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These lectures are devoted to a nonperturbative approach to quantum field
theories .1 We would like to discuss phenomenbn for which the usual weak coupling
perturbative approach in terms of Feynman diagrams is of no help. We would he
interested in studying propef.ties associated with the large distance behavior;
i.e., phase transitions, low lying spectra, coherent excitations which are pre-
sumably built out of the long wave structure of the theory. These methods will
be particularly important for the study of strong coupling field theories and the
question of quarks confinement.

Any dynamical theory which incorporate the idea of quarks as fundamental
constituents of matter must cope with the fact that quarks behave as if they have
lioht mass and are bound together by relatively soft forces although single
isotated quarks have never been observed. Attempts to meet this challenge fall
into two categories. There are those schemes which attempt to develop a cal-
culable theory of confined quarks by starting from fundamentally new theoretical
concepts like the MIT-bag model,2 and there are those schemes which seek to work
within the more conservative framework of conventional local quantum field theory,
recognizing from the outset that weak coupling perturbation calculations are quite
hopeless (at least for the discussions of low lyin;g spectra)?’40ur efforts are along
the second line. Questions of the structure of the vacuum, phase transitions,
existence of low lying coherent extended states are central to almost all of these
approaches.

The n'iethods developed will be applied to calculating the ground state and
low lying excitations of various quantum field theories that are rendered {inite in
terms of a cutoff. The cutoff is expressed by formulating the field theory on a
lattice. Since we are interested in studying large distances phenomena, we
believe that the lattice theory can teach us (as far as these questions are con-

cerned) about the behavior of the continuum theory. This does not mean that one
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can forget about the continuum limit. As a matter of fact as far as the lattice
theory is concern there are two limits we should consider

1. The limit of V (the universe volume) — « .

2, The limit of a (the iattice spacing) — 0 .
The limit V-- is very important to us since we are interested in phase transi-
tions. As is well known there are no phase transitions in systems of finite volume.
The limit a—0 is associated with the short distances behavior and is related to
the renormalization of the quantum field theqry. To take the limit a—0 we shall
probably have to use renormalization group ideas. This limit is the more diffi~
cult one and we shall ﬂave very little to say about it. In the large coupling regvi;ﬁg
we shall be able, however, to exhibit in most of the theories we are going to

discuss, low lying states which remain low lying even when the lattice spacing

a—0 (or alternatively the momentum cutoff A = -gf — ),

1. ¢* THEORY

~

. . . . 9
A. Semiclassical Discussion ’

We shall start our discussion by considering scalar <,b4 theory in one space-

one time dimension. The dynamic of this theory is described by the Hamiltonian

N “ 2
- fanl} (3 +3 (28] + o)
with
U@ = Me2-1H2, 250 (1.2)

This theory will serve us as an example of a theory which undergos phase transi-
tion corresponding to the spontaneous breaking of the discrete symmetry ¢ —-¢.
Moreover, the classical version of this theory possesses a soliton-like "kink"
solution which for strong coupling is the low lying state of the theory. In Ix- 1t
dimensions there is an exactly conserved charge which distinguishes this state

from the vacuum state so one might expect that the existence of this extended state

nk
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will survive quantization. The scalar q54 theory is part of the SLAC-bag model
and the "kink" is the analogue of the bag in 1x‘- 1t dimensions.

Ignoring quantum aspects of the theory, we drop the momentum 7 = %? . To
find time independent solutiéns, Hamiltonian's principle reduces to

A2
1 /0
oV = 6[dx[-§ (£> +U(¢)]=o (1.3)
This is equivalent to the mechanical problem of a unit mass particle motion in a

potential -U(x)

6/dtL=6fdt[—%- <%f—>+U(x)]=o (1.4)

Figure 1 gives the potential. We are looking for solutions of finite energy. For
the energy integral (1.1) to converge, ¢ must go to a zero of u as x goes to

+ infinity. ‘Tﬁere are two classes of such solutions. The first class which gives
the ground state corresponds to a trivial motion where the particle stays forever
at one of the two maxima +f (which are also zeroes of U) of U. The other class
corresponds to a motion in which the particle starts at timé - at one of the
maxima and ends at time + « at the other maximum. This solution is known as

the kink solution. The explicit solutions of the equation of motion gives
o - .t (1.5)

1/2 b
Prink = +f tanh {(2)) f(x-a) (1.6)
Note that for theories (1.1) with u which has only one zero, namely the ground

state of the theory is unique, there are no nontrivial time independent solutions of

finite energy. Substituting the solutions (1.5) in (1.6) we get the classical energies

Q- (1.7)
4 3
Eiink =3 VEA I (1.8)
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The kink describes a stable configuration even though its energy lies above the
ground state energy E(O)=O for the constant configuration. In IxX - 1t dimensions

the current

j“ (x) = e,uv 8V¢ G“V = _Evli
(1.9)
601 =1
is conserved, hence
| Q= [axjyx) = @) - P(-=) (1.10)

ie time independent. This conserved charge is zero for the vacuum state (1.5);
for the kink (1.6), however, kak = +2f#0. Hencethe kink is stable.

To discuss quantum fluctuation about a classical solution g(x) we write
P(x, 1) = g(x) + ¢'(x, 1) (1.11)

Introducing (1.11) into the Hamiltonian (1. 1) we obtain

2 2
1/d 2 22 1 2, 1/3! 1,2 2 2
H= /&”5@ * e ]+["z‘ P35 (55) rrernes’ >)]

+ {47\ gqb'3 + A ¢'4}] (1.12)
where the equation of motion was used to eliminate the linear terms in ¢'. The
usual weak coupling approach correspond to an expansion about the minimum in
the classical energy g=«f. The quadratic terms in (1. 12) lead then to normal
mode motion for oscillation of mass

m, = Jen f (1.13)

The condiﬁon for the kink to be the low lying state is
gEIK m, (1.14)

or

2«1 (1. 15)

B §
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This corresponds to strong coupling since for fixed oscillator mass (1. 14), it is

i

equivalent to the condition
2 2
A >> mg and Af >> my (1. 16)

In this regime the nonlinear cubic and quartic corrections in (1.12) will be large
and their higher order contribution important.
The classical energy difference between the kink solution in the Q=2f sector

and the ground state in the Q=0 sector is given by (Egs. (1.7) and (1.8))

3

kink . (0) 4 3
(E =E") classical = 3 Jon 1 (1.17)

The lowest order quantum mechanical energy difference is due to the zero point
energies. The one loop correction is calculated by neglecting the cubic and

quartic terms in (1.12). The field ¢'(1.11) is expanded in normal modes

O'x, 1) = 2

n

(un(x,t) a_+ut(x, ) a:;) (1.18)

n
. E +
b, t) = mx,t) = -1, —2‘1 (unan- u;an> (1.19)
n

+
[an, an,] = 8, ni (1. 20)

For a given classical solution g(x) the un‘s and En's are determined from the

solution to the Schreedinger equation derived from (1.12)

2
[—9—2— - 4?\(3g2-f2)] u_ = E2u (1.21)
dx n nn

This equafion is easily solved for the g=f case

Ly g =15 ViPigas? (1. 22)
2 n n 2 "
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It can also be solved for the kink case g=f tanh J2A fx and the sift of the zero point

energy can be evaluated after performing mass renormalization’
AESM _ 1 3 E_(kink) - E_ (const) = (—*—f?’- - 3) JoA f (1.23)
2 o “n n 6 s )

The kink energy is shifted down as a result of the quantum excitation being drawn
into the potential well at the kink boundary. The shift in the 1-loop approximation

is of the order of m_,, much larger than the classical energy for the region of

f’
interest whgre f2 « 1. An iterative expansion about the classical soliton solution
is, therefore, not adequate for the discussion of .strong coupling regime.

B. Going to the Lattice

We are going to define the scalar <b4 theory on a spatial lattice. To do it the
continuum X is replaced by a discrete lattice of linear dimension L and spacing

a=% defined so that there are 2N+1 points along each direction (see Fig. 2)

L = @N+1)/A v=1P (1. 24)
The allowed momenta on the lattice are

- 27

k ==—n =0,*1,...,£N
p L 'p p
(1.25)
_ 27
kma.x =T N
The volume integral becomes
fdpx - -15 > (1. 26)
AT ]

The fields at the lattice sites can be expanded in terms of their Fourier compo-~

nents
k
max Penalibar .'I"("?
m(X) — T =2 oIK i/a m(K) ; 7r(k)=—-1'—527r.e_1 - 3/A (1.27)
k=-k eN+nt j )
max
k
max

RUS 7/A b0 o) = 1 . qu.e‘ﬂz' j/A (1.28)
=k @N+© j o
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From the canonical commutation relations on the lattice

= iAP6 = o
[ﬂj qbr] 14705 o (1. 29)
it follows
[w(E’),m-fT)] = —iGT{»,T/V (1.30)

¢ (k) and m(k) can be written in terms of creation and annihilation operators

o g b

(87
R e k +
in(k) = Vgy (a_fg'af;)

Note that the @) can be arbitrary.

To complete our formulation we have to define the gradient operator on the

(1.31)

lattice. The most direct way is to define the gradient as a difference operator

Vb= Aldy =) (1.32)
However this definition leads to undesirable difficulties with the introduction of

fermions as we shall see later on.

Our definition of the gradient starts with the Fourier expansion. For

i+= 2 K T/0 5y (1.33)

we define

T — j -—
it k
Hence,
1 1 = 2 Ve, 2, 7 1 1.2 .
- 3 = === 2K oK) R = — A o DG-1'
Ap§;2<v¢3> 5 2K o(K)o¢ AP__fV:_,,ZA%qu' (3-3"
j i

(1.35)

R



where .
T{max 2' —
- 1 kK° i(7-3Y-K.
D(j-j") = —— E {—72 1-1" /A‘ (1.36)
(2N+1) ras A
max
In one space dimension p=1
FA KIZANTL Ty -2 ”2
‘le!lV’TJ_! _IL_ _H__ f
’ 23 3 1=0
(2N+1) N —o0
D__.() =1 (1.37)
p=1 2 ] . j
(2m) (=)’ cos (m/(2N+1)) 2(=) .
S(EN+1) 7 T T3 370
L sin (mj/(2N+1))” N—w j

For p>1 we get a sum of such correlations in each variable. The important
properties of this definition are:
(i) It allows us to define the lattice theory in a way which is essentially
isbmorphic to momentum cufoff field theory.1a
(ii) For a free field theory the energy momentum dispersion relation
has the relativistic form Ek) = \/k2+ },Lz for all k ikmax'
(iii) It automatically avoids doubling of the fermion degrees of freedom
which result from the fermionic analogue of (1. 32).1b
(iv) It allows us to write down fermion theories which have local s
invariance.
The last two properties will become clear when we discuss fermionic theories.
As far as meson theories are concern these properties are not essential and we
can use both definitions of the gradient equally well.

The Hamiltonian of the free scalar field on the lattice is given by

2 e—— l g-» l ;
Hoy = _,<2 pry (Very e

ul[\?
ml»—l

42,2
@T> (1.38)

Using the definition (1. 34) for the gradient and going to momentum space

0=V }_j < () 7(-F) + 3 2 u)(b(k)cj;(-k)) (1.39)
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which leads to the relativistic spectrum v k2+ uz for all k< kmax’ rather than

the form \/;2+4A2 sinz(k/2A) which would emerge from the nearest neighbors
prescription (1. 32).

