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ABSTRACT
We derive an operator equation with finite coefficients for the
renormalized current operator of scalar A3 theory, by implementing
unitarity, causality, completeness of free fields, and spectral condi-
tions by means of operator derivatives of the scaftering operator S.
The method makes no explicit reference to diagrams, perturbation
theorjr, or the removal of divergences. We prove equivalence with

conventional renormalization of this theory.
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I. INTRODUCTION AND RESULTS

Everybody knows that if you renormalize the neutral scalar field equation

(0 -m2) A @ = 320 (8,007 <A %) (L. 1)

according to AO=Zl/2A, g=gOZ3/2 and m2=mg+6m2, you get
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where
2
K= < x ™ ) ’
j(x) —-l (A(x) -<A(x) >> f (X—u A(u)d u |, (1.3)
<> is the vacuum expectation value, and
Az(x-u) [ Z(Sm + (1-Z)K ] 4(x--u) . (1.4)

If you assume that AO(x) satisfies canonical commutation relations, you get

771141 and -z Y amZ=1", where

(o0]

I= ] 5 3(8) ds/(s-mH? |
4m
(1.5)

It = f 5 3(s) ds/(s-m?) |
4m
and the spectral weight J(s) is defined by the expectation value with respect to the

renormalized free~field vacuum

<9 i(y)> = i [} 230 ds A, wss) (1.6)

so that

Ay (x-u) = [( o TJIEKX] 5,(xu) . (1.7)
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The integral I' diverges in perturbation theory, so the expression (1. 3) is
no better defined than (1.1), although it does give finite results in perturbation
theory.

The final result of this paper is an operator equation with finite coefficients
for the renormalized current operator j(x),

2. .
0 jx ot Sj(u) 4
3872‘;%%(_3-77 =g 54(X—y) [64(X-Z) - fAR(X—u) éj@% d u]

-1 0(=4Yg) gars (109, 507] (1.8)

where g'=( 1+I)2g, and the symbol §/5 a(x) is the "operator derivative" 1-3 with
respect to the renormalized free field a(x) of mass m.

It is not difficult to iterate (1.8) a few times in powers of g' or g, and to
verify that to a given order every term on the right side of (1.8) is finite. This
program will give the ""second operator deriva’five” as a sum of normal ordered
products of a(x), from which it is easy to obtain j(x) to that order, except for the

"boundary values', which are given by the vacuum expectation values

<63 /62(y)> = -K K f 5 ds J(s) Ay (x-y38)/(s-m”)? (1.9)
4m

for any renormalizable self-interacting neutral scalar field theory, and
<jx)>=0 , (1. 10)

for the theory considered here. AR(X;S) is the function AR(X) with mass param-

1/2.

The proof that (1.8), (1.9) and (1. 10) give j(x) finite to every order and

eter s

identical with the resuits of renormalization, which is the burden of this paper,
consists of showing that the operator j(x) which satisfies (1.8) is (formally)
identical to (1.3), with A2 given by (1.7). This will be done using a method of

renormalization4 which obtains the counter-terms by imposing physical
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requirements such as unitarity and causality on operator derivatives of the
scattering operator S, but makes no explicit reference to diagrams, perturbation
theory or the removal of infinities. This method was developed in an attempt to
treat interactions exactly in Scattering Operator Theory (TSO), 5 in which they
had originally been treated only perturbatively, and not unambiguously in higher
orders, 6 In Ref. 4, unfortunately, equivalence with conventional renormaliza-
tion was verified only to fourth order: exact equivalence, such as by a derivation

of (1.3), was not established. Furthermore, the expression for A, given there

2
is incorrect, although this had no effect up to fourth order. Finally, the treat-
ment there was based on a mix of assumptions about S and A(x). In order to cor-
rect these defects we have to paraphrase some of the early treatment, but only
briefly. We use only assumptions of TSO. We define j(x) and A(x) in terms of

S and its opevrator derivatives and then we prove (1.3) and (1.7).

