AE = 203.3774 (100) MHz  for positronium .
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ABSTRACT

We advocate the use in atomic physics of a new relativistic two-
body formalism equal in rigor to the Bethe-Salpeter formalism and
clearly superior to it in several respects. Outstanding among these
.is the existence of a Coulomb-like kernel for which the exact analytic
solutions of the bound state equations are known. These solutions are
derived and applied in a calculation of the (« 6m log oz_l) contribu-

~

tions to hfs in muonium and positronium. Three previously unknown

contributions are found. Theory and experiment are compared.
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I. INTRODUCTION

In this paper we treat the bound states of spinor QED using a new two-body

bound state formalism. The general framework is based upon a bound state

equation for the Bethe-Salpeter (BS) amplitude with one particle on mass shell

which originated with Gross1 and has subsequently been discussed by several

authors. 2-5 Though similar in spirit to quasi-potential methods, 6 this treat-

ment is equal in rigor to that of Bethe and Salpeter. Furthermore, it is clearly

superior to the BS formalism in several respects:

aﬂ

The bound state equation in the Coulomb ladder approximation reduces to
the Dirac-Coulomb equation when the mass of the particle held on mass
shell is taken to infinity. This is very important as the Dirac equation is
the exact bound state equation in this limit. As is well known, the BS equa-

tion reduces to the Dirac equation in the limit of infinite mass only when all

- cross ladders of all orders are included in the kernel.

The bound state equation is essentially a single particle equation, the dy-
namics of the second particle being greatly simplified by keeping it effec-
tively on mass-shell.

In this paper we show that the bound state equation can be rewritten as a
Dirac equation for a single effective particle not only in the infinite mass
limit but for arbitrary constituent masses. One of the most important ad-
vantages of this approach is that there exists a Coulomb-like kernel for
which an exact analytic solution is known. Clearly it is most desirable that
an exactly soluble Oﬂ[1 order problem exists when computing corrections to en-
ergy levels or decay rates in high orders of perturbation theory. No similar
solution exists for the BS equation, and in the past the unperturbed BS wave

function has been found by iterating the equation. This latter procedure
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is fraught with peril as will be well illustrated below [see also Ref. 9].

The method of solution used here was suggested by the work of Grotch and

Yennie on an approximate version of this equation.

d. Given the equivalence of this equation in the Coulomb ladder approximation
to the single particle Dirac-Coulomb problem, the scattering amplitudes
generated in this formalism (in the ladder approximation) eikonalize, re-
producing the results of Ref. 7. This suggests that this approach might
have some applications in the analysis of high energy diffractive scattering
in field theory. These applications will not be pursued in the present paper.
This equation is most conveniently applied when one of the two constituents

in a bound state stays very near mass shell - i.e., either when one mass is

much greater than the other or when the binding is weak. However, we empha-
size again that the formalism involves no approximation and so may be em-
ployed wherever the BS formalism is applicable.

To illustrate the use of this equation we compute the a6m log oz_l contribu-
tions to the hyperfine splitting (hfs) in muonium (u+e_) and positronium (e+e_).
This work is the first practical application of such a single-particle formalism
in QED. Most of the results of Refs. 8-10 are reproduced. In addition we find
three contributions not previously known. The asymmetric treatment of the con-
stituents posed no problem in extending the results to positronium. Indeed the
requirement of symmetry under exchange of constituent masses of the energy
levels served as a useful check on the results. R

In Section II we briefly derive the equation and orthonormality relations for
the wave functions. The derivation given there is equivalent to that of Refs. 1,
3-4 but is more convenient for our purposes. In Section III we derive perturba-

tion theory. These first two sections serve primarily to establish notation. In
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Section IV we transform the bound state equation into a simple single-particle
Dirac equation and obtain an analytic solution for particles of arbitrary mass
interacting via a Coulomb-like potential. Finally in Section V we apply the for-
malism in computing the oz6 log oz_l hfs contributions in muonium and positro-

nium.
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II. THE BOUND STATE EQUATION
To arrive at a new formulation of the two~body bound state problem, we
consider a Dyson equation for the two-particle Green's function with one par-

ticle (ml) on mass shell (Fig. 1):

N (Kfml)(l) 3,3 g .- -
GETP) = —=——u (2, (2m) 6°(K - T) + —-——-g—q—-iK(E'qi))G(c—ﬂ_' Py (1)
(P—K-mz)( ) (2m) 2E

(rm )™ 3,3~ = . =
= W 2E, (2m) 6" (K- T) + GT(ETP)

(t+m )
(P—Q, _mz) (2)

k° = Ek =vk +m1
© = E, = VI “+m]

where G, is the Green's function without external fermion legs. We define K

T
such that - -
G KT P) = lim iGkP) (2)
T KO—E
k
0-—-> .
1°—~E,

where G(k{P), the usual two-particle Green's function, satisfies the BS equation:

4
G(kfP) = K(keP) + dJLiK(kqP) 1 @ 1 HG(aP) . (3)
(2m) ®-d-m,)'“) (4-m )

Kernel K(kfP) is the two-particle irreducible BS kernel. Taking K =

Kl o o is incorrect, but rather new terms must be added to account for
k™=E, ,0"=E .
k kN 1 B -
the various poles and cuts in K(k{P) (Fig. 2):
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4 . .
KETP) = KKIP)| + *d—gzK(kiP) — &)
k —Ek,fz =E, J(2m (P—d—mz)( ) (d-ml)( )
216(q°-E )
_ _____2_E____q_ (é.;.ml)(l) K(qﬂP)' e (4)
q k°=E, ,1°=E,

