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ABSTRACT
The results of a new calculation of the € (a) corrections to the
decay rate of orthopositronium are presented. The rate is

6 sec—l. This

r=r° [1_% (10.348 + 0.070)] =17.0379 + 0.0012 x 10
is substantially below all measured rates as well as previous theo-

retical estimates.

. (Submitted for publication.)
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The decay rate of orthopositronium into three photons is the only decay rate
of a purely quantum electrodynamic system that has been measured to an accu-

2,30f

racy of better than 1%. The possibility suggested by recent experiments
as much as a 2% discrepancy between existing theory and experiment necessitates
a critical reexamination of the theory. In this lefter we present the results of a
new calculation of all order « corrections to this decay rate. The complete
problem was first considered by Stroscio and Holt. 1 Although we agree with the

method of computation employed by these authors, our final result is considerably

lower than their rate. We obtain
_rofj_a
Fﬁ—»B'y =T [1 - (10. 348 = 0.070)]
' 6 -1
=7,0379 £ 0.0012 X 10" sec

o .
where I is the lowest order rate:
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The measured rates are presented in Table I. The theoretical rate quoted above
is inconsistent with all of the experimental rates, except possibly the rate meas-
ured in Vacua.3 However the experimental situation is inconclusive at present
because of the substantial difference between the rate measured in 8102 powder2
and those measured in gases. 4,5 Should the difference between theory and experi-
ment persist it will be necessary to compute corrections of orders ozz In @ and

2
.

The three photon decay amplitude for positronium is

d4
) = | (—2—7% Upg®, D) 1M, D, k) (1)
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where ZPBS is the Bethe-Salpeter wave function and . is the two particle irre-
ducible electron-positron decay kernel. Adopting the usual perturbative treat-
ment, we replace ZPBS by ngs, the solution of the Bethe~Salpeter equation with

an instantaneous Coulomb kernels:

resm s romg) sgicn - ie? SR8 S o
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am) 1p-qi
For [pl <« m,, ;pgs becomes (in the atom's rest frame where K° ~ Zme— 0121‘116/4)7
—2
C K)o 2T 5(p° - B ) o0 u@ 75
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where . is the nonrelativistic Schroedinger wave function:
~ 87y

INpP) =—5—535 ¥
NR (p2+v2)2 0

. 3711/2
Yy = by B=0) = [3%‘]

The lowest and first order terms in the orthopositronium decay rate result

and y=a me/2.

from the kernels in Fig. 1. It is important that the decay kernel contains all
interactions not already included in the wave function. Thus graph (g) in which
a transverse photon is exchanged by the electron and positron must be considered.
The instantaneous Coulomb interaction is part of the wave function.

The only contributions to order ar® from graphs (b) through (g) come from
the region-of small relative momentum (p ~@(v)) in Eq. (1). Also, the effects
of binding in the decay kernel are negligible here. Thus the decay amplitude may
be expressed in terms of the nonrelativistic wave function and the real part of the

electron-positron annihilation amplitude (which includes the spin factors)



evaluated on mass shell:

3—
120 8T MS
Tpgky) = (4m,) / on’ YNg P) ReE’”b_g@’ki)]

1/2 MS
=~ (4m )" " Y, Re[./l{b_g( 0, kl;J

where K° has been replaced by Zme. The imaginary part of the amplitude van-
ishes below threshold and therefore should be omitted. Also, .//lb_g is well be-
haved for p ~ O(y) < m, and may be replaced by its value at threshold (p= 0) to
the relevant order in «.

The lowest order contribution to the decay rate comes from graph (a) which
gives I‘O in the small p regime. Contrary to the statements made in Ref. 1,
relativistic corrections from the wave function and from the propagators in this
graph give corrections of order « to the amplitude. Generally these corrections
take the form

oT, = )2 [8F —2os ) ~10)] ®)
P +v)
where f(p) has no explicit dependence on a. As argued in Ref. 1, f(p) may be
expanded in a power series in 5'/1rne for p ~ O(y) < m,. As terms linear inp

integrate to zero, the leading contribution to £(p) ~-f(0) is proportional to

Ez/mz ~ ﬁ(ozz) for p nonrelativistic. Thus for p ~ ¢(v) there is only an (0‘(&2)

correction to the amplitude. However the operator ﬁz/mz leads to a linear

divergence as p—« when introduced in 6T a This indicates that the dominant

contribution to 5Ta comes from the relativistic regime (p ~ @(me)) where a
Taylor expansion is inappropriate. For p ~ ﬁ(me), the integrand in Eq. (1) is
of order oz/mg and d3p is of order mz. Therefore GTa is of order a(I‘O)l/ 2

resulting in an @(a) correction to the rate.
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These O(a) corrections from graph (a) are most easily computed in con-
junction with those from graph (g).8 Simple power counting arguments, similar
to those used above, together with the Bethe-Salpeter equation (Eq. (2)) assure
that evaluating kernels (a) and (g) with the Bethe-Salpeter wave function is
completely equivalent in our order of approximation to evaluating graph (g') on
mass shell with the nonrelativistic wave function (Fig. 1). Graph (g'") is identical
to (g) but with the transverse photon propagator replaced by the complete photon
propagator. Binding corrections in ./{{g, are @(az) and may be safely ignored.

