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ABSTRACT 

We study the small h behavior of the ground state energy, E(h), 

of the Hamiltonian d2 -- -I- hV(x). 
dx2 
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I. INTRODUCTION 

Itis well known that a sufficiently shallow square well in three dimensions 

will not bind. By contrast, in one or two dimensions, there is a special situation, 

due essentially to an infrared divergence, in which an attractive short-range 

potential always produces a bound state no matter how small the coupling. For 

the case of the one-dimensional Hamiltonian 

H= d2 --+Av(x) , 
dx2 

Abarbanel, Callen, and Goldberger [l] derived a formal series for the ground 

state, E(h), for an attractive V of short range of the form 

J-j = - $ h JdWx) - $ h2/dxdyV(x) Ix-ylV(y) + o(h2) . (l-1) 

This situation was further studied by Simon [2] who proved that so long as 

. - dxV(x) 5 0, and I dx(1+x2) IV(x) 1,~ < M, there is a unique bound state for small h 

and its energy is given by (1.1). It was also shown that if I dxealX’ V(x) < 00, 

then Jm is analytic at h=O. 

In this note we wish to consider the case where V(x) is of sufficiently long 

range that 

I &X(1+x2) IV(x)] = 00 . 

There are three cases to consider with 

V(x) p! -ax+ 

asx-m. 

(1.2) 

(A) If 2 < p < 3, then a simple modification of the argument in [Z] allows one 

to prove that (1.1) is still valid. 

(B) If /3=2, there is still a unique bound state for small h so long as 

I dxV(x) 5 0. However, if this integral is nonzero, then (1.1) is not valid 
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because the A2 term is infinite; there is, in fact, a h21nh term which we 

expli&tly isolate. The situation here is reminiscent of some recent work of 

Greenlee [ 3,4] and Harrel [5] who study perturbations of the operator (-d2/dx2) 

by potentials with ‘xwy singularities. at the origin ‘on the interval [ 0, ol] or 
d2 

( ) 
-s+ x2 on the interval [O, ~1 with e(O)=0 boundary conditions. If y >3, 

then first order perturbation theory is infinite but there is an explicit Aw8, 

g= (y-2)-l leading term if y > 3 and a A In h leading term if y=3. Harrel also 

considers situations in which the first order term is finite but the second order 

is infinite; for example, if ~2.5, there is a ah+ bh2 In h + O(h2) behavior analo- 

gous to what we find in the p=2 case. 

(C) If l< p ~2, then there are infinitely many bound states for any A>0 in 

one and three dimensions. One may ask in this case if there is any difference 

between the one and three-dimensional case as there is for a short ranged 

potential V(x). In fact, there is a difference; all the bound state energies in 

three dimensions and all but the ground state in one dimensions are of order Ah, 

h=2(2-0)-l, as A approaches zero from above. The ground state energy in one 

dimension is special in that it is of order A2. One still finds that 

JEpj= - +A JdxV(x) + O(h) . U-3) 

We shall not consider the case p =1 or 0~ 0 < 1 although on the basis of the 

work by Greenlee and Harrel and our case (C), there is a natural conjecture: 

atp=l, all states but the ground state are of order A2, while the ground state 

is of order A2 (lnA)2; for 0 < p < 1, all states are of order Ah, h=2(2-P) -1 and the 

ground state is of order hg, g=2(3-2p) -1 . 

The outline of this note is as follows. In Section II, we consider, for moti- 

vation, the special case V(x) = - $ ( lxl+d)-2, which is solvable in terms of Bessel 
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functions. In addition to verifying our general results for p=2 (see also formula 

- (4.2))and small h, we check explicitly a curious behavior at A=l; for h<l, there 

is only one bound state, while for h>l, there are as infinite number. Such a 

behavior was proven in general for p=2 potentials by Simon [6]. In Section III, 

we consider the cases (A), (C) and certain general features of (B) as defined 

above, and in Section IV the h2 In A term in case (B) is explicitly isolated. 

II. AN EXAMPLE 

In this section we shall discuss the potential 

IV(x) = - +h(lxl+d)-2 , (2-l) 

\ - 

and the solution to the Schr’ddinger equation 

q”(x) + [k2-hV(x)l G(x) = 0 . . 

