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ABSTRACT

We describe a numerical investigation of an analogue quantum spin
lattice model for Reggeon field theory, when the bare Pomeron inter-
cept o is close to its critical value e For a<a, we derive the
usual scaling laws and calculate approximate values for the critical
exponents. When « 0> %oe’ the Reggeon field i does not gain a nonzero
vacuum expectation value, and there is no spontaneous symmetry break-
ing. Instead, there appears a state |1> which is degenerate with the
ground state 10>, The order parameter, ¢, is proportional to the tran-
sition matrix element <0 |y |1>. As g, from above, ¢ vanishes like

(o 0~ 00’8’ where B is a new exponent. The opacity of hadronic matter

at infinite energy is roughly proportional to 0-2.
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Recently, a quantum spin lattice system, which has the same critical
behaviour as Reggeon field theory, has been proposed [1,2]. Reggeon field
theory [3]is a theory of quasiparticles which reside in impact parameter space
and propagate in rapidity. Its critical behaviour claims to describe diffraction
scattering at high energies and small momentum transfers, when the'leading
vacuum singularity has an intercept near one. Several methods have been
employed to investigate this critical behaviour. The pure field theoretic approach
works well when the number D of dimensions of impact parameter space is near
four [4,5], or exactly equal to zero [6]. Classical analogue spin systems, which
discretise both impact parameter space and rapidity, have also been used [7, 8].
While they lead to some interesting results, they tend to be too involved for
practical calculations, and, moreover, give little insight into the nature of the
phase transition.

The new quantum analogue spin system has the advantage of having one less
dimension, being a Hamiltonian formulation on a lattice in impact parameter
space. It is therefore possible to carry out practical renormalisation group
calculations, even in D=2, More importantly, it gives considerable insight into

the nature of the ordered phase, when the bare Pomeron intercept «, is greater

0

than its critical value « oe’ A previous investigation of this question, by
Abarbanel et al. [9], using field theory and based on an analogy with real ¢>4
theory, came to the paradoxical conclusion that Lorentz invariance of the scat-
tering amplitude was spontaneously broken. Recently, in an important paper,
Amati et al. [1] have come to different, more satisfactory, conclusions using

the quantum spin model. Their results are based on variational calculations and

mean field theory, and will be described shortly.
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Since the quantum spin Hamiltonian appears to be too difficult to solve
exactly, even in D=1, we investigated it using numerical methods, by con-
structing an approximate renormalisation group transformation which is an
explicit realisation of the ideas of Kadanoff [10] and Wilson [11]. These same
methods have recently been applied to an Ising model in a transverse ‘magnetic
field (which is the quantum spin analogue of real q§4 field theory), to obtain
reasonable values for the critical exponents [12].

Our calculations confirm and amplify most of the results of Amati et al. [1].
While the quantitative results for the exponents are not very good, we believe
the qualitative features of the calculations to be correct. We have tested this
by making different approximations. The qualitative features are preserved.

The main conclusions, which largely reproduce those of Amati et al. [1]
are as follows:

1) In both D=1 and D=2 the systeni undergoes a second order phase tran-
sition, characterised by the onset of long range order. At the critical point the
Green's functions satisfy the scaling laws suggested by the e-expansion [4,5].
For a,.<a, correlations are short-range, and there is an energy gap A (which

0 " 0c
represents the distance of the intercept of the physical Pomeron pole below one).

14

A1is related to (aOC—aO) by an exponent: Acc (aOc-on) .

2) For >0 s in the ordered phase, the system differs considerably
from ¢>4 theory and a conventional ferromagnet. The ground state remains the
original ground state [0> which is annihilated by the bare quanta of the Pomeron
field . In addition, there is (at least in the analogue spin theory) an isolated
zero-momentum state |1> which remains degenerate with {0> for « 0>%ec The

matrix elements <0 | |1> and <1y |1> are nonzero in the ordered phase. In the

disordered phase (on<onc), they are zero.
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In ¢4 theory, in the same approach [12, 13] one also finds degenerate states
10> and 11>, but |0> is not the unperturbed ground state, and <0 ¢ [1>=<1]¢ 10>#0,
<016 10> =<1{¢|1>=0. As a result, one can, in this case, define new ground
states lO>i= (1/J_2)( 10>+ |1>), which have the property that there are no nonzero
transition matrix elements between them. One is then free to choose‘either as
the physical vacuum. In these states, the field operator ¢ has a nonzero expec-
tation value, and the original symmetry ¢ —~¢ is spontaneously broken. This
expectation value is the analogue of the magnetisation in a ferromagnet, and
plays the role of an order parameter.

In Reggeon field theory, because <1y |0>=<0]y|0>=0, one cannot make such

a construction. Also, because it turns out that -

<0 [pll>=<11P 10> (1.1)
and

<lipl1>=<1iPI1> (1.2)
the y < symmetry is unbroken in the states |0> and 11>, The relevant order
parameter, 0 « <0y 1>, cannot be expressed as a vacuum expectation value.
Nevertheless, it possesses all the usual features of an order parameter. As

Q= 0, from above, it obeys a power law

e (1.3)

72y =%,

where B is a new exponent, which turns out to be related to the other three

principal exponents v, z, k by a scaling relation. As « 0= % o — 1 (in appro-

priate units). The behaviour of ¢, as calculated numerically, is shown in fig. 1.
3) Because |1> can occur as an intermediate state in the propagation of

the Pomeron (since <0 [y |1>#0), it dominates at large rapidities. As a conse-

quence, we find that the elastic amplitude at large rapidity has the asymptotic



behaviour

A(Y,B) —is B,f,0” (1.4)

where Ba"Bb are renormalised couplings to the external particles, and depend
weakly on « o ear o . Thus the opacity of hadronic matter at infinite energy

vanishes like 02 as a,—~a,., and for o 0 hadrons become increasingly black.
The behaviour of A(Y, B) for Y<B is outside the scope of our approximations.
Amati et al. [1] suggest that A—0 for Y<B, leading to an expanding grey disc
picture which satisfies the Froissart bound.