The lattice version of the ¢4—theory we choose to work with is
2
1 1 2 1 2 2 .2
H=—— = 7=+ = > +7\< —.*-f) .
D _?<2 ] 2(V¢J) 3 > (1.40)
J

Rescaling to dimensionsl variables we introduce

A 120-p)
xj A qu

(1.41)
pe = A7V o
J J
>, X | = =16 1.42
[ j J'] 5,37 (1.42)
Together with
A = AaP3
(1.43)
0
this gives .
1.2 1, .2 2 2\
H=A g 5 Pr* 3 (Vx3) +-7&0<X-J:->—f0> (1.44)
j

From now on we shall focus on ¢4—theory in 1x - 1t dimensions. The methods
developed will, however, be more general. These methods can be classified as
variational and "renormalization group' methods.

C. Momentum Space Variational Calculation

The momentum space variational calculation is a straightforward example
of a variational calculation in quantum field theory. This approach is equivalent
8
to an "average field" or Hartree-Fock approximation in which the cubic and

quartic terms in (1.12) are replaced by

¢3 —3< ¢2> ¢ (1.45a)
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ot —6<oZ> 924 3% LN (1. 45b)
In the fermionic case this method reproduces the effective potential calculation in
the one loop approximation.

The trial state we take is a displaced Gaussian packet for each k-mode

~icVr(k=0) 0 > (1.46)

l¢(ak;0)> =e o

where

. a [0 >=0 for all k (1.47)
Y %

The creation and annihilation operators were introduced in (1.31). The ak's

which correspond to the width of the packet and ¢ which gives the position of the
center of the packet are our variational parameters.

It is eésy fo calculate the variational ground state energy of the Hamiltonian
E(ak;c) = <¢(ozk;c) |H lz/)(ozk;c)> (1.48)

by using Egs. (1.44), (1.27), (1.28) and (1.31).

2

The variation with respect to ozk's gives ai = k2+ @,

with o satisfying the

gap equation
= 2 2
@, = 4?\<f (ozo)-f +3c > (1.49)
where
Fla)=—-% —1_
fag =57 2

k 2 2
k+oz0

2
0

(fg «<1, )‘O fixed> coupling regimes, we plot in Fig. 3 the ground state energy

E 0- E (o O(c), c¢) as a function of the displacement c. The solution of the gap

equation (1.49) gives a0=a0(c). There is always a local minimum at c=0. As fg

To illustrate the behavior for weak (f >>1, 7\0 fixed), intermediate and strong

increases, for fixed A, two local minima appear at +c#0. For A0~1 these

0’

minima appear when f§~1. For large enough fg the minima at ¢#0 cross the one

-k
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at c=0. They then become the degenerate ground states of the theory with <¢ > =+c
or -c¢ respectively, because the overlap between them vanishes in the V—o limit,
i.e.,

] -aovzc
<¥(ay;0) (o ;-c)> = e (1.50)

Assuming we choose the one at +c, Fig. 3 shows that as we vary { the lowest
eigenstate jumps discontinuously from a state such that <¢>=c~f to <¢>=0 at
some critical value. This first order phase transition is an incorrect prediction
coming frorﬁ the variation choice (1.46) for the ground state; we know this since
the behavior implied by it violates a rigorous theorem (specific to this model in
1x-1t dimensions) proved by Simon and Griffiths.9 The theorem states that in the
presence of an external source J¢ the expectation value of the field <¢> is a
monotonic.a;nalytic function of J for finite J#0.

" The ground state energy of the system in the presence of the source is
A\ = —
Eo(ozo(c),c) EO(on,c) Jec (1.51)

Figure 4 gives schematically the phase diagram. As illustrated in the region

fg < f¢2~r , a ground state developing from the c=0 minimum of E 0

jumps discontinuously to the one developing from the c#0 minimum of E 0 when

when J<dJ ori t(?\) ,

J> Jcr‘ It is this behavior which is forbidden by the Simon-Griffiths theorem.

it
This result suggests that this method is inadequate for studying the strong coupling
regime where the tri-critical behavior sets in. It is precisely this region with

| 0 <f§ <1 that the semi-classical analysis suggests we must study to find the kink

as a low lying state. Note that if this calculation were valid, the "kink" could
never exist as a low lying state since by the time the vacuum expectation value
<¢> decreases to order of 1, it jumps discontinuously to zero. For the existence

of the kink as a low lying state we need to find a region where < ¢> is arbitrarily

small but different from zero.
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D. Variational Calculation in the Single Site Basis

To understand the failure of the momentum space calculation let us consider

our Hamiltonian (1.44). The single site terms
‘ 2
1 2 2 2
©o= — + X -
Hss A ?(2 pj AO<}\]’ fO) >
describe a Schrédinger problem of a particle moving in an anharmonic potential
depicted in Fig. 5. The potential has a bump of height 7\f4 near its center at x=0,
whereas for small oscillations about the minimum near x= f, the zero point energy

is ~«J2A f given by the curvature at the minimum. For weak coupling, i.e., for

small field amplitude and harmonic motion near the bottom of the potential well

we have
4 1/2
7\0f0~>> AO fO (1.52)
or
1/2.3
7\0/ f0 >> 1 (1.53)

In this limit the energy splitting between the two lowest energy levels (the sym-
metric and ant%symmetric solutions of the Schrédinger problem) is very small
due to the suppressed tunneling of the oscillation amplitude through the center
bump. The gradient term in (1.44) mixes the evén and odd parity solutions, the
amount of mixing is inversely proportional to the energy difference. Hence, in
the weak coupling region the mixing is large and it becomes important to treat the
gradient term accurately, which of course is precisely what we do by working in
momentum space which diagonalizes the kinetic term and by the choice of the
ground state, Indeed in the weak coupling region the system is in the c#0 phase
for its ground state (see Fig. 3). As we approach the strong coupling region the
energy difference between the even and odd solutions increases and the relative
strength of the gradient term decreases. In this situation a site basis, i.e., a

trial state diagonalizing the terms at individual lattice sites is more natural.
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The gradient term in the Hamiltonian is the only term which couples different
sites. Neglecting the gradient term leaves us with identical anharmonic Schrédinger
problems at each site. In this approximation the eigenstates of our system are a

product of eigenstates at each site j. The lowest energy state will be
1> = ? l¢0>j (1.54)

where [¢ O>j is the ground state at the site j. The next level up will correspond to
a state for which at each site j the oscillator is in its ground state apart from one

site in which it is in the first excited state.

l¢1>=<n lz/)0>j> zp1>i (17 lll)0>j> (1.55)

j<i j>i
Since the site i can be any of the sites, we have a huge degeneracy. The role of the
gradient is ;to lift this degeneracy. It is when these gradient-induced splittings
are small relative to the spacing between the single site excited states that the
single site basis is expected to give a good description of the ground state.
The single site variational basis is introduced in terms of creation and annihi-

lation operatofs at each site j

. +
ip; = ’le (@;-2) (1.56)

The vacuum at site j is defined by

a.10>=0 1.57
i1 ( )
and

n.
R 1.5
(a;) 1oj> (1.58)
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The trial state will have the form

4

> = 1j7|¢j> oyl =0 (1.59)

where
[~ e}
ly>= 2, C_ In> (1.60)
J n=0 nj J
We assume the ground state to be translationally invariant hence lzpj> is the same
for each site j. [Note that in this approximation we essentially neglect correlations
between sites. Keeping Izpj> as a variational wave function we allow, however,
for mixing between all the single site 1evels.] For Hamiltonian of the form
oo, 1 L
H=A|DH @G +35 2, D@.-i,) x. x. (1.61)
—~ 'SS 2 .~ 172" 73,3
j i1%3q 172
(the diagonal terms in the gradient (j 1=j 2) have been taken as a part of the single

site Hamiltonian HSS(J’)), the energy in trial state (1.59) is

: 1 .
<plHIg> =AY <y H__ () l> +5 2, Di=i)<p, Ix, ly. ><p. Ix, 1y, >
L’ ITesT 2, 172077373 g dg iy
- (1.62)
Using the translational invariant of the state and the identity (1.36)
2-D(i;-ig) = 0 (1.63)
by
so that
2. D(i;-i,) = -22 D(0) = -LD(0) (1.64)
17y j
we get )
Eo @) = <plHIp> = AL[<¢. 1H () ly>- %D(O) < lxlzp>2] (1.65)

Next we vary the trial state [y> so as to minimize Eo(zp). If it were not for the

last term, which involves the expectation value square we would just solve the
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single site Schrodinger problem Hss(j). The actual minimization can be carried
in two steps. First the variation is carried With <y Ix1y> held fixed by introducing
a Lagrange multiplier J, then E O(;b) is varied over all values of <yixly>. We
define |

HI) = H_ - Jx (1.66)

and denote by

T(J) = <4y 1HI) 1> 5 g—g— = -x(J) (1.67)

.

its ground state eigenvalue. The energy density associated with E0 (1.65)
1 _ 1 2
&(J) =T E() —I‘(J)+Jx(J)—-§D(0)x (9 (1.68)
and the problem of minimizing E 0 (1.65) is reduced to finding the value of J such

that

od

E. A Simple Example-Free Field

The free field Hamiltonian

2
p. 2
B = Al S +1 (L +p0) P2 T DG -igx, x| (1.69)
0 ~“1 2 2 2 j 2 .~ 172775,
J A 11739 172
-‘has as its single site part

2

2
S N 2
H =5 +2<A2+D(0)>X (1.70)

HO is completely diagonalized in momentum space and the exact ground state

energy is

2 T
EC¥ =% S VP AL f dx V24 p2/n2 (1.71)
k 0

0 2m

with a mass gap K to the first single particle excited state, i.e.,

1 Y (1.72)

~%



- 16 -

and the splitting among the excited single particie is

ex ex \/2 2m 2 2
E1 (n)..EO =\/u +<?N-ﬁ> A n=0,+1,...,+N (1.73)

Following the steps describéd before for the single site variational basis we find
that the energy minimizes at J=0 with x(J=0)=0 and
1-site A2L / 2,2
E, === VD(0)+p /A” (1.74)

with a gap to the first excited state

El-S1te _ E1-51te _ /H2+A2 D(0) (1.75)

1 0 B

2 D(O)/Nz. When this

The accuracy of the single site calculation is measured by A
ratio is smaller than one the gaps between higher excitations in the site basis are
large compared to the splittings among the degenerate one particle levels and

hence relatively unimportant.