The outgoing wave solution for positive x can be written in terms of Hankel 

functions: 

q+(x) = Ttwx+W 1’2 H;)[k(x+d)] , (2.2) 

where T is constant and v=$l-1) l/2 . The solution for negative x includes an 

incident plane wave and a reflected wave at infinity and is written 

$-(x) = (k(d-x)) 1’2{Hy)[k(d-x)] + R HP) [k(d-x)]} . (2.3) 

Matching boundary conditions at the origin yields a reflection coefficient, r, 

and a transmission coefficient, t, of the form 

r = R e2iz e-i7i-(v+ l/2) 

t = T ,2iz ein(v+ l/2) 
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where z = kd and 

-h T = 4i/rD(z) 

R = T - H(2)(z)/H(1)(z) 
v V 

and . 

D(z) = 2 (2.4) 

The eigenvalue condition is equivalent to the vanishing of D(z) for z pure 

imaginary and in the upper half plane. Defining z=iy, it becomes 

(2.5) 

where y=d,/m andrecallthat v=i(l-A) l/2 where KU(y) is a modified Bessel 

function of the second kind related to H:)(z) by KV(y) = $-exp (inv/2) HF)(iy). 

For 0 <A < 1, there is always one solution to (2.5), as can easily be seen by 

. - considering the limiting behavior of both sides of this equation; For small A. 

it is convenient to expand KV(y) as 

K,/(y) = ; r(v) ($" [1+ $+$ ($] + o(y2-') 

and the eigenvalue condition can be expanded as 

+ O(Y) P-6) 

or 

' y= 2-v [I-(+-V) ln4/y2]+ Ok+-vj3 . 

This can be rewritten in the form 

Jw) = -+[A + 2ah21nhl JdxV(x)+O(A2) , (2.7) 

where a=1/4. We shall return in Section IV and derive this expansion for a more 

general class of potentials that behave as -ax -2 for large x. 
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If h is larger than one, then one sees that the index of the Bessel function 

- ~’ becoges complex. This introduces an oscillatory behavior and profoundly 

affects the spectrum. If h is only slightly larger than unity, then a simple 

expansion is possible for small y. Defining v =.i6, then the eigenvalue condi- 

tion (2.6) becomes 

There are therefore an infinite number of bound states for h> 1, and their ener- 

gies are geometrically related for weak binding. 

III. GENERAL CONSIDERATIONS 

Throughout this section we shall consider the family of operators H defined 

earlier with 

I dx IV(x)1 < cu , (3.1) 

and will often add the condition 

“I dxlxlY IV(x)1 < co (3.2) 

for some y>O . 

The discussion in reference [2] assumed eq. (3.2) with y=2, and it is our 

purpose to extend the class of admissible potentials. We note that if V(x) N -ax -P 

for large x, and (3.1) holds, then (3.2) will also hold for y=p-1-e for any E>O. 

Under condition (3.1) two results carry over from reference [ 21 (propositions 

2.1 and 2.2) ; namely, E=-a2 with a>0 is an eigenvalue of H if and only if 

det k+ AK~] = o 

where Kai is the integral operator 

1 
K&Y) = z IV(x)1 l/2 exp (-a Ix-yl) V 1’2w , 

(3.3) 

(3.4) 
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and V1’2 (y) = IV(y)1 1’2 sign (V(y)). Moreover, 

h d2 HE-- 

dx2 
+ hV(X)l CA 

for some c and all small h. Thus one needs only look for solutions to (3.3) with 

l/2 O<a(A)<(ch) for small A. 

It is convenient to decompose Ko- into two sets of integral operators: 

KQ! = Qol + Pa! = La + Ma! . 

First, 
1 

Q,@,Y) = z e 
-alxl IV(x)1 1’2 ema! lyl V1’2(y) 

Pa(x, y) = $ IV(x) 11’2 [e-“‘” 1, sinh 01 lx I<] V1j2(y) , 

where Ixl,= 0 if xyc0 and Ixl,= min [xl, lyl otherwise; ]xl,=max Ix], lyl 

La@, Y) = & IV(x)1 li2 v1/2 (Y) 

Mat% Y) = & IV(X)I~/~ ewQ! Ixmyl _ 1 V112(y) 
c 1 . 

(3.5) 

Second, 

(3.6) 

In reference [Z], the latter decomposition was used since it results in a simpler 

implicit equation for Q! as deduced from eq. (3.3) than does the former decom- 

position (compare our eq. (3.8) with (9) of ref. [2]). 

The advantage of the Q,, Par pair is that it is more convergent. As o--O, 

the factor in brackets of eq. (3.5) approaches 1x1, rather than a factor of $1x-yl 

as in Eq. (3.6). For fixed y, the latter approaches 2 -11x1 for large x whereas for 

the former Ix] <--0 or lyl as lxl--co . Therefore PO is less singular than MO. 