The results of our approximate calculations of the exponents are shown in
Table 1. Obviously they are not very good. However, except for the exponent z,
the results for the two-site cells (which, for reasons that will appéar, are more
trustworthy) are of the expected order of magnitude. The exponent z, which
measures the anomalous dimension between impact parameter and rapidity, is
probably estimated badly because the renormalisation group transformation treats
them in quite different ways. The same thing happens in the Ising model, where
z should equal two, but turns out quite large [12] . The results for the D=1 Ising
model in a transverse field (which is equivalent to the D=2 classical Ising model),
taken from the analogous work of Jafarey and Stoeckly [12], are shown in Table 2,
and compared with the exact values.

The layout of this paper is as follows. After a brief description of the deri-
vation of the quantum spin model in Section 2, we construct an explicit renormali-
sation group transformation in D=1, This turns out to have nearly all the salient
features of the more complicated D=2 calculations, which we have relegated to
an Appendix. Thus all our discussion will be based on the D=1 model, and we

shall merely point out when a particular result is peculiar to that dimension. In

Section 4 we show how to derive the usual scaling laws for the Green's functions
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and discuss the nature of the spectrum for ¢, < @_ . In Section 5 we investigate

0 Oc
the nature of the ordered phase, and the order parameter, and explicitly con-
struct the state [1>, This turns out to be particularly simple in the limits
Qy—teorr,— 0. By considering a typical Green's function, we show that |1>
is an isolated state, at least for the quantum spin model, and not conn‘ected with
any k#0 spectrum. In Section 6 we discuss the implications of this picture for
the asymptotic scattering amplitude. Finally, we discuss the limitations of our
treatment, and the considerable possibilities available for its improvement.
2. QUANTUM SPIN MODEL
For the purposes of orientation and establishing notation, we first give a
brief derivation of the quantum spin model. For further detaiis, the reader is
referred to refs. [1,2]. The method parallels that of Stoeckly and Scalapino [13]
for ¢4 theory. It relies heavily on the detailed analysis of the D=0 problem [6].
The Hamiltonian for a Reggeon field theory with a triple-Regge coupling is
ir

D_| o= - o
H= [ ‘abvw- V9 + AgTib+ 5 B ¢1| (2-1)

where the field operators y, J satisfy canonical commutation relations

- D
[, 5 0] = 6P x=x1) (2.2)
On going to a lattice in impact parameter space of spacing b, (2.1) can be replaced
by )
g
=L Hy =5 2 G- 9) 0 9) (2.3)
~ 0] 2
j <ij>
where
- 1. -D/2 - -
H, . = ). +=1ir b A+ . . 2.4
0j = Q0P F b W E) v, (2.4)

and we have rescaled the fields

-D/2 -D/2

. (2.5)

b =07 %y, J

i px;) =D



so that
[v 3] = o5 (2.6)
In (2. 3) the second term represents a sum over pairs of nearest neighbors i, j.

If we first consider the case a!=0, we have a system of uncoupled D=0 systems.

0
Forr 0 small enough, it is known [14, 15] that the phase transition occurs at a
large negative value of AO=1—oz 0° In that regime, Bronzan et al. and Jengo [6]

have shown that the spectrum of H j is simple. It consists of a ground state, l0>j’

0
which is the state annihilated by z/)j, and a low-lying first excited state, I1>j’ with

energy
- a2pD/2 242H"
€ = ?__TITO—I_eXp - 3 (2.7)
Yo

All the other states have much higher energy (of 0( IA0 {1)). Therefore, if oz(?) is
small, we expect that only product states of I0>j and |1>j will have significant
matrix elements with the low lying states of the full Hamiltonian H, which are
relevant to high energy diffraction scattering. We therefore neglect all the high

lying states of H and proceed to write H in a basis consisting of product states of

05’
10>, and [1>..

J J

Although this truncation is an approximation, it is in a sense an arbitrarily

accurate one for calculating the exponents. The reason is that changing oz(’) does
not change the exponents, but only the value of 0o By choosing ozb and T,
sufficiently small, we can drive the neglected states to arbitrarily high energies.
In the case of real ¢4 theory in two dimensions, the analogous procedure [13]

gives the one-dimensional Ising model in a transverse magnetic field, which can

be solved exactly to give the correct exponents [13, 16].
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In order to write H in the truncated basis, we need the matrix elements of
zpj and zﬁj between |0>j and |1>j' From the work of Bronzan et al. |6] one finds

- D/2
<01y il>. = <19, 10>. =21A |b T 2.8
j I¢J| % lz,bJ| i ! 0' /0 (2.8)

- . D/2 .
<1l 11>, = <1, |11>. =21 1A. b 2.9
i Iz/)JI > IwJI > 1141 /rO (2.9)

It is interesting to note how the non-Hermiticity of H manifests itself in (2. 9).