The discussion is organized as follows: In Section II we list our assumptions
and some direct consequences. We define j(x) and show how the strongest assump-
tions are summarized in an operator derivative equation for j(x), from which (1.9)
follows., This same equation is later used to derive (1.8). In Section I,
starting with an ansatz for S, we define A(x) and derive (1.3) and (1.7). In

Section IV we derive equal-time commutation relations for A(x), and use these

in Section V to derive (1.8). There is a brief discussion and Appendix.

O. ASSUMPTIONS AND SOME CONSEQUENCES
A. Completeness of Free Fields

We assume that S has the representation

S=3 ﬁ%- an(Xl, TR ML T R a(xn):dL]“x1 Ldk 2.1)
n



-5«

and that each coefficient Sn has a unique off-mass shell extrapolation, which has
the same symmetry in the X, off shell as on. This enables us to define the oper-

ator derivative

.08 _y L . gt 4
5ys = 526) }E o J Spe1 X X)) s alx pd X L d R (2.2)

As a special case,
6ya(x) =06 4(x—y) . (2.3)

The operator derivative is not a variational derivative, but because it is related

to commutators by
ax), 8] = -1 [ Ax-u) 6,8 | (2.4)

one can establish rules for "operator differentiation" that are analogous to those
for ordinary differentiation. 2 These rules are extended off shell by relations

analogous to (2.4),

[a(x), s]r,a = i f Ay Alx-u) 6,8 du (2.5)

involving the implicitly retarded or advanced commutator, formed from (2. 1) by

constructing the explicitly retarded or advanced commutator [a(x), a.(xi We

I, a-
are going to ''take operator derivatives', a procedure made complicated by the
fact that it does not commute with ordinary differentiation and integration of some
operator functionals, such as those containing factors like KX5 4(x—y) . 3 These
complications can be avoided, and the same results obtained, by supposing that
operator differentiation does commute, and by distinguishing between "strong"
operator equations, which remain valid after operator differentiation, and "weak"

ones, which don't. 7 In particular, we will take Kxa(x) =0 to be weak, That is,

5yKXa(x) = KX6 4Z=Y) #0 . (2.6)
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In fact, all the other operator equations we will deal with are strong, so no
special notation will be used. We will only have to be careful to carry Kxa(x)
along, until it is obviously safe to drop it.

Finally, we may use operator derivatives to reduce matrix elements. For
example, if |a> and [B> are single free-particle states, and 10> is the free-

particle vacuum, then

~ 4
<B|Sla>—6aﬂ+/d xfa(x) <B|6XSIO>

2.7
= 8gg* fd4x 5 <015, Sla>
where fa (x) is the wave function of the state |a>.
B. Strong Unitarity
We assume

s's=ss" =1 (2.8)

is a strong equation.8 We define the current operator
i(x) = iS+6XS . (2.9)

Since a(x) =a+(x), one operator derivative of (2.8) gives us j(x) =j+(x) and one
more operator differentiation gives
Re (iéyj(x)) =0 , (2. 10)

meaning the self-adjoint part. "Im" will mean the anti-self-adjoint part. Another

consequence of (2.8) and (2.9) is7’8

i 16,1 - ia i® = [ix),im] (2.11)
C. Strong Bogoliubov Causality and High Energy Behavior

We assume that 5y j(x) =0 strongly outside the forward light cone of (x-y). 9
We also assume that if f(p,q) is the Fourier transform of 6yj(x), that

£(p-, g#N)/AY = 0 @.12)
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strongly as A — «, as well as being analytic in the lower half complex A plane.5

The notation p+A= (p0+x,'f>’). Equation (2. 12) leads to the condition

PA(5yj(X)) =0 (2.13)

where the idempotent, mutually orthogonal convolution operators are defined by

Pp, A€.9) = KK 06toye) [, plx-w)

x AR A(y--v) f(u,v) d4u d4v . (2. 14)
PR A are also orthogonal to the idempotent convolution B, defined by
B=1-PR-PA (2. 15)
so that

B, 3)) = KK 00x-vo) [ [Ax-0) 2 0-9) - A9
X AR(x-u)] f(u,v) d4u d4v . (2. 16)