We emphasize that Po is very natural-it arises from replacing the Green’s 

function in Ka by the Green’s function in which a zero boundary condition is 

imposed at the origin. The fact that when eq. (3.2) holds withy=l, then 

det (l-t- hPol) = 0 has no solutions for A small is intimately connected with 

Schwinger’s proof [8] of Bargmann’s bound [ 91. 
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In order to bound Pat independently of o, note that the elementary inequality 

X-l sinh x < cash x < e X 
- 

leads to 

IPJX,Y)I 5 lV@)l l/2 IXl<lV(Y) I 1’2( lxV(x) , l/2 lYv(y)11’2 

(3.7) 

so that by letting 

P,(x,Y) = Iv(x)11’2 lxl,V1’2(y) , 

we have by the dominated convergence theorem 

J ‘dxdy IPa-P012 -c 0 

as old0 so long as (3.2) holds with y=l. With this result, one can now mimic 

the proofs of Theorems (2.4) and (2.5) of ref. [2] and obtain 

Theorem 3.1 Suppose that (3.1) holds and that (3.2) holds with y=l. Then 

H has at most one negative eigenvalue for h small and this occurs if and only if 

/ dxV(x) 5 0. If this condition holds, then a! = dm is given by the implicit 

condition (expand the determinant using the fact that Q, is a separable integral 

operator) 

CY= -$A (e -aIxl V1’2, (l+hPa)-l e -Oi lyl IV(y) I 1’2) (3.8) 

and, in particular, eq. (1.1) holds. This immediately extends the results of 

ref. [ 21 from x -3-E potentials to x -2-E potentials. 

To understand and to anticipate our next result, suppose that V(x)=V(-x) 

and V N -ax -P at infinity. If $, and zJ, are two bound states with energies 

EO<E1, then it is possible to find a linear combination G(x) on (0, m) that van- 

ishes at the origin. Therefore, 
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As is well known, if C#I (O)=O, then [ 101 

so that 

El(h) 2 min $x-2+ m(x)) - -?I? 

where g = 2(2+)-l ’ d @ < 2. Thus one expects that all bound states except for the 

ground state will have energies that behave as hg whereas the ground state ener- 

gy will be O(h2). 

Theorem 3.2 Let V obey (3.1) and (3.2) for some y, where 0 <y< 1; then 

there is a constant C so that at most one bound state occurs with an energy 

smaller than -Chh, h = 2(1-y)-‘, for small A. Such a bound state will exist if 

.I dxV(x) < 0, and in that case its energy, E(A), is given by eq. (3.8) with 

o! = J/. In particular, 

J/= -41 /dx V(x) + O(Al+y) . (3.9) 

Proof: Since 

e-Q! 1x1 > sinh a! 1x1 1 
<I p 

-Qqlxl,-1x1,) < 1 
-5 ’ 

then 

IP,(x,y)l 5 & N(x)11’2 lv(Y)11’2 . 

Recalling the bound on lP@l given by eq. (3.7), one has for 0 < 8 < 1 

IPJx,y)l 5 ($$e(xY)~~21v(x)11’21v(y)11’2 . 

Therefore, the Hilbert-Schmidt norm for Pa, choosing 0=y, is bounded by 

II ‘,tx, Y) II HS 5 (2a)Y-1Jdx lxly Iv(x)1 
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It now follows that if All Pall HS < 1, or equivalently 

4. 
E(h) < -$ 1 h 

dx 1x1 IV(x)I (3.10) 

where h = 2(1-y)-‘, then, (l+hPa) is invertible and thus for such ac and A, 

eq. (3.3) has a solution if and only if (3.8) has a solution with o>O. Then 

E=-cr2 is the unique eigenvalue and satisfies the inequality (3.10). The result 

now follows bymimickingthe arguments given in ref. [2]. 

The O@lfy) error comes from 

Error = -cr1x1V1’2(x), [(I+APa)‘l-l] lV11’2e~a’Y1) 

- $h /dxV(x) (eeQlxi _ I) . 

. - 

The first term in the error is of order A211 Pa II HS= O(A2czY-l) = OQL'~) since 

cY=O(h). By using (e -QlXl -1) ( ((Ylxl)Y, the second term is also seen to be of 

order 0 (ho’) = 0 (h l+Y ) . 