0

If we introduce matrices

0 0 0 1 0 0 _
< > < > < ) &. 10
0o 1 0 i 1 i

we can write

4 = [2 14, w2/ 2/1'0] a, @.11)

3= [z 18, B> 2/1'0] 3,

Using the fact that Ejaj=0, H finally has the form

H=cY e -p° 3 @a +3a) 2.12)
T A
where
2 D-2 2
p” = 4albo (8,/T,) (2. 13)

Equations (2. 10), (2.12) give the form of H in which we shall use it. Obviously
it can be expressed in terms of the Pauli matrices, which is why it represents an
interacting system of spin one-half objects. It turns out that (2.12) is more con-
venient for renormalisation group calculations.

If H has a phase transition it will occur at a critical value of the ratio
T= €/p2, since it is only this which determines the nature of the spectrum. This

will determine, via eqs. (2.7), (2.13) the critical value AOc' Note that this
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quantity will not have the logarithmic dependence on b which it is known to have
[14, 18] for small b in D=2. This is because the two-level approximation breaks
down as the lattice spacing goes to zero, since ozb/b2 becomes large.

There is a subtle point in using the quantum spin Hamiltonian. As can be

o]

A
. U

[
vV

itly, the states 10>, and |
tions (2.6), so we cannot use the matrix representations (2. 10) to derive equa-
tions of motion for the dynamical variables z/)j, ij. Rather we must go back to the
correct equations of motion and take matrix elements between IO>J. and I1>j.

As another example, we see that the matrix a satisfies

a =i "a for n>1. (2.14)

However, in Appendix B, we prove that <0 Izl);l f1>#1 -1 Izl)j 1> in general.
3. RENORMALISATION GROUP METHOD

We now restrict ourselves to the case D=1. Two possible approximations
in D=2 are considered in Appendix A, We begin by grouping the sites of the one
dimensional lattice into pairs. Each pair forms a cell. We seek to write a
Hamiltonian involving only quantities defined for each cell which will have the
same form as H and exactly the same matrix elements. Obviously this is
impossible to do exactly, since each site has two states, and each cell has four
states. By solving the Hamiltonian for an isolated cell exactly, we find that there
are two states which always lie lowest. We make the approximation of neglecting
the other two cell states, and demand that our new cell Hamiltonian H' have the
same matrix elements between the states we retain as did the initial Hamiltonian
H. We find that, by making a small generalisation of the form of H, that this is
possible. This then constitutes a renormalisation group transformation in the
sense of Wilson [11], since H' is equivalent to H, but has different pérameters,

and has all lengths scaled by a factor of two.
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Obviously the truncation of states described above is on a quite different
footing from that involved in deriving the quantuin spin model in the first place.
We shall see, however, that it is a very good approximation for the low lying
states for Qg>>a s and moderately good at the critical point.

The type of real space renormalisation group transformation we use is
rather different from those considered by Niemeijer and van Leeuwen [17], and
Kadanoff and Houghton [18], for classical spin systems, and applied to Reggeon
field theory in ref. [7]. These methods seem difficult to apply to quantum sys-
tems. Recently Friedman [19] has developed a method which involves projections
onto the ground state, which works well for the Ising model in a transverse field.
Unfortunately it fails for Reggeon field theory, since the ground state turns out
to be a renormalisation group invariant.

Before constructing the transformation, we generalise the parameter space
by writing

H=¢ ch- > [(pl(f;-'i'ipzcj)(plo'i—’l'ipzci) + (i< j)] (3.1)
j

<ij>

+ 0 1 0 O 0 0
L) LY L) e
0 O 1 0 0 1

This reduces to (2. 12) for P=Po=P- We note that there is no underlying symmetry

where

which requires P1=Py" However our initial Hamiltonian should always have this
form.

The Hamiltonian for a single isolated cell with sites j, j+1 is

cell _ + - '
H =€ <Cj+ Cj+1) - [(pl()'j +p20j)<p10'j+1+p20j+1> + (+ - —)]

(3.3)
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With respect to the basis {IO> lO> |0>j ”‘>j+1’ l1>j [0>j+1, |1>j ll>j+1} it has
the representation
0 0
-p2 -ip4p
cell 1 172 (3.4)
'Pl € “ipyPy
he D~ O 2
\0 ey clogpg  2€TERY)
Hcell is a complex symmetric matrix. This is true for an arbitrarily large cell,

. + . - . .
since o is the transpose of 0, and c is symmetric.
The eigenvalues are

~

0

€+pi
A= B (3‘5)

2]1/2
1 2 2 2 2 2 2 2
L—2- l3€+2p2—p1:}: [E +4€p2+2€p1+<2p2—p1)] ]

The lowest state is just |0>j |0>j

1 The first excited state has energy

1 2 2 211/2
' =3 3€+2p2 pl— € +4€p2+2€p1 (sz pl) (3.6)

For € « p?,p; and P1=Pg; this state is nearly degenerate with the ground state
and has energy €'= 0(62). For € >> pi,p‘g it is nearly degenerate with the state
with energy €+ p?. In the intermediate region, it lies somewhere between. We

denote this state by [1> 1t has the form

cell’

1 =A10>. 11>, .+ All>. 10>, +iB 1> {1>, 3.7
11> J1 j+1 |>J i IJ! (3.7

cell +1 j+1

where

P1Pg

A=+
2 2 2 2]1/2
[2p1p2— <p1+e'—<-:> ] /

(3.8)
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pi+€'—€
2% 72 51L/2
[291P2‘<91+€"€> ] /

A subtle point arises here, due to the non-Hermiticity of H

B =

cell<1] to be a left eigenstate of Hcell’ we must define it to be

cell

although A, B are real.