The entire content of (2.10) and (2. 13) may be summarized, with the help of (2. 11)

and (2.15), in the single equation. 10
i6,30) = Pp((6. 35]) + B(i Im(is, 3Gx) - (2.17)

This is the equation from which (1.8) and A, will be derived, and is central to

2
our treatment,
D. Stability of the Vacuum and One-Particle States
We assume that

S10>= 10> (2. 18)
and

Sla>= la> . (2.19)
[0> and |a> were defined in connection with (2.7). As a consequence, completely
carrying out the reduction of < g|S|a> leads to the vanishing of qc(p) and qR(p)

2

when —p2=m . (qc(p) is the Fourier transform of <-S+5X6yS> and qR(p) is the
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Fourier transform of <16yj(x)> .) Then (2.9) and (2. 18), together with this
vanishing of qR(p) lead to

<0l la>=0 ,
which establishes the lower limit of the integral in (1.6). Finally, by assuming
that qc(p) satisfies a subtracted dispersion relation, 9 and by using (2. 17) trans-

lated into operator derivatives of S to fix the subtraction terms, we can establish
11

that
o0
<8668 =-dKK [ 3 _Axgi9ds , (2.20)
Xy XV 4m2 (S_mz)z c
from which (1.9) follows by (1.6) and the relation
56,0 8 =15_i(x) + i(y) (%)
Xy y
II. RENORMALIZATION OF THE MODEL
Suppose that
-iH
S=(e"), (3.1)
where
1 3 4 4
H=B-gf:a(x) :dx + .[Al(x)a(x) dx
1 4 4
+-2-/A2(X—y):a(x) a(y): dx dy | (3.2)

Az is a distribution of point support, Al has in fact no x~dependence and S is
implicitly time-ordered in the a(x). We have omitted an overall phase factor in
(3.1) designed to ensure <S>=1, and instead we will impose (2. 18) whenever the
question comes up. Since (3.1) is an improper form, manipulations of it must
be regarded as purely formal, or as the limit of manipulations of corresponding

regularized expressions. It will be sufficient, for example, to cut off integrals
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like (1.5). The only purpose of such regularization is to make the following
arguments look respectable. It would not be done for the purpose of identifying
finite parts.

Define an operator

AE =S (a®s), (3.3)
Then
A®) = a(x) - f A (x-1) (W) du (3.4)
and
K AR =i +Ka® (3.5)

which is just (1.2), except for the weakly vanishing Kxa(x). According to (2.5),
operator differentiation obeys a chain rule, so we may differentiate (3. 1) and
obtain

i(®) = ST((6,1)9), (3.6)
where
6 H = % ga(m)’: + A+ f Ay (x-u) a(u) dtu . 3.7

The contribution of :a(x)2: to (3.6) is evaluated by interpreting it as

:a@?: = lim [T+(a(x) a(y)) - <T, (a(x) a(y))>] ,
y —X

where T + signifies explicit time ordering, and by setting
(T, @xa@)sS), = @®ams), ,

as is implicit in (3.6). That is, the partial time ordering is subsumed by the

overall time ordering. Using12

s'amam)9), = T,A®AD) , 3.9
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and setting <A(x)>=0, as is needed in order to satisfy (1.10), we have

=1, stam.
A ==-38 <8 (:a(x) .S)+>

1
(3.9)

= - -;‘- g <A(x)2 -a(x)2>

A(x)2 is also to be regarded as the limit of a time-ordered product. Inserting
(3.2), (3.7, and (3.9) into (3.6), we have (1. 3), except for the form of Az(x-u),
which we now determine from (2. 13) and (2. 20).