Formally this result is derived by solving the equation (which follows directly

from (1)) 3

o _ . (drm )t

G..KTP) = iK(KT —39—~1K(kqP) 5 G (@1 P)
(2m)°2E ~g-m.,)

for K where GT is related to kernel K by Egs. (2) and (3). In cases where the

1> m, the approximation K = K| o is
k™=E ﬂ =K

quite good and the remaining terms in (4) can be incorporated peréﬁrbaugely.

binding is weak or where m

When the binding is not weak, the full BS kernel K itself exceeds'(4) in com-~
plexity and so nothing is lost in using this formalism.

Like G(kfP), G(k'Z P) has poles at the m m,, bound state energies

1

. VEP )W P,)
GELP) - — (5)
p —Pn

as P° Pg =V P +Mn , Mn being the mass of the bound state. Substituting (5)
into (1) and evaluating as P° Pg, we obtain finally the covariant bound state

equations (Fig. 3):

(2, K-m)DWEP ) = @rm )(1) _ar SIRETP)VTR) - (62)
(27r)
(1) _ o _
(K-m,) \Ir(E'Pn) =0 k™ = E_ (6b)
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Eq. (6a) is an eigenvalue equation for the total energy P° of the bound state and
for the sixteen component wave function ¥. Eq. (6b) follows from (6a) and im-
plies that

¥k P) = VE Fmy (K P)

Cl. (—>
E +m Pk P)
k 1

where zp(E'P) is an eight component wave function having four spinor indices for

m, and two spin indices for m In the limit m, — o, k° becomes m, and Eq.

1’ 1 1
(6a) becomes the Dirac equation for particle m,, moving in an external field, as
required (and for QED, one obtains the Dirac-Coulomb equation).

Eq. (5) fixes the normalization of the wave functions. This normalization

condition is most simply obtained by rewriting Eq. (1) as follows:

' 3
GG P)BH-mp) P = 28, (2m 6 (rm ) (V+ /—"—"—36(&7’ P)iR(T

If this equation when multiplied on the right by ¥k Pn) is subtracted from Eq.
(6a) multiplied by G-(a’E'P) on the left, and the result integrated over all K

phase space, the following result emerges:

/ ak a3 Y(QP)
2

Ga K P EKT PPn)\I/(JT P) = (8)

Ek(21r)3 2Eﬂ(27r)3 PO-p°
P = (P°, )
_ 0
P = (Pn,?')
where
) 5 3. IKELP) -iKETP)

(k=) - (9

e . 0
IEL PP ) = 5 — (2E (2m)°6 —
1 P’-p)
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In the limit P® — PZ, G is specified by (5) and, equating the residues of the
poles on each side of (8), we obtain the normalization condition:
(2)
3, .3 v
/_ﬂi_d_@_(s TEP )| 5 2E£(27r)363(1?-f)' - RETR)| ;
4EkE£(21r) 1 oP P=
(10)
We obtain an orthogonality relation by taking the limit p° . PI(; for m #n cor-
responding to a different eigenstate of (6a):
3, .3
d'kdl = I - _
/—————-6 V(K P WETP PH)VIP) =0, m#n,

4E, E (27)
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III. PERTURBATION THEORY

The stationary perturbation theory usually applied to the Schroedinger
equation is easily adapted to this problem. The derivation will be sketched only
briefly here; the reader is referred to Ref. 11 for further detail. For simplic-
ity we work in the rest frame of the bound state (P= 0). Furthermore all inte-
grations over constituent momenta will be implicit; only the total energy (E)
carried by a given function will be exhibited. Assume that \1;;’ are the eigen-
functions with total energy E;) of Eq. (6a) with kernel KO(E), and let GO(E) be
the corresponding two-particle Green's function. Again for simplicity, we as-
sume that the levels Eg) are nondegenerate. If G(E) is the Green's function for

the kernel K(E) = KO(E) + 6K(E), then

G(E) = GO(E) +GO(E)i5K(E)G(E) Zo (GO(E)16K(E)) GO(E) (11)
n_

and G(E) has poles at the perturbed bound state energies Ej:

: LA
G(E) — EJ?E‘:l as E — E,
j

We define an integration contour l“J in E space encircling Ej’ E? and no other

poles of G, (—}0, or K. Cauchy's theorem implies:

— o dE 3%
E.[3°9¢(E°E ) ¥, ] [T 91E,.E%)e°] = ¢ E Ole E)G(E) (EE° \11
][](]J)J“](”)]fzm (BT (EE))
j

[\1: )/(E E)Y. ][\IfO}I/(EJE;))\I' ] .= b Sﬁ W(E E)G(E)PHE E: )xp
J .

n

The contour integrations can be expressed in terms of known quantities by using

Eqg. (11) to remove G(E) in favor of 6K(E) and (_ErO(E)o The result is a
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perturbative expansion for Ej in powers of 6K (using Eq. (8)):

dE/ 1 T0, s 2= 5=y O
¢ z"i(E"—E 9) 10K(E) nz::O(GO(E)léK(E)) ¥

s L ;
E, = EY+—1 ] o
oo dE [ 1 ¢
1+ Fom (E >‘I’] 10K (E) Z(GO(E)HSK(E)) 32
rj _E] n=