242 _p2-1

cell

<1j=A <0}. ,<1}+A <1}. .,<0]+iB <],
’ j !J"'l ! j lJ+1 ' it

The correct normalisation of (3.7) is then

(3.9)
If we want
1<1 ] (3. 10)
(3.11)

which is satisfied by (3.8), (3.9). We must therefore expect to meet some states

with negative or zero norm.

We now want to write a new Hamiltonian H' which will have the same form

as (3.1) where i, j now represent cells, and has the same matrix elements as H

between all product states formed from IO>c

ell
that
cel1 |G;I1>CeH: A
cer1<1195 10> gy = A
cel1 ! IG;— 11> 1 = 1AB
cenn<1105 11>y = 1AB
Cell<1 ch l1>CeH = Az_Bz

with all other matrix elements zero.

and |1> . To do this, we note
cell

(3.12)

Therefore, with respect to the cell basis (plo;c +p 2cj) has the same matrix

elements as (p'laji' + p'ZCJ.,), where cr%, and cyare cell variables, as long as

j
Py = Aoy
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2 _2
pl = (A"-B%)p, + ABp, (3.13)

If we express H! in terms of the new cell variables and the new parameters €',
p'l, p'z, we are then assured that it has the same matrix elements as H between
all product cell states. Equations (3.6), (3.13), with A, B defined as in (3.8),
(3.9), define our approximate renormalisation group (RG) transformation. We
remark that if p{=pg it is not necessary that pPI=PH- This justifies our initial
enlargement of the parameter space.

Fixed points and numerical results

Since only the ratios €/ p:2l, p;/ p? are relevant in determining the spectrum,
it is convenient to map the three-dimensional parameter space on1io a triangle,
shown in fig. 2, such that the distances from the labelled sides are respectively
proportional to €, p‘ri and pg . Our initial Hamiltonian corresponds to a point on
the line pi'—“p;, and the variable T= s/pi denotes its position on that line. There

are two stable fixed points of the transformation which can be found analytically:

Sl: € — constant, Py — 0, pl/p2 —-0

SZ: P~ Py~ constant, € — 0 .

In addition, there is a fixed point U, located approximately at

<€/p§>* =1.26, <p§/p§)*= .80 (3. 14)
This point is unstable in E/p?. and stable in pg/pi. U lies on a critical line such
. that any point on this line is driven to U. As this happens, e, p?, pg all tend to
zero, in a fixed ratio when near U. The critical line intersects the initial line at
T =TC= 1.14733. (Note that numerically one can determine ’I‘C very accurately,
but the fixed point values (3.14) are harder to pin down, since the trajectory

starting at any given initial T always diverges before it quite gets to the fixed point.)
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The point T=TC corresponds to a critical Pomeron, « 0" % Any trajectory
starting at T> Tc (o o< Oc) ultimately ends up at Sl’ while a trajectory starting
at T< Tc (on> onC) ends up at Sz.

We remark parenthetically that there are other fixed points around, including
a stable one at p2=0, e/p?» constant. When p2=0 (3.1) is equivalent to a free
fermion theory in D=1, and is exactly solvable. Unfortunately, this possibility
of exactly calculating the D=1 exponents is quashed by the numerical fact that this
fixed point is unattainable from the initial line.

Several trajectories are shown schematically in fig. 2. The picture we have
described is a classic example of the general structure of the parameter space
which corresponds to é second order phase transition, as discussed by Wilson
[11].

4, SCALING LAWS AND EXPONENTS

The object of interest is the two-point function
Gx, Y, H) = <0lp, e 3, 10> (4.1)

where x= li-j|, and 10> is the ground state of H. By iterating the RG transforma-
tion until the cell is as large as the whole system, we see that [0>= ﬂ 10>,. So
the ground state of H is that state annihilated by the bare quanta zp] %For @y e
this is due to the nonrelativistic nature of the theory, and the absence of vacuum
processes. It persists for Qg>0g . This behaviour is different from that
exhibited in ¢J4 theory.

In terms of the matrices (3.2), G(x,Y,H) is, apart from a constant,

= 2 2 2)_ + -HY -
G(x, €Y,€/p1, pz/pl = <0 Icri e Uj 10> “.2)

where we have used the fact that, on the right hand side, Y appears only in the

combination HY. Let us now insert a complete set of cell states to the right of
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(T'il-, and to the left of O'j-. We denote the cell containing i by i', and the cell con-
taining j by j'. Also we use ﬁ>i' to denote the state of the whole system in which
the cell i' is in the state ll>i, , and all the other cells are in their ground states.
Equation (4. 2) is then equal to

H

+ ~ ~ - Y ~ ~ -—
<0 lGi ll>i' i,<1|e |1>j' j,<1I<Tj 10> 4.3)

~ 1! ~
? <l H Y|1>J., (4.4)

since H' has the same matrix elements as H between cell states. Equation (4.4)
can now be written as

2 + o ~ <H'Y = -
A" <0 IGi, |1>i, i,<1 le ll>j, j'<1 laj' [0> (4.5)