F. 94 Theory
In this case
H = 923 + >\0< 2 —f(2)>2.+ % D(0) x2 (1.76)
and
2 2
H(J) =92—+ AO<X2—fg> +%D(0) x? - Jx (1.77)

For J=0 the Schrodinger problem (1.77) has a symmetrical potential and the lowest
state is symmetric, hence x(J=0)=0. Since the term -Jx is an analytic perturba-

Recall that the small J (and therefore small x) is of interest in exploring the region

of small kink mass.

pe 4
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From Egs. (1.67) and (1. 78)

4

@) =I(0) -5 ¢, -3 c,C 7" (1.79)
and (1.68)
&@) =T +5C, (1- ch(0)> 7+ cpc, (Z-- ch(0)>J4 +... (1.80)
Using Eq. (1.78)
n 2 S3/1 4
EE) =TO) - 75 —-—1<Z+77>X (1.81)
where
n = -1+ C,D(0) (1.82)

Since C1 is always positive according to (1.77) and (1.78) this will minimize for
small x if

0<n«1l and C3 <0 (1.83)

with the minimum X, occurring at

2
2 1%
XC = -I—é-;T (1-4n) (1.84)
2 .
Hence xc<< 1if
nC?
T & 1 (1.85)
I03l

It remains to show there exists a range of A and fO for which the conditions on

0
C1 and C3 are satisfied. This can be done analytically by introducing a displaced

Gaussian trial state lz/)0>

I3y> = ¢~ICP 10> <y lxlyy>=C (1.86)
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The displacement C and mass « (see Eq. (1.56)) are the variational parameters.

I'11 skip the details of the calcula’cioﬁL %nd just quote the result. For

2512 = —— — 0.8
- 2.JD({0) N-—o
and (1.87)
3
' xo<%(n(0))3/2 > e~ 1.0
N —w 1843
we find a second order phase transition
2 .2
X, = <X> o fo—fcr (1.88)

F. Upper Bound on the Kink Mass

To calculate the energy of the kink configuration in the single site basis we
modify Eq'. '(1.62) by adding and subtréicting the diagonal term j 1=j2 in the double
sum,

p.z 2
Epspe = Voo H P = A qubj | -%—+7\0<xj2—f§> 4 %D(O)(x?—xj<xj>> 19>

1 o
+= Y D(-i)<¢, Ix. Iy, ><p. Ix. 1, >
2i0, T udnn Tl

(1.89)
The last term is essentially the classical gradient term with the matrix element
of the field replacing its classical strength. The form of the kink configuration
<Xj> is shown in Fig. 6. This state'is orthogonal to the vacuum in the limit
. L — since the conserved charge Q (1.10) is different from zero.
The minimization is done by repeating the steps for the vacuum calculation.

At each site a Lagrange multiplier J(j) is introduced and we define

_ 1 p12 D(O)x.2 0  o\2 '
HI6) = 553 ? Lo (x2-50) - 30, (1. 90)
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and .

‘

TE@) = <t AN, >= ﬁ; T (1.91)

where I‘1 is the same functidr_x calculated in (1.73). Then we are instructed to find

the local minima with respect to J(j)
1 Z J))+J(J)<}x >—-—D(0)<X >2}
oN+1 klnk 2N+1 J
. 2N+1 Z D(Jl—] )<xJ1> <x]2> (1.92)
il
Since apart from a finite length on the lattice <x(j)> must be arbitrarily close to
the expectation value X, in the vacuum state (1.88) to assure a finite kink energy,

a crude approximation which reveals the dependence of the kink energy on the

parameters of the theory is

<xj> =+xC for i>g
<Xj> ==X, for j< jO (1.93)
- D= (2j0+ 1)/A

The transition width D is treated as a variational parameter. Once again I'll omit

la
the detailed calculation and quote just the result

2 Xi
Ekink-EO(Jc) = A[(DA) 7C; e X, * (DA)} (1.94)
minimizing with respect to D we find
) D~ (22} %x ) a7t = (2>\1/2xc>_1 (1.95)
and
Ep i~ Eoldo) = /23 L (1+0(x ) ~ (1.96)

Assuming that the ground state energy has been evaluated accurately, the kink

energy is a rescaled version of the semiclassical result ~Al/2f (1.17). The
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effect of the quantum correction has been simply to rescale the classical field

strength f to X, for site outside the transition fegion. The kink mass

~47\1/2x

My ~ 4% XA (1.97)

o W

can be made finite and small no matter how large the cutoff A is by going into the
region where xC is small enough. This result (1.97) is not an artifact of the lattice

since the kink width extends over many lattice sites ((1.93), (1.95))

1
(2j,+1)~ DA ~———7——- .
0 2?\3 zxc
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2. THE FINITE SPIN APPROXIMATION

11
A. General Formalism

The ¢4 theory with nearest neighbor interactions is described on the

lattice by the Hamiltonian

2.1

with periodic boundary conditions.
At each site the single site terms describe the quantum mechanical problem

of an anharmonic oscillator.  Solving this Schrédinger problem

2 2
p% | uli2 2 4) o
(—-2 X + AX ln>—Enln> (2.2)

and choosing as a basis the tensor product of the anharmonic oscillator at each
site

@ InJ.> 0< nJ. < ® (2.3)
J

the Hamiltonian (2. 1) can be written as
H = E<EJ _xlexi*) 2. 4)
i

where we work with the dimensionless H (H= H/A). E is a diagonal matrix whose
entries are the single site eigenvalues {En} X is a matrix with nonvanishing
| elements bétween even and odd parity states, Xnm: <nlxim>.

The finite spin approximation is defined by truncating the base to a finite

number S of levels at each site

® In> 0<n < S-1 (2.5)
j ] - J=

The truncated Hamiltonian then represent coupled spin s system with 2s+1=S8,
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B. Spin 1/2 Approxima‘cion12

In this approximation S=2 namely only thé two low lying states of the single site
Schrddinger problem are retained. This approximation is reasonable as long as
the coupling is small enough to mix higher states only weakly. In the region
p 2 >0 the low lying energy levels are dominated by the harmonic term and the
levels are equally spaced. As “2 becomes more negative we reach the situation
where the potential has two minima, and tunneling between the two wells splits
the energies of the two lowest eigenstates slightly. The deeper the wells become,
the tunneling between them and therefore the splitting of the two lowest levels,
decrease exponentially, while the excited states are pushed to higher energies.

The Hamiltonian matrix in this approximation

N E1 0 0- <1lixl0> 0 <llx|0>
H= 2. -
j=-N \0 EOj <0Ix|1> 0 j <0xil> 0

i+l
N € Z X X € 7 X X
= E1+=07 -0, ]=const+ (-—G.-Aa.o_ )
:ZN[ 27 j it Z 273 jojtl
- J
. € Z + - + - )
= const + ‘Jz: [203' -A(aj +crj> (aj+1+0j;l-l] (2.6)
where
E=1(E +E.)
20 71
€=(Ei-Ey "N+1= TN 2.7

A= 1<0lx]1> |2
and the ¢'s are the usual Pauli matrices. Since only two states are considered for
each oscillator they can also be represented by the presence or absence of a

fermion. The formal transformation to this language is known as the Wigner-

Jordan transformation



% - . ,Q
o.=]] () b,
iy i
4
. =2n,-1 2.
j i (2.8)

where the bj's and b;"s are Fermi operators satisfying anticommutation relations.

It is easy to check that for -N< j < N-1

+ +
+ .+ o0, ,=-bb,
O‘j 0j+1 = bjbj+1 i j+l i+l
(2.9)
oot + + _
: 95%41 7 %5P541 095417 PP
For the cyclic chain we also have the terms
N
+ !ZEN " QZN g
= 4 =
o Cy =) byb_N= - bNb N~-€XD (im) b (2.10)
where
5
= n (2.11)
7 2
is the total number of particles.
Similarly
+ + . +. +
Oy = ~eXP (im) bNb—N
(2.12)
0.0 . = imn) b,.b 0.0 =exp@im)b. b
NT_n = e¥P (imm)byb NT_N = €XP (im) byb g

In the fermionic representation the Hamiltonian is

N-1

H=LE + ¢ J; beJ A Z_:\I<b b><b;+1+bj+1>

(bN bN)<b eI )exp (imn)

=LE;+¢ be AZ )(3+1 bj+1>

]-—N

+ A(b;-bN>(be+b_N> (exp (im) + 1) 2.13)
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H does not conserve particle number but it does preserve the evenness or oddness

4

of the particle number.

For odd number of particles

O g +eEbb-AZ<b b)(b +b, o1) @. 14)
i i’
: j=-N j=
which amounts to having periodic boundary conditions b N+ b-N’ hence the allowed

k's for odd number of particles are

s k=0, :!:i?'-f- if‘iﬂ,..;,im L=2N+1 (2. 15)

For even number of particles

BV = LE + ¢ be -AZ(b -0 ) (b7, 1055 2. 16)
Gl gt Lol
j=-N J=-N
with antipel;?iodic boundary condition bN T —b_N, hence the allowed k's for even

number of particles are

_, T 3T 1.-2
k—:L-i, iL seees T T (2.17)
Both Heven and HOdd are quadratic in the fermion creation and annihilation oper-

ators and therefore can be diagonalized by going into momentum space.

e-ikj
b, = D b (2.18)
] k JL k
odd _ + <
HOM = LE o+ (c-28B0b, + kz (e-2Aac0s 1) (b, +bT,b )
>0
- .. + -+ ..
-A Y (-2isink by - 2isinkbp ) (2.19)

k>0

geven _ LEO + (€+2A)b-:rb1r+ E = 2Acosk)<b b +b b 1)

50 k"k -k
R e
- A Z (—21 sink bkb_‘1 - 2isink bkb—«k> (2. 20)

k>0
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- The Hamiltonian is now block diagonalized with k coupled only to ~k. The

resulting quadratic form can be easily diagonalized and the ground state energy

dd even

of H°%“ with odd-particle-number and H with even-particle-number can be

computed.

_ 2N7w/L 2N7/L f
EOddzLE0+e-2A+ el-‘-'z-'l-ZAZ cos k-z \/62+4A2—4A€cosk
k=27/L k=27/L

(2.21)
2N-1 2NT

. L L :
geven » LEO + €L;l -2A >, cosk- > \/ez+ 4A2 -4 A¢ cosk
k=rn/L k=27/L

(2.22)

In the large L limit the sums can be replaced by integrals (however one should

remembex: :rhat kodd:keven+ % , Egs. (2.15), (2. 17)) with the result
gCAd - Ve o _2n) 0 (c-24) (2. 23)
EOdd and EVE™? are the two lowest state of our system (2.13). For e>2A the

ground state is unique. At e=2A the two states coalesce and stay together for
- 12
€<2A. ¢=2A defines a phase transition. It has been shown that this calculation

produces the exact two dimensional Ising critical index 1/8, i.e.,

<xX> ~ (~€+ 2A)1/8 (2.24)

(Recall that the 1x-1t scalar qb4 theory is formally relatedrir:rnr)rthe two dimensional
Ising model. In this respect see Ref. 13.)

The energy of the kink staté in this spin 1/2 ’approxrimation was computed by
Scalapino and Stoeckly.1 2'l‘he solution is obtained by noting that the kink state is
generated from the original Hamiltonian (2. 1) and therefore also (2.6) by
requiring antiperiodic boundary condition (cpN nh -d)_N). The kink solufions are,
therefore, the even-particle-number solutions of HOdd (2.19) and the'odd-particle-

number solutions of gover (2.20). The calculation of the lowest even-particle-

dd

number eigenvalue of %% and the lowest odd-particle-number eigenvalue of
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7oV s straightforward with the result (L — «)
_ 0 €>2A -
Eyink {ZA—e €<2A (2.25)
where Eki nk is the energy of the kink relative to the ground state. Hence, (2.24)
E o~ <xs 2.26
kink (2. 26)

which for small <x> (strong coupling) is lower than the single site result (1. 96).