A 9 has point support, 9 so suppose that its Fourier transform is a finite

polynomial, since we want a local theory. That is,
N 2 2.n
Ag®) = 2, L (7 +m%" . (3.10)
n=0
From (1.3) and (3.4),
<6 _jx)>= l<{Ax ’ Xu)é‘ud4}
yJ()>“-2g ()’JAR,(- yJ() ur>

+ A2(X—y) - urAz(x—u) /.\R(u—-v) <6yj(v)> d4u d4v . (3.11)

This expressjon must satisfy (2.13). Now the convolution of P A with the first

(anticommutator) term on the right side of (3. 11) is
K K_ 0y %)) | Ap(x-2)d’z <{A(z) [ Ay 59 2 -w)
Xy Yo~%0! . AR ’ A AR
X 6vj(u) d4u d4v} >,

which vanishes, according to (2.12) and (2.13). The convolution of P A with the

remaining terms of (3.11), with the use of (1.9), leads to the condition

f ax F(p-A)/(A-i€) =0 (3.12)
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where

F@=Aﬁﬁﬁmﬁﬂjgzi%Aﬁmm%,

(3.13)
-1
%®$&>+%®NKJ :

and

AL ) = A (3m?)
Using the expansion (3. 10) in (3. 13), the terms n=0 and 1 will give no contribution
to (3.12). The term n=2 contributes 7riL2(1+ I), and the terms n>3 diverge in
(3.12), and the degree of divergence increases with n. In the limit R—, to

leading order in R, we obtain from (3. 12) the series

N
. n-2 2n~5
mL2(1+I) - 4p0(1+I) > N
n=3
. 2N-5 . .
The divergent term R will dominate, and therefore we must have LN=O, and
in turn each Ln=0, n>2, in order to satisfy (3.12). Therefore
2

Ag(P) = Ly + (P +m )L , (3.14)

and from (1. 3) and (3.5),
j(x) = (1+L ) 1[ g(A(X) -<A(X) >)+ L A(X) L K a(x)] . (3.15)

LO and Ll are determined by (2.20). From (3.6)

+ .ot +
-S 5X5ys = iS ((5X5yH)S)++S ((6,.H) (5yH)S)+
where, from (3.7),
00 H = ga(x) 8, (x-y) + Aglx-y) (3.16)
so that

< -s+5xays> = 1A (x-y) +< S+((6XH) 6,09),> . : (3.17)
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The second term on the right side of (3.17) may be expressed in terms of J(s)

by using the relation

T .
01w = S, mems), - o Him)], (3.18)
which follows from (3.6) and some theorems relating time ordered products to

advanced and retarded commutators. 13 Then
5 (8, (6 B8),, = T, (0(3)) +{o0x-,) [aXH, j(y)]a +xe—y} . (319

The terms in the curly brackets do not vanish, because the commutators can
contain terms proportional to § 4c(x-y), which are not in conflict with G(XO—yO). 14
In particular, when we evaluate (3. 17) using (3.19), (3.7), (3.14), (1.9) and

relations for j(x) analogous to (2.5), we will encounter the expression
0(Xy-Y K A, (X-y;8) = 0(X -y )LG (X-Y)+(S~mz)A (X—Y'S)]
0“0y A ’ 070 _"4 _ A ’

= -0 (XO—yO) 64(X"y) ’

so that
0(X.~V ) f A (x-u) <[a@), iy)]. > d4u
070 2 ? a
o0
= -1 6(x)~y ) (L =L K )K [, J S A, (x-y38) ds
Y JAm (s-m")

= ie(xo-yo) [I(LO—LIKX) - LII'] 64(X—y)

Nevertheless,

2, . _
9(x0-y0) < [.a(x) .,](y)]a> =0 , (3.20)
as we will show in the Appendix, so the Fourier transform of (3. 17) becomes
1(141) <L +(p2+m AL >- LT
0 1 1

2 92
= -1/4 5 J(s) ds A _(0;5) [Q”—ml- - 1]

55
Y e (3.21)

o0

m (s-m")
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This holds for all values of pz, 50 we may solve for L0 and L1:
L, = -1/(1+])
and
L, =I'/(14)° (3.22)
which is precisely what is required by (1. 7).
IV. EQUAL-TIME COMMUTATORS
A. [AEK Y, AF,H] =0 (4.1
Proof: Using (3.4), the analog of (2.4) for j(x), and (2.11), we see that
(A6, A = -1 Ag-y) +1 | [AR(x-u) Ay (y-7) 5_j(w)
. 4 4
- A(X-u) AR(y-V) GuJ(V)] dudv , (4.2)
which vanishes when X3 by virtue of (2.12).