H'Y

=A% <oloh e o5, 10> (4.6)

which has the same form as (4.2) with H replaced by H', and the distance |i-j|

scaled by a factor of 2. Therefore
2 2,2 2 2 42,,2
G(x, €Y, G/pl,pz/p1> =A G(X/Z, €'y, e'/p'1 ,p'z /p'1 > 4.7

Now suppose we start off at T=Tc. After a large but finite number of iterations

we will be in the vicinity of the fixed point U. Suppose, at the fixed point,

=2 (4.8)

and

€t/e =2 4.9)

The expression on the right hand side of (4.7) is related to G(x,Y,H'), where H'
~Z
differs from H by a factor 2 2 only, since the ratios €/p§, pg/p?_ are unchanged

at the fixed point. Therefore, at the fixed point
-7

~Z

G<X,Y,2 2H>=G<X,2 2Y,H> (4. 10)
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and so

—Z3
G(x,Y,H) = 2 G(x/z, 2

-7
2y, H) (4. 11)

Repeating the RG transformation an arbitrary number of times

~Z

3 -7
Gx,Y,H)y= 2 G<x/7\,?\

2y, H> T @.12)
from which we obtain the familiar scaling law for the two-point function [4, 5]
(in D=1)
G, Y, H) = Y2 5 o2 /v (4. 13)
where
v+ -%- zZ =2 3/z 9
z = 2/z2 ) 4. 14)

Actually, because of our approximation, z This can be seen by noting

2
1

eq. (3.13). This happens because only one site in a given cell participates in the

3%y
that € and pi scale in a fixed ratio near the fixed point, and that p /pi=A*2, by
interaction with another cell. I we go to D=2, or if we include next-nearest
neighbour interactions, it is no longer true. An example of this can be seen in
the Appendix.

We can also derive a scaling law when e/pi# (e /p?_>*, which corresponds to

o _ 2
ozo#oz()c. Writing K= e/p1 then

Zq
K'-K* = 2 “(K-K¥) (4.15)

where zq> 0, since the fixed point is unstable in K. Going through the same argu-

ment as before,

z./2 1/z Z./Z
G, Y,K) =6 5 1 f<x6 1 ys 2 1> (4. 16)
where 6= |[K-K*|. Unfortunately, since the fixed point U is outside the space of

allowed parameters, § is not simply proportional to Ioeo-oncl or IT-TC |
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Determining & as a function of IT-TCI numerically is impractical since we can-
not determine K* with sufficient accuracy. Therefore we cannot relate z 2/z1 to
the exponent x of ref. [9]. Instead, we use another relation to determine «.
=0—0c- i

If we start with T> Tc’ after a large but finite number of steps we arrive in
the vicinity of Sl' If we iterate an infinite number of times, so the cell is the
whole system, we obtain a Hamiltonian with PP 2——-0, and e= A, say. In doing
this we wash out all states of the initial Hamiltonian with nonzero momentum,
since the cell size ultimately becomes larger than their wavelength. We are left

with a single excited state of zero momentum and energy A. This must be the

energy gap of the initial Hamiltonian, since, by construction, Hlm‘tlal and Hfmal

have the same matrix elements between the states we retain.
If we plot A as a function of (T—Tc) on doubly logarithmic scales, we find a

curve indistinguishable from a straight line for

-4

10 -1

T-T,
ST < 10 (4.17)

(The deviations at the lower end are due to the fact that we know Tc to only

5 decimal places.) This indicates the existence of an exponent p where

v v
A (T—Tc) o« (OAOC—OAO) (4.18)
The exponent is related to the k of ref, [ 9] by
v = 1/(1-k) (4.19)

If we stop the iterations after a finite number of steps n we retain the states

with momentum k|« kO where

(4. 20)



- 18 -

In this regime, Py and po are small, and € ~ A, so we can do perturbation
theory in the intercell couplings to obtain a dispersion relation of the form

E=A+ak> (4. 21)
which corresponds to a renormalised Pomeron pole below one, with a linear
frajectory.

As we increase oy towards e the trajectory will spend an increasing
length of time in the vicinity of the unstable fixed point U before diverging
towards Sl' In that case the scaling law (4. 16) is applicable. Thus we get a
smooth transition to the critical Pomeron as « 0~ %c
5. THE ORDERED PHASE

If we start with T < Tc (on > onC), the trajectory goes quite rapidly to SZ'
This is because €'= 0(62) for € small. Since €=0 for a very large cell, the
system has no energy gap, and there is a state degenerate with the ground state
|0>. This is of course just the state |1>, which is defined as the limit of the
states !T>ce11 as the cells become larger. By its construction, it is transla-
tionally invariant and has zero momentum.

In the case T=0, the state |1> can be constructed explicitly. For then the

trajectory begins at Sz, and remains there. Equation (3.7) becomes

|1>cell = ll>j |O>j+1+ |0>j l1>j+1+1 |1>j |1>j+1 (5.1
Defining
[p>. = 10>, + 11>, 5.2
¢ i i i (5.2)
and |O>cell analogously, (5.1) can be written
16>cen = 1925192544 (3-3)

Therefore the state |¢>= |0>+1i|1> is simply a product state

lps> = ﬂ 16>, (5.4)
j
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It is easy to check that é'j |¢> =0, so |¢p> is an exact eigenstate when €=0.
Knowing |¢>, we can then determine |{1>. Note that |¢> has zero norm, but
{1> does not.

|¢> is only an exact product state at T=0 (ozo —+o), At finite T, it is
approximately a product state over large cells (since A,B ~ 1 at that ievel), but
it is much more complicated at the single site level.