The contour integrations in each term of the expansion can be performed as the
only poles implicit in the integrand occur in éO(E) at E=E;) and have well-
defined residues (using (5)). Carrying out these integrations we obtain the

familiar perturbation series:

0—0
= 9 0 _1_11
Ej E +(\1: 16K v )[1+(~1/ 8E16K\If ) g0+ (E i6K G 15K\1f3) o
j E-E° E=E,
i i
_._3 )
+0(6K") . (12)
Similar arguments give the perturbed wave functions:
O
0] n
\Ifj o« qu + bi 27r1 g (GO(E)16K(E)) ——J—E - o qf (1+ \If] aElﬁK‘I’ )
i j
R 24 4 "
+) G, - —L-LioRe? , +_¢7(6K ) . (13)
E-E; E=E

The perturbed wave functions are used primarily in computing decay rates,

scattering amplitudes, and the like. They will not be needed in this paper.
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IV, EFFECTIVE DIRAC EQUATION AND AN EXACT SOLUTION
Eq. (6a) is greatly complicated in coordinafe space by the term on the left -
hand side containing k° =v lz_§'2+m1 . Grotch and Yennie, 2 in their treatment of
a related quasi-potential equation, expanded k° to first order in kK 2/ mi but this
procedure is approximate and leads to divergences in high order terms that can

be ignored only when m_ >> m,.

1 2
To remove k° from the left-hand side, we first rewrite (6a) as an equation
for y(k"P), the eight component spinor:

3
(P-K-m )Yk P) = / — L RETPAP) (14)
(2m) ZE!Z

where K is defined such that

O e 2ET o D = v FETEy

CHEMRKET P IN = Xaw KETPIXY (15)
X, being a two component spin wave function for particle 1. We note in passing
that all of the formalism described in the previous two sections could easily
have been developed in terms of ¥, K, and G (defined analogously to IN{) rather

than ¥, K, and G. Working in the center of momentum frame (F= 0), we mul-

tiply both sides of (14) by yo(xs+k-m2)/4P°Ek to obtain:

2E 4P E 3

2,2 2 o
P +mo-m = v (PHK-mo) (43, g
[(*——“0 2 l)v"m E’-mz]¢<k o 2 f S RETREED . a9
K 0"k Jm 0

This is an effective Dirac equation for a particle of mass m,, momentum -k,

and "energy"

N Pg+m§-mi m1 €2
E = 5P =m2—e-..-3+———6—>m2—e asml—-oo,
0 P 2P

where € is the binding energy (PO =m +m2—e)a We emphasize that Eq. (16) is

1

exact.,
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When seeking analytic solutions describing bound states in QED (muonium,
positronium, etc.), the physics requires that (16) reduce to the Schroedinger
eqliation with reduced mass in the nonrelativistic regime, and to the Dirac-
Coulomb equation when m, — ., This is accomplished if we take as our un-

1
perturbed kernel

4m1Ek Ze

P-my 779,2

1KO(E’2 P) = (17)

because then Eq. (16) becomes

F- 3 —_—n
2 2By °f(em® 1kH1% 2y

The solutions of this equation are the familiar Dirac~Coulomb wave function

¢ ts (-k ) (N is a normalization constant):

N 2E, N
PEP) = J_' ¢(2) (-K )x(l)
(18)
=3 ¥KP) = N ¢(2) -EyutDEny
N2my

but with an effective fine structure constant:

7o —Za' =Zozil =70 -
P, m,+m,

’5‘|NE

}

nl1m2 2 12
— P | - 718 ...
Zozm2 —v = Za m,, Zo + ) + (7<za) 17) o

+ ﬁ((Zoz)3

The scale of nonrelativistic momenta in the wave functions is set by vy, which
correctly incorporates the reduced mass of the system. The total energy of the

bound states is obtained by solving the following equation for P°:
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P2 4 m? - m? m
F - _0 m, 1 _ 2 n'=0,1,2,..
- - 1
2P0 1+ (Za')z 2 j‘—-‘%’ g,.-u
Vi+h? - gan? +w]?
(19)
Z2m.m m.m m2
:>P0=m1+m2—@%Lm1+n‘21_(Zx4m:—ll-m2 5 34+”<7°‘)4Tn£>
2n 172 2n (3+2) 1
n =n'+j+%

In the Appendix we show how, following Grotch and Yennie, this treatment can
be modified when m, >>m, to incorporate part of the instantaneous transverse

photon interaction (Breit interaction) into K thereby obtaining the complete

O’
. X 4 2
fine structure to()((z'oe) mz/ml).
We will require the 1s wave function in the next section. In momentum

space, the wave function for particle 2 is:

sy - (ﬁf 8
1s T 31k A28 /2
2 2
[ [cose tan'“:—,) + k—z-l-zly—sm(g tan ~ —)]
2 2 2 3.9
1k Y k s -1 k) |3k y+y -28k™y =& Yt g
cos(¢ tan ;) 1+¢ 2k s1n<§ tan ’Y) 2k3 ](ZO(")/(].—&) k'x
2
£ = 1-Vi(z)® o B2 k= IK|

where X is the spin wave function for particle 2. It is convenient to expand ¢(2)
in powers of £ as only the lowest and first order terms are required in the next

section:
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o 2By = o) + 6419

(2) ( 3)2 8my X
¢ (-K) = L) ——5 |- K
0 4 (k2+'y‘?')2 Zm2 X
. (2011
3\3 2 2.2 2 2
@ - _ (Y sy @a) You?\ KPR 1k
6" (k) —( ) log + tan X
T (k2+'yz)2 4 ( 72 ky v

