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We study the exclusive double-photon annihilation processes, ete™ — vy* — ~vV°? and ete™ —

vy = VOV, where the V) is a neutral vector meson produced in the forward kinematical region:
s> —t and —t > A(%CD. We show how the differential cross sections fli—‘t’, as predicted by QCD,
have additional falloff in the momentum transfer squared ¢ due to the QCD compositeness of the
hadrons, consistent with the leading-twist fixed-0cwm scaling laws. However, even though they are
exclusive channels and not associated with the conventional electron-positron annihilation process
efe™ = 4 = ¢g, these total cross sections o(eTe™ — V) and o(ete™ — VLVY), integrated
over the dominant forward- and backward-0ca angular domains, scale as 1/s, and thus contribute
to the leading-twist scaling behavior of the ratio R.+.-. We generalize these results to exclusive
double-electroweak vector-boson annihilation processes accompanied by the forward production of
hadrons, such as efe™ — Z°VY and ete™ — W pT. These results can also be applied to the
exclusive production of exotic hadrons such as tetraquarks, where the cross-section scaling behavior
can reveal their multiquark nature.
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I. INTRODUCTION

A surprising result, shown by Davier, Peskin, and Snyder (DPS) [I], is that there are exclusive hadronic contributions
to the electron-positron annihilation cross section ratio Re+.- = o(ete™ — X)/o(ete™ — ptpu~) that are scale
invariant, but are not associated with the annihilation process e™e™ — v* — ¢¢. These exclusive processes are based
on double-photon annihilation subprocesses, such as eTe™ — yy* — ’yVoland ete™ = v*y* = VaOVbO7 where the V0

are vector bosons such as the p meson. Since the amplitude involves spin-5 electron exchange in the ¢ and u channels,

it behaves as sz for s > —t, —u. The total cross section (which includes a phase-space factor of 1/s?), integrated over
the dominant forward and backward regions, thus behaves as 1/s.

FIG. 1: The double-photon annihilation amplitude in the Born approximation.

In this paper we show how the QCD compositeness of the vector bosons affects the matrix elements and cross
sections for these double-photon processes. The effects of compositeness reflect the fact that the coupling of the
virtual photon proceeds through the vertex v* — ¢g. Expressed in terms of the light-front quantization of QCD
(LF-QCD), the virtual ¢¢ then couples to the valence hadronic light-front wave function o (x, k 1 ). The integration
over the light-front momentum fractions * = k*/PT and 1 — z, and relative transverse momentum k&, of the pair
leads to an extra factor of the QCD mass scale Aqcp in the numerator of the amplitude. In the case of the AdS/QCD
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FIG. 2: Exclusive production of a photon and vector boson via double-photon annihilation (the corresponding u-channel
diagram is implied). The differential cross section is peaked in the forward and backward directions. Compositeness of the
vector boson produces a monopole falloff of the differential cross section do/dt in |t|.

FIG. 3: Exclusive production of two vector bosons via double-virtual photon annihilation (the corresponding u-channel diagram
is implied). Compositeness of the vector bosons produces a dipole falloff of the differential cross section do/dt in |¢].

(AdS = anti-de Sitter) holographic light-front model, the relevant hadronic scale x = O(Aqcp) can be related to the
slope of the Regge trajectories, and k = Mp/\@ 2 [3].
The double-photon e*e™ — v+ amplitude illustrated in the first inset of Fig. [1| behaves for large energy as

S S

M(s, ) aom(ft)a’:‘ - acm(—)l/z : (1)
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for s > —t, corresponding to spin—% exchange in the ¢ channel, where the differential cross section is do/dt o
|M(s,t)|?/s2. The fermion-exchange amplitudes have both ¢- and u-channel contributions; however, the interference

is suppressed in the dominant forward- and backward-peaked domains. As we shall show, and consistent with di-
mensional analysis, the differential cross section for the production of a single vector meson Cfi—g(e"’e_ — V0 via

double-photon annihilation (see Fig. [2) must have the extra falloff G%,(t) ~ k?/|t| at large —t > k?; i.e.,

do ad K2
tem 5 AY0) A Zem Y 2

Physically, the extra falloff in [¢| results from the phase-space hadronization of the virtual ¢g in the amplitude
ete™ — vqq — vV°, which is represented by the transition form factor Gy (¢?). In the case where two vector bosons
are produced with opposite transverse momenta (see Fig. , the amplitude is suppressed by two form factors, so the
differential cross section at s > —t > k2 scales as

do ot Kkt
+ - * _k 0y/0 m
E(ee -7 —>VaVb)NSTt|t7~ (3)

The powers of ey, correspond to the couplings of the virtual photons to the currents of the annihilating leptons and
the vector bosons. In effect, the cross sections are the same as that given by vector-meson dominance (VMD) model
but multiplied by the form factors required by QCD compositeness.

The scaling results for the exclusive cross sections are consistent with the leading-twist quark fixed-angle counting
rules [4H6] : %(A+ B — C + D) « F(0cm)/sV =2, where N = Na + Np + N¢ + Np is the total twist or number
of elementary constituents. In our case, N —2 = 3 for ete™ — 7V? and N — 2 = 4 for eTe” — VIV, which



would give the scaling for non-forward angles (where s, —t, —u are all of comparable size). In the present case,
the integration over the forward peaks in ¢ and u does not modify the 1/s scaling of the total cross section; e.g.,
Oete-—yvo(s) o< @y /s, up to logarithms in ¢ (or u), which are cut off by the mass scales in the process: m2 from the
propagator between the photons and x2 from the dominant part of the hadronization integral.

Although compositeness does not affect the leading 1/s scaling of the total cross sections of these reactions, it
does strongly modify the ¢ and u dependence of the amplitudes in terms of new types of transition form factors. An
analysis such as that given in Ref. [7], based on an effective field theory in which the vector mesons are treated as
elementary fields, cannot yield the form factors and counting rules predicted by QCD due to meson compositeness.

In addition, QCD also predicts the ﬁ% falloff of the amplitudes as the mass of each vector boson is increased; this

%

falloff corresponds to the timelike ¢ of the virtual photon. One thus finds new tests of color confinement and the
nonperturbative hadronic wave functions of hadrons. We also show that these results can be extended to electroweak
exclusive processes involving electron or neutrino exchange, such as ete™ — Z°V0 which are accessible at the
proposed International Lepton Collider (ILC), and to exotic multiquark hadrons.

II. COUPLING OF VIRTUAL PHOTONS TO VECTOR BOSONS

First, we point out that the full off-shell v*(q) — V°*(q) transition is given by the amplitude Gy (¢?)(g""¢*> —
q"q")/q?, where the tensor guarantees gauge invariance, the 1/¢? comes from the virtual photon propagator, and the
form factor Gy (¢2) has the falloff 1/1/¢2 at large ¢*. Therefore, the v*(q) — V°*(q) transition scales as O(1/+/¢?) at
large ¢*. This scaling is interesting—it says that the couplings of heavier vector mesons ¢*> = m?, become increasingly
suppressed—but it is not the primary scaling of interest in this paper. The calculation of the transition form factor
Gy (¢?) can be performed in soft-wall AdS/QCD |[g].

We begin by proposing an effective action describing the coupling of the stress tensors of two vector fields Fisy
and Vasn, which are holographically equivalent to the electromagnetic and neutral vector meson fields, respectively:

1 K 2.2
S = —§/d4xdzg€,)(z)e Py, 2) VMY (2 2) (4)

where g‘(;" )(z) = % gv 2" is the 5-dimensional coupling constant (which, in this special case, is independent of 2) and

k is the dilaton parameter. As seen below, gy arises as the value of Gy (¢?) at ¢ = 0.
The matrix element of the v*(q) — V°*(q) transition is given by
MY (q) = —ie Gy (¢*)(@°g" — ¢"q"), (5)

where Gy (¢?) is the transition form factor, which in the Euclidean region is given by

W )VA(Q, 2) (6)

g

Gv(Q*) = /dz
0
where, in terms of the Kummer (confluent hypergeometric) function U,
1
V(Q,z) = k*2* / (1072)237622/(4@2)6—@22%/(1—3:) =T(1+a)U(a,0,k*2%) (7)
0

is the bulk-to-boundary propagator for both the Fy;y and Visn fields [2, 3], and a = Q%/(4k?). V(Q,2) obeys the
following normalization conditions:

V(0,2)=1, V(Q,0)=1, V(Q,00)=0. (8)

From the first of these conditions and Eq. @, one easily sees that Gy (0) = gy. As Q? — oo, the vector-field
bulk-to-boundary propagator behaves as

Q%22 Oodt K222 1— Q2 22/ (4t
V(@) » LE [ B e
0

= e“2z2Qz K1(Qz), (9)
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where Kj(z) is the modified Bessel function of the second kind, which for arbitrary n is given by the integral
representation

o0
In dt .
K,(z) = Ty /th e t—z7/(4t) (10)

0

One can see that in the limit k — 0, the bulk-to-boundary propagator V(Q, z) in the soft-wall model coincides with

the one in the hard-wall model [9]. This expression for V(Q, z) gives the scaling of Gy (Q?) ~ 1/4/Q? for large 2,
consistent with quark-counting rules [4H6]:

Gw¢>—2wkf dm:K1 |+ owe)
:LMMwﬁ§+OWQ% (11)
since
/dx 22 [Kl(x)r - 33%2 ~0.925. (12)
0

Had the coupling gf; (z) below Eq. been chosen to scale as 2™, a similar calculation would produce the form-factor
scaling 1/(Q%)™+t1/2 Our choice n = 0 is the unique one providing a bulk-independent transition between the photon
and V mesons, which one expects in AdS/QCD since it mixes with the z-independent kinetic terms Fy;ny FMY and
Viun VMY,

Note the difference of our approach and the VMD model using an effective elementary field for the vector mesons
is that we take into account the @Q? dependence Gy (Q?), which leads to an additional suppression due to p-meson
compositeness; in contrast, in the VMD model, this coupling is just a constant. To model this result, the large-Q?
dependence of the Gy (Q?) transition form factor calculated in a soft-wall AdS/QCD model can be approximated by
the form

Gv(Q?) _ 1
Gv(0) 1+/Q2/Ay

where Ay = 1.044k ~ k is the scale parameter. In the numerical evaluation, we use k ~ 0.5 GeV and get Ay =
0.522 GeV. This value follows from the slopes of the hadron Regge trajectories and from the matching of the soft-wall
potential with the lattice-QCD heavy-quark potential, leading to x? ~ o, where o is the string tension [10} [I1].

For the case of the p meson, the value G,(0) = g, = 0.048 is fixed from the condition that G,(Q?) determined from
Egs. @ and at the vector-meson mass shell Q* = —t = —M?, so that F, = G,(~M7) = 0.202. F,, in turn, is
the so-called leptonic decay constant fixed from the central value of the data on the p° — ete™ decay width, and is
given by the formula [12]:

(13)

_ 4
T(p° —efe) = ?aemeQM (14)
The form factor Gy (Q?) very rapidly reaches its asymptotic value. For example, for x = 0.5 GeV, the idealized form
of Eq. reaches about 80% of its asymptotic value 1.044 gy x/+/Q? already by Q? = 4 GeV?. The approach to the

asymptote for the exact result is even faster. In Fig. We plot the result for the exact form factor v/Q2Gv (Q?)/Gv(0)
obtained from Egs. @ and and compare it with asymptotic line 1.044 k deduced from Eq. .
On the other hand, the value of the coupling F}, can be calculated in LF-QCD, using [3]

“/ /““ kL), (15)

1673

where 9y, (x, k] ) is the longitudinal light-front wave function (LFWF) of the p meson, and N, = 3. It is known from
the matching of LF-QCD to soft-wall AdS/QCD that [13]

T O, X 2 O, X

K 1—=z (16)
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FIG. 4: The form factor v/Q2Gv(Q?)/Gv (0). The horizontal line 1.044x corresponds to its asymptotic value at large Q?.

Straightforward calculation gives

Fp&ﬁ(lxlﬁ) (17)

Using the value M, = 755.26 MeV, one obtains from this process that F, ~ 0.185, which compares well with the
experimental value F, = 0.202 given above. Note that using the prediction of the AdS/QCD for the p meson mass
M, = k2 [2,3] gives startling agreement of calculated value of F,, with data:

F =N (1 - %) ~0.202. (18)

27

FIG. 5: Diagram contributing to the ete™ — y7* — ¢ annihilation (the corresponding u-channel diagram is implied).

Note that the v*(q) — V% (q) transition itself [without the form factor Gy] has no additional falloff in ¢2, because
the ¢? from the Lorentz structure of Eq. is compensated by the 1/¢? from the virtual photon. This result is
consistent with the VMD model, which is based on the constant behavior of the v*(¢) — V(q) transition. The
main difference from VMD model is that QCD compositeness gives a nontrivial ¢ dependence, as discussed below.
In particular, let us evaluate the matrix element for the process ete™ — yv* — AV9; it is effectively given by the
product of the matrix elements of the perturbative process ete™ — yv* — v¢¢ and the nonperturbative process
qq — VO

M(etem V%) = M(ete” =199 M(qg = V?), (19)
where the perturbative matrix element includes the sum of ¢ and u channels (see Fig. 5):

l/i

M(ete™ = yqq) = €*0(pa) |V 2" + "y“iv” u(p1) L eq u(q2)v(g3) €, (q1) (20)
¥ K 52
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with e, being the quark charge, s +t+u = s2, 55 = ¢> = (@2 + ¢3)%, k = p1 — @1, k= q1 — p2. Next, using Eq.
and the transversity condition ¢ - €*(q) = 0 for vector particles V°, we replace the product of the final-state bilinear
and M(gq — V°) by

eq w(g2)wv(gs) X M(qg — V°) = Gy (s2;—t) s2€5(q) , (21)

where the coupling function éV(SQ; —t) describes the v* — ¢ — VO transition. At this stage, Gy is an inclusive
coupling to a neutral vector source V° at momentum transfer s, and does not yet refer to a single vector particle V°
of a particular mass /s5. If s is not otherwise constrained, one expects it generically to be of order —t, as indicated

by the second argument of Gy. The key point to notice is that the proper amplitude to use for a particular process
depends not only upon the momentum transfer s, entering from the virtual photon, but it is further constrained
by which distinct exclusive final state it becomes; in particular, if we consider it to be the exclusive transition form
factor Gy (sq) referring to a single vector meson V°. Generically, the ¢g pair in Fig. |5| emerges with a large transverse
momentum and creates a number of hadrons through fragmentation; even if s5 is taken to be as small as Mpg, one can
still produce up to 5 pions from the v*. For example, in order to produce a single vector meson exclusively, whose
constituent quarks are nearly collinear, typically requires the exchange of a hard gluon between the ¢q pair, such that
the gluon momentum transfer is of the order of —¢. Taking into account this physical constraint, which arises due to
QCD compositeness of the hadron, is essential for obtaining correct scaling of the form factor Gy for large —t; we
recognize this fact by henceforth restricting Gy (so; —t) — Gy (M@; —t) = Gy (—t), the transition form factor for a
single vector meson VO of mass My .

Were one to insert a hard gluon line between g2 and ¢3 in Fig. [5 to form a loop, each end of the (initially) hard
quarks g2 and g3 would provide a spinor normalization factor ~ [t|1/* and each hard quark (gluon) propagator would
contribute a factor ~ 1/|t['/? (~ 1/|t). The loop integral naively would bring in four powers of momentum, but the
leading-order piece gives rise to the divergence of the vertex correction, which is subtracted, and the cubic piece gives
an odd function, which vanishes under integration. Thus the loop integral gives a contribution ~ [¢|, so that one
expects Gy (—t) for large [t| to scale as 1/[t|'/2.

Finally, we obtain

kV

In comparing with Eq. one sees that, as in the VMD model, the denominator of the virtual photon propagator
(s2) is compensated by the factor s coming from the Lorentz structure of the gg — V° transition. On the other
hand, one sees the important difference from the VMD model: Our coupling Gy (—t) has explicit dependence on ¢
and falls off as 1/[t|'/? at large [t].

Our kinematical limit is as follows: We consider the small forward-angle () scattering region to be such that
—t ~ 5- 6% while s5 = M‘Q/ <& —t satisfies s +t + u = s3. The differential cross section do/dt for the process
ete™ — yV0, where V is any neutral vector-meson state, is calculated according to the formula

M(eTem =4V = Gy (—t)v(ps) {’y”l e 7“}127”} u(p1) €,(q) €;,(q1) - (22)

do 1

E = m Z |M(€+€_ — ’}/VO)|2 . (23)
pol
After a straightforward calculation, we obtain
do 8ma t
— = G (=t)|1+ - +0(1/s%)] . 24
= e ar o1+ Loy 21)
At large —t, the differential cross section scales as
do 5 K2
= o RAN 25
For the process ete™ — VaOVbO, we use the following kinematics:
s+t+u=s94+ S2p, (26)

where s5, = q?l = M‘Q,a and so, = ql? = M‘Q/b, and s > —t > So4, Sop. The differential cross section is given by

do

1 _
€U it Z|M(€+e = V)12, (27)
pol



where

Mlete = VOVR) = o G%(—t>v<p2>[v”;v“wm u(pn) (@) € (qa) - (28)

From this amplitude, one can compute:

do 32m2at t

The falloff of ‘fi—‘; for double-vector meson production at large ¢ is thus

do 4 K
— ~ A, - 30
dt em S‘t|3 ( )
Our finding is relevant for the process of dilepton production in eTe™ annihilation, when the neutral vector meson
produces the lepton pair. In this case, each vector meson gives a 1/t2 falloff in the cross section, due to the falloff of

the vector-meson form factor Gy (—t) ~ 1/[t|'/? at large —t.

III. ANNIHILATION ete™ — Zfn~ AND ete — Z+ 2,

Using soft-wall AdS/QCD, we can derive the universal formula for the ratio

R olet +e~ — H,, + Hp,) , (31)
olet +e = ut +p)

where n, and ny are the numbers of partons in each hadron.
According to Ref. [14], the ratio R is given by the square of the v — H,,, + H,, transition form factor:

R = |FHann2 (S)‘Q . (32)

Note that these functions F' are the more conventional electromagnetic form factors (coupling two states to a photon),
in distinction to the transition form factors Gy (coupling a photon to a single state) discussed in the previous section.
In the soft-wall AdS/QCD model, Fi, ,, (Q?) is given by

Fu, ., (Q) = / 4= V(Q, 2) s (2)bua (2) (33)
0

where

2 n—1 _n—-3/2 —r%22/2
n(2) T =1) K"z e (34)

is the bulk profile of the AdS field dual to a hadron with n constituents [2, [15]. Straightforward calculation gives

L(mgm) (g2 — 1) [(a+1)
VI(ng —=1)(ny — 1) D(a+1+ ™52 —1)
1

Fp, u,,(Q%) =

TRy (35)

where a = Q?/(4k?). As before, the power of z in the bulk profile uniquely fixes the Q? scaling.
The latter formula reproduces the correct scaling of form factors with the corresponding number of partons (here,

n is the number of ¢g pairs):
1 n—1
Fu~(5) (36)



and gives a prediction for the production of single and double tetraquarks. In particular, the scaling of the form factor
corresponding to v* — ZF + 717 is

1 1
Fuso— ~ oi (37)
in case of tetraquark structure of Z. state, and
1 1
Fpyp~ IR (38)
in the case when ZJ is a system of two tightly bound diquarks.
For v* = ZF + Z_,
1 1
Frive ~ 6~ @ (39)
in case of a Z,. state with tetraquark structure, and
1 1
Fyrg-~ Qs (40)

in case when Z[ is a system of two tightly bound diquarks. These results are consistent with the scaling laws
discussed in Ref. [14] [see Egs. (5) and (6) in that reference]. Our results also agree with the counting rule for
exclusive tetraquark-plus-meson production discussed in Ref. [16].

IV. APPLICATIONS TO STANDARD MODEL PROCESSES

We can also extend our analysis of exclusive processes to standard-model electroweak reactions such as ete™ —
WHW = — ptW— and efe™ — WHW~ — ptp~. An example involving v, exchange is illustrated in Fig. [6] The
virtual W couples to the charged vector meson via coupling to its iid valence quarks.

The cross section for W-pair production in e* e~ annihilation with one-loop corrections, along with earlier references,
is given in Ref. [I7]. Neutrino exchange gives the dominant contribution for s > —t > M3,

do a? |t]
+ —_ + — em
—(eTe = W'WT )~ ——— ——— | 41
it )~ Lot Ow 4sMy, (4D
In the case s > M3, > —t, we obtain:
d 2 1
—U(e+e_ S WTW™) ~ Yem (42)

dt 4sint Oy s[t]
The energy dependence for s > M{, > —t at fixed ¢ is consistent with expectations for Spin—% exchange.

As is the case for ete™ — yy* — yV0 reactions, the effect of hadron compositeness is to modify the analytic
dependence in ¢ of the exclusive cross section by a monopole form factor at s > —t > M3,

do mal |Vual? Gi(—t) M2[t] , k2 M?

@Yo+ - — *+ 17+ ~ em| " u P R 2 14 4

7 (efe” =W W*t 5 W V) ~ Lo Oy IS0, Qo | Vaudl S, (43)
In the case s > M3, > —t, we find:

do rad |Vaal? G (—t) M2 K2 M?

—(eTe” =W W*F 5 W V) —emt L o~ad Vil ——L-. 44

al e - )= it oy 2y CemVed Sppe (44)

Remarkably, the differential cross section is independent of ¢ when s > —t > M‘%V, and the integrated cross sections
for these exclusive hadronic reactions satisfy the leading-twist asymptotic scaling of the form sR.+.-(s) ~ const,
despite the compositeness of the vector mesons.

Similar results also hold for neutral vector meson reactions such as ete™ — Z*92° — V079 and ete™ — 2020 —
VOV, These processes can all be studied at the proposed high-energy International Linear Collider [18].



FIG. 6: Diagram contributing to the exclusive standard model hadronic amplitude e*e™ — W**W ™ — p™ W™ via t-channel
neutrino exchange.

V. CONCLUSIONS

We have seen that constituent counting rules can be used to develop interesting predictions for a variety of production
processes in the forward and backward directions for exclusive C' = 4 annihilation processes involving fermion
exchange, such as ete™ — yV? and ete™ — VOVO. In such cases, keeping separate track of powers of 1/s and
1/]t| leads to interesting predictions, depending upon the states produced. The power-law falloff in the Mandelstam
variables due to hadron compositeness can be determined both through the use explicit AdS/QCD soft-wall models
and through consideration of the underlying quark amplitudes.

Processes in which a meson is created by a single photon introduce a transition form factor that must scale as
1/[t|Y/? for —t > AQQCD, so that, for example, the differential cross section for ete™ — v in the forward direction
scales as 1/(s|t]) when s > —t > Aqcp, but the exclusive cross section for ee™ — vp° in the forward direction scales
as 1/(st?) in the same kinematical limit. Similarly interesting results hold for high-energy electroweak processes such
as forward-angle production ete™ — p* W ~, which must await the construction of the International Linear Collider.

The consequences of the constituent counting rules have also been verified here using AdS/QCD soft-wall models
for the form factors of multiquark exotic hadrons. A core message of this paper is precisely the same as that which
informs much of the work using constituent counting rules: In order to force a number of elementary constituents
created at high energies and at large relative angles into hadrons in which they have small relative momenta, a number
of hard constituents must be exchanged between them in order to produce bound hadronic states. This effect will
only become more pronounced as experiments reach ever higher energies.
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