The question arises as to whether {1> is an isolated zero momentum state,
or merely the zero momentum component of a continuous spectrum with zero
gap. We shall argue that the former is true, at least at the level of the quantum
spin Hamiltonian, by considering the Green's function G(x,Y,H). Near the fixed
point S2 we can derive a scaling law in the same way as at U. In this case, since
A=1and €'/e=0 at Sz, it is simply

Gx,Y,H) = Gx/A,0,H) (5.5)
Therefore G(x,Y,H), for large x and Y, is simply a constant. This is due to the
presence of |1> as an intermediate state in the propagator. If there were any
low energy, nonzero momentum states, they would modify the behaviour of
G(x,Y,H) at large x,Y.

Further insight into the nature of the phase transition can be obtained by
considering the quantity.

o= <0la11> = <0 |a'jl'll> . 6)
which is related to the matrix element of the original field operator y by
<01y 1> = (2|A0|/r0)cr (5.7)

The quantity 0 can be determined by our RG method. We have, by (3.12)

<0 lcr;r 11> = A©) (5.8)

cell ell
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where A(O) is the function A evaluated at the starting point of the iterations.

Continuing the iterations indefinitely

<071 = ﬁ Al (5.9)
) n=0

One can check, analytically, that the infinite product exists. When @y < Qg

A(n)—» 0, and so <0 IG']." {1>=0. When ag>a A(n)—-»l, and <0 IU;-I1> is a

oc’

constant which can be evaluated numerically as a function of TC-T. Plotting o
against TC-T shows a power law behaviour which defines a new exponent which

we call 8, by analogy with statistical mechanics.

0 (TC-T)B « (QO_OZOC)B (QOZ'O[ (5.10)

Oc)

In the particular D=1 approximation we are using, ¢ is just equal to the final

value of Py if p11n1t1a1= 1, since they scale by an amount A(n) each time. This

is not true in general, as we show in Appendix A. In general PPy at S2,

but @ still tends to a constant. However it is still true that p 1/p2—-—> 1at SZ' Also
stays equal to ip 2/p1 as the cells get

the ratio <lja.l1> ../ ..<0la.|l>
c ] j c

ell cell’ cell

larger. We then find that

ell

<tla;l1> = i0 (5.11)

final _ final

is true in general, not just in D=1, where it is trivially equal to ip 9 Py

The other matrix elements can be worked out to give

<0 1911>=<11P 10> = (2|A0|/r0)a (5.12)

<1191l> =<1iP 11> = 1(2|A0|/r0)a (5.13)

As T—0, A(n)—> 1 for all n, and so 0 —1., The numerical calculations of 0 versus
T are plotted in fig. 1.

We see then that ¢ plays the role of an order parameter, vanishing identically

for T> TC, and tending to a constant as T—0 and the system is completely ordered.
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As explained in the introduction, ¢ cannot be written as a ground state expectation
value, unlike <;b4 theory.

6. SCATTERING AMPLITUDE FOR an>ay,

The elastic amplitude A(Y, B) is, at least for @p< g,
o0
ACY,B) =-is 3 MM 1yem)" " 300y™ 10> 6. 1)

n,m=1

where g;n) is the real coupling of n Pomerons to the external particle a. Since

[0> remains a (degenerate) ground state for o 0> %oc’

as the definition of A(Y, B) for « 0> % (Note that derivations of (6.1) hold only

for o O<l; above this value we must use it as a definition. One already does this

it natural to assume (6. 1)

for the critical Pomeron, when « 0=%¢> 1.)
Let us first consider the case n=m=1. As Y—« only the intermediate state

1> contributes, and we obtain
1,1 . 1 (1 2 2
ALY a5 gMeWiia 1/r %0 6.2)

For the higher Pomeron couplings, the answer depends on whether the
sources are localised at a single lattice point, or spread out over many. In the

first case we have to calculate matrix elements of the form
n n ~ n
<0l 11>= <01y, 11>, <1|l>= <0y, |1>. O 6.3
W)Jl ] IZle 3] l J lz/)Jl ] (6.3)

We show how to evaluate the single site matrix element on the right hand side in
Appendix B. It cannot be evaluated in closed form. However, it depends rela-

tively weakly on the input parameters near o =« 0c (which is the only region

0

where the simplified model has any meaning). We notice then that each term in

(6.1) is proportional to 02, and vanishes like (ozo—aOC)26 as @) —~ag .. From
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the Appendix, a "~ F(;‘ ) as n—=°, so that if g( ) é ) have the eikonal forms

(n) g /Il' , g}gn) = g]r;/n! (6.4)

the sum in (6. 1) certainly converges. However, in this limit of highly localised
sources, the sum (6.1) does not have the eikonal form, even though the bare
couplings g( ), g]gn) do have.