Having the exact result to the truncated problem we can check various varia-
tional approximations and compare them to the exact result. This will give us
an idea how reliable these variational approximations are. In particular we shall
try the mean field (or single site) approximation and a "renormalization group"
type of approach.

C. The Mean Field Approximation

~ Starting with the spin 1/2 Hamiltonian (2.6) the mean field approximation on

this Hamiltonian is obtained by taking as a variational trial wave function

- . _ [cos b
> = IT1> 5 19>, <Sin e). 2. 27)
. J J
&(6) = <¢ |H 9>/L = const +5 cos 20 A sin” 26 (2. 28)
Hence
o0& . _ . <:_§ _
567~ 0 = sin20( - 24 cos ze)
For e>44, & minimizes at 6=0, while for €<4A the minimum occurs at
cos 20=-¢/4A. The order parameter is
0 €>4A
= gi = 2.30
<<rx> sm 26 A 5 ( )
1~ < N + 1) €<4A

Note that in this approximation we miss on the true transition point e=2Aby a
factor of 2. Near the phase transition <O >~ N 4A~¢ producing the critical index

1/2 which is characteristic to the mean field approximation.



i
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D. The Renormalization Group Approach

:

The idea behind the renormalization group approach is to form blocks of
coupled adjacent lattice sites, to diagonalize the Hamiltonian within each block,
to couple the original blocks into new big blocks, and then to repeat the process.
At each stage as the length scale changes the number of participating degrees of
freedom is reduced. The procedure is repeated again and again until the quan-
tities we are interested in computing converge. This will happen when a fixed
point of the diteration is found.

The Hamiltonian (2. 1) can be rewritten (up to an irrelevant constant) in the

form
N . . .
H=Y, (B -E0> - xixitt (2.31)
=10
where E is the diagonal matrix whose entries are the single site eigenvalues En

En> = E_In> for each j (2.32)

We are going to keep only the two lowest states at each site, which can be denoted
by [0>and [1>. Next we couple each two adjacent sites (i.e., site 1 with 2, site 3

with 4, etc.). Within each block we have a 4x4 matrix which we have to diagonalize

11, 1> 11, 0> 10, 1> {0, 0>
|1>i ll>i+1 = |1, 1> 260 0 0 -AO
ll>i lO>i_*_1 =11,0> 0 € -AO 0
(2.33)
‘0>iv|1>i+1’=_ {0, 1> 0 —AO € 0
IO>i l0>i+1 = [0, 0> -AO 0 0 0

where € _=E_-E _is the original gap and A = [<1]x]0> IZ . Note that the states

0 10 0

[1> 10> and 10> |1> just mix between themselves, while the lowest state 0> |0>

mixes only with the state 11> |1>., We can, therefore, diagonalize each sub 2x2
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matrix alone. The diagonalization yields the following eigenstates and corre-

sponding eigenvalues '

state eigenvalue
—1 <a 10,05 |1 1>) e + Vel + A
5 1 ’ 0 0 0
.1+al
-—L(|01>-|10>> € +A
NE ’ ’ 0 0
(2.34)
L (|0,1>+ 11,0>) €, - A
’ 0 0
2
1 ( ) 2 2
—-—-—————2 l0,0>+alll, 1> € - 50+A0
Vi+a
1
with )
2 <
Vei+ -
4 = ‘0% ~ % (2.35)
1 A )
0
Let's denote the two lowest levels by
' lz/)0> = <10,0>+a1 11, 1>)
1+a1
(2. 36)

19> = 1 <1o, 1> + 11, 0>)'
2

The new gép is

e.= JeE+ A2 Z A (2.37)

1 0 0 0
In the next iteration we start with the states I¢0> and Iz/)1> within each block and
couple each two adjacent blocks (i.e., block (1,2) with (3, 4), block (5, 6) with
(7,8), etc.). The term in the Hamiltonian (2.31) which couples block (i, i+1) to

block (i+2, i+3) is

+ +
Hint = =% <ai+1 * a:1+1><a]1+2 * ai+2> (2.38)
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It is important to note that the state |¢O> |¢O> mixes only with ¥¢1> Iz/)l> and the

state |¢0> Iz,b1> mixes only with hbl> lz/)0>. Consider the block (i,i+1) and (i+2, i+3)

+ +
%9 (ai+ 124+ 1)<ai+2+ai+2> e W

_ + + 1
= A0<ai+1+ai+1><ai+2+ai+2) <1+a2> [(0> 10>, +1+al‘1>i'1>i+1) <‘°>i+2'0 >ipgteq 1 g ‘1>i+3,>]
1

2
= 5 Eo>il1>i+ [1> 1+2!O’ +3+alll> 10>, +1!1> 10> +3+a1l0> 11>, +1|0 2‘1>i+3

I4a .

1 .
+a2|1> 10>, 10>, 11> ] (2.39)
1771 7711 T2 TS '

The new overlap parameter is determined by taking the scalar product of (2. 39)

with (9> 19;>

(2. 40)

Al is also the overlap between Hint !¢0> lzp1> and lzp1> lzJ)O>. Hence the new 4x4

matrix we have to diagonalize is the same as (2. 33) with the replacement

0 1
(2.41)
AO — Al
We obtain, therefore, the following renormalization group equations
_ 2 2
ep €p—l+Ap-—1 - Ap-l
1 2 2 )
ap = A——-( ep__1+ Ap—l - Ep—l (2.42)
p~-1
2
1+a
R
9] 2 2
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For € < “AO the equations give

i

€ =X €

€0
,  X=e <1 (2.43)
P 0 2A0

hence the gap goes to zero which is an indication of a phase transition.

For ¢ >>_A

0 0
GPZEO_Ap~1
a =1 2.44
p ( )
k] A 1 1.3
A ::.B:__ é
P 2
hence
= lim =€ A <1+—1-+l+ >~ 2A 2.45
€ € 0~ 0 stZ T ) TEy 28, (2.45)

p-—>00

The order parameter for our system is £ = <a+a+> which is closely related
to the vacuum expectation value of the field (1.56). The expectation value of £ in
either Iqb0> or lzpl> is zero. It is only when the phase transition occurs and Iz/)0>
and l;bl> beconie degenerate that the expectation value of £ in the ground state
(which is then an arbitrary linear combination of lz,b0> and l;b1>) can be different

from zero. In the first iteration

1+a1
<E>, = <P &Y, > = ——mm———n (2.46)
1 1 0
»/2(1+a?£)
The next iteration the two lowest states are
(2)_ _ 1 ' )
lzpo > = ; <i¢z0>l¢0>+azlzpl>l¢l>
1+a2

(2.47)

(2) 1
lpy "> = > ey >+ Ty > e >
1 \/-2< 0”71 1" % )
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and
1+a 1+a i1+a
__.(2) (2)  _ 2 i _ 2 1
<E> =<PiTNEN > = =< 1 > =
2 1 0 1'5 %
v 2(1+a2)2 VA <1+a§> /2 (1+a§>
(2. 48)

Recalling Eq. (2.40)

1/2 1/2 1/2
A A A
() () -2 .59
1 0 0

In the p-th iteration the order parameter is
)"
<§>p == (2.50)
0
The numerical solution of the renormalization group equations (2.42) yields
=2.55A_ as the phase transition point. Above the phase transition (eo >2.55 AO)

0 6
<¢>=0. Below the phase transition point (60 <2. 55AO) <&># 0, The critical

€

index which determine the approach of <¢> to zero near the phase transition point

turns out to be ~0.5.

To conclude let us see for what range of the original parameters of the ¢>4
theory (Eq. (1.44) or Eq. (2.1)) the spin 1/2 approximation is reasonable. The
single site potential for the qb4 theory with negative mass u2= —27\f2 < 0 is depicted

in Fig. 10, The two lowest states are the symmetric and antisymmetric states |
whose energy difference is governed by the amount of tunneling through the ?\;E4

barrier. Since we want the gap to be small we shall demand

4

AfT > 7\1/2f

or | 2.51)

1/23

Z= A >> 1

1/

where wo ™ A 2f is the curvature at the minimum of the well. Under this condi-

tion the first energy gap is given by

1/2 .

2
e N T (2.52)

€0
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The next state up is at energy iul relative to these two states (Fig. 10). The

spin 1/2 calculation demands

.60 < p| (2.53)
which is clearly satisfied ((2.52), (2.52)).
The parameter AO (2.7) is the matrix element square of x between the sym-

metric and antisymmetric states

Agmt (2.54)
At the phase transition (2. 23)

€ = 28 (2.55)
hence,

e il =12 = T?’T (2.56)
or

el = A (2.57)

|

For large z, || should also be large. Condition (2.57) determine the regime of

A and f for which the spin 1/2 calculation of the phase transition is reliable.
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3. COMPLEX q54 THEORY AND THE ABSENCE OF GOLDSTONE BOSON IN

¢

1x-1t DIMENSIONS

A. General Survey

The Lagrangian for the complex ¢>4 theory is given by

1 2.2
L == (0 %) (0 - AMop*p~f 3.1
2(u¢)(u¢) (p*p-17) (3.1)
This Lagrangian can be written in terms of two scalar fields 0 and 7
1 2,1 2 2, 2 22
G~ = s d - -
' & = 5 (duvr) + 3 (BHO') AT+ -17) (3.2)

The theory has a continuous rotation symmetry in the (o, 7) plane. Classically

the theory undergoes spontaneous symmetry breaking in which o and/or T acquire
nonvanishing vacuum expectation value. To be precise if we first restrict the
system to finite volume V and add a source term Jo which singles out the direction

of 0 in the (o,7) plane, then

<o>= lim lim <0lo®)!0>#0 (3.3)
J>0 Vo

The Hamiltonian obtained from (3.2) is a sum of positive terms. Clagsically it is
clear that a cox‘lstant vector [a, 7r] of length f2 minimizes the energy. The added
source term Jo tend to fix the direction of this vector to be along 0. The classical
lowest energy state is therefore o=f and 7=0. The spontaneous symmetry breaking
is known also as the Goldstone phenomenon and Goldstone's theorem states that
this phenomenon is accompanied by the appearance of massless scalar boson
(the Goldstone boson) .14

When the full quantum mecﬁanical aspect of the theory is taken into account
there are quantum fluctuations which should be considered. If the quantum fluc-
tuations are large enough all memory of the classical preferred direction may be
lost and the ground state expectation value of o and 7 will be then <O>= <7 >= 0.15 In

this case no long range order associated with spontancous symmetry breaking

will occur. This is what happens in 1x-1t dimensions and is the basis for

~%



- 34 -

Coleman's theorem which states that there are no Goldstone boson in 1x~1t
. . 16
dimensions.

At this point it is convenient to introduce polar coordinates

o=r sin @
0< u <o ; 0<6 <27 3.4)

T=TCos 0

p_1.2 2,1 ...2 2 .22
ZL==7 (aﬂe) 42(aur) - A(xT-9) (3.5)

2
It is the 0 field which is the candidate to be the Goldstone boson. It is, therefore,
the fluctuation in 6 which we want to consider. For this we can replace r by its
average c-number value f. The r-potential is shown in Fig. 7. It is clear that
for 7\f4>?\1/ 2f the r part of the ground state wave function is well localized at r=f.