B. o(x,ylA®,Am] =i 6, x-y) (4.3)

where A(y) = 9A(y) /8y0. To prove this, we need the following lemmaS:

i6, A0 = K {o(x-yo) (A, A} , (4.4)
which follows here from (4. 2), using (2.13) and (3.4). Commuting KX with
e(xo-yo), we have

66y [A(), A)) = 16 A®) - 0(x;-yy) [AX), i3] (4.5)
since [A(x), Kya(y)} vanishes strongly because it is a commutator, and the
y-dependence of a(y) is transferred to a c-number. Let us substitute (3.4) for
A(x) on t};e right side of (4.5), and use (2.4) and (2.11) to change commutators

to operator derivatives. Then the right side of (4.5) becomes
16 ,(x-y) -1 ot [9 X ) A (x-1) §_j(u)
16, (x=y u6(y,—%,) A ¥

+ 9(x0—y0) AA(x—u) 6uj(y)] . (4.6)
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Now substitute (3. 15) and (3.21) in (4. 6), and again use (3.4). Then (4.6) be-

comes
i(I+I) 6 4(x—y) +-1§ (1+1) / d4u d4v [G(yo—xo) AR(x-u)
X AR(u-v) {gA(u) + LO, éyj(v)} + e(xo-yo) AA(x-u)
x 85 1) {gAG) + L, 5,30} - (4.7)
The c-number term is all we need. If we can show that the rest of (4. 7) vanishes,

then we have established (4.3). Now the term involving auj(v) vanishes at once

by (2. 13), and the term involving Gyj(v) can be written as
4 4 . . 4 |~ S Y

X f(p"p"'x9 q+>") A‘R(p"}\) AR(p-p'-A')] ’
which vanishes according to (2.12). K(p) is the Fourier transform of A(x), and
f(p,q) is defined in connection with (2.12). Thus (4. 3) is established.

Two other commutators that will be used later are obtained using (4. 1), (4.3),

(3.15) and (3.22). They are

[AE, Y, iGovl=0 (4.8)
and
8(x=3o) [A®), )] = -i[g'A@) +T'] 5,(x-y) (4.9)
where
g'=(1+1)2g . (4. 10)

V. DERIVATION OF EQUATION (1.8)
We start with (2.17), and in the term PR([j(X), j(y)]) commute KxKy with

B(XO—yO), using (3.4) and

/ A A(x--u) j(u) d4u = a(x) - A(x) ~ f A(x-u) j(w) d4u
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Then apply the equal time commutation relations (4.1), (4.3), (4.8) and (4.9),
and further simplify things by using (2.4) and (2. 11). The result is
PR ([0, 1)) = 0055y [16), 0] + ifg Ao +T'+IK |

95(X,-¥ )
% 5 4(x-y)—|:26(x0-y0) ai + a(’)‘o O] / Afx-w) i6_j(u) du

0
N 08(X.~y.)]
+ le[za(xo-yo) af’o + ag’o O1 [atuaty [AR(x-u)
X Afy-v) - A(x~-u) AR(y-V)] iévj wp . 5.1

The terms in (5. 1) involving 6(x0-y0) and its first derivatives are identical to
—B(iéyj(x)), as can be seen by commuting KxKy with G(Xo-yo) in (2. 16), with

ix,y)= iéyj (x). Remembering that Re (16._y jx))=0, Eq. (2. 17) then becomes

6,19 = |8 A +T +IKX] 8,,(x=y) ~16(x,=y ) [i),3¥)] - (5.2)
The counter-terms appear only as c-numbers, and one more operator differen-
tiation and (3.4) gives (1.8).
If we had started this section with PR([j(x), im] - < [i(®,i()] >), we would

have obtained instead of (5.2)
3,369 =g'fat - [ A e s o] o, 6ey)
-1 8¢~y ) (((®), i3] - <[3(x),im]>) + <o I®)> (5.3
which is equivalent to (1.8).
- VI. DISCUSSION
Our starting point has been the assumptions of Scattering Operator Theory,
but here we have recovered from them the canonical quantized field formalism.