Now consider the opposite extreme, when the sources are very extended in
impact parameter. The appropriate matrix elements will then be of the form
<0 Iz/)] 14)32 v zpjnll> where the sites jl, .ens jn all lie within the source. This

matrix element cannot be calculated for arbitrary n except in the limit « ot

(or v, —0). In that case we can write

0

<O, vonth, |1>=-i<018, ...0, I¢>m-i[<0!;b.lqb>}n
iy ity j

= -1 [<o ly; !1>]n (6.5)

which is true because |¢> is then a product of single site states, and we can

neglect configurations in which two of the jr are equal. Then
AP g g™ a4 1/x )T 6.6)

as obtained in ref. [1]. For eikonal couplings, we can perform the sum over n,m

to obtain

-2g IAOI/r> (1 2gb|A0|/r0> _
e ~ 1S

A(Y,B) ~is (1 e 6.7

So, in this limit, the scatterer appears black. Note th:it to derive this we assume

both r 0 small, and completely uncorrelated emission of the Pomerons. This

approximation is, no doubt, more suited to nuclei than hadrons. As « 0~ %o’
eikonalisation breaks down, even though the bare multi-Pomeron couplings have
eikonal form. This is because the site spins are then highly correlated in the

state |1>.
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To illustrate how one can still calculate the higher order terms in (6. 1) in
this regime, we consider the matrix element <0 IZIJJ.Z/)J. +1 |1>, a contribution to the
terms in (6. 1) proportional to g;Z). If j' is the cell containing j and j+1, and

defining |T>j, as in Section 4,

<0 lz/)jz,bj+1 1> =<0 |sz.sz.+1 Il>j' J.,<1 11> (6.8)
Using (3.7), this is
.initial
iB <00y, 11>, . <01y, 1>, ., <0la., 1> 6.9
But
<0lal1>=0= alnitial 211> (6. 10)
so
O, . 11> = (214 (bP/2/ )2 o (B/A)ital 6. 11)
i¥+1 0 o) 9B :
_ . . initial s
At o =a, we find numerically that (B/A) ~0.5. As ¢, —+xit increases

0 Oc 0

towards one (as does 0), and we recover our previous result.
It is clear from this example that we can calculate any matrix element

<0 lzpjl. - zp]. |1> by iterating enough times so that jl’ vees jn are contained in the
n

same cell. I the hadron sources are of finite extent in impact parameter, this
will happen after a finite number of iterations. The result will then be some

numerical factor, finite at o 0= %e’ multiplied by o.

We conclude that in general, for o > @ as Y — at fixed B

0 Oc’

A(Y,B) —is B_f, o2 6. 12)

where Ba’ ’Bb describe composite couplings to the external hadrons, and depend

only weakly on « The factorisation occurs of course because only one inter-

0

mediate state dominates.
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If (6.12) holds also for large impact parameters B>>Y, the truncated model
will not satisfy the Froissart bound. In that case three possibilities can arise in
the full theory:

a) It has a spectrum like that of the truncated theory, with a degenerate
state |1> and a gap. Amati et al. [1] suggest that the excitations above the gap
enter in such a way as to cancel the unwanted behaviour for B>>Y. For this it
is necessary to have eikonal-type multi-Pomeron couplings. This seems an
unfortunate restriction on the theory, and it is difficult to see how it will then
satisfy t-channel unitarity.

b) The full theory has a degenerate state |1> but there is no gap. The
Green's functions of the theory will then make sense, no assumptions on multi-

Pomeron couplings need be made, and the theory will manifestly satisfy t-channel

unitarity.
c) The full theory does not make sense for Q> .
As Q=0 the scaling law (4.16) should hold. From our work on @< @,
we know that it can be written in terms of lozo-czoc | rather than &:
. 3 v -
A(Y,B) — log-a,, | f(Y|a0-aOC| ) (6.13)
where we have neglected the B dependence. From (6.11) we see that p'=24.
-1
Since, to obtain a finite result as Q= f(x) must behave as x B/ as x —0,
we obtain, at Qe=e
A(Y,B) — Y287V (6. 14)
We have thus derived the scaling relation for the exponents
3:% (y+Dz/2) (6. 15)

In our approximate calculations this is seen to be very well satisﬁed for D=1, and

approximately so for D=2, at least with the 2-site cell. It is also satisfied by the
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mean field theory values at D=4, as expected. Equation (6. 15) is just the same
exponent as found in ref. [9], although the order parameter is quite different.
7. DISCUSSION

Our numerical investigations have been directed towards two aims: to see
whether practical calculations of the exponents can be made in the qu;mtum spin
lattice model, and to elucidate the properties of Reggeon field theory for o 0> %oc

We have seen that the first aim is achieved, although our approximation
methods need considerable refinement if reliable values for the exponents are
to be obtained. Since we have argued that the truncation necessary to derive the
quantum spin model does not affect the exponents, the only approximation we
have made is in the truncation of the cell states at each iteration.” Clearly we
need some way of mixing in these neglected states, possibly by using perturba-
tion theory to take into account second order transitions between the lowest states.
Unfortunately, any such scheme will be numerically more complicated. The
numerical calculations described in this paper were performed on a simple
on-line system. More sophisticated versions will px_'obably require numerical
diagonalisation of the Hamiltonian at each step.

Perhaps more interesting is the insight we have gained into the properties
of the theory for @,> .. In this case, the Reggeon field does not gain a vacuum
expectation value, as assumed at the outset by Abarbanel et al. [9]. Instead, the
relevant order parameter ¢ is a transition matrix element <0 | y{1> to a state
|1> degenerate with the ground state. This was first pointed out by Amati et al.
[1]. Since the Pomeron can propagate in the zero energy state |1>, amplitudes
at fixed impact parameter tend to constants at high energies, proportional to 02.

g—0as o, —-a and there is a smooth transition to the critical Pomeron.