Once T is frozen to be equal to f the 6 ‘part of the Lagrangian is

7 = L2 g2
Z, = 50,0 (3.6)

which looks like a free massless field Lagrangian apart from the fact that
0<0 <2m.

B. Going to the Lattice

In our lattice formulation the Hamiltonian obtained from the Lagrangian (3. 2)

is
2 2.
p () p_0) 9
H=Y 0 T a2 en-td) + 2 3 D.-i) [(o+in, (@-im, +h.c.
—~ 2 2 2 ~ 172 j j
j i1l 1 2
(3.7)
where .
i6,
$.=T7T,.€ J=r cose, +ir. sing, = o +in,
J J J ] ] J
(3.8)

=
J =

_ 19 19
Pe =750 ° Pr=3%%

=

i 4



In polar coordinates

9 9 (i()1 —193,
1 9 2 2% D) 2 i g
- - - +h. C.
H= Z <r b j) ) z”‘(rj ) +=5 i*t2 Z# PO3-Ip; Ty \* ¢ hc)

2r] f'aoj i173g 5
3.9)
If we freeze the radial coordinate as argued before we are left with the 0-
Hamiltonian
2 ( ig, -ié
¢ 2 ..
H:Z--}-—d'—'*lf Y, DG,-i)le e 2+h.c.) (3. 10)
: 2f2 862 2 7 1°2 .
] i i{#lg
which can be rewritten as
H = 2-—-—J()+—1—f22 D(j. - )J 37 +h.c. (3. 11)
2 %; 1 ) iy 32 )

11739
Now we oéri see in what sense we can thmk of 6 as a free massless field. Note
that for f2—+0 the JZ term is the most important term and we get a theory with
an energy gap. On the other hand we can consider the theory for very large f
starting with the Hamiltonian (3.10) with nearest neighbors interactions and adding

a small source term €f2 sin2 0 in the o direction

2 .
= 3|25 25 - 2 cos (65,10 * ef? sin® 9, (3.12)
' j j
j {2f 803

Note that this source term does not break completely the rotation symmetry; there
is still a symmetry under rotation by .

Choosing 0 to lie between - 7/2 and 37/2 and rescaling the ¢ variable

) T =t Teo 3 <30
f =10 ~5f< 6 < (3.13)
we have
2 6. .-0, , 9. :
H= Z 1o Zfz cos -—-Jj—-l———l +€f2 sinz(—l> (3.14)
; 2 8'52 1 f
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The potential term in (3. 14) has the form depicted in Fig. 8. The height of the
middle bump is ~ef2 while the tunneling distaﬁce (the distance between the two
minima) is ~nf. The curvature at the bottom of the well ¢ determine the energies
of the low lying levels in thé well. For large f the amount of tunneling is small,
the energy of the symmetric state is -21-\/_e and of the antisymmetric state

-21- Je+ e_dz hence these states are almost degenerate. The next level up is at
energy ~ -Z— Je. The number of levels which can be accurately described by
harmonic states within one well is of the order of the height at the middle (€f2)

divided by the energy gap /€. We want this number to be large

€f2 2
N = = e P> 1 (3. 15)

Je
o : . ~Je8? "
Since the wave functions are of the form e the condition that all of these
states will be well localized is that their width will be small relative to the

tunneling distance f

~ 1
0 ~ ?721- < f
or (3.16)
€ v/ 4f >> 1
This last condition (3. 16) allows us to expand both the cos and sin in the expres-
sion (3. 14) of the Hamiltonian. Note also that the condition (3.15) -#'>> 1 is

compatible with the condition

ef2 « 1 (3.17)

which states that the source term is an arbitrarily small perturbation. The

Hamiltonian is now (up to irrelevant constant)

_ 1 9% 1 ~2 1~ ~ 2 ,
H= Z -5 *3 693. l-2(0j+1-(9j) (3.18)

~&
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which is a free field Hamiltonian (-« < 5_<_°° for f — ). Once we established the
fact that for large f, g is essentially a free fiéld of mass Ve it is easy to
understand Coleman theorem (in the region for which the free field approximation
is accepi;able).15 |

The bigger f is more level .# (3. 15) are correctly described by a free field

expansion of 8

~ 1 ( -ikj  _+ ikj>
.= + .
0, Zk: m a, e a, e (3.19)
. k
The ground state is 0> =[] lOk> and the correlation function is
k
T D -ikj

AG) = Lim <016() 6(0) 10> =5 Lim <0 15() 0(0) 10> =~ [ —HE s
Vs £ Voo 290 2 +eN”
(3. 20)

It is clear that in 1x-1t dimensions due to the infra-red singularity as € — 0 the
fluctuations in 6 are infinitely large. In fact
. <01e®W)gs = cNO/Z (3.21)
€—~0
and therefore
<g>c <sin 0>=0

(3.22)
<>« <cos 6> =0

C. Renormalization Group Approach to the Goldstone Boson

The argument presented before is heuristic and nonrigorous. We would like
now to present a simple renormalization group computation from which the physics
of the Goldstone boson becomes more clear.

Starting with the Hamiltonian (3. 11) with nearest neighbors interactions

2
[S]
[N
>

H=2, [eOJ‘z(j) - A, (3, () I_(+1) +h. c.)] (3.
j
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where

1
€, =—%5 A =1 (3. 24)
0 2f2

The calculation is similar to the one done for the spin 1/2 case. At each site we
take the three 1_owes‘c levels of EJS which we shall denote by 10>, I+1>, {-1>.
Note that we cannot truncate at two levels since the states [+1>and |-1> are
degenerate. Coupling into blocks of two adjacent sites there are 9-states we have
to consider g The states are shown in Fig. 9. The states {1, 1> and |-1,-1> are
eigenstates of the Hamiltonian. The state [0, 0> can be connected only to the
state L (11, -1>+ |-1, 1>) while the state |1,0> mixes only with |0, 1>, and the
state T/:zl, 0> mixes only with |0, ~1>. The matrices we are instructed to diagon-

alize are

10, 0> :/-1_—(|1,-1>+ -1, 15)
5

10, 0> 0 -2 A,
(3.25)
—1—(|1,_1> + -1,15) -JZAO 2¢
J2
. . /2 2
with eigenvalues €t eO+2A0 and
o, 1> 11, 0> (0, -1> -1, 0>
0, 1> € -AO [0, ~1> € -AO
; o (3. 26)
i1, 0> -AO € ]-1, 0> -AO €

with eigenvalues ¢ O:t AO.

—
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The level'structure of the 3 lowest states in each block is

¢

state ener
a
199> = 60, (')_>+-—1 (11, 1>+ |-1, l>)> €~ 5(2)_;.2A§
1+a2 NE:
1
1
W,>=-=—(10,1>+|1,0>) c -A 3.27)
NG 0" "0
1
9 >=-—(10,-1>+ |~1,0>) € -2,
o \/"2
with
Eg + ZA(Z) - EO
817 (3. 28)

J2 ‘AO
Note that as in the zeroth iteration we have two degenerate levels [¥ e and ¥ >.
/2 2
€, = Ve +2AO - AO (3.29)

1 0

The new gap is

In the next iteration we start with these three states within each block of two and
couple each two adjacent blocks (i.e., block (1, 2) to block (3, 4), block (5,6) to
block (7, 8), etc.). The term in the Hamiltonian which couple block (i,i+1) to

“block (i+2,i+3) is
Hint ™ =% <J+(i+l) J_(1+2) + J_(+D) J+<i+2)> (3. 30)

Once again we have the same pattern of levels depicted in Fig. 9. Note that the
' state lw,> [ > mixes only with the state L (19, > 1y >+ ¥ > ly,>), and that the
0 0 \/—2 + - - +
state Iz/)0> 1, > (|¢10> lp_>) mixes only with |y > Izp0> (ly > I;[;O>). The new 2x2
matrices to be diagonalized turn out to be identical to the matrices in the zeroth

iteration (3.25, 3.26) with the replacement

€ €1

4
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2
» A A =2 W2

= g m——— (3.31)
0 1 2 1+a.?1‘

>

(The calculation of Al is straightforward and proceeds in the same way as for
the spin 1/2 case.)

The renormalization group equations obtained in the p-th iteration are,

therefore

€ =\/€2 +2A2_ - A

p p-1 p-1  "p-1
‘ 1 </2 2 > 1

a = € + 2A - € = (e_+ A -€ )
PJza S R e ARNCNIRS S e

-1 p~-1

2
1+
A
A =Pt J2 (3.32)
P 2 1+ a2

In this case it is clear that there can be no fixed point for which ¢ iterates to zero

while A stays finite. It is also easy to see that for a solution with €¥0, a — L
3A J2
and therefore Ap = 2_1 hence A—0. To summarize, the only fixed points are

those with A=0. As for the spin 1/2 case the order parameter is proportional to

0" 1.7 AO as the transition

point. However, even when the phase transition occurs and the gap goes to zero,

4/ AO) 1/ 2. The actual numerical solution gives' €

A=0 which means that there is no long range order in the system.
The obvious question now is what happens when Wé go fo highér diméﬂsions.
Repeating the renormalization group calculation we have preliminary indications
| that in highér dimensions the system undergoes a phase fransition with long range
order. The difference from the Ix-It dimensions is due to the fact that now we have
more interactions (the number of nearest neighbors at each stage of the iteration
grows), more degenerate levels appear and the mixing pattern is more complicated.

The difference between 1x and higher dimensions, which allows Goldstone boson and

long range order to appear in higher dimensions is, in short, phase space.
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4, FERMIONS ON A LATTICE

Following our study of scalar field theoriés formulated on a spatial lattice
we turn to fermionic field ’cheories%7 For fermiion fields our definition of the
gradient will turn out to be ‘of great importance. It allows us to overcome the
problem of doubling of states encountered in the nearest neighbor prescription
and also allows us to write down lattice theories which are locally s invariant.
We will concentrate on the behavior of these theories in the large coupling regime.
We will show that in this case the usual fermionic degrees of freedom become
very massive, but new massless degrees of {reedom (fermion-antifermion bound
states) become low lying (even when the lattice spacing a= % —0). Since we
consider theories with 5 invariance, the question of the s symmetry properties
of the ground state (the realization of the ys-symmetry) will be of great interest.
At least for large coupling constant we shall once again (as for the ¢4 case) sece
that diagonalizing first the single site terms in the Hamiltonian leads to‘ﬂle cor-
rect physical picture (e.g., the s symmetry of the ground state). The role of
the gradient term is to split the huge degeneracy which occurs in the single site
diagonalization by allowing states to move.