Thus the entire decay amplitude including radiative corrections of ¢(a) can
be expressed in terms of electron~positron annihilation amplitudes evaluated on
mass shell and the nonrelativistic Schroedinger wave function:

Clearly this method of computation is gauge independent to this order and we are
free to evaluate A in the Feynman gauge.

The O(a) .corrections to the rate from graphs (b), (c) and (d) are

I, = [4.791 +0.003 + 4 1n(L>]951“°
b , me T

r

= [—2.868 +0.003 - 6 1n<-7‘—)]9‘- r°
cd m

Nk
These agree with the results in Ref. 1, exhibited here in Table II. The diagrams
were renormalized on mass shell in the usual fashion.

Kerm;ls (e), () and (g)were computed independently by each of the authors.
Two methods were employéd to perform the loop integrations. In one,standard

Feynman parameter techniques were used, while in the other,integrations over

the loop momenta (k) were performed directly. For the latter technique, the
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k° contour was closed at infinity and the residues of the propagator poles com-
puted. All results agreed. The contributions from graphs (e) and (f) are:

0

r,=[-3.562£0.004] =T

O

I, =[-0.809 0.004] =T

2R =3

These numbers are in slight disagreement with Ref. 1. The second rate also
disagrees slightly with that quoted in Ref. 9.

In computing graph (f) it is necessary to regulate the loop integration if gauge
invariance is to be satisfied. Pauli-Villars regulation was used as well as the

technique described in Ref. 10 where the vacuum polarization tensor is replaced

by

oo 1Ko ) = K¢

I k. k ) .
1°2°3 lak“ e

As a check, the rate due to a heavy fermion (M) loop was computed and found to

agree with the analytic result9:

4

o 11 29-37 (_n_lg) a o
MTTTE 2 \M/ 7

Graph (g') has both a logarithmic singularity and a 1/ [P | singularity at thres-

hold. These may be removed from ./t{g, by subtracting the quantity

4

MS —
= 1e? [ AE v > L L 42 A" F0, k)
@2mn  k -AT+ie k +2p1 +ktie k —sz oktie
7r2m
T A e MS —
= — - g/” =
212 1n(me>+ 5= - 2|4 00, k)

where p1=-21-K+p and p2=%K-p. For reasons discussed above, the imaginary

Coulomb phase is omitted. The amplitude J{gI,R contributes

& =r°+[2 1n(—7—‘—)- 2]—0‘-1‘o
g m_ T
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to the rate. The subtracted amplitude, though finite, is difficult to evaluate
numerically because of the branch point at threshold due to electron-positron
intermediate states. To overcome this difficulty in the Feynman parameter
treatment, the amplitude was evaluated at several points below threshold and

an extrapolation to threshold made. When the loop momenta were integrated

region. The final result was computed by extrapolating to zero cutoff. Again

all results agreed, the subtracted rate being
5 _ a 0
Tor = [-5.90 + 0.07] —T

Thus the total contribution from graph g' is

r =1+ [2 1n<—7£->- 7.90 + 0.07]
g m_

(0]

]

r
T

The numerical constant is in disagreement with that of Ref. 1.

All gamma matrix manipulations were performed by A. C. Hearn's program
REDUCE. 11 The integrals were evaluated numerically using Monte Carlo inte-
gration programs by Sheppey, 12 and by Lepage. 13 The uncertainties quoted
above for the theoretical rate are the standard deviations computed by these
programs.

The authors thank Dr. S. J. Brodsky for his many helpful comments and

suggestions.
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FIGURE CAPTION
1. The orthopositronium decay kernel contributing to ﬁ(al‘o). Graphs (a)

and (g) may be replaced by (g').

TABLE CAPTIONS
I. Experimental determinations of the decay rate of orthopositronium into
three photons.
II. Theoretical determinations of the &(a) corrections to the decay rate of
o

orthopositronium (in units of % T'”). Infrared infinite terms have been

omitted.
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TABLE I

Deviation
Rate from Theory
Ref. 2 | 7.104 £ 0.006 x 10° sec™? | ( 3.9 + 0.4) = r°
Ref. 3 | 7.09 £0.02 x10%sec™t | ( 321 )%FO
Ref. 4 | 7.262%0.015 x 10° sec™" | (13.4+0.9) £ T°
Ref. 5 | 7.275 £ 0.015 x 10° sec™ | (14.1+0.9) % r°




TABLE II

This Paper Stroseio and Hol’c1
r, 4.791 + 0.003 4.785 +0.010
T4 -2.868 £ 0.003 | ~-2.8716 « 0.0036
r, ~3.562 4 0.004 | -3.355 +0.003
rf(a) ~0.809 + 0.004 -0.5 +0.2
Tor ~7.90 +0.07 3.8 +0.4
Total | -10.348 + 0.070 1.86 + 0.45

®) p, = -0.741 £ 0.017 is quoted in Ref. 9.