0 0c’
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This behaviour, if it persists to impact parameters >>7Y, is of course a
disaster, for the theory will not satisfy the Froissart bound. Amati et al. [1]
have suggested that the higher excitations (neglected in the truncation to obtain
the quantum spin Hamiltonian) will provide a sufficient cutoff} and support this

with calculations for « 0> oc where one can use classical methods. Until this

question is definitely settled it is not clear that Reggeon field theory makes sense

for o 0> % Even if it does, the question of satisfaction of t-channel unitarity

remains open, and until this is demonstrated, the theory for a >« , will merely

0 Oc

be one among many which satisfy the simpler constraints of s-channel unitarity.
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APPENDIX A: TWO TRANSVERSE DIMENSIONS

We have used two different approximation schemes for studying this problem.
They are the same in principle as that described in the text for D=1, and differ
only in the choice of basic cell.

1) 3-site cell. For this case we take a triangular lattice, and éivide it
into cells, as shown in fig. 3. The Hamiltonian for a single cell is represented
by an 8x8 matrix in the single site basis. As well as the ground state 000>

there is a first excited state I1>c with energy €' which happens to be given

ell
by the same formula (3.6) as in D=1, This state has the form

115451 = A (1100> + (010> + 1001>)

+ iB (1011> + 101> + [011>) + C|111> - (A. 1)
in an cbvious notation. Here A, B, C are real and normalised in accordance with
our convention by

3a2 - 3%+ %=1 (A.2)

The analogues of (3.12) are

+ -—
cell<0 I(Tj !1>ce11 - cell<1 ‘Gj IO>ce11 =A (A.3)
+ — . *
Cell<1 IGJ. Il>Cell = ceu<1 IGJ. |1>ceu = 2iAB+iBC (A.4)
.2 2. .2
ceu<1 ch I1>cell =A"-2B"+C (A.5)

In choosing Py p'2 so that the intercell interactions in H' have the same matrix
elements as those in H, we must take into account that between each pair of cells
there are two intersite interactions. This is clear from the figure. We therefore
take

Py~ V2 Apy

(A.6)

2

ph = J2 (A2-2B +cz),;>2 + J2 (2AB+BC)py
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Iterating the RG transformation, we find fixed points U, Sl’ S2 as before. T

is approximately 4.65, but this must be multiplied by a factor 2/3 for compari-
son with a square lattice, which has 4 nearest neighbours per site compared
with 6 for a triangular lattice. Scaling laws near TC can be derived as before,
remembering that lengths are scaled by a factor /3 at each step.

At S, we find that A=B=-C=1. Thus Py and p 9 do not tend to constants there,
but the order parameter defined as in the text does not have the factor /2, and
is finite.

2) 2-site cell. The above approximation gives bad values for the expo-
nents. This may well be because, at each step, we discard six out of the eight
states in each cell. It is therefore preferable to choose a 2-site cell, shown in
fig. 4, where we only discard half the states. Unfortunately, with this shape
of cell, the cell lattice has a different shape from the site lattice. One can take
this into account by enlarging the parameter space to include unequal couplings
in the two directions. It is easier, however, to align the cells in different
directions at each successive iteration, in order to get back to the same lattice,
scaled by a length factor of 2, after two iterations. Since we are interested only
in the fixed points we just consider a single iteration, in which lengths are
scaled by J2 each time, and there are ./2 intersite interactions between each
pair of cells. In this way we avoid enlarging the parameter space. Thus, the

1/4

only difference from the D=1 calculation is that a factor 2 appears on the
right hand side of egs. (3.13), and lengths are scaled by /2 rather than 2.
The fixed points appear as before, and scaling laws and exponents are

derived as in the text.
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APPENDIX B
We evaluate the single site matrix element j<0 I;b;l |1>j , where the single
site Hamiltonian is (dropping the suffix j)

igo

3 - -2 - 2 .
Hy= A, J +—= (379 + §°) ®.1)
where
_ D/2
go - ro/b
We have
ig
[;bn, HO] = nAOzpn + —-29- [2n z}zpn + n(n-1) an—l + nzpn+1] (B.2)

Taking matrix elements between <0} and [1>, and writing a = <0 [zpn 11>,

_ 1, 1,
ca,=nlja +sigpnm-la ,+5igmna,, (B.3)

Even when |A0 |/g0 —w, €0, we cannot find a closed form for a We note
. n L.
that, as n—x, an~I‘(n/2). For n « IAO I/go, an~(21AO/g0) , which is the

eikonal result.
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Table 1

Calculated Values for Exponents

D Type of cell -y z v K B Tc
1 2-gite 0.27 2,5 1.3 0.22 0,64 1.15
2 Triangular 2,0 8.0 0,27 -2, 17 1.0 3; 10*
2 2-gite 1.4 4,8 1.06 0. 06 1.06 2,87
Mean field theory 0 1 1 0 1 2D

*adjusted for comparison with square lattice

Table 2

Calculated Values for Ising Exponents,
taken from ref, [12]

B v z
Estimated (2-site cell) 0.37 0.9 3.6

Exact 1/8 1 2
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Figure Captions

1, Calculated values for order parameter ¢ versus T = e/p2 inD =1,
2. Map of the parameter space.
3. Construction of cells for a triangular lattice,

4, Construction of 2-gite cells for a square lattice,
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