A. Back to the Gradient Definition—The Free Field Example

The simplest fermion theory is of course the free field theory

3 | +{a.V
H:/dx{zj) (aiV+Bm>zp (4.1)
which yields the Dirac equation for the fermion field
Ew:(a'iv +Bm>¢ (4.2)

For simplicity let us consider the lattice version of the Dirac equation in 1x-1t
dimensions. If we try to adopt the usual transcription of the gradient as a differ-

ence operator

(v, = A(u+D) - 903) (4.3)
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we have ,

Eyy= =g @ (5=, )8 =3 @ @y ~¥)A + pmy, (4.4)

Using the representation

1 0 o 1
oz=< ) B = (4.5)
0 -1 1 0

and the Fourier expansion

ikj/A /b ‘
e -k :
- zpj = Z + (4.6)
Kk NV O\ 4
we find, for a free Dirac particle, the energy momentum dispersion relation
Ek) = m‘2+A2 sin2 k (4.7)

A

where -m< kA < 7. As illustrated in Fig. 11 this formula shows that to each eigen~

Valyle E there correspond two distinet states of k>0 and two of k«<0; hence the spec-
trum of states possesses a doubling of levels not encountered in the continuum
theory. Kogut and Susskind have proposed one technique for avoiding this proble1n.18
In Ix+1f dimensions they simply put the upper (lower) components of the Dirac
spinors on even (odd) lattice sites. The disadvantage of this procedure is that it
makes it impossible to write down locally chiral invariant interactions since one
does not have both particles and antiparticles at the same point. In higher dimen-~
sions this procedure will demand to split spin components in 2x+1t dimensions

and to double the number of fermions in 3x+1t dimensions. An alternative projec-
tion operator technique which was introduced by Wilsor% 9in his action formulation
also destroys local Vs invariance. Our way of defining the gradient operator on
the lattice avoid this difficulty (i.e., there is no doubling of states and we can
write down theories which are locally y5-invariant on the lattice). To see why
this is so recall that for

ikj/A

fm=%ﬁme (4.8)
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we definer

(v, = 3 1k £) oTKi/A

k

ik i-in /A - ..
=L 10 {Z S K00/ {-—: %2 £ (- 6'(G-1") (4.9)
where (2N+1) is the number of sites in the lattice. In 3x dimengions (4.9) becomes

YT
Vb 5 ;5 = 2 far, I3, ( &'y JX)> (4.10)

- Xyz Jx
It is easy to check that this prescription gives the exact relativistic energy mo-~

mentum relation for free fermion of mass m

E@k) = VK% + m? (4.11)

The only difference from the continuum free fermion theory is that the lattice
version has a maximum allowable momentum lkmax [= wA. Since there is no
doubling of states and no need to split field components onto different lattice sites,
we can easily incorporate exact s (chiral) invariance into theories with this
formalism.

B. Lattice Thirring Models

We first study the lattice version of the pure fermionic theory based upon the

. chirally invariant Hamiltonian

H = fdp{ w—-—-[«pw) <io"y5¢>2]} (4.12)

which canbe Fierz transformed into a current-current interaction

Hzfdpx{¢+ e

The theory is invariant under the transformations

Xy 2 g0 [@'vu@b)z - (ivuv5w)2]] (4.13)

and . 4.14)
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for constant . Hence the generators

Q= [yfydPx

Q= [t rudPx

(4. 15)

commute with H.
In constructing the lattice version of (4.12) we introduce the dimensionless

variables ¥(j), x(j) and g via
3T =272 (D
W) =2 3D (¢.16)
g, =8 AP
The canonical anticommutation relatiops are

+—>~ —
X (J¢), x(ight= Loz - (4.17)
{ 1 2} iprdg

and

PR s T T T - g R N T A -
H= 4 [}:_ X T)1ET T 0y - § ¥ GO —(xu)va(mz]
1lo 7
. (4.18)
The conserved charges are
Q=3 ¥ (Mx(i)
il
(4.19)

We can also construct conserved but nonlocal currents on the lattice jM(T) and
j5“(ﬂ which have the form

-— + — _—

i) =X T i50(T = X (T 75 x(T)
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un~x(nam>+-2 ST, 3y X () @y

iy
o + =
() =% 3) avgx(3) _.E_, (73T X (79 Gvgx(3y)  4.20)
Igdp

o o 17
Where S(j ;jl, jo) is uniquely defined. If we evaluate commutators involving time
and space components of these currents we cbtain a nonlocal term which, in the
continuum limit, becomes the familiar Schwinger term.

C. Momentum Space Variational Approach

The momentum space variational approach is equivalent to the.effective
potential calculation in the one loop approximation first carried out by Nambu and
Jona-Lasim‘o?O To obtain their equation for the mass gap we take the expectation
value of the; Hamiltonian (4.18) in the trial ground state [¢(m)> defined by

| bm(k) fp(m)>= 0

(4.21)
d_ () p(m)> =

where the bm(lé) and dm(k) are the fermion (antifermion) annihilation operators
defined by a plane wave expansion with an arbitrary mass m
1 ik /A
() Z ]
W

(4.22)

3E) = 2 [ugl(k) & () + v (-1 (- k)]

o
The u?n("l_{) v f;(lw{)) are the positive (negative) energy solutions to the Dirac equa-

tion. The expectation value of the Hamiltonian (4. 18) in this state is

_Em) _ 1
Y V<0m‘H|0m>

1 21/2, 21 1 21 1 2

(4.23)
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Minimizing &(m) with respect to m leads to the gap equation
1-p
1
mil-4g 2 — 3 =0 (4. 24)

+ P /
L k 1<2+m2

Whenever g has values such that there exist a solution besides m=0, this solution

(m#0) corresponds to a local minimum. Due to the continuous s symmetry when
m#0, corresponding to the existence of massive fermion states, the ground state
is infinitely degenerate implying the existence of massless Goldstone boson.
This resultis in conflict with Coleman's theorem for p=1 which states that no
Goldstone boson occurs in 1x-1t dimensions .16 Moreover for p=3 one can show17
that both in the strong and weak coupling regimes the ground state is unique. The

lesson to be drawn is that the one-loop effective potential method which is equiva~-

lent to the Hartree-Fock appr oximation

< @zp)2> — 2 <$zp~>2 (4.25)
is misleading for determining chiral properties of the ground state. As we argued
in our study of the scalar ¢4 theory, the momentum space variational approach
which diagonali-zes the gradient term exactly might be reliable for weak coupling,
but it can be very misleading when applied in the strong coupling regime. We turn
therefore to a configuration space approach tor disﬂcussm the lalgecouplmg gzi. It
will turn out that a site basis gives a lower ground state energy and furthermore

the Y symmetry of the theory is realized in a normal way.

D. The Thirring Model in Two Dimensions

The Thirring model in 1x-1t dimensions will serve us as an example of strong
coupling calculation in a fermionic theor3r:21Tllis theory has important features in
common with gauge theories so that this analysis will prove useful to our subse-
quent discussions. As we shall see the strong coupling limit of this model
describes a system of massless fermion-antifermion bound states in addition to

super-massive charged fermions of mass ~gA >> A. Hence this model provides
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a concrete example of a theory for which, as g—«, the original fermionic degrees

of freedom become "frozen out", but new massless degrees of freedom are left

behind.

For g>>1 we first diagonalize the quartic part of the Hamiltonian (4. 13)

exactly. A convenient representation is

L 0 <b(j>>
x\) =
AT NG

b(j) and d(j) satisfy the anticommutation relations

{oG), b =1{dw, dTgnt = 5y

{bG), dght=0 , ete.

In this representation the Hamiltonian (4. 18) has the form

H=A Z i5!(j1~j2) {b+ b. —dj.L d, } ~-g Z[nb(j)+nd(j) - 1}
JIJ j . .

J1dg g g
=K+V
' - —- P ' . —~
where we have used § (31 ]2) ) (]2 31) and
+
n, (j) =b.b,
pt) = b;b,
+
n,(j) =4d.d,
gt =i,
" Since the pétential V is a sum of commuting single site terms we can
each term separately and form a product basis over all sites., If we

by

b(3) 10 (3)> = d(j) 1 0(j)> = 0

(4.26)

(4. 27)
2

(4.28)

(4.29)
diagonalize

define 10(jp>

(4.30)
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we have the following four eigenstates at each site

i

state eigenvalue of -gn (nb(j) 00 - 1)2
0> -gA
l+>=b" 10> : 0
l->=d" 0> 0
le>=b'd" 10> -gA
(4.31)

At the single site level the ground state is two-fold degenerate with
E () =E () = -gA (4.32)

The electric and s charges are given in accordance with (4. 15)

Q= T, -ny0) = Qo
] - J
(4.33)

Q- Zj:{nbuwnd(j) -1} = 2950
As we shall see later on the ground state of the full Hamiltonian in the large coupling
regime is also two-fold degenerate. Note that the single site charged states with
Q(j) = =1, Qs(j);b lie high above the ground state from which they are separated
by a gap ~gA.
The two-fold degeneracy at the single site level means that the ground state of

V (4.28) is 22N+1—f01d degenerate. The total electric charge of these degenéi;éte
states is zero and their s charge Q5 can take any odd integer value from -(2N+1)

to (2N+1) depending on the number of sites occupied by pairs. The role of K, the
.' -kvinetic term in (4.28) is to split the degeneracies among the low lying Q=0 states.
Since K commutes with @ and Q5 it connects only state within each @ and Q5.
Thus, we will treat it as a perturbation for g>>1 and work within the @=0 sector
tb construct the low lying energy spectrum. It is clear from the form (4.28) that

K which moves a single fermion or antifermion from one lattice site to another,

gives no first order energy shift to the low lying states. We are forced, therefore,
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to do second order degenerate perturbation theory in the ground state sector which
is characterized by having nb(j) =nd(j) for each site j. Since all energy denomin-
ators between the ground state and an excited state with one unbound pair are the
same, EX-E O:ZgA, the intermediate state sum can be performed to obtain an
effective second order Hamiltonian for the ground state sector

H = A {6"-' }22 (j <1—n (')+2d+' b (5.)b( ddj 4,34

o= g L (0T |2yl (L-ny g 2 b bl AG)]| (434
1432

A spin formalism is suggestive at this stage. At each site only two eigenstates,
10> and [+>, which correspond to ""spin down' and "spin up", respectively, occur

in the Q=0 sector. Hence we define "spin'" raising and lowering operators

. RPPETRP
S,=d @b G

(4. 35)
S_(3) = b0 = {s, ()} _
such that
l£(j)> = 8_(3) 10(§)> (4.36)
and introduce - '
() = n4(J) = S5() +% _ (4.37)
Heff can be rewritten
.02 , , . _
H g = - g }: (6"(3;=ig) {;11—+ 8,(1)8_(iy) ~840,) S3(]2)} (4.38)

Iido

Except for the relative minus sign between the spin-spin terms Heff describes the
Heisenberg antiferromagnetic chain. This analogy is even clearer if we return for
a moment to the definition of the gradient as a difference, in which case (4.38)
contains only nearest neighbor interactions. Now we can make a unitary trans-
fbrmation changing the representation ((4.35), (4.37)) by rotating throﬁgh angle 7

about the three axis at every other lattice site; i.e.,

8.(0)—~ (78,00 ; 85(3) — S4(i) (4.39)
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Heg = g 523@37 S+ - 1) (4.40)

The eigenstates of Heff can be classified into degenerate multiplets of the total
spin as well as of its third component, —21—Q5 = 283@) . If we further assume that
the lattice has an even number of sites and impose cyclic boundary conditions we
can refer to two exact theorems.2

Theorem 1 When §>0 corresponding to an antiferromagnetic

interaction, the ground state of (4.40) has total spin S=0 and is unique.

Theorem 2 The theory has no mass gap in the limit as the length

of the linear chain becomes infinite.