3 m X

2, .2 /2 2 3 -
Y +2K 1o Y +k2>_ Bk v+ on1 15]—2_0_15_
2

As KO(ETP) is not symmetric under exchange of X and§ (i.e., nonhermitean),

T o

the adjoint wave function, (K P), is not simply  y . Rather it is easily shown

that
- §,  Piem
WP =y &P —p—
P-K-m
= zﬁ(l—fP)'yo [1 + _Tzq.?_ 70]
f. 0

Note that the correction to 'y~ is of relative order ozzmz/m1 when k~ @(y).

The normalization of this wave function is fixed by Eq. (10) with

0 . -—Z62

2
B—PBIKO(kﬁ P)= [k_ﬂ 4E B [ﬂ—( 'yO P"'k—sz

Ze
kt]?

Setting Ek=m1+~l'{2/2ml, the normalization is determined to ﬁ(az) by:

3
1= 2 /ﬁ—% FOH P (B + 5B k) = SRS
(27() 1

* o f . )3¢‘2’< B 7§ pHomy) v 0 (P B

)
1 kd i 2)
T 2m c])’( ———» (

1 @n® Ik-

oD + 0@

f
J
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The last two terms are equal to ﬁ(az) by Eq. (14) and thus
2 m
N =9 [ 2-¢ Y 2 4
N=2"T@-g TEHF 2m m, 1- 2m, o)

n2 2 m
=1+<~1--10g2) ECLL + o <-——2->+ 0(014)
1

4 2 2m1m2 2m
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V. HYPERFINE SPLITTING IN MUONIUM AND POSITRONIUM
We now use this formalism to compute the hyperfine splitting of the 1s
level in muonium where it is natural to set m, = mu and my =m . 12 Each
term to be computed below is also a part of the positronium hfs and its contri-
bution there is found simply by setting mM =m.. In addition there are annihi-
lation kernels contributing to positronium hfs only but these will not be evalu-

ated in this paper. 10

The dominant contribution to muonium hfs is the Fermi splitting:

3
- 2 vy«
Ep = 3 memu<ge° o>
3
- g
e

3

All terms of € (« EF), :}(a2E and most radiative corrections of J(a¢ E

P )
have also been computed apd are discussed in the literature. 13 At present
many terms of ﬁ(ozzme/ m“EF) remain uncalculated. In this paper we compute
the azme/ muﬂnoz—lEF terms coming from single, double, and triple photon
ladder kernels. The diagrams considered and their contributions are pre-
sented in Fig. 4. Contributions from diagrams (e), (g), and (a) were computed
in Refs. 8 and 9 and agree with those computed by the author using the techniques
described above. Diagram (f) has been computed for positronium only in

Ref. 10. The calculation for constituents of arbitrary mass

is described below. Diagrams (b), (c), and (d) were also congidered ((b)
explicitly, (c) and (d) implicitly) in Ref. 8, but the contributions listed in Figure
4 can only be found with BS techniques if the BS equation is iterated twice to
produce a wave function (not just once as was done in Ref 08).,14 Such omissions

cannot occur in our treatment as the unperturbed problem has been solved
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exactly. The calculations for these diagrams will also be exhibited below.
Note that although contributions from individual kernels may not be symmetric
under the interchange of masses m, - m“, the sum of all terms is symmetric
as it must be.

For all of these diagrams it is found that log oz_l terms come only from the
region of nonrelativistic momentum in all integrations as only there are the
propagators in the kernel sufficiently singular for the binding energy to be of
importance. Therefore the general procedure to be adopted is to expand all
propagators and energies in powers of Fz/ m2 and then to isolate the logarith-
mically divergent terms as these are the source of log 01_1 contributions. 15
The coefficient of log oz_l is easily computed using Table I. Of course the di-
vergences are ultimately cut off by the propagators when the momenta become
relativistic. 'The 01.1e and two loop graphs contribute to € (ozEF) and '};'?(OZZEF)
respectivélgr, this coming when the wave function momen;:um is nénrelativistic.,
As 6¢ ~(€”(a2¢0) in this regime and is of ﬁ(aqﬁo) elsewhere,- qb(lzs) may be re-
placed by qbgz) for all calculations of @ (ozEF) and ﬁ(ozzEF) modulo log oz_l con-
tributions from these graphs. In addition imzpffyo can be assumed in computing
these contributions.

To verify the analytic results presented in this paper, all graphs (except for
(f), which has been evaluated elsewhere) have been computed numerically without
approximation. Furthermore the new contributions (b)-(d) have also been com-
puted using a doubly iterated wave function in the Bethe-Salpeter formalism.