IV. THE SECOND ORDER TERM FOR ,6=2 POTENTIALS 

In this final section, we will consider potentials that behave as V- -ax -2 

at infinity. For later convenience we will decompose V as 

V(x) = V,(x) + V,(x) (4-l) 

where 

V,(x) = -a(l+x 2 -1 ) 

and demand that 

/ix 1x1 l+6 IV,(x)I < 00 (4.2) 

for some 6>0. It will be proved that if J dxV(x) < 0, the ground state energy 

obeys 

Jm) = -[$A + ah21nh] /dxV(x) + O(h2) . (4.3) 
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. - 

To motivate this result, consider the direct expansion of the determinant, 

eq. (3~3); after some slight manipulations one finds to second order in h, 

2 03 
CT=+ yxV(x)+& I J dz (l-e -2az,/- dxV(x) V(x+z) . 

0 --m 

The small Q! limit of the second term depends upon the large z behavior of the 

convolution integral between two V’s. One estimates that 

/dx V(x) V(x+z) = [V(z) + V(-z>3 /dx V(x) 

and for even potentials one finds 
co 

I 
dz(l-e -2az) V(z) c“ -2acz lna! + O(a2) , 

0 

Now by noting that 01= 0 (A), the expansion (4.3) immediately follows . 

In order to prove this result, let us return to the eigenvalue condition (3.8) 

and using Theorem (3.2)) where y= 1-e for p=2, one has . 

ac = -+ h JdxV(x) e-2011x’ + +A2 (e-alXIV1’2, PoIVI l/2 e-crlYl 
1 
+ O(h3-E) 

= -iA /dxV(x) e-2alxl + +A2 (V1’2, PulV11’2) + O(h3-e) (4.4) 

Now the second term is most easily estimated by using the relation 

Pa! = Ma + (Lo-Q,), and one has 

l/2 
,(La--Q) lVl1’2)= -iA2 J dxdyV(x) V(y) (e-“l’x’ - 1)/a! + O(h3-e) 

= A J dxV(x)(e-O!IXI - l)[$a+O(X’- ;1 + O(h 3-E) 

h &V(x) (e 
-o! 1x1 = - 1) -I- 0(X3-e) . 
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Thus eqs. (4.4) achieves the form 

* 
a!= -;+xV(x) + ;A2 v 1’2,MLy IVI 112 

+ iA /dxV(x) [12e-olxI. - e-2a1x1 - I] + O(A3ye) . 

(4.5) 

This result shows the advantage of using the Pal, Qcy decomposition, because if 

one had instead used MQ! and Lo directly, the third term in (4.5) might have 

been missed by assuming that A 3 ( 1’2,M~, IVI V l/2 is of order h 3-E . However, 

we shall see that this term contributes to order A2 only and does not contribute 

to the A2 In h term that we wish to isolate. 

Introducing the fourier transform by 

i(k) = (21i))-1’2{dx g(x) emikx , 

. - 
then we find that 

ir,tw = -ia (27r) l/2 e- lkl 

and V2 is continuously differentiable with 

lc2(k) -v,gr’)l 5 c lk-k’l* , 

and hence by Taylor’s theorem with remainder 

C(k) = G(O) + ia (2~) 1’2 lkl + ck + O(k’+“) . (4.6) 

Now using the fact that the fourier transform of exp(-blxl) is 

(27d -1’2 2b(b2+k2)-l, the third term in (4.5) becomes 

(k2+4u2)-l 1 . 
(4.7) 

The contribution to the integral in (4.7) outside the region (-1 <kc 1) is easily 

seen to be of order ho3 = O(A4). From this region itself, one sees that the 
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ck term in (4.6) contributes zero and the O(k 1+6) term contributes of order 

x o1 1+1/2s 4. =O(A 2+ l/26 ). Finally the lkl term yields (neglecting O(h4) terms) 

haa!ln4 = O(h2). As claimed, this contributes a term of order X2 to a. 

The second term in (4.5) is 

$ I- dxdy V(x) V(y) (e-alx-yl - 1) , 

which can be written as 

;h2/‘dk(k2+cY2)-1 p+k)12 - lTqO)12 1 . (4.8) 

Using the expansion (4.6)) we have 

l;r(k,12 - 1$(0)12 = 2Re G(O) c;(k)-;m,] + l~(k)-~(0)12 C 

= a(27r) l/2 * V(O)lkl + c’k + O(k 1+6 ) . 

Thus eq. (4.8) is estimated to be 

= A2 a(27r) 1’2 ;(O)/l dkk(k2+a2)-l + O(A2+$ 
0 

= -ah21nh/dxV(x) + O(h2) . 

This then proves eq. (4.3). 
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