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Abstract

The non-perturbative structure of the photon and gluon propagators plays an important role
in governing the dynamics of quantum electrodynamics (QED) and quantum chromodynamics
(QCD) respectively. Although it is often assumed that these interacting field propagators can be
decomposed into longitudinal and transverse components, as for the free case, it turns out that
in general this is not possible. Moreover, the non-abelian gauge symmetry of QCD permits the
momentum space gluon propagator to contain additional singular terms involving derivatives of
d(p), the appearance of which is related to confinement. Despite the possibility of the failure
of the transverse-longitudinal decomposition for the photon and gluon propagators, and the
appearance of singular terms in the gluon propagator, the Slavnov-Taylor identity nevertheless
remains preserved.
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1 Introduction

Correlators, and thus propagators, are the central objects of interest in any quantum field the-
ory (QFT). Despite their importance, the non-perturbative structure of propagators in physical
theories such as quantum electrodynamics (QED) and quantum chromodynamics (QCD) re-
mains largely unknown. Nevertheless, there are several techniques which have the potential to
probe this non-perturbative behaviour. Axiomatic quantum field theory (AQFT) is one such
approach, and consists of defining a QFT in a mathematically rigorous manner via the definition
of a series of physically motivated axioms [I} 2 [3, [ [5]. Although different axiomatic schemes
have been proposed, these schemes generally consist of a common core set of axioms which
are often referred to as the Wightman azioms [I]. These axioms include assumptions such as
relativistic covariance, fields as (operator-valued) distributions, and localityﬂ.

In the case of quantised gauge theories such as QED and QCD, the standard Wightman axioms
no longer apply. In particular, gauge symmetry provides an obstacle to the locality of fields
in the theory. To quantise a gauge theory one therefore has to either accept that fields can be
non-local, as is the case in Coulomb gauge, or one can preserve locality by adopting a local quan-
tisation. In local quantisations, additional degrees of freedom are introduced into the theory,
resulting in a space of states V which no longer possesses a positive-definite inner product. Since
negative norm states are unphysical, one must define an external condition in order to specify
the physical states Vpnys C V. For gauge theories such as QED and QCD, BRST quantisation
is an important example of a local quantisation. In this case, auxiliary gauge-fixing and ghost
term are added to the equations of motion of the theory in order to break the gauge invariance,
and thus preserve the locality of the fields. Although the gauge-fixed theory is no longer gauge
invariant, it remains invariant under a residual BRST symmetry, which has a corresponding
conserved charge (Qp. Physical states are then defined by the requirement that the quantised
equations of motion must hold for these states, and it turns out that this is equivalent to the
condition: QgVphys = 0 [4]. Due to the preservation of locality, BRST quantisation is usually
employed when analysing the non-perturbative structure of the photon and gluon propagators.
The modification of the Wightman axioms required to facilitate the indefinite inner product
space of states V in this approach is referred to as the Pseudo-Wightman formalism [5]. Al-
though many of the results derived from the standard Wightman axioms are maintained in this
formalism [6], the modification of the axioms can lead to significant changes in the structure of
correlators and propagators, and it is precisely these differences which will be explored in this

paper.

The rest of this paper is structured as follows: in section [2] the general properties of Lorentz
covariant correlators is outlined, and these properties are applied in order to derive the general
form of the correlator and propagator of an arbitrary vector field; in section 3] the results derived
in section 2] together with the model-dependent constraints, are used to derive the structure of
the non-perturbative photon propagator in free (quantised) electromagnetism and QED, as well
as the gluon propagator in QCD; in section M the issue of whether a transverse-longitudinal
decomposition exists for the interacting photon and gluon propagator is discussed; and finally
in section [3] the key findings are summarised.

1See [1, 2 B, [, 5] for a more in-depth discussion of these axioms.



2 The non-perturbative structure of vector correlators and
propagators

2.1 The vector correlator

In axiomatic formulations of QFT [I], the basic field correlators (0[¢1(21)¢2(22)[0) = T(1,2)(z1 —
x3) are defined to be tempered distributions &’(R!?), and hence their Fourier transforms
f(l)g)(p) = F[Ta,2)(z1 — 22)] are in S'(RY3). Moreover, since quantised fields are also as-
sumed to transform covariantly under Lorentz transformations, f(l_rg)(p) is a Lorentz covariant
distribution, and therefore satisfies the following condition [5]:

~

T1.2)(Ap) = S(A) Ti1.2) (p) (2.1)

where A € Z 2 SI,(2,C). The structure of the Lorentz covariant distribution f(l)g)(p) is de-
pendent upon how the fields ¢1 and ¢ transform under Lorentz transformations. In particular,
T(1,2)(p) has the following decomposition [5]:

N
T(l 2)(p Z a(1,2)(P) (2.2)

where fa(lﬁg)(p) are Lorentz invariant distributions (i.e. TQ(LQ)(AP) = fa(1,2) (p)), and Q4 (p)
are Lorentz covariant polynomial functions of p which carry the Lorentz index structure of
¢1 and ¢o. Before discussing the specific structure of the photon and gluon correlators and
propagators, one must first consider the general case where ¢; are both arbitrary vector fields.
Given that ¢ = A, and ¢» = A,, it turns out that there are two possible Lorentz covariant
polynomials: Q1(p) = g, and Q2(p) = pup,. Due to equation it therefore follows that:

Dy (p) = F 10|14, (2) Ay ()[0)] = g D1(p) + pyps Da(p) (2.3)

In order to further specify the structure of Duu( ) one must first understand the behaviour of
the Lorentz invariant components Di(p) and Do(p). It is well known that Lorentz invariant
distributions Ta € 8'(RY3) have certain structural properties. In particular, if fa is restricted
to have support in the closed forward light cone VT, as is required in axiomatic formulations of
QFT, T, can be written in the following general manner [5]:

Tup) = PE*)3() + [ dso9)607 - 5)pa (s (2.4)

0
where P(0?) is some arbitrary polynomial of finite order in the d’Alembert operator 0% =
gw,%a—gu (with complex coefficients), and p,(s) € S'(R4+). This is the spectral representation

of fa, and p,, is the spectral density. In the case of the vector field correlator (equation [Z3]),
equation [2Z4] can be used to write D, (p) in the form:

~

Dy (p) = /0 s 0(p°)6(p* = 5) [guwp1(s) + Pupup2(s)] + (9w PL(D?) + pupy P2(0%)] 6(p) (2.5)

where P, and P, are polynomials of finite order. Performing the inverse Fourier transform of
this expression leads to the following general representation of the position space correlator:

O @A) =5 [ ds[-0001(5) + (0,01 DOz = s

+ ﬁguupl (_(x - y)2) _ ﬁauaug (_(:E _ y)2)



Py and P, are arbitrary complex polynomials of finite order and hence one can set: P;(9?%) =
S o a(@), and Py(8?) = M b,,(82)™ where a;,b,, € C. Since the polynomial term
P (—(;v — y)2) involves derivatives, not all of the terms will contribute to the correlator. In

fact, one can write:

M
040, Pa (~(x = 9)?) = ~2b1g,s + 0,0, (Z b (—(2 — )2 - )
m=2

=Py (—(z—y)?)

Finally, by setting ao = ag + 2b; (and @; = a; for [ > 1) the correlator takes the form:

<O|A#($)A,j(y)|0> = % /OOO ds [_g,uupl(s) + pQ(S)auau] D(i)(x - Y 5)
1

+ ﬁg#uﬁl (_(517 - y)Q) - W@L&,E (—(J: — y)2) (2.6)

where now ﬁl(—(x —y)?) = EZL:O ar(—(z —y)?H)".

2.2 The vector propagator
In general, the vector propagator involves a time-ordered product of fields, and is defined as:
(O[T {Au(2) A (9)}10) = 0(2° — y°) (0] A, (2) Ay (9)|0) + 0(y° — 2°) (0] AL () A (@)[0)  (2.7)

Using the spectral representation of the vector correlator in equation 2.5 the propagator can
be written:

0 4
OT{A) A HO) = 0 =) [ ds [ 200600507 = ) 5101 (5) + Byl
d*p

+0(z° — yo)/ @n)i

%) 4
1600 — o) / s / (ijj ePE0(0)5(5% — ) (g1 (5) + Py (5)]
d4

O (9 Pr(0%) + pups P2(0%)] 6(p)

o0~ xo)/ (273)94 e g, PL(0Y) + pup P (09)] 6p) (2.8)
In order to simplify this expression one can use the relation:
0,0, [9(330 _ yO)efi;D(mfy) 1000 — Io)eip(m—y)} =~ pupy {9(330 _ yO)efip(zfy) Oy — a:o)e”’(””*y)}
— i(ppgvo + Prguo) 8(2° —y°) [e—ipw—y) n eip(m—y)}
+ 910900 0" (2 — 4°) [e_il’(w—y) _ eip(w—y)]

which upon substitution into equation 2.8 implies that the vector propagator has the following
general structure:

(0]T{A,(x)A,(y)}|0) = /000 ;z_; [~ 9u0p1(5) + p2(s)020%) iAp(x — v 5)
— S g0g0 3w — ) / " ds pas)
+ ﬁguuﬁl (—(.’E _ y)Q) _ ﬁaﬁa§ﬁ2 (_(x . y)z) (2'9)



and thus the Fourier transformed propagator 1351, = F[(0|T{A.(z)A,(y)}|0)] is given by:

~ [ ds [g vP1 (8) +p p,jpg(S)] 7 /oo
DF (p) = as Yu It — 00y d
;,w(p) Z‘/Q o p2 — S+ 27_‘_9#09 0 0 S P2(S)

+ g PL(0?)8(p) + pupu Pa(0%)3(p) (2.10)

A shared feature of the position and momentum space vector propagators is that they both
contain an explicitly non-covariant term proportional to g,0g.0. This is in fact not surprising
because unlike correlators, propagators involve time-ordered fields, and this requires one to sin-
gle out a non-covariant plane (2° — 3° = 0) with which to chronologically order the fields. It is
clear from equation that whether or not this non-covariant term appears depends on the
integral of the spectral density ps.