Finally we note that all calculations are performed in the Coulomb gauge.
As in the BS formalism, the wave functions and kernels here are not gauge in-
variant, though physically measurable quantities such as energy levels and de-

cay rates must be. The Coulomb gauge seems to be optimal for atomic physics
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insofar as it incorporates the most physics in the simplest graphs.2 Note that,
because m, propagates on mass shell, this formalism is invariant under the

general class of gauge transformations

ey
—ggv o & Ak
K2 K2

performed on all photons interacting with m, (index V) and, in particular, on

all photons in simple ladder and cross ladder kernels. 16 Unfortunately this
class of gauges does not include the Coulomb gauge, though any gauge dependent
terms originating with these photon lines must vanish as m, —co (the Dirac limit).

A. Single Transverse Photon Exchange

The kernel describing single transverse photon exchange is (Fig. 4b) :17
o 62 14—
R (KT = ~ === yyoyE-D
(k1)
o =
k™ =E
o _
£ =E)

where

ik
5, - ERED
1 k=L

i

L
535D

The second term in G:Ji-j’ though very important for fine structure, is easily

k

shown to contribute only to 0(0:4EF) in hfs and so will be neglected here.
Noting that
i
IS R T|HiiX g | K-kx o
WERAYUEA) = V(B ) (E4m )Xy Ejm, om0

the contributions of iKT to his from ¢ 0 and 0¢ respectively are

6ET = 5E0+5E1
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| - ezN2 / d3_f d?’!?> \/(Ek+mp)(E.Q+mu) u B <?-l;1€-m

0
2m° (k- 0

i

(H)T {LQXO‘ mxau} X(“)

E+m ~ E +m
L kT

=E

¥ 4 2 22 .2 22 — E -+ -
WA PP @ B iR (e K [y, B

( p° ~E,-m > [ TT.T -»2]
+ {1+ —— + -
2Ek E2+m“ Ek+mu

_ AN ra kd 3 VEFm)EFM) (u)‘r[ iIxg, ﬁ&—% ]1 Rz
1 2mu (21r) (k-!l) E +m T E, +m

L k
P+](-m i P+}{-—m i !
oo T (T 52 T Lo (D) + 61 () 52 ol aqb(—ﬂ)}

NZy2 / a°k N(E ) (B ) l [72 w71 ]
1

N

6E

3 3 -2
Erom ' 2dk22 2d!f22 <5tan—1 E) . 5
eTp A &“y9)e @y Y L=

i

As 5E1 is of order azEF, we have approximated Ek and E 2 by mu, and have
retained only the logarithmically divergent term. To check for such terms in

6E 0 (which also contains E

-2, 2
2°/m™:
/M

F)’ we expand all factors in powers of E'Z/mﬁ or

9 M G, S
oE. =B NZ4E y__f & d* l %2 . kz(k-l-]'z E’4»F[4 KT
o

F L 2222 mﬁ 4mm, % |2 |7rk’|
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The FZ, 1?4 and_l?.’4 terms in the integrand result in linear divergences and

correspond to an O(« me/mu EF) contribution from the relativistic region of
phase space. The remaining terms are logarithmically divergent and, using

Table I, contribute

2

6E (oz6 log oz"l) = -—1--—ni§ E_ —L— log ot
T 2 m“ F mem“

The total contribution to the hfs from single transverse photon exchange is

found to be
me 3 2 me 2 -1 Zm
6ET=EF 1+Ol'—n1—-+-2—0[ - 1+—n—1—- -r?;y—i-n—loga + 0| EE
H K € U [ 1

The O(a me/mu EF) term is completely cancelled by terms from the Coulomb-

transverse ladder kernels. The -2?1 az EF is the usual Breit-Dirac wave function

correction,

B. Coulomb-Transverse Photon Ladders

The perturbation due to ladder graphs containing one Coulomb and one

transverse photon is (Fig. 4c, 5):18
i o_(e)
o :zysaz a3 ads e 0 T atq < (P~+m )y >
cT -6 5 2.2 2 o oV(Etm ) (Epam Mooz

wom S o 2P (-G1 2(e-0) *(P-q) *-m?)

(<im0 <Pt gm Yy H)
X aiL.(EZE)’ N i (21)
J o -m (eH-q)" - m

where (keeping only terms relevant to hfs):

: AEA) Y (dem )yCud N + -

; o) L WM Ghm )@Yy [ g, dm )
Y S e ) 4% T Egm T Epm ) | X

LA STl ™ k' ]
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with similar expressions for <y1(P—¢i+me)y°>(e) and <'yo(lé+,e’ —¢j+m“)'y3>(”).. For
reasons to be discussed below, terms proportional to both k and £ cannot con-

tribute to @(azﬁn ot

EF) hfs and so have been omitted. Furthermore only the
6ij part of 6‘il'j contributes to this order. Thus the relevant terms in the numer-

ator from each graph (ladder and cross ladder) are:

0o 0
; ; <o 0> (P—q+m)____
<71(P—¢j+me)'yo>(e)<'yl(gj+m“)y°>(“) = e3 B {og 2 _ ——jﬁ——f—k-QE
e
01?+m,q____ (qo+m )(Po—qo-!-me)__.2 (Po—qo-me)_.__
ke Tk - (B u) e e
o o o o
q -m (¢°-m ) (P°-¢®-m) |
Eogn == 2} e 2
TErm 2T TR mo)m L (222)
£ £ 7 u' e
i o_(e) .o i (1) <0002 o (P°-q%+m )
<y (P-g+m )y >''<y (k+f—¢j+mu)y > = —5—#— 2q ___ﬁl___i . q
e
o 0 0o o o o
) T +Ek o T (r +Ek)(P ~-q +me) E’z . (P —q —me) o
Ek+m# (Ek+mu)me m,
E-a”) _ . (EOE%-®m)
L e — T q+ (E+m)m £ \ (22b)
)T £ Tue

with r=k+{—q.
The ladder graph contains the iteration of the single transverse photon in-

teraction with KO’ which must be removed to avoid double counting of its
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contribution
5 2 3, 3 8
_Ya d°k a°¢ dq
SE.. = JE, +m )(E +m )
IT 8 2 22 2 23 k 2 2E
Pm,” 6t e BT
2 E + i
1 My AT —‘*__q_mli' AR
5 3 53 B |y E am KX | X
417 -0)*(@-0) -l E F B ) KoK

2 2
e e

(o}

<'yi(P-q+me)(P+;z[+me)>(e) 4EqP0 . <'yi(P—q+me)(P+,€+me)>(e) 2E£(Po+me+E£)]
2P (P+q)2-m

POrm +E, (P+2)%-m
(23)

This is actually not essential as we have already computed the contribution

to hfs from exchange of a single transverse photon (6]3IT = 26ET). However this

procedure does provide an excellent check on the algebra and is well suited to

num'erical evaluation. The two electron traces compensate for the asymmetry of

I—{O(ET P) under interchange of ¢ «— £ (i.e., the iterated diagram and its conjugate

are not the same). Recalling that (P-g+m ) (P+gtm )= 2Po(ﬁyo+—c—f-‘7y*+me) v°, we

have
E +m i
. —— i 0 —— o (e
[
<0'eo> 9 E+me . E +m -
=St - R - g K
e k u
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~__ E +4m i <'yi(P—q+m Y(P+A+m )>(e)
ix(ﬂﬁ[qxoﬂ-ﬁ_?nﬂﬁ?'&;;l X(I-L) e e

PO+E +m
1 e
<0 0 > P°_E +m E +m
- I Hog? 4 _exq-L_LaRg
m E +m
e k
PO—Eq+me Eq+mu 2> 72 PO-Eq--me ]"”]
+ K°) (1+ + - q (24)
Me Ek+mu < 2me (PO+E 2+me) T

We perform the qo integration in (21) by closing the q0 contour at infinity
in the lower half plane encircling the poles:

m +m

(/J') q = Eq - ie =3 (p-q) - me — m e(q +y )
I
(ladder only) \ fork, q ~ vy
(k—q)2 — - Ik-ql2
o _ R . 2 2 e
v €= Ek + k=gl -~ ie=> (p—q)"-m~ — -2m [k-ql
e e
-2’
2 2 Kg-k~
q —mu.—»2m“|k-oﬂ /:L'mulk_ql'for k,ﬂ,gNY

/ — —_— —b\
2 _2 — -0k
(k+2-q) —m“ — —2m“ lk-ql 1- %l—lﬁ—

\

—

(25)

@ o =p° +\/a’2+mi ~ie = q2—mi' — 4P°m_
(k+£—q)2—mﬁ — 4m2 for k,8,q ~v
(k-q)® — 4m”

- 0=
n) q Ek+E!z+Eq-k-Iz

(cross ladder only) for k,8,q ~vy
(k-q)? — 4m2

-ie = (p—q)z—m(Za — 4m;j

All poles contribute to O(x me/mu EF) when q is relativistic and k,£ ~vy (Ref. 2).
However only the (u) and () poles are singular enough to contribute to

0((Jz2me/mM EF) when q,k,{ ~7v, which is where log oz_l terms have their origin.
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We examine first the p-pole contributions (ladder graph only). Following
our general procedure, we expand all propagators and energies in the non-
relativistic limit. By counting the number of powers of momenta (~ v), including

phase space, in the numerator and denominator of the integral, we find that

with (24) indicates that these are all cancelled when 6EIT is subtracted. Terms
quartic in momentum contribute to 0(a2me/ mu EF) modulo log oz_la They also
appear to diverge logarithmically for k, q,£ nonrelativistic, but only when one
or the other wave function integrations factors out - that is, when either k or ¢
can be set to zero in the kernel. These are the o? log ofl EF terms. Terms
proportional to both k and £ do not diverge in this region and thus need not be
conside‘red here, though power counting indicates that they do contribute to

ﬁ(azme/ m“ E Subtracting the iteration, 5EIT’ from the p-pole contribution,

P
we are left with:
~m

3 M 3 3

y d°k a’e 3

OEp(M) ~0Epp] 6 _=EF6[ 222222/ d'q
CcT IT,oz logoz1 T & ™y ) @)

2——»-—-»