A corollary to theorem 1 which is independent of having nearest neighbors inter-
actions in‘thei antiferromagnetic chain“(and therefore applies directly to our case)
states that within each 83 sector the ground state is unique. This, however, still
does not tell us that the real ground state of the system is unique since a priori
the various lowest states within each S3 sector could have been degenerate. For
nearest neighbors interaction we have theorem 1 which assures us that the ground
state is indeed unique.

For a lattice with an odd number of sites it is impossible to form a state of
SS=O. In this case Sfi% is the lowest possible value and the ground state is two-
fold degenerate corresponding to the invariance Q5—~—Q5. The original solution
for the ground state and excitation spectrum of (4.40) is due to Betheﬁ2 3His method
~ also shows.that the excitation spectrum starts off linearly in k, corresponding to
a massless particle spectrum.

If these results carry over to the solution of (4.38), which we constructed
using (4.9) to avoid the doubling of the free fermion states on lattice, we see from
the theorems that to leading order in 1/g there exists a low lying spectrum of

massless excitations of the Thirring model in addition to the arbitrarily massive



-51 -

(~gA) normal fermion excitations. This low lying excitation spectrum corresponds
to bounded fermion-antifermion pairs but, lﬂcé a fermion, obeys the exclusion
principle of no more than one pair per lattice site. This spectrum is built upon a
unique or doubly degenerate.vacuum (depending on whether we use an even or odd
number of lattice sites), and there is no spontaneous breaking of the y5—invariance.
On the basis of the analysis of (4.40) we expect the ground state solution of
(4.38) to lie in the Q5: :1:1=283 sector. This can be easily verified for a lattice
of three or five sites. For the general case we must, however, rely on varia-
tional calculations to construct upper bounds on the ground state energy in each
Q5 sector. Before describing the variational calculation note that the sectors
with SS=¥ —;:-(ZN-I-l), corresponding to all sites empty, or all occupied by a pair,
are eigenstates of Heff and are the nondegenerate ground states in their respective
sectors of Q5=1‘C(2N+1). The energy of these states is -gA (2N+1). A less trivial
case is the exact solution of (4.38) in the sector Q5=JF(2N—1) in which a single
bound pair is present (or absent). The ground state in this sector lies below the
one in the Q5= £(2N+1) sector and the excitation spectrum is found to start off

17
linearly ink,  1i.e.,

Ik 12
2g A

2
E(k) = A {-g(2N+1) - —2-5—}+ Tkl -
Q,=(2N-1) &) €

For the variational calculation in the sector, Q5 = -(2N+1) + 2p, with pairs

at 0< p < 2N+1 sites,we use a fully symmetrized trial state

12
- 2N+1
W(p)> = — D st st...sT 10>
1 p

-

p ¢ 2 5;
R 1 d i=-N )
= lim —L— (&) 10> (4.42)
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The upper bound on the total energy obtained is

2
_ 27 p(2N-+1-p),
= (2N -
Evar(p) {(Z2N+1)Ag 3g B3 A

p=0,1,...,2N+1
(4.43)

This bound is also the exact result for p=0 and p=1. Equation (4. 43) describes a
parabola as a function of p with a doubly degenerate minimum at p=N and p=N+1
corresponding to 83:4? %— This suggests that (4.38) has the same general structure
as the theory defined by (4.40); namely, the ground state is a s doublet, and the
spectrum has no mass gap.

As a check on our choice of the variational wave function we can use it to

calculate the ground state (p=N) for the nearest neighbor case

- .Y
Evar(N) = (2N+,1>Ag z (N+1) (4.44)

This should be compared with Bethe's exact result

Ep e = ~(2N+1)Ag - g(NH.)(Z log 2) (4.45)

This comparison suggests that the trial state (4.40) of a symmetric spin function

without correlations is a reasonable guess.
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5. GAUGE THEORIES ON THE LATTICE
Since the current opinion holds that non-Abelian gauge theories of quarks
coupled to color gauge gluons comprise the class from which ""the theory'" will
emerge, we would like next tAo. discuss such theories. Being familiar by now with
the description of a fermion field on the lattice, the new ingredient here is the
gauge field. We shall adopt the prescription of W 1180113 and Kog,rut—Susskind3 in
which we associate a gauge field with the links between lattice points. Hence,
each link cor\responds to an independent degree of freedom. The simplest model
of interacting fermions plus gauge fields is the Schwinger model, or QED in
1x-1t dimensionsg4 This model is soluble inthe continuum; we shall show that it is
soluble also on the lattice for strong coupling since then we can reduce it to a
variant of the linear Heisenberg antiferromagnetic chain. We shall encounter
once again the phenomenon that while the usual degrees of freedom become very
maséive there are low lying gauge invariant states corresponding to bound states
of fermion-antifermion left behind. This result is intimately connected to the fact
that our formalism for handling the fermion field allows for gauge invariant states
with fermions and antifermions at the same lattice site and no flux links.
The same phenomenon occurs also for the non-Abelian gauge theory in 3x-1t
dimensions. The most interesting results obtained in the large coupling limit
are:
(i) The only "gauge invariant states' which remain at low mass have
the quantum number of physical hadrons.

(ii) The‘ resulting "effective strong coupling' theory preserves the full
chiral symmetry of the exact theory (SU(3) x SU(3) for three colors
and three flavors) and describes a theory of ”‘massless bare hadrons"
interacting with one another through a quark interchange mechanism

of finite strength.
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In obtaining these results for the non—Abeliaﬁ gauge theory we were using Kogut-
Susskind formalism for the gauge field. In this formalism the Hamiltonian is
written in terms of angle variables (rotors). An important question is whether

by adopting the prescription.to work in terms of angle variable one does not build
in implicitly confinement. In this respect the Abelian case (QED), which is known
experimentally not to confine, should serve as a test case.

A. The Schwinger Model

The Hamiltonian of the Schwinger model on a lattice in 1x-1t dimension in the
gauge

Ay=0 (5.1)

is written as

- o -
H=A Z X]- a(id (Jl ]2) U(Jl JZ)Xj 4__1.ZE2(£) (5.2)
31]2 1 2 2 7

in terms of the fermion field Xj and the gauge field A(f). The electric field E(£)
is given by
E®) = -A@® : (5.3)

The index j runs over the lattice points, while £ runs over all the links.

UG.-io)=  IT UWw=0, . _ ,)U0{ cao)ess UMW, 4 L)
172 <0<, Jp 3t UL 2 jo~1rig
(5.4)
where the product goes over all links, £, between the lattice points jl and jz.
. ig Al
.U = elgaA(ﬂ) =e 0 a=1/A, g,°82 (5.5)
with the convention
Ally o) = -Al, 1) = -A(Y o) (5. 6)
so that
U(ﬁl’z) =U (122, 1) U ( 21’2) (5.7
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Note that the electric flux has a direction associated with it. We have scaled all
degrees of freedom by the appropriate powersl of A so as to work with dimension-
less fields. The dimensionless coupling constant is g, = ga.

Formally the Hamiltonién (5.2) reduces to the usual continuum Schwinger
model in the limit a-~ 0. The canonical commutation relations of the fermion
field is given by (4.17), while those for the gauge field are

[Am),Am)] = [EM),E(m)] =0

_ (5.8)
[Am),Em)] = 6, o
The condition (5. 1) does not fix the gauge completely. The Hamiltonian (5.2) is

still invariant under time independent gauge transformation
i j

-ig A,
+ + 0
X; ¥ e ) (5.9)

Ally o) =AW )+ (A

1Ay

Js 3F
We can talk about gauge transformation at each given point j ! the lattice. Under
sucha transformation onlyAJ. in (5.9) is different from zero. The generator of

0
this transformation is

+
G, =E@. . .,)-E@ 4 .)-gX X. (5.10)
N jordgtl Jo=L:dyt T0%y g
The gauge invariance condition demands that Gj annihilate every physical state
0
GJ.O wphysicaf =0 (5.11)

which gives us the lattice version of Gauss law (VE =p). Using the canonical com-

mutation relations (5.8) it is easy to compute

igOA(mﬂ ig An)
- 8g° 611, m g"()U(n)én, m (5.12)

[BEw, vm)] = [E(n»e
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Hence, the operator U acts as a ladder operator on the eigenstates of E shifting
them by the value g0 U(’Ql, 2) is, therefore, an operator which create a unit flux
(of magnitude %—g% oriented from site 1 to site 2). We are interested in studying
the strong coupling behaviof of (5.2), gy Note that this limit means that
g=g0/a >> 1/a as a —0. It is convenient to rescale the gauge field by means of a

canonical transformation

A (8) = gy AW
(5.13)
=L
EW = 2 E(0)

so that

[6(m), Um)] = Un)os (5.14)

n,m )
When U(n) opérates on an eigenstate of & containing S unit of gauge flux on link n,
i.e.,

&(n) IS(n)> = S1S(n)> (5.15)
it increases the flux by one unit

U(n) I1S(m)> = [(S+1)(n)> (5.16) -

The rescaled version of the Hamiltonian is

+

' eu{(ﬁ) X.
h

2 2
H=Alges D60+ 2 X J
2

a(is'(i;-i) 1T
! g

1285,

= H,+K (5.17)

From this expression it is clear that the free gauge field HO is dominant for large

. g0>>1. The ground state of H0

H0=

rof >

gg % 2 (5.18)

is the state of zero flux at each link. All other states with one or more nonzero

flux links lie higher by at least %g‘gA >> A. Since HO contains no reference to the

fermionic configuration, all zero flux states |y, 0>, where ¢ is any fermionic
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configuration, are degenerate. It is up to the kinetic term X to lift this degen- _
eracy. We are going to do perturbation theorﬁr in K. It is clear that, since
U(jl—jz) connects ¥, 0> to state with nonzero flux link whose energy is %—ljl—jz IggA,
there is no energy shift in first order.