Causality and the energy bound (Eq. (2.12)) play the crucial roles in this effort,

as is seen in the discussion of (4.7). Thus the scattering operator formalism of
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Ref. 5 is seen to be fully equivalent to the quantized field formalism, for the
model considered, except for the question of bound states, which we have not
attempted to treat. (We have also ignored the question of the existence of the
model.)

Our final resuit (1.8) involves no infinities {(and no cancellations) because,
in this case, at least, there are at most c-number divergences in
G(XO—yO) [j (x), j(y)] , and one operator derivative takes care of them. In deriving
(1.8) from (2. 17), the "source term", g64(x-y) 64(X—Z) emerges from the com-
mutator PR([j(x), j(y)]). The only role of B(is yj(x)) is to cancel those terms which
do not have the desired off-shell symmetry. This is to be contrasted with the
role played by a similar operator in Ref. 6, which must specify the interaction
as well as restore the symmetry. (The right side of (1.8) should be symmetrical
in y and z. This symmetry can be exhibited by carrying out the operator differ-
entiation of the commutator, and then substituting (5. 3) in the result.)

The obvious next steps are to investigate nonperturbative solutions of (1.8),
and to address the problem of vertex renormalization and overlapping divergences
in a harder model. (Coupling constant renormalization was accomplished trivially
in (1.8), without any deliberate attempt, by (4. 10).)
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APPENDIX: PROOF OF EQUATION (3. 20)

From (3.15) and (2.4) we calculate
<|rae™ L) > 2(1+L <{ac, [,

<fgam) + Lo, 0, A0} (A1)
and use (3.4) to evaluate 6uA(y). The term in (A.1) which comes as a result
from 6ua(y) involves

<fa, 800> = am)

and

A, (5=y) A, (x-y) = —12 f [1 - 4m? /s]l/ ? A, (x=y;s) ds

8717 “4m
which vanishes when X52Y- (We cut off [ds.) What remains of (A.1) is pro-

portional to
< {a(x) , {gA(y) +L 0° / A A (x-u) AR (y-v) 6uj ) d4u d4v}} >

which vanishes when X527V according to (2.12) or (2.13).



10.

11.

12.

13.

14.

- 18 ~

REFERENCES

=)

. E. Pugh, Ann. Phys. 23, 335 (1963).

o]

. Rohrlich, J. Math. Phys. 5, 324 (1964);

k=

. Rohrlich and M. Wilner, J. Math. Phys. 7, 482 (1966).

=

. E. Pugh, J. Math. Phys. 6, 740 (1965); 7, 376 (1966).

=

. Wilner, Phys. Rev. D 4, 3594 (1971).

. Rohrlich, Phys. Rev. 183, 1359 (1969).

> H

. Pagnamenta and F. Rohrlich, Phys. Rev. D 1, 1640 (1970).
T.-W. Chen, Ann. Phys. 42, 476 (1967).

M. Muraskin and K. Nishijima, Phys. Rev. 122, 331 (1961);
T.-W. Chen, Nuovo Cimento 45, 533 (1966).

N. N. Bogoliubov and D. V. Shirkov, Introduction to the Theory of

Quantized Fields (Wiley-Interscience, Inc., New York, 1959).

Reference 5 contains an equation equivalent to our (2.17), written in terms
of operator derivatives of S.

Appendix A of Ref. 4.

J. G. Wray, J. Math. Phys. 9, 537 (1968);

F. Rohrlich and J. G. Wray, J. Math. Phys. 7, 1697 (1966);

B. V. Medvedev, Zh. Ebsperim. i Teor. Fiz. 48, 1479 (1965) [Soviet
Phys. JETP 21, 989 (1965)].

The first two papers of Ref. 12.

This-point was not appreciated in the first paper of Ref. 12 nor in Ref. 4.