In order to rigorously make sense of the integral appearing in the first term of equation 210
one introduces the following notion of distributional convolution [5]:

1 1
<p2+i€*Paf> = (Pam*f) (2.11)

where ]ﬁ;ﬂ.e *p = fd5p2,i(54)riev and (D, f) := [d*z D(z)f(z) represents the smearing of the
distribution D with the test function f. For this definition to make sense for all test functions
f € S, this requires that p is extended from the class S’(R ), as defined in section 211 to the
class S’(R; U 0o). In other words, the distribution p must be permitted to have support at
(positive) infinity. The origin of this requirement stems from the fact that propagators contain
a product between theta distributions and ordinary correlators (see equation 2.7), which is in
general ill-defined. By extending the domain of validity of p, and thus making sense of the
convolution ﬁ * p, this is equivalent to defining this product [5]. A direct consequence of
this extension is that the constant function f = 1 is now a valid test function for the spectral
density (since 1 € S(Ry Uo0)), and this therefore guarantees that the expressions [ dsps(s) and
[ dsp1(s) are both well defined.

An important property of the representations in equations and is that they follow only
from the assumption that Fourier transformed correlators are Lorentz covariant tempered dis-
tributions with support in V*. Since this is a ubiquitous feature of any axiomatically defined
QFT, this means that these representations are model independent. Therefore, in order to
further constrain the structure of particular propagators, one must introduce dynamical infor-
mation about the fields A,, such as equations of motion or (anti-)commutation relations. In
section [3] these constraints will be outlined in the cases where A, is a free photon field, the
photon field in QED, and the gluon field in QCD, and the effect that they have on the form of
the corresponding propagators will be discussed.

3 Explicit vector propagators

3.1 The free photon propagator

When A, is a free (locally) quantised electromagnetic field, it satisfies the following equations
of motion:

0" Fyp + OpA =0, €A =0"A, (3.1)



where A is a gauge fixing auxiliary field. As with any free theory, quantisation is performed by
imposing equal-time commutation relations (ETCRs), which in this case are:

[A(@), W)=y, =0

[A(@), A (Y)]gy—y, = 19000(x =)
[Foi(2), Av(Y)] 4=y = 1900(X — )
[Au(@); Av ()] y—yy =0

It follows immediately from the equations of motion that: 0?A = —o*0"F,, = 0, and thus A
satisfies a free wave equation. Among other things, this implies that any unequal-time com-

mutator involving the field A is uniquely determined (as a distribution) by the corresponding
equal-time commutator [4]. In particular, one has:

[A(z), A(y)] = 0 (3.6)
[A(2), Au(y)] = i07 Do(z — y) (3.7)

Z),

3.2
3.3
3.4
3.5

(3.2)
(3-3)
(3.4)
(3.5)

Moreover, since A is a free field, one can decompose it into positive and negative frequency
components: A = AT + A~ where the gauge fixing (subsidiary) condition corresponds to:
A™Vphys = 0. In order to constrain the form of the photon correlator, one can use the fact that
the vacuum state is physical, from which it follows that:

(0]A(z)A(y)|0) =0 (3.8)
(0]A(2) A, (y)]0) = (0] [A™(2), Ay (9)] |0) = i0; Dy (z — y) 3.9

Now that the equations of motion and ETCRs have been defined, one can establish the con-
straints that these relations impose on the structure of the free photon correlator and propagator.
Firstly, using the equation of motion £éA = 0" A,,, equation 3.8 can be written in the form:

(010" Ay (2)0” Ay (y)[0) = 970, (0] Au(2) Au (y)]0) = O
By inserting in equation [Z.6] and taking the inverse Fourier transform of this expression, this

then implies the equality:

(" )p* [p1 () + P*p2(p

(Z a(0?) ) + (p*)? (Z bm(aQ)’")] 5(p)=0 (3.10)
=0 m=2

Since the first distribution in the equality above is defined to have support outside p = 0 (in
the closed forward light cone) [5], whereas the second distribution has support at p = 0, the
equality requires that both distributions must vanish identically. It turns out that the vanishing
of the first term in equation implies the relation:

p1(8) + spa(s) = Co(s) (3.11)

where C' is an arbitrary constant. Moreover, by using the distributional properties of §(p) (and
its derivatives), one can write:

L
(Zal (8?) ) 241 (1 + )a(0*)!16(p) (3.12)

M
W) | D bm(? ) Z 16m*(m — 1)(m + 1)bm (%) 26(p) (3.13)



Setting N := min{L —1, M — 2} and K := max{L — 1, M — 2}, the vanishing of the second term
then implies:

n = —4(n+1)(n + 2)bpis 1<n<N+1 (3.14)

an =0, if M<L+1

boiy =0, if L+1<M} N+2snsK+1 (3.15)

The constraint in equation 3.8 therefore ensures that the coefficients of the polynomials ]51-, as
well as the spectral densities p;, are no longer independent, but are in fact related to one another.

The next constraint on the free photon correlator and propagator arises from equation [3.9]
Again, by using the equation of motion {A = 0# A, this equation can be written:

95 (014, (2) Ay (9)]0) = E(OIA(2) Au (y)]0) = 1607 Dy (x — y)

Inserting equation 2.6] and then taking the inverse Fourier transform of this expression, implies

the equality:
L
U<Zdz(8 )+pr (Zb ) )] o(p) =0

=0

0(p°)py [p1(P*) + P*p2(p?) + 27E8(p?)] +

Just as with equation 310, both of the terms in this expression must vanish separately. Using
the distributional identities:

L L
Py <Zaz G ) Z 21@,0,(0%)!"15(p) (3.16)
=0 =1

M
pup’ (Z bm<82)’”> 3(p) =D 8m(m — 1)(m + 1)bmd, (82)™25(p) (3.17)

it turns out that the vanishing of the second term implies identical constraints to those in
equations B.14] and 3151 Furthermore, by considering the ¥ = 0 component of the first term,
and using the constraint in equation .11l one obtains:

0(p°)po [p1(p?) + P*p2(p?) + 27€6(p?)] = 0(p°)po [(C + 27€)5(p?)]
(po — Ipl)

= Do [(C+27T§) 2| (C+27T§)—O
and thus the constant in equation Bl is fixed to C' = —27£. In summary, the correlators in
equations 3.8 and imply the following conditions:
an, = —4(n+1)(n+2)bpi1 1<n<N+1 (3.18)
an =0, if M<L+1
bort =0, if L+1<M} N+2<n<K+1 (3.19)
p1(s) + spa(s) = —2mEH(s) (3.20)

Although the constraints imposed by the relations in equations [3.8 and imply that the co-
efficients of the polynomials P; and P» are related to one another (equations BIg and [3.19),
these coefficients can still in principle be any complex numbers. However, it will now be demon-
strated that further constraints on these parameters arise due to another important feature of



free electromagnetism — the field strength tensor F),, is an observable. The precise definition
of operator observability is discussed in [3], but essentially because F),, is gauge invariant this
is sufficient to imply it is an observable, and hence: Fj,,Vpnys € Vphys. Since by definition:
|¥) € Vphys = (¥|¥) > 0, the observability of F),, and the fact that |0) € Vpnys therefore gives
rise to the following constraint:

(O[F(N)TF(f)0) >0 (3.21)

where: F(f):= [d*'xF,,(z)f" (x), with f* € S(R3). Because F,, = 9, A, — 8, A,, one can

write:

(01 Fu (2) Fyo ()10) = 0,05 (0] Au (2) Ao (4)10) — 8,05 (0[ Au (2) A (y)[0)
— 0505 (014, () Ao (y)[0) + 97 05(0[ Ay () Ap (y)[0) (3.22)

Moreover, due to equation the vector correlator has the following form:

A0 =g (~ 5= [ B &P = 53) + P (o =) )

=F(z—y)
@ { > — 1 D 2
00 (~ 5 [ ds (DO = yis) + P (o))
=G (z—y)
(3.23)
which upon substitution into equation gives:
<O|FHV(‘T)FPG ()[0) = (guaaiag - gupaiag - guoasag + gupaﬁag) F(x—vy) (3.24)

So the G(z — y) component of the vector correlator does not contribute to the field strength

correlator. Since F(f)T = F(f), equation B:24] can then be used to write the observability
condition in equation B.21] as follows:

(OIF(NTE()I0) = /d4$d4y (01 Fyw () Fpor (1)10) F1 () £ (y)
= /d4xd4y F(x —y)h?(x)h,(y) >0 (3.25)

where h, := 9, f*— 0, f,"* € S(RY?). Since h,, is an arbitrary test function, equation3.25 implies
that F'(z—y) must be a positive-definite distribution. An important feature of positive-definitive
distributions is that their Fourier transform ﬁ(p) is a non-negative distribution, and this in
turn defines a measure [5]. Since F(p) = Jo~ ds pi(s)0(p®)d(p* — ) + P, (8%)8(p), in particular
this means that Py (82)8(p) cannot contain terms involving derivatives of §(p), because these
distributions do not define measures [7], and thus one must have: a; = 0 Vk > 1. Taken together
with the relations in equations B.I8 and [319] this therefore implies the following constraint on
the polynomial coefficients:

g =bpy1 =0, Vk>1 (3.26)

Due to the definitions of the polynomial terms in equation 2.6] an immediately corollary of this
constraint is that: P, = 0, and P; = ag. In other words, the polynomial terms only contribute
to the free photon correlator or propagator if ag is non-vanishing.



In principle the coefficient g could be non-vanishing, but it turns out that ﬁ(p) defining a
measure guarantees that this is not the case. To see this, consider the following (cluster)
correlator:

OF@F@I0) = [ dtad'y O1F @) ()]0) 7 0 = D)7 (s =)

Taking the Fourier transform of this expression, and applying equation [3.24] gives:
7 [OF@F@I0)] = 7 | [ oty Fa = i@ = iyl - )| =) Pl

Since F(p) defines a measure it follows that F (O|ﬁ(5c)ﬁ(gj)|0>] must also define a measure [§].

Moreover, due to equation [3.:20] this measure has the contribution &OZP(O)hP(O)é (p) at the point
p = 0. However, one of the Pseudo-Wightman axioms [5] states that since the Fourier transform
of (O|F(2)F (7)|0) defines a (complex) measure, it must be the case that the contribution of this
measure at the point p = 0 is equal to (2m)*(0|F(2)|0)(0|F(7)|0)6(p). Therefore, one must have
the following equality:

aoh? (0)hy(0) = (2)* (0] F(2)[0) (0] F()|0)

= (2m)* / d*zd*y (0| (2)0){01F,0 ()[0) f* (x — 2) f*7 (y — §)

But (0|F),. (2)]|0) = (0|F,s(y)|0) = 0 because one cannot have a non-Lorentz invariant conden-
sate, and so it must be that: ag = 0. Combining this constraint with equation [3.26] implies:

Pl=P,=0 (3.27)

Another constraint on the form of the vector correlator, and in particular the spectral densities
pi, arises from the equal-time commutation relation:

[Au@). Auw)] = il — (1~ g 6x ) (3.28)
To=Yo
which itself is derived from the equations of motion and equations 3.3} [3:4] and Setting

i =14,V = j one has that:

[0{01Ai(x) A; (1)|0) — 95(01 4 () Ai (x)[0)] = —igij0(x —y)

Zo=Yo

Inserting in the general expression for the correlator in equation [Z.6] one obtains the following
sum rules:

/000 ds p1(s) = —2m, /OOO dsp2(s) =0 (3.29)

One should note here that even if the polynomial terms ﬁl were non-vanishing, they would
cancel in the commutator and hence not affect the constraints in equation B29 Similarly, in
the case where y = v = 0, this instead implies the sum rules:

/OO ds [p1(s) + sp2(s)] = —2n¢, /OO ds p2(s) =0 (3.30)
0 0



So both the constraints imply that the integral of the spectral density po vanishes, whereas
equation [3.29] constrains the integral of p;1, and equation [3.30] constrains the the integral of the
combination p; + spo.

A final constraint on the form of the free photon correlator arises because the equation of motion
can be written: 0V F,,, + 9,A = 0?4, + (1 — £)9,A = 0, which means that:
9%(0] Ay (2) Ay (1)|0) = (€ = 1)3;;(0[A(x) Ay (y)|0) = i(¢ — 1005 Dy (z — y)

By inserting the general expression for the correlator in equation [2.6 as well as the constraint
P, = P, =0, and taking the inverse Fourier transform, this equality implies:

0(p°) [9,w0°P1(P?) + Pupup®p2(p?) + 27(§ — 1)pupud(p®)] = 0

Substituting in the condition on the spectral densities in equation B.20] into this relation, one
obtains:

0(p°) [(9u00® — Pupv)p1(P*) — 27pupud(p®)] =0

which upon contraction with ¢g#** implies:
0(p") [30°p1(p®) — 21p°6(p*)] = 30(p")p?p1(p*) = 0

and hence: p;(p?) = D§(p?) for some arbitrary constant D. By applying the sum rule for p; in
equation 329 it immediately follows that D = —27. Since p;(p?) = —27§(p?), this means that
p2 satisfies the equation:

PPp2(p?) = 2m(1 = )5 (p?) (3.31)

The general solution to this equation has the form: p2(p?) = E§(p?) — 2m(1 — )8’ (p?), where
E is an arbitrary constant. It follows from the sum for ps in equation that £ = 0 and
thus one can finally conclude that the spectral densities for the free photon correlator have the
following exact form:

pr(s) = —2n3(s),  pals) = —2n(1 - €)5(s) (3.32)

Given these spectral densities, and the fact that 161 = ﬁg = 0, the momentum space free photon
correlator can therefore be written:

Dy (p) = 270(p°) [~ 9, 0(p?) + pupu (€ — 18 (p?)] (3.33)

Moreover, since the constraints from equation .28 imply that the integral of p, vanishes, it
follows from equation .10 that the free photon propagator has the form:

2m p? — s+ e

BE ) =i [ e () pipegnte) (3,34
0

which upon substitution of the expressions for p; and ps in equation .32 gives:

DI (p) = — {gw _ (1= g) PuPr } i

P2 +ie| p? +ie
PuPv ) . PuPv
= - — — 3.35
<g“" P?+ iE) P & (p? +i€)? (3:35)
————
=Ty =L,

where T}, and L, are referred to as the transverse and longitudinal projectors respectively.
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3.2 The photon propagator in QED

In QED one requires the fields to be renormalised in order to make sense of the equations
of motion. Once this renormalisation has been performed, the equations of motion in locally
quantised QED have the following form:

O"FSy) + 0,7 = 0, &AM = 91 A0) (3.36)

where the index r indicates that the corresponding quantity is renormalised, and jff) is the
1
(conserved) fermion interaction current. In particular, one has that Aff) = Zy QAELO), where

Z3 is the photon field renormalisation constant and A,(?) is the unrenormalised bare field. For
simplicity, throughout the rest of this paper the label r will be dropped, and every quantity
should be implicitly assumed to be renormalised. To quantise QED one imposes the following
ETCRs:

An important feature here is that even though the equation of motion includes the non-vanishing
current j,, A still satisfies the free massless wave equation by virtue of the current conservation
condition 0#j, = 0. Among other things, this implies that the renormalisation constant Zs3
must be finite [4], and therefore the correlators involving the auxiliary field A are the same as
those in the free case (equations B.8 and B9):

(0]A(z)A(y)[0) = 0 (3.41)
(O[A(2) A (9)]0) = 10, Dy (2 — y) (3.42)

Moreover, because F),, is gauge invariant, it follows that F},, is also an observable in QED. Since
the structural relations for vector correlators and propagators derived in section [ are equally
applicable to both free and interacting theories, the constraints implied by the observability of
F,,, and equations B.4T] and are identical to those in the free photon case:

P =P,=0 (3.43)
p1(8) + spa(s) = —2mwE0(s) (3.44)

- =277} Oos s) 4+ spa(s)] = —2m 008252
| asme ==zt [T s i) s = —2me [Cdsmn =0 @49)

Using the above constraints, it follows analogously to section Bl that the momentum space
photon correlator has the structure:

Due) = [ 5000 = 9 pn(5) + ppopats) (3.46)
0
and hence the photon propagator can be written:
~ [ ds [guwpr(s) + pupvp2(s)]
DI (p) = — =k L 3.47
R A (3.47)

An important feature of the spectral densities in QED, as opposed to the free case, is that
despite being related to one another via equation [3.44] the explicit form of the spectral densities
is not determined. This lack of knowledge arises because of the non-trivial non-perturbative
structure of the theory.
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3.3 The gluon propagator in QCD

In BRST quantised QCD, the equations of motion have the following form:
(DYF,u)" + 0, = gji —igf**9,C°C°, O A% = EA” (3.48)
o"(D,C)* =0, (D"0,C)*=0 (3.49)

where C® and C® are the ghost and anti-ghost fields, and all of the fields depend on the non-
abelian adjoint index a. The ETCRs of particular relevance are:

[A%(2), A ()], )y = O (3.50)
[A%(2), AL W)] =y = 10 9000(x — ) (3.51)
(5 (@), AL )],y = 10900 Z5 H6(x — ) (3.52)
(A% (2), Ab(y)], _ =0 (3.53)

To=Yo

where now Z3 is the gluon field renormalisation constant. Although these ETCRs have a similar
form to those in QED and the free case, there is a very important difference in QCD — the
auxiliary field A® does not satisfy a free wave equation. This means that unlike in QED and
free electromagnetism, the ETCRs involving the auxiliary field cannot be used to determine the
value of the commutators at unequal times. In particular, one cannot assume that equation [3.1]
holds. Nevertheless, one can use the BRST symmetry of the QCD equations of motion to prove
that the auxiliary field correlator (0|A%(z)A’(y)|0) does in fact vanish, just like in sections [B.1]
and The key to this derivation is that the BRST variation of any product of fields O
vanishes:

(0165010) = (0][iQp, O] 1 [0) =0
This automatically follows from the fact that Qp|0) = 0 since [0) € Vphys. By taking O =
9, A" (x)C*(y) one has:
0 = (015 (9, A"()C"(y)) 10) = (0|05 (8, A4"* (x)) C*()|0) + (0], A" (2)d5
= (00,05 (A**(x)) C*(y)|0) + (0]8, A (2)d5
= (0] 9,(D"C(x))* C*(y)|0) + <0|3w4“’a($)(—i/\b(y)) 0)
_;6_/
= —i(0]9, A" (x)A" (y)[0)

Using the equation of motion: 9" A% = (A this then leads immediately to: (0]A%(x)A’(y)[0) =
0. Just as in the case of QED, one can apply the same analysis as for free photon correlator
and propagator in section [3.I] and this leads to the analogous constraints:

a® = —4(n +1)(n + 2)b2% 1<n<N+1 (3.54)

at =0, if M<L+1
b, —0, i L+1<M} N+2<n<K+1 (3.55)
1°(5) + 5p5"(s) = C*6(s) (3.56)

where now the spectral densities and coefficients of the polynomials 161“1’ and 162“1’ must depend
explicitly on the adjoint indices a and b, and one assumes that the colour symmetry is unbroken,
and thus: p?® = §9p,. Although one does not have an expression like equation 3.7 to determine
the value of C, as in the free case and QED, the ETCRs still give rise to the following sum
rules:

/ ds pt(s) = —2m6* 75, / ds [pi°(s) + sp3’(s)] = —2m&s?, / ds p®(s) =0 (3.57)
0 0 0
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the second of which implies that C* = —27£5%°, and hence:

pi°(s) + sps°(s) = —2m€6°8(s) (3.58)

An important difference between QCD and QED (or the free case), is that F 1w 1s no longer an
observable. This means that although one can decompose the gluon correlator in an analogous
manner to equation [3.23]

(0147 (2) A3 ()[0) = g F** (x — ) + 500G (x — y) (3.59)

one is not guaranteed that the Fourier transform of F%®(z — y) defines a measure. Since this
property is essential for demonstrating that the coefficients of the polynomials ]Siab vanish, as
discussed in section B it is therefore possible that these coefficients are related (via equa-
tions 3541 and [3.55) but non-zero. In other words, the fact that F*®(x —y) does not necessarily
define a measure implies that the polynomials ﬁiab can be non-vanishing, and hence the propa-
gator is permitted to contain terms involving derivatives of d(p).

Due to the various constraints in equations [3.54] B.55 and B.57 it follows that the gluon propa-
gator can be written in the following general form:

. [ ds [9upi(s) + pupupi(s)] | RS -
ab F _ pr Pl M. 2 ab 2\n ab 2\n—1
Ditfw =i [ g TR S [ @) + 40,00 o)
(3.60)
where the (complex) coefficients ¢,, and d,, are defined by:
_ ab < <
c‘:j’:{ ~a%(rmt1)(2n+3)bn+1, 1<n<N+1 (3.61)
ag n=20
ab
g — 4n(n + 1)b%% 4, 1<n<N+1 (3.62)
n 0, n=20

By contrast to the photon propagator, the gluon propagator is only specified up to N+2 arbitrary
complex coefficients. In this case the dynamical constraints are not sufficient to determine
whether these coefficients are vanishing or not, and this ultimately stems from the fact Fjj,
is no longer an observable in QCD. This therefore opens up the possibility that the gluon
propagator can contain singular terms involving derivatives of §(p). It is interesting to note that
the appearance of such terms is intimately linked to confinement [8], and so the failure of I, to
define an observable is certainly suggestive that the non-abelian nature of the gauge symmetry
plays an important role in ensuring that confinement occurs in non-perturbative QCD.

4 The transverse-longitudinal decomposition of the pho-
ton and gluon propagators

In the literature, the structure of the photon and gluon propagators are often derived using the
following Slavnov-Taylor identityﬂ:

p'p" DL (p) = —igs® (4.1)

2In the case of QED this relation is referred to as the Ward-Takahashi identity, and the adjoint indices a,b are
dropped (i.e. *° = 1) because the gauge group is abelian.
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It is often claimed [9} [10] that equation 1l implies that the photon and gluon propagators have
the following general transverse-longitudinal structure:

ﬁabF :TVDab 2\ 6abL , = L — pMpU Dab 2\ 6@1) pupu 4.9
v (p) % (p°) — i€ 3 Iu D2+ ie (p°) — i€ 7(p2—|—ie)2 (4.2)

where D (p?) is Lorentz invariant. In the case of the free photon propagator (equation [3.35)
this structure is indeed present. However, for QED and QCD it will be argued in the proceeding
section that the propagators cannot in general be written in this form.

The constraints imposed by the equations of motion and the ETCRs in QED and QCD imply
that the photon and gluon propagators have the form of equations [3.47 and respectively.
As well as defining the general structure, the constraints on the photon and gluon propagators
also imply that the spectral densities are related to one another (via equations B:44] and [358).
Therefore one can attempt to write the photon and gluon propagators exclusively in terms of
either p$® or pg®. In terms of p4’, the photon and gluon propagators have the form:

. [ ds p2(s) 19§
D v = a5 \ ™ v v — B 4.3
o) =1 [ 5 (st ) I - Sk (13)

~ L[> ds P2 (s 19, E0%°
o) =i | o (—sgwpyp»]ﬁ 2(s) g
0

py 2 —s+ie  p?+ic
N+1
+ Z ™ g, (0%)™ + d28,0,(8%)" 1] 5(p) (4.4)

Contracting both of these representations with p#p”, one obtains:

~ . > ds . .
P D) =is? [ 5 pals) — i = i€
0 Y
,uvﬁabF 2 OO@ ab _-5ab
p’ Dy, (p) = ip 5 P2 (s) — i€
0 iy
N+1
+ pHp” Z ™ g, (0%)" + d28,0,(8*)" 1] 5(p) = —i&s®

=0

where the last equality holds in both cases due to the pg® integral constraint in equations
and respectively. This demonstrates that both the photon and gluon propagators do in-
deed satisfy equation [£.Il Nevertheless, it is clear that both the propagator representations in
equations 4.3l and 4.4l do not have the form of equation 2l The only other possibility to express
these propagators in this form is to write them exclusively in terms of the spectral density p$’.
Since p3® and p$® are related by equations 344 and 358 this problem boils down to solving the
(distributional) equation:

595 (s) = —2m€5°3(s) — () (4.5)

It turns out that this equation always possesses solutions [I1]. In particular, one can write:

/ ds p(5) () == (o2, ) = Co £(0) — 20€5°° £1(0) + (o2, 1)

where C% is an arbitrary constant and f € S. This solution uses the fact that any Schwartz
function f can be written in the form: f(s) = f(0)fo(s) + sf1(s), where fo(0) =1 [5]. However,
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in order to write pg® explicitly in terms of p® (i.e. independently of the test function f) the last
term must be rewritable in terms of the full function f, and not just f;. For the free photon
case this is indeed possible because p;(s) = —27d(s), and since s6'(s) = —d(s), it follows that:

(p1, f1) = =27(0, fr) = 2”(35laf1) = 2”(5/78f1) = 27(5/7f — £(0) fo)
=2m(0, f) — 21 f(0)(&, fo)

which together with equation and the constraints in equation imply that pa(s) =
—27t(1 —£)d’(s). However, for the photon or gluon propagators the form of the spectral density
p$? is a priori unknown, and so one cannot express p3’, and hence the full propagator, explicitly
in terms of pf*. This means that a transverse-longitudinal representation as in equation
exists for the free photon propagator (equation B35) but is not in general achievable for either
the photon or gluon propagators. Therefore, the statement that the structure of ﬁZﬁF (p) has
the form of equation [£.2] due to the Slavnov-Taylor identity is evidently false. The fact that the
representation of the photon and gluon propagators in equations and [£.4] does not possess
this form, and yet satisfies this identity, proves this point.

In the literature, the analysis of the photon and gluon propagators is performed using a variety of
different non-perturbative techniques, including the Schwinger-Dyson equations [12] 13} [14] 15],
and lattice QFT [I6] [I7, 18]. However, before these analyses are employed it is often first
argued that these propagators have the general structure of equation Once a certain gauge
is selected, these techniques are then applied in order to probe the behaviour of D% (p?). But
since the representation in equation is not in general achievable for either the photon or
gluon propagators, this undermines the consistency of this approach. In particular, this means
that it is not justified to analyse D (p?) based on the assumption that the photon and gluon
propagators have the form T, D% (p?) in the Landau gauge (¢ = 0). Despite the failure of
equation to hold in general, the representations in equations [£.3] and 4] are guaranteed to
hold, and this is independent of the form of the spectral densities p; and ps. This means that in
order to analyse the non-perturbative structure of the photon and gluon propagators one must
either use the representations in equations 3.47 and which involve both spectral densities,
or use the representations in equations and [£4] which depend on ps.

5 Conclusions

Understanding the structure of the photon and gluon propagators is essential for probing the non-
perturbative dynamics of QED and QCD. Axiomatic approaches to QFT provide a framework
from which one can characterise the general properties of Lorentz covariant propagators, and
the constraints imposed on them as a result of the dynamical properties of the fields in the
propagators. In this paper we discuss the constraints on the photon and gluon fields, and
determine the specific effect that they have on the non-perturbative structure of the photon and
gluon propagators. By virtue of the abelian gauge symmetry of QED, it transpires that the
photon propagator can be completely characterised by one of two different interrelated spectral
densities p; and p2. Moreover, in QCD the non-abelian gauge symmetry also permits additional
singular terms involving derivatives of d(p) to appear in the gluon propagator. The possibility of
such terms is particularly interesting in the context of QCD, since their appearance is suggestive
of confinement. Due to the distributional behaviour of the spectral densities of the photon and
gluon propagators, it turns out that the lack of knowledge of these objects actually prevents one
from decomposing these propagators into transverse and longitudinal components, as in the free
case. Nevertheless, despite the obstruction to this decomposition both the photon and gluon
propagator representations still satisfy the Slavnov-Taylor identity.
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