The first contribution is obtained in second order. Using the representation
(4. 26) we find the effective second order Hamilfonian

- _ _sstgs s Castgs s + _ + s s
Hogp=-02, (16 Uy 32)>( 10703 ]4)> E[(bj ij d; 4 )U(Jl Jg) In>

i,(—l—<nl<b4.m b, -, dl )U(jS—j4)} (5.19)
‘n 1334 J3 )4

The only intermediate states which contribute are those for which the electric flux
created by U(jg—j4) is annihilated by U(jl-jz). Hence, the sums are restricted to

Jg=ige 3{Tly The energy denominator E is

HO{U(jl—j2)|0>}=HO 7 U(!Z)lO>:./2_Xg(2)lj1—j21{U(jl—j2)10>} (5. 20)

jissiy
Therefore
oL \2
H = _2.1.\' M 3 1_n 3 1. 3 l_ ’s - 2C+ C
(5.21)
where
C.=db.
] J )

The gauge invariant condition (5.11) demands that any nonzero charge should be
accompanied by the appropriate electric field. Since we limit ourselves to zero
flux states there must be either a fermion-antifermion pair or nothing at each
lattice site. Note that the huge degeneracy encountered has to do with the fact

that our definition of the gradient allows particle and antiparticle to be at the same
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site. As for the Thirring model we can define conserved fermion charges Q and
Q5 (4.33). All the zero flux gauge invariant s‘tates have Q=0 but differ in their
Q5 eigenvalues depending on the number of sites, p, occupied by pairs, i.e.,

Q5= -(2N+1) +2p. Within this subspace nb(j) =nd(j)

YA

' (6‘(3 ~Jg)
Heff=—i“% 3 -————1——2—)~ (n. (1-n, )+ C C. )

gy Iy liptigh V1o J2 il

(5.22)
4A (5'(:] -] )>2 3 3
;o =5 N S S S
--5 X L (4+sjs.j sjsj)
gq Iy |]1"32| 1°2 172
where the spin operators have been introduced in the same way as for the Thirring
model. For the low lying gauge invariant states in the strong coupling limit the
Schwinger model is equivalent to a linear Heisenberg antiferromagnetic chain,
and the analysis applied to the Thirring model is relevant for this case too. More-~
over due to the extra convergence factor in the correlation function of the Schwinger
model 9
o <6T(j1"j2)>
X(j, j,) = e (5.23)
172 =i
11702
relative to that of the Thirring model (4.38) we can prove, provided we negiéct
boundary effects at the end points of the lattice so that Heff describe a transla-
tionally invariant system, that there is no mass gap in the excitation spectrum.,
We encounter here once again a situation in which for large coupling the normal
excitations become extremely heavy. However there is a zero mass spectrum
* left behind (even when a —0) which after a wave function renormalization looks
perfectly relativistic.
The continuum Schwinger model has been solved exactly. It is known that in

the sector of gauge invariant states only fermion-antifermion bound states exist

which cannot be pulled apart. This is due to the fact that in 1x dimensions the

Coulomb energy is proportional to the distance between the fermion and the
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antifermion. The same thing happens also for the lattice theory. All gauge
invariant states must have zero total charge, ’Q=0, and a fermion &t site jl must
be joined to an antifermion at site ig by a flux line which costs an energy

%gg ljl—j2 IA. The Schwingér model is exactly soluble in the continuum?ﬂt is
knowr%Sthat the solution is equivalent to the solution of the Thirring model plus
extra massive photon whose mass is proportional to the coupling constant. Clearly
we find the same result in the strong coupling limit of the lattice theory. The
Hamiltonian (5. 22) is equivalent to the strong coupling Thirring model (4. 38) aside
from the extra factor 1/|j1—j2I in Heff’ The massive "photon" state will
comprise of a quark and an antiquark joined together via a flux line (to ensure
gauge invariance). Since the "mass" of a flux link is proportional to the coupling

constant, theimass of this state is proportional too to the coupling constant. In

particular Banks, Kogut, and Susskind shovgfsthat the gauge invariant state

ly>= 3 b'jF U, . ) dl

: 5 ier) Gap 107 (5.24)

represents a massive "photon' with zero momentum.

'In comparing the lattice Schwinger model spgctrum {o the contimiur»nr spectrum
the following comments should be remembered. 25 The diagonalization of the
Hamiltonian in the continuum leads to a spectrum consisting of a massive photon
and a massiess scalar boson (corresponding to a solution of the Thirring model).
The full theory is therefore equivalent to a direct sum of two free noninteracting
theories and in this respect is in a way uninteresting. If we restrict ourselves
to the states created by the algebra of gauge invariant operators and choose to
work in one of the noncovariant gauges we can select out the massive photon part
of the theory. This is the reason why in the usual continuum treatment one talks
only about the massive photon state. The algebra of gauge invariant operators

contains, besides the electric field,bilocal quantities defined by a split point method
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which in the lattice language corresponds to having particles and antiparticles at
different lattice sites with gauge field links be;c\veen them. States created by
these operators will be very massive in the large coupling limit. In particular

the operator ¥(x) y(x) whose .discrete analogue on the lattice does create the zero
mass state is singular and must be defined in an appropriate way (by splitting the
points and subtracting away the singularity in the limit). The usual normal
ordering definition using the split point method decouples the zero mass state

from the algebra of gauge invariant operators. On the lattice, however, the zero
mass states are created by the well defined gauge invariant operator @jzpj. Hence
the algebra of gauge invariant operators on the lattice is larger and does not select
the massive photon. The question of the continuum limit is certain%y nontrivial and

deserved much more study.
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B. The Non-Abelian Color Gauge Theories in 3x-1t Dimensions

The results obtained in the preceding disc;ussion can be directly generalized
to non-Abelian gauge models in higher dimensions. As in the preceding discus-
sion, because our forlnalisﬁ-includes gauge invariant states with fermions and
antifermions at the same lattice site and no flux links, there are low mass states
in the strong coupling limit. We follow the same prescription of Wilson3 and
Kogut and Sussk:‘md3 for the gauge field in 3x-1t dimensions. For the fermion

field the gradient operator as defined in (1.6) leads to the Hamiltonian

_ electric part of\ + o ) .{,—»—» T—-.—f} 1
= Hy(* gauge freld )»AEX (3 tie} Xy {9311 VG-I + O< 2)

> g
iy
=H +K+0[% - 5.25
=% 5 (2) : (5. 25)
g
where
81 (37-1) =6'(j,~L,)6. , 6. , ete. (. 26)
1 171 32,22 33,23
and U(Tl—TZ) is a product of terms of the form
- . )\'.—b—b’—-b
U(@) = SN AL 5.27)

where A(f) are the canonical link fields, and A are c-number matrices belonging
to a specific (N, N) representation of the gauge group as determined by the choice
of represehtation for the fermion fields. Equation (5. 2) defines the obvious
straight line path on the lattice for the flux links joining Tl to _J;
In the strong coupling region of large g the important properties of (5. 25)
are:
1) The low mass statés are those with zero flux links and an arbitrary

configuration of fermions. All others are pushed up in energy above ~ ggA.
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2) When U(f) hits an unoccupied link—i. e., one for which no gauge field
has been excited—it excites the link and increases the energy of the state by ~ g(z)A.
At this point we proceed in close parallel to the discussion of the Schwinger
model with strong coupling.‘ Focusing our attention on the sector of gauge invari-
ant states, we study the way in which the fermionic part of H mixes all"the zero
energy eigenstates of H 0 (gauge) that have no flux links to split their degeneracy.

In a theory with the SU(3)x[SU(3)] symmetry of the quark model all states

color
with (qq) or (qaq) ata lattice site in color singlet states are included in the low
lying sector of gauge invariant states. These are the states having the quantum

numbers of ordinary hadrons.

If we choose the spinor representation

B, b;‘ d“jF

Xj = 1 B=| ! Dj =1’
D. b d.

j j j

we can rewrite the fermionic part of H as

K= 3 & (3 7) 00 [8*1)580)-06) 7070y .29
Jile

As before K moves a quark in a straight line from 3; to Tﬁ!}; (or an antiquark
from 31 to _j;) and at the same time excites a unit of gauge flux on each intervening
link. Therefore we must go to second or higher order in K in order to mix the
degenerate color singlet fluxless states.

Furthermore since 6'(0) =0, the action of K in second order allows scattering
and interaction among these states but it introduces no self mass term involving
only quarks all at the same lattice site. Hence our effective Hamiltonian for the

low lying gauge invariant states of "bare colorless hadrons' corresponds to a

theory of bare massless strongly interacting particles. Our starting point is a
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strong coupling theory with the full chiral SU('3)'>< SU(3) symmetry if we choose a
fundamental quark triplet. Instead of having to drive the pion mass down to zero
to insure PCAC we have a zero mass starting poirit and must solve the problem
of generating the hadronic niasses either by a dynamical breakdown mechanism
yet to be explored or by explicitly introducing chiral breaking interactions into
H ab initio,

The real work of solving for the hadronic spectra and interactions still
remains to be done. What we have formulated here is a starting point in terms
of a chirally invariant gauge theory (of color) which reduces in the strong coupling
region to a system of interacting ""bare' particles with hadronic quantum numbers.
In the gauge invariant sector the quark and gluon degrees of freedom are frozen
out since sych states with excited flux links are pushed up to very high energy
above %ggA > A. This is a very different starting point from earlier formulations
tha£ destroy local chiral invariance by splitting fermion field components onto
different lattice sites.

In conclusion we make some general observations:

1) According to (5.28) K acting on a fluxless gauge invariant state moves a
quark or an antiquark, creating the associated ﬂ.ux link. To second order it can
either move a quark (or antiquark) from an initial site to an infermediate one, and
then move it back again to where it started, thereby cancelling the flux link, since
U(jl—jz) U(jz—j 1) =1; or it can move both a quark and an antiquark from site j1 to
j2 without creating flux links in the final state. This is illustrated in Figs. 12a
and b. This amounts to a kinetic energy term as we saw in the analysis of the
Thirring and Schwinger models.

2) If there are two hadrons present on different sites, the second order
application of K can lead to a quark interchange interaction between them, as

illustrated in Fig. 13. Starting from color singlet states the badrons will also
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end up as individual color singlets if no flux links are created in the final state.
However, SU(3) quantum numbers can be changed.

3) A single three-quark baryon can move from one site to another on the
lattice only as a result of 3rhd_ and higher order applications of K. This is because
each order of K can move but one quark at a time. This means that baryonic
masses are displaced relative to the zero order degenerate eigenvalue of HO by
factors of order 1/g§ in contrast to the 1/g(2) shift from second order application of
K to the meson states. The significance of this for hadronic mass spectra and for
the choice of coupling strengths gg remains to be studied. So does the entire
question of how our bare massless mesonic states become dressed to form the
true physical states containing (qg) clouds with which they can intex:act via the
quark interf:hange mechanism,

4) In the gauge invariant sector, all exotic states of nonzero triality contain
ﬂu>'; links and are therefore pushed very high up in energy above ggA . Exotic
states of the second kind—namely, states such as {(qa)octe t(qél)octe t}single ¢ with
quarks and antiquarks finally coupled to color singlet configurations, but not con-
tained in the normal quark model—do occur. However, whereas the vacuum and
ordinary ¢q mesonic states will have their degenéracy split and can be pushed
down in energy with second order application of K, these exotics of the second kind
are shifted only in higher order since it takes fourth order application of K to move
‘them on the lattice. Hence, if they were stable, we would expect to find them
lying higher in the energy spectrum. In fact, it is easy to see that such states
" can decay, in second order, to ordinary separated qq states.

5) Glue balls—that is states of pure gluon, or flux link, configurations—lie
very high in energy above our low mass gauge invariant sector since they will have

the energy of at least four flux links, 2g§A.
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. FIGURE CAPTIONS
The equivalent potential of the gb4 theory.’
The lattice notation.
The ground state energ;hz-as a function of the vacuum expectation value ¢
for fixed A and different f, for the momentum space variational calculation.
Phase diagram for the momentum space calculation in the presence of an
external source J.
The single site anharmonic potential.
The "kink" configuration.
The radial potential.
The ¢ -potential. N
The level structure for the renormalization group calculation of the spin
1 problem.
The levels in the anharmonic potential of the ¢4 theory.
Energy momentum dispersion relation for a free Dirac particle.
Motion of a qq state on a lattice to second order 1/g2. (a) q (or q) moves
to a different lattice site exciting the intervening flux links and then returns;

(b) q moves to a new site and is then followed by the q.

Quark interchange interaction between mesons.
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