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ABSTRACT

Inclusive deep inelastic electroproduction processes, in which one (or more)
hadrons in the final state observed in coincidence with the electron, is investi-
gated using Regge-Mueller language, via the inclusive virtual photoproduction
processes. The hadron distributions and generalized scaling laws are obtained,
assuming that Pomeron is the dominant Regge trajectory, it is a simple pole and
ﬁherefore factorizes at high energies. The contribution of the isospin carrying
secondary trajectories cause charge asymmetries in the central and current frag-
mentation regions, and these increase with Qz, for fixed total energy. Average
multiplicity grows logarithmically with energy, as in the hadronic case. However,
in the Bjorken limit, the major contribution comes from the current fragmentation
region, contrary to the hadronic case, and the contribution of central region
scales, and increases with increasing 1/w=w. Finally we show that the trans-
verse momentum of the produced particles is limited, and this limit depends on
the density of the particles in the phase space, or rate of increase of average

multiplicity with Ins, and . All the predictions are consistent with the data.
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I. INTRODUCTION

The scaling laws proposed by Bjorken [1] for the highly inelastic electron
écatte;ng processes are consistent with all the experimental data [2], and this
phenomena is quite; well established and understood at present [3]. In purely
hadronic production procésses another scaling la4w of rather different character
had been proposed quite a while ago [4]. The interest in this hadronic scaling
law has been reviewed by Feynman [5] and Yang [5] quite recently. This
scaling law is also consistent with the present experimental data [5].

Recently there has been increasing theoretical [6] and experimental [7] inter-
est in deep inelastic lepton scattering processes in which one or more of the
final hadrons is detected in coincidence with the scattered lepton (though the
interest on these processes was shadowed by the very exciting discoverieé of
heavy narrow vector mesons in the e e annihilation channel [10]). The most
recent experimental results of SLAC, Cornell and DESY are reported at the
1975 SLAC conference [9]. The data seem to be offering no big surprises.

On the theoretical side [8] the first attempts have been focused on the pos-
sibility that the invariant distributions will exhibit some sort of, similar to that
of Bjorken and Feynman and Yang, scaling laws. The bexclusive subsets of these
processes have been investigated by T. D. Lee [8] using an SU2 phenomenological
Lagrangian technique. The inclusive processes have been anglyzed by Drell and
Yan [8], and Landshoff and Polkinghorne [8], and Feynman [3], using different
forms of the parton medel. Stack [8] investigated the same problem by using
the free-field light-cone commutators, and assuming the dominance of light-cone
singularity for certain semiconnected diagrams. Then attempts have been made
by the present author [11] and the others [11], to study the problem, by adapting

the formalism developed by Mueller [12] for purely hadronic production processes.
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This approach based on very simple and plausible assumption that processes
involviag highly virtual photons are also dominated by Regge trajectory exchanges,
Pomeron being the highest, at high energies. The price paid for not having any
fictitious entities like pa1ftons or qqarks, is that the predictiqns in this approach
are not as detailed as that of a parton model [3]. This work is a corrected and
updated version of the second reference in [11], which was the first thorough
attempt on the problem¥tf. All the predictions are in perfect agreement with the
new available data [9].

A final work; although I will use always the terminology electroproduction,
everything I say applies to muon production also (the terminology leptoproduction

does not seem to be popular somehow).
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II. DEEP INELASTIC ELECTROPRODUCTION
Wi shall start with a short review of deep inelastic electron-proton scat-
tering from the Regge point of view for the sake of completeness. Treating the
electromagnetic interaction to lowest order, the process is represented by the

Feynnian diagram given in Fig. 1. By applying Feynman rules, the differential

cross section for fixed incident electron energy and fixed scattering angle is

given by
L e — “4m2—E—'-[W Q2 1) cos? L +ow_(@? -22] @.1)
EE' Q0dE'~ (02, oF E 5@, v)cos” 3 L@, vy sin" 5, :

where E(E') is the laboratory energy of the incident (final) electron, 6 is the lab
scattering angle, m is the nucleon mass, o is the fine structure constant, and g
is the four-momentum transferred to the proton by the photon; we have also de-

fined Q2=-q2. The invariant structure functions are defined by

i

> dx e pifr,@,5,0)] >

W, (a,p)
v spins

13

~(),,, W (@%,0) + -I-nl—z (A p), (P, W@ ) (2.2)

q,4, .
where A =g - £ 2 Both W, and W, are antisymmetric under v — -v:
Ky Suy O12 1 2

W,@Q7, -») = -W,@,»)

The total absorption cross section for longitudinal and transverse virtual

photons, O‘L’ T, is defined by

Flux) o’ ¥ = 4r°a e;‘;T’LW#V €;1‘,L (2. 3)
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where Eri’ L are the polarization vectors for virtual photons which satisfy the

gauge condition q- €=0. In a frame in which q= (qO, 0,0, q3) we choose them as

1
e =5 (45,0,0,q)
. 4 (2.4)
eT* - L0, 1,4,0
Substituting in Eq. (2.7) we get
(Flux) 0,7, = 4120 Wl(Qz, )
2 Vz 2 2
(Flux)crL =47 1+—§ W2(Q , V) -Wl(Q Y (2.5)
Q

By dimensional arguments, ar, ~Q2 as Q2 —0, and O (Q2= 0, v) is the total
photoabsorption cross section for real photons of energy v.

It is suggestive to write the differential cross section in terms of O and ol

as defined above:

o _e® L@t B o1

@dE ", 3 2 E 1 [1+ er] (2.6)

2\1-1
e=[1+2tan2-g- <1+1§>] (2.7)
Q

is called the polarization parameter [13] and often is small, and R =0y, /ch.

where

Bjorken [1] argued that the limits of W, and vW,, exist as both v and Q2 tend

2

to infinity with their ratio fixed:

W, (@%0) —F ()
(2.8)
oW, @7, ) — F,(w)
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here w =Q2/ 2mp . Present experimental data [2] is in agreement with this pro-
posal for Q2 >0.5 (GeV/c)Z, and we will take this scaling phenomenon, Bjorken
Ascaling, as an experimental fact. Furthermore experiments indicate that the
ratio R is very small [2]:
R =0.1420.067 .
Now consider the forward elastic scattering of a massive photon of space
like momentum ¢ by a physical nucleon of momentum p; so q2= —Q2 <0, pz=m2 .

The amplitude averaged over nucleon spins has the form,

i f dx o1 X p ITEIZm(x) Jim(O):l Ip>

I

2
T,,@Q

-y, T @) +;11—2- (a-p), (AP, T,@% Y . (2.9)

The structure functions W1 are related to the absorptive parts of T1 and T

,2 2’

Wi(QZ, v) = '2'177 m T,@%,7) . : 2. 10)

It can be shown that [14] Tl(QZ, v) is a helicity nonflip amplitude for the t-channel

process y+y — N+ N. So we may decompose it into partial waves according to
2 - 2
T.Q,v) = Z: 2J+1) t,(Q7, J) |P (cos 6,)+P _(-cos 6,) (2.11)
1 7=0 1 J t J t

appropriately analytically continued from the region t> 4m12\1, q2>0 to the
Compton region required for our problem, namely t=0, q2< 0 with v=p.q physical
(Fig. 2). Here Gt is the scattering angle in the center of mass frame of the t-

channel, and for small t, is given by

14
cos 9t ~ a
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where q = 4/ qz. For later convenience we shall also define Q2=-—q2. Now let

us look at the behavior of cos Gt at various limits:

-

(a) Regge limit = v = p-q/m — «, while qz is large and fixed.

Obviously cos b, —.

QZ

2my

(b) Bjorken limit - V,q2 — §vhﬂe w= fixed. In 1;,his case

cos Ot ~ -q/2my — . So the conditions for a Regge expansion, to be more
precise a crossed channel SO(3) expansion, are satisfied in the Bjorken scaling
region. The essential point is that the v-dependence in the Bjorken limit is

exhibited by the Regge representation.

Dropping the background integral in the Sommerfield~Regge expansion, we

get
= 2

5 Q% )

T,@"v) ~ > (20 + I)W[Pa (cos 0,)+ P (-cos 6| . (2.11a)
n n n n
o
To leading order, Pa (cos Gt) ~ (cos Ot) D as cos et — oo, so we get (Fig. 2)
n
a (0)

2 1 2 _ an 2 an v n 9. 11b

where we have assumed factorization of Regge residues and absorbed the irrele-
vant factors into the B's. Obviously the validity of this argument requires Qz to
be large. For small Q2 this is rather dubious, for the neglected terms would be
comparable to the nonleading Regge contributions of the Regge expansion. There
is also the question of the region of validity of the expansion (2. 1>1a). Since the
sum extends over all leading trajectories, by the use of duality arguments, one
may hope that (2. 11a) is a good representation of the amplitude T 1(Qz, V) even

for moderate values of v, and not just the asymptotic region.
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Note that we can pass to the Bjorken region from the Regge region, by
keeping v large and fixed and let q2 — o, We observe that the simplest way to

obtain the scaling laws (2.8) from the Regge expansion (2. 11b) is to have [15]

(8
%y 2 Bzy_n(o)A
By Q )<Q im Qan(o) : (2.12)

for the photon-photon-Reggeon vertex for large Qz. Then we see that, if we
believe in Bjorken scaling, then, in some loose sense, the photon-Reggeon
coupling strength decreases as Q —«. This simple observation is very inter-
esting and suggestive in the light of lately popular "asymptotically free field
theories' [16], which claim that Bjorken scaling is a consequence of asymptotic
freedom. Equation (2.12) is the crucial prescription we shall extensively use
in the rest of the paper.

Using (2.12) we get

o _(0)
w,@%,) — Fy() =~ Z 08,70 (-—”2—>
Bj q
i.e.,
ah’(O)
F ) ~ Z oeto (=) (2.13)

Similar arguments apply to Wz(Qz, v) and we get a similar result

o o (0)-1
LW, Q%1 = Fylw) ~ ZB 50) By )(——1—) L @
Bj

2me

Now if we take only the leading (Pomeron) trajectory, we get

a
Fi(w) ol (2.153)



-9 -
Fo(w) ~ 22 (2. 15b)
Bj

e

in accord with the relation o-L/GT — 0. A warning remark is appropriate here.
Actually, the point @(0)=1 is a nonsense point for WZ’ and the Pomeranchuk
trajectory decouples unless a fixed pole is present which restores its contribu-

tions. If we include the secondary Regge trajectory (P'), we get

(2.16)

Fo(w)~ 2a+ 2b Jw
Bj

Notice that F2 goes toa constant from above, as -C% =22-'-29~ — o (Regge limit).
Q
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III. INCLUSIVE ELECTROPRODUCTION
III. 1 _Definitions and Kinematics
We shall consider the process in which an electron scatters from a hadron
(nucleon) and one. of the hadrons in the final state, in addition to the scattered

electron, is detected:
e(®) + h(p) — e'(®") + h'(k) + H(pp) -

Treating the electromagnetic interaction to lowest order the process is repre-
sented by the Feynman diagram given in Fig. 3, where E (E') is the lab energy
of the incident (final) electron. Applying Feynman rules the differential cross
section for fixed incident electron energy, fixed electron scattering angle, and
fixed hadron scattering angles (f and ¢), and summing over all else, is given

by

(Flux)—d—g——onz —!z W“” : (3.1)
ﬂ' k q

T
0

Q...
o

\V]
=
Do
~

where, the masses of target and detected hadron are denoted by m and p.

Simple Dirac algebra gives

2 ~2[u'+u'-g M'] with m2 ~ 0
Uy wv vu Su e

H
L\’)Ir—-l

PIRRIE 19,(0) 1H(pgp), k> <k, H(pg) 19, (0) 1>

x @m° 6% (@+p-k-ppy)

;; f%_ el <pIJ;(x) k> <k 13 (0) Ip> (3.2)

where J“ is the hadron electromagnetic current, |p> is a one-proton state and

Ik, H> is a state of the one hadron being detected plus all possible others with
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quantum numbers summarized by H. Here ) means sum over all intermediate
states H, which is connected to the proton byHJem, and integrate over their in-
variant phase. Our metric, normalization of states, etc. are the same as in
Ref. [17]. We denote the average over the initial spin by _Z-

Lorentz invariance télls us thaf '\%IW must be a second rank tensor. Be-
cause of the average over spins we have only the vectors q#, pu, kﬂ’ and the
tensor guv at our disposal. Tensors of the type €uvozB qapB or EMVOtB qakB are
excluded because WHV has positive parity (current operator is a polar vector
under spatial reflections). Furthermore, the electromagnetic current is con-
served, i.e.,

qu\;VMV = \;VHV qv =0
Therefore the most general form for the symmetric tensor {;Vl.w is

- . . .
WMV = —(A)[.WW1 + —I-I—lé- (A-p)“(./\'p)VW2 +_“—2 (A-k)“ (A-k)v W3
b o @m0, + @, aem | W,

with

Note that because of the conservation of the leptonic current, and a special
choice of the gauge (e“q“= 0) the relevant form of the tensor W“Vin the inclusive
virtual photoproduction processes is

« ~ 1 ~ 1 > 1 -
= - + —— + = —_— +
Wuv guvwl 2 pup v Wz 2 kukv W3 * 2my [pukv pyk“] W4
(3.3)!
For the process y+p — h + anything, we need 3x4-10+2=4 invariant inde-

pendent variables, and for the process e+p — e'+h+anything, we need



- 12 -

3x5-10+1=6 independent invariant variables to express the cross sections.
But because of the single photon exchange dominance, hadronic and leptonic
parts factor in the differential cross section as depicted in (3.1). Because of
this fact, which is known as the locality of the lepton vertex, the hadronic
tensoi* WMV , cannot depelnd on the 24# and ﬂ[',t’ except insofar as the p, k and Py
are tied to £ and £' by the overall conservation laws. In virtue of these laws,
q=14-0' is effectively a hadronic four-vector. So \XINV can depend on its compo-
nents. But (ﬂ+ﬁ')u=€u is not a hadronic four-vector and Wuv cannot depend on
its components to the extent that the latter are unconstrained. There are two
such constraints:

a. The magnitude of ?i” is related to the magnitude of q“:

§? = gun)? = 4m? -q”

b. Projection of EH on g, is not free either
q,d - Pa®=o

This implies that six variables, which describe the whole process can be chosen
in such a way, that Wuv is independent of two of themf The dependence of do,
on these two variables must therefore be explicitly contained in the lepton factor
ﬂuv . In the lab frame (rest frame of the target) we shall define the direction of
qu as Oz-axis. We shall take the Ox-axis, in the plane spanned by the
vectors ¥ and ¥'. Then the azimuthal angle of the detected hadron, measured
from the 0x-axis is going to be the angle between the planes (or their normals)
defined Tand 7' and ¢ and k.

We shall choose the four invariant variables to describe the hadronic tensor
WMV as follows:

Q% =-q%>0
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pv' =k-q
- mg = p-k
tan ¢ = ky/kX

Two new variables are »', the energy loss of the electrons in the rest frame of
the detected hadron, and k, the energy of the detected hadron is the lab frame.
Other sets of variables which are equally well suited for describing the hadronic
part of the do are (Qz,t, Mz, ¢) or (Qz, K|, cos 6, ¢) where

t= (p--k)2 = m2 + “2 ~2mk

(3.4)

2

Mz = (P"‘Q-k)z =m +u2+2mv - 2up' - 2mk -Q2

Here 0 is the polar angle of the detected hadron, measured from the photon
direction (Fig. 4). The invariant phase space volume element, in terms of

these different sets, is given by

3 2
4k =|—21-‘-‘— 4%l d cos 6 d¢
0 2K
- dv' dk do (3.5)
RPNV
1 2
- dt am? do
RPNV

The old and new invariant variables (Qz, v) and (v',k) satisfy the kinematical

constraints

QZ

T dvami—— 4 - »
. O<w= Sy < 1, 2uv' + 2mg < 2my(l-w) (3.6)

which are derived from the positivity conditions
s=(@+p)2>m> and M= (@p-K)Z > 0 (3.7)

in the Bjorken limit.
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As stated above, summing over the final spins, and averaging over the
initia] spins (unpolarized lepton scattering over unpolarized proton target) the
number of independent helicity amplitudes is four. The differential cross sec-
tion in terms of these functions is‘

2
do N 1 [W++ +ew®® - W' cos 2¢ -2 \/e+ez Re W+O) cos ‘P]
dSk 41 2mE Qz(l o)
ANdE' o— B
2k

0

(3.8)

Here € is the polarization parameter defined in (2.7) and Wab are
% A
Wa‘b=ezl e:W‘w; a,b=0,t

where (+) stands for two transverse polarizations and (0) for the longitudinal
polarization as defined in (2.4). The lengthy relations between Wab and the \X/’i
are given in Appendix 2.
As is obvious from (3.8), if we integrate over the azimuthal angle ¢, the
last two terms vanish, and we are left with two sfructure functions, WH and
00

W™, Let us do this more systematically by integrating the hadronic tenor wHY

over the azimuthal angle ¢.

~ 3 . A
W%, k) = %{-15 8 (v'—m) 5 (K-P—-IE) wHY
0 K m
3
_ [, ka), (,_pk
= 2k05<v"u>6(x‘m>x
d4x ig-x + .
X ) 3¢ <pIJM(x) Ik><k|JV(0) ip> (3.8)

Now W“V can be written in terms of two structure functions as:

W = —a) 2@, v, v'k) +;—i§ (P, (A7), 2, @7 v, v 6)  (3.9)
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and the differential cross section takes the familiar form

2
do =42 _5? |9/ cos” L+ 29/, sin” 2 (3. 10)
3 7} 28 3 D
Ck/ Q
df'dE" 5=

QdE' ==
0

where "< > " stands for the azimﬁthal integration. The differential cross sec-

tion for virtual inclusive photoproduction is defined in the usual way:

Flu) 2 = 4770 exe, W 3. 11)

Conventionally the flux factor for the virtual photon is defined as the flux factor

for a real photon with the same initial invariant mass (q+p)2 as

1.2
Flux) =q-p -5 Q" ~ my(l-w)
bj
Sometimes we shall define the flux factor as we do for hadron beams, whenever
2] 1/2

it is convenient as, (Flux) = [(q-p)2+m2Q A simple calculation gives

_E;TW“V L N
Loav L 21 Q 1, L. 22
e wH €)= W, + I Wy k5 e kW (3.13)

1 sl L. <
+muRe(€ p)(e k)W

After integrating over the azimuthal angle we get

xSt T _ gy
M 7 1

L 2
u?/f“” -9 + 1+ -’-’-2- ",
Q



- 16 -

Substituting these in (3. 11) we get

87roz g /v2+2 1(Q,VVK)

d k/2k 2mv—Q K
: 87rOl Z /VZQI:W(Q,VVK)

& k/2k ZmV—Q “h

2 2
+ 1+L2- 5@, v, v, k) (3. 14)
Q

Or in terms of the normalized inclusive distributions, which is defined as the

ratio of the Lorentz invariant distribution to the total cross section (to get rid

of all the irrelevant factors), we get

* ¢ gtV
2 1 / do \ _ H Eu e H
p(Q,v, v, k) = 5 = T (3.15)
Hot \d k/2k0,f 9\ 2 +Q €re,
Explicitly, in terms of the structure functions
P
oT - \/ L24Q2 1
‘ 1
(3. 16)
T+L _2 /2 2 1‘11‘ vy
p :H v +Q ._1__—
m Ve
T+L . . . R | .
o is written in this form, because we know that it is - vW2 which scales

in the Bjorken limit. Noting that sz +Q2 ~ p in the Bjorken limit, we get

1
- T 3 Ev@fl
p Bj Fl(w)
(3. 17)
pT+L mis mp ¥ Oﬁ]
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From (3.17) it is obvious that for the inclusive cross sections (integrated over
-¢) there is one more power of y, multiplying the scaling structure functions,
compared to the ordinary electroproduction structure functions. Of course
everything we did above is true if the virtual photon vertex factors out. We
shall see that this is not true in photon-end of the phase space. And it is im-
possible to make such sin

electroproduction to the inclusive photoproduction as follows (see Appendix 1):

<dQ2d(j’a_dV'dK21—>e'htH QZ: 0 (2_79 ('IH ('i‘)x é‘g <E’§l'%’?)yh_.th (3. 18)

II. 2 Variables
In discussing purely hadronic inclusive processes it proved to be useful to
parametrize the particle momenta in terms of rapidity variables. Therefore

we shall use the same parametrization here also:

p = m(cosh Yo 0,0, sinh yz)

q = Q(sinh ¥y 0,0, cosh yl) (3.19)
k
k=u coshy,—“"—,sinhy
L “L

where k | is the transverse momentum of the produced particle, with p and q

taken to be colinear in the z-direction; and u I (u2+ki

mass. The rapidity v; specifies the longitudinal Lorentz transformation that

)l/ 2 is the transverse

relates the lab framé to the rest frame of the ith hadron. For a space-like
photon, rapidity parameter is the Lorentz boost which relates the lab frame
(or whichever frame this labeling is done) to the frame where photon has only
a space-component and no energy. This frame is called Breit (or Brick-wall)

frame and its usefulness in processes involving highly space-like photons was
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advertized by Feynman in Ref. [3l. The invariants v = Eﬁq , V' = k—“ﬂ , and

K= -1-{1-;113- which we have chosen to represent the inclusive electroproduction can

be expressed in terms of these rapidity variables:

1 A

v = ==p-q=Q sinh(y; -y,)

Vl:lk_q.—_ u_'L.Q sulh(y _y) (3.20)
I u 1

k = =k-q=p, cosh(y-y,)
m 1 2

The longitudinal and transverse momenta, k3 and k.L , of the detected hadron
in the c.m. frame of the initial photon-hadron system are related to the rapidity

variable as follows

k. +k k, +k

0 3 1 0 73
y=!2n< m >=—2-£n<-1;—_—k—> (3.21)

L 0 3

We put all longitudinally moving frames on an equal footing by the use of rapidity

variables, since they are all related by a simple shift of the scale. Thatis a
lonéimdinal Lorentz transformation, characterized by g=tanh u, merely changes
y to y'=y+u.

Let us now find the absolute kinematical limits iihposed on y, by the energy-
momentum conservation. In the Regge region (which is a subregion of Bjorken

region)
Mz _ 2 2
= (p+q-k)” =~ -Q"+2p-q-2q-k-2p-k 30 (3.22)

From (3:20) we get in the lab frame

QeY

Y

Q ShY =~
Bj

<
1l

by
v' = o Q Sh(Y-y)

K=ulShy



- 19 -

Since it is only k, which does not involve Y, we can neglect 2mg compared to
.other.terms in (3.22), for the minimum value of y, and obtain

2myp (1-w) > 2up'

Substituting in the value 2uv' for y =~ Yinin

Y~Ymin
2uv' ~u Qe
L
we finally obtain

U
v > Jzn(ﬁi-) +fn (—I% T‘1‘> (3. 232)

min ~ -w

Note that this lower limit is particularly simple for nucleon production:

1
Ymin = (—1-:-—5) =@ 5
for small w (which of course means Regge limit). Again from (3. 20) we see
that for y =~ Ymax’ Y"ymax is small; but because of the factor @ in the front p!

should not have been negligible compared to the other terms. Substituting in

2up' = 2“_LQ Sh (Y—ymax)

y
2mxk = my e max
L
we obtain
-y y
2my(l-w) > ZM‘LV e max+m;LLe max
or
y -y
e max_(_@_ e X 2y (1-w)
- ‘ m ~H
A real careful study of this inequality, gives
s m s
y_ . <in (——-—) = m(-) + !zn<—-> (3. 23b)
max my i “J. mz
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Again notice that for nucleon production, this upper limit gets very simple

S
=02

e

So in summary, the absolute kinematical limits-on y are

ﬂn<%>+m<ﬁ—w) 5ygﬂn(%>+ﬂn(~n-f—2-> (3.24)

And for nucleon production, and for ¢ ~0,

w sysﬂn<—s§)
m

One interesting thing about this results is that lower limit depends on . In the
deep Bjorken limit this dependence gets more pronounced. Another distinctive
feature is that phase space (of the detected hadron) is not fixed by the rapidities
of the target or projectile; in other words it is not Yo<VLYy- Calculating the

difference

Ay =

Ymax Y1 = (1-w) + o (ﬁQ_) (3.25)

L

we see that, for Qz ~uJ2_ , this quantity is negative and small (because Q2~ ui
means w=0). As Q2 gets larger the second term geté large; but fortunately,
the first term also gets large and negative. Therefore we may think that, since
the large M production is severely suppressed [9, 25] (see Section V for a

detailed study), Ay is always finite, and never gets large.

OI.3 Generalized Optical Theorem

In purely hadronic inclusive reactions Mueller [12] indicated that the inclu~
sive cross section is a piece of the discontinuity of the forward three~to-three
amplitude. Stapp's [12] formal proof does go through for virtual particles also.

Therefore we are going to use the generalized optical theorem in our case as
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well, to relate the virtual photo inclusive cross section to the discontinuity of
- the forward three-to-three amplitude yhh' —yhh' (Fig. 5).

Denoting this discontinuity by A(q, p, h), optical theorem states

4 T,L : .
Flux) SZ— = AT F(q,p, k) (3.26)
d’k/2k,
where
AP p =t ngd‘LX & *ep, k1 ) 3 (0) Ip, k>
1] v 7 v
(3. 26a)
and
T,L 4
g 2 T,L T,L d'x ig-x o+
(F lux) _—_—dgk/2k‘ =dr'a e €, ng o © P19 ke <kId (0) |p>§.
O .
(3. 26h)

This is not at least implausible, since the virtual photon at hand is space-
like, whereas it is known that the normal threshold branch points and cuts exist
only in the right half q2 plane. On the other hand, in the production of u+u—
pairs by time-like photons, these singularities may be relevant and the use of

Mueller's results would require further justification.
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IV. 0(1,2) EXPANSIONS

It his famous work Mueller [12] expanded the absorptive part A into 0(1,2)
harmonics to investigate the scaling properties in the purely hadronic inclusive
reactions. In doing so his main purpose was to connect the scaling properties
of particle production (such as pionization and limiting fragmentation), and
average multiplicity with Regge singularities familiar from two-body reactions.
He showed that an' appropriate single 0(1, 2) expansion gives limiting fragmen-
tation [5] (slow particles in the rest frame of the one of the initial particles are
the fragments of that particular particle), and the appropriate double 0(1, 2)
expansion gives pionization (pionization products are those pions which maintain
a finite momentum in the c.m. frame of the initial particles as the energy of the
initial particles become very large).

Following Mueller, in getting our generalized scaling laws, we shall use
0(1, 2) expansions, though our kinematic configuration again has sufficient
symmetry to render an 0(1, 3) expansion natural. If we use the 0(1,3) group,
our expansion parameters would be the rapidity variables which we defined
earlier. Both in the Regge limit and Bjorken limit Y1~y becomes very large.
There are, as in the purely hadronic case, three distinct type of regions avail-
able in a single particle spectrum:

a) Vi large, Y=Y, finite (=~0(1)) = target fragmentation region

b) Both ¥y and Y=Y, large = central region

c) y_yz large, §1_y finite (~0(1)) = current fragmentation region.
Despite the fact that we made these definitions in exact analogy to the purely
hadronic production processes, it is not at all obvious whether a hadron detected
in any of the above regions should show the distinct features of the one detected

in purely hadronic production. Because of the short range correlation assumption
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we make in the rapidity space, we shouldn't be surprised to see that a hadron
detected in the region-a) above is slow in the target rest frame; but there is no
a priori reason why the particles detected in the region-b) should be slow in the
barycentric frame, or Why the particles detected in the régio.n—c) should be
slow in the Breit frame.

Since A is an invariant function of p-q, k-q, and p-k (also Q2 of course) we
may choose any coordinate frame which is convenient for our 0(1, 2) parametri-
zation. It turns out that the most convenient frame is one in which the produced
particle is at rest. We shall make the following 0(1, 2) parametrization in this

particular frame
k= p(1,0,0,0) = (g, K,k k)
q = Q(sinh 51, cosh !;1 cos ¢, cosh 51 sin ¢, 0) (4.1)
p= m(coshgz, —sinhgz, 0,0)
where
O<§1, §2<°°’ —TTS¢_<_7T
In terms of these, the three invariant variables become

p'q = mQ(sinh Elcosh§2+ cosh 51 sinhg2 cos ¢)
q-k = pQ sinh £ (4.2)
p-k=mu coshg2

Considered as a function of the independent variables 51, 52, and ¢, A can be

expanded in 0(1, 2) harmonics 18 (neglecting the discrete series)

..2+1oo

A A A
A@% ey 0,60 = T |
m

. A
Jan,an A 2 r@Y a 2 e ™0 d L) 4.9)

l .
_%_ioo
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when £ 1(5 2) becomes large the behavior of (4. 3) is governed by the leading singu-

laritie® in Al(A When both 51 and ¢ 9 become large the asymptotic behavior is

2)'

governed by the leading singularities ay and a, in Al and Az.
Before starting the study of different asymptotic regions let us give the

relation between the rapidity variables and the 0(1,2) parameters
p-rga=mQ sinh(yl—yz) = m Q(sinh 51 cosh 52 + coshé 1 sinh &2 cos ¢)
k-q = " Q sinh(y,-y) = 4 Q sinh§ (4. 4)

kep= mul cosh(y-yz) = my coshgz

IV.1 Target Fragmentation
From (4.3) we see that when ¥y is large (photon and the produced hadron
is well separated in the rapidity plane) 51 is also large, and ¢ 9 is finite because
Y=Y, is (as long as k i is small, which seems to be the case from the experiments).
The 0(1,2) analysis of gl, for large 51, yields (Fig. 6)
AQ% 6, 0.6 = (coshi)*RQ%, ¢, 0) (4.5)
o

—

1

A
where « is the leading singularity in A1 of Aml, which we assumed to be a

simple pole. Assuming that only the Pomeranchuk pole dominates we have a=1.
Also assuming that the leading singularity is a simple pole probably means its

residue factorizes in the usual sense:

. 8u(@% €5, 9) = B (0,65) B (@)

B?
P vy
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where we used our prescription (2. 12) for the photon-photon-Reggeon coupling

in the last step. Substituting these in (4.5) we get

@
do B

) ! P
Flux) ——— = (%) g7 (0, 6.) 2L . : (4.6)
d3k/2k0 gl_wo (Q) ph 27 Q

Going back to the invariant variables v, v', K, we get

. 14
cosh§1~ -15& =

k'p_ m2+u2-—t
mp 2mpu

2-1/2
K
¢[1;§] -]

Large ‘51 means large v'/Q, and finiteness of 52 and ¢ means the finiteness of t

cosh 52 =

and v'/v. For the normalized cross section we finally obtain

p@% v, vK) = xfE.K) (4.7
Bj
yl—y—-»oo
Y-¥q finite

where xt=k-q/p-q is the new scaling variable. Using (3.17), we obtain

1 . _ 1 T, .2 ' _

1 2 1 T+L, 2 _
mv 0)12 ];j EFz(w)p (Q7,v,v', k) —Fz(w) tht(xt, K)

Recalling that }3‘1 is one power down in ¢, compared to F 9 We see that the same

is true for
-LVO)I/ — gz't(w X3k) = F (w) G, (X,,k) 4.8)
m 1 Bj i At 1 v )
yl—y—>°o

Y-Yy finite
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and
- —:-L-vzgﬁ — Qr't(w XK =F _(w) G (X,,K)
mp 2 Bj v 2 FARN e
yl—y~>00
Y-, finite

Now the question is whether this particular single Regge limit corresponds to
the limiting hadron fragmentation in the sense of Ref. [5]. In order to prove
that this really is the case we have to show that the above limit includes the case
where k3 is small in the laboratory frame. Taking the extreme case k3=0, we

have

P
cosh¢ 2% finite
p
i =X L L g
s1nh‘§1—'Q o 4meQ s

So we see that the hadron produced in the region-a) has similar features to the
target fragments of the purely hadronic processer and Eq. (4.7) shows that in
the kinematical region which is a combination of ordinary hadron fragmentation
region and the Bjorken scaling regions the quantity p(Qz, v,v', k) scales

in a general way. The scaling variables are the old w = Q2 / 2p-q and new

1
X, = % . (Note that in the target fragmentation region we have enough freedom
to choose another scaling variable, 2uv' /QZ, and these two scaling variables

2up! _ 2up! 2my _ %t

QZ 2my Q2

t ‘
our choice x;% has better features, that it is proportional to the celebrated

are related to each other as But we shall see below that,
Feynman scaling variable Xp = 2k§ / Js.) The meaning of the scaling variable
X, is not immediately clear. In order to relate it to a more natural experimental

variable let us consider the c.m. system of p and q, in which (dropping the
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asterisk)
2 2.1/2
- pz(p30903p) 3 q:[(p —Q) / :070,-p]

Note that, using s~ 2mv (1-w)

. 2 - .21/2 ‘ -
k-g~kg (0 -Q°) / +p szs
Therefore
2k
—_ ._—..—k‘q ~ 3 —
X, = g = (1-w) —']7'2- = (1—w)XF . “4.9)

(S)

Since 0< 1-¢ < 1 and IXF | <1, we have |x|< 1. We also immediately obtain

the following relation which is well known in purely hadronic inclusive reactions
2

Mé' ~ 1"1'}'“1&1 ~ 1-xp
B] w p-q

as S/M:2 becomes large x_, ~ 1; this corresponds to the boundary of the phase

F
space. When restated in terms of our new variable, ) this says that the phase
space boundary in the hadronic side corresponds to X o 1-w, i.e., it depends on
w.

We also notice that, to leading order in terms of Regge singularities we
considered, the scaling occurs in a factorized form: (Hadronic Feynman
scaling) x (Leptonic Bjorken scaling). Adding secondary Regge trajectories
spoils this form of factorization. Including only the next leading trajectories,
" and A2’ we have

A = (coshglwyw,sz,QzH(coshs1>1/

2 2
Bapr(®:£ 5,Q) -
gl-—»oo
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1
Using factorization of Regge residues and (2.12), and recalling cosh 51: L

Q ?
we get
do 1 1
Flux) —m—— = =xf & H+—Jxf_(xt)  (4.10)
v dsk/zko Bj w Pt N %
: y-y,, finite
2 .
yl-—-y—>oo

Arriving at this general scaling law we have used the factorization of the
Pomeranchuk residue and the prescription (2. 12) for the photon-photon-Reggeon
vertex (the factorization of the Pomeranchuk residue also implies that the frag-

ments of the hadron are essentially independent of the virtual photon beam).

IV.2 Central Region
We shall look at the central region of the single particle spectrum where

both Y-y and Y-y, are large, at high energies. From (4.4) we see that

. “_L . vt
smhg1 = T sinh (yl—y) = )

1
coshg2 = —ﬁl— cosh (y--y2 =K

)
So both &1 and §2 are large. If the leading singularities in Al’ A2 are simple
poles, we get from (4.3) (Fig. 7)

o (¢

A@%e,0,6) ~  (coshty) M(eoshé) PB, , (9,Q% (.11
E1Eg— 172
From (3.20) we have
p-q =_1_. Sh(yl'yz) N.—l—
(k-q)(k-p) ”i Sh(y,-y) Chiy-y,) ”i

Also from (4. 2) we obtain

p-q _1+cos ¢

(k-q) (k- p) u?
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This gives us 1+cos ¢ ~ [Jz/,uf . This relation tells us that cos ¢ is always
finite;h

The Pomeranchuk trajectory can always contribute, so that the largest o,
are 1. Assuming that the leading singularity is a simple pole probably means

that it is factorizable in the usual sense in which case
2, _ & P, 2 -
Bapep (@ Q) = B 0 B, Q) £, 1 (9)

Again using our prescription (2. 12) for the photon-photon-Reggeon vertex