—_— 2 2 —_
: 1 _faky 2 9 2-q
P p—
(qzw yk-q!™ 12-q! 4memu 2mu

kg q K- _qiq
4m m 4m m 4m m
uoe Loe U e

252 2 }

The final result follows immediately from Table I:

m 2
e

- = [- ~e\ry -1
GECT(p,) 5EIT < 2+ - >m = EF log o ™.
. Booe u
We now examine the y-pole contributions from (21). Power counting indi-

cates that only terms quadratic and cubic in momentum in (22a), (22b) need be
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considered to ﬁ(azEF) when k,q,2 ~ y. It is easily seen that when corrections
from the muon propagators (25) are included, such terms in the ladder dia~
gram are exactly cancelled by terms in the cross ladder diagram. Therefore
the vy-poles generate no further contributions of order 0:2 logoz~1 me/ mu EF'
C. Double Coulomb - Single Transverse Photon Ladder Kernel

The most singular parts of this kernel (Figs. 4d, 6) contribute only to
o(a 2me/ mulog oflEF) once the iteration of the Coulomb-transverse ladder has
been subtracted. Thus we need consider only p-pole contributions to both the
qo and r° integrals (when the contours are closed below the axes), and then
only for T, q nonrelativistic. Also log a1 terms are found only when both
wave function integrations factor out (i.e., K =1 = 0 in the kernel). Thus the

perturbation is:

6F - 6E = 2?’50!3.' “dd oy _dY "md3§’ m

CCT IGT'OZG,QIIOZ_I 7(8 \ (k2+’)’2)2l\ (ﬂzwz)z, 2mu m[,L+me

T ady ™y 1 1
2 2 2 2 r 2m m +m_ 2, 2 2 i(’Y (P yzj+m )y O(P-f+m o
r(x vy w0 e (o) 15T

N, 2P (e)

y° (B +m )2m —*'I-z'ﬂ-z'(P+x<+m )~y m X
(P+r) -m,

sl o_(v)
6@ <v (A+m”) v

For T, g~y

SO ixT (@xo)x (?2/2)

A )v*H o it @G%T
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and thus the hfs from this kernel is:

E. 2 ~m .3 ~m .38 2 2
SEqor " OFcr L= g zdzr 5 | 2dq —
T |8 10g o T T B B Tt W o

2
Y -1
T EFlogoz

e

D. Single Coulomb - Double Transverse Photon Ladder

The same approximations used in evaluating the previous graph may be ap-
plied to this graph (Fig. 7):

SE - 73013 1. Tm dor d3q 1
TCT| 06y 0t 4n? (mu+me)2 ECIE N BN —

~m

|yl (p-tem )y°(8rm > oL Frod @) < item 1y o, 17> 0 |
where for r,q ~ v

Mk‘a = <'yk(1‘+mu)yo(yj+m“)ya>(u) = iy T(eka o‘“ mex q+(r><q) o +(r><q ok—aﬂk’?ﬂ op)x

| EY = <'yi(P—x‘+me)Yo(P—¢i+m 350 = with O "%

Therefore
4 ‘
lJ<‘51k(r)6 (q)MM—qf °g >{2(rq) +—Ir><ql 3T ¢ ‘

and the final contribution is

O TCTI -1
oz loga e U

Taking m“ =m, we obtain the result presented in Ref. 10 for positronium.
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F. Other Diagrams

The diagrams in Fig. 8 appear to contribute to order ozzlog oz_lEF (note
that there is no factor me/ mu as above). In fact, it is trivially shown that
these terms exactly cancel to this order in pairs as indicated in Fig. 8. Note
that the diagrams involve retardation corrections to single and double trans-

verse photon exchange.
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VI. CONCLUSIONS

In this paper we argue that it is essential in atomic physics to have the
exact analytic solution for some 0th order interaction which contains the
basic physics. We have obtained just such a solution using an effective single-
particle formalism equal in rigor to the Bethe-Salpeter formalism, This solu-
tion incorporates both -reduced mass corrections of the sort encountered in
Schreedinger theory as well as the correct Dirac fine structure in the limit of
large mass for one of the constituents. The corrections to the basic interac-
tion are specified unambiguously by perturbation theory (once a gauge has been
chosen).

Applying these results, we have computed the first new results in QED ob-
tained from an effective one-particle formalism. Theory and experiment are
compared for muonium hfs in Table II and for positronium hfs in Table II. The

b ma ! contributions to each are

AE

m m
2 02 ———e—“—zloga'lEF(ue) = 0.0112 MHz for muonium
(me+m“)

AE !

:lazlog a

51 EF(ee) = -0.0038 GHz for positronium

where corrections from the annihilation graphs have been included for posi-

tronium. No diagram other than those considered above seems sufficiently

1

singular to contribute to ﬁ(azﬂna_ Ep) hfs in either atom.

Little can be said about agreement with muonium experiments until all

m m .
contributions of the form ozz I—ng!ln(ﬁﬂ)E F (~0.01 MHz) have been computed. 19
7 e

Theory and experiment are consistent within errors for positronium. However

the situation will be satisfactory for neither atom until all contributions of or-
m :
der 012 EF for positronium and 012 '512 EF’ a3 EF for muonium have been com-
U
puted.



- 99 -
We are greatly indebted to S. J. Brodsky for suggesting this problem and

for many useful discussions. We also thank Y. J. Ng for calling our attention

to some of the diagrams in Fig, 8,



- 30 -
APPENDIX
Here we show how IN{O may be modified to include the entire Breit interac-
tion (Coulomb and transverse instantaneous photon exchange), thereby obtaining

the complete fine structure up to and including ﬁ((-Za)4(m2/m1) mz) for m, >>

2

m,. The treatment given here is very similar to that of Grotch and Yennie

20
and so will be only briefly sketched. The main advantage of this approach over

theirs is that k° =\/E'2+m2

1

We work in coordinate space and only to first order in (mz/ml)o Eq. (14)

need not be expanded in powers of E’z/mic

can be rewritten

(Po—Ek—V + QK- pmg)y = 0

where @ = v°7, 8=v". Multiplying by (P°+Ek— +o ok - pm,), we obtain

[’f}+&’,E’—Bm2—V+——‘% - |V, 0—‘3-?1){— +l——(—)2-, Vi+ [V, ——%Hzp =0 (26)
2P 2P 2P 2P
Co ml 2
where E =m, - € — + <— (Eq. (16)). Ignoring hfs terms, the interaction due
2 p° op°
to exchange of a single instantaneous photon can be written (in Coulomb gauge):
ok 1 |- 2 4 2
V, =Uqr ~{Uqy ——1} - ——[a,E:[E’ ,w]] +ﬁ((Za) m (—) )
1y C C op° 41° 2 m,,

where U = -a/r and W = -or. Recall that the momentum of m, is -k, Putting

V= Vly’ Eq. (26) becomes

P°-Am

[ﬁ + -k - pm,, - ———————ZUC]zp =0 - @20

where we have used the following results of first order perturbation theory

!:UC,Ek] o 0 (< (Za)4mg/m1)
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2

U
L [@EELW])] ~ -2
4P 2P

and have dropped all terms that contribute only to @’(a4m2(m2/ m,) 2) or higher.
Eq. (27) can now be solved exactly by mixing the components of i so that the

Coulomb term is proportional to the identity matrix in spinor space:

; ~ PO <‘I/ mz)
| 1+A A=— - -2
| (1+28)7 oy - (Po

2
2p°

<
I

—_— ~ ¥~
= (B +@F-pmyf = 22

where (expanding to first power in mz/ml)

2 ~
- (1+A )E—2m27\ N m,m, . m1+m2+ 2
1-22 p° p°  2p°
1+A7)-2AE m.m
m' = a1+ ) L 12
122 p°
2, 10
(1A% P -2m, X
Za' = 5o Za « Zo .
(1-A5P
Thus the binding energies € (where p° = m, +m, - €) are found by solving:
m 2 1 —
= 1 - — n = Os 1: 2’ L]
- € m+m [f(n’J) 1] - 2(m +m) | §_
1 2 J - 'é- 2 LRI
2m. m m.m m. m
i o _gZoez) l+ 2 —(Za)4 i 2 31 _ 34+ 14 172 ; +0((Za)4mg/m21>
‘s on® 1My T My 20 (j+3) 8n° 8" (m tm,) ‘

n=n'+j+%
where mf(n', j) are the usual Dirac-Coulomb energies (Eq. (19)). This equation
contains the complete fine structure up to and includingﬁ((Za)4m2(m2/m1)), as
desired. The wave functions are again directly related to the Dirac-Coulomb

wave functions.
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All calculations in this paper can be performed using this solution of the

bound state equation. However it is generally simpler to use the solution de-

scribed in Section IV, except possibly when working to low order in mz/m

1

<<1,
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TABLE 1

Table of integrals required for ana-
lytic evaluations.

T3 3
dk Mf_(__g)_k, = K7r410gof1
f(k,q) K
'k4‘, 'q4 0
kzqz 4
k2k > d, q2k «q 2

k- ) 2
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TABLE II

Comparison of theory and experiment for muonium hfs. Uncertainties
shown in theory due to uncertainties in “u/”P (Ref. 20). Terms of

m m
@‘( 2 —n—flog _rﬁ& EF> ~ 0,01 MHz have yet to be computed and are not
7 e
included.

Theory

Vi me 2 3
Dl —E

EF+ o EF’ 14 EF’ o EF 4463.293 (6) MHz

m
27e -1

Zoe o EF log o ' - 011
7

Total Theory 4463.304 (6) MHz

Experiment
Ref. 20 4463.30235 (52) MHz
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TABLE 1II

Comparison of theory and exper'ément for
positronium hfs. Terms of d(a“mgy/2) ~
0.01 GHz are not yet computed.

Theory
0(a4m s oz5m ) 203.3812 GHz
e e

-1:6_ - -1
57 @ My loga - ,0038

Total Theory © 203.3774 GHz

Experiment
Ref. 21 203.3849 (12) GHz

Ref. 22 203, 3870 (16) GHz
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FIGURE CAPTIONS
A Dyson equation for the two-particle Green's function with one particle on
mass shell. Fermion lines marked with an X are on mass shell.
Definition of the new kernel K in terms of the usual BS kernel K.
The bound state equation.
Diagrams contributing to ﬁ(azme/m“ log a—l EF) hfs in muonium. The
contribution to positronium hfs is found by setting mu =1 The double
iteration of IN{O has been omitted from (g) as it (like ﬁo) contains no spin-
spin interaction.
Coulomb-transverse photon ladder kernels.
Double Coulomb-single transverse photon ladder kernel.
Single Coulomb-double transverse photon ladder kernel.

Diagrams cancelling in pairs to @‘(azloga—l EF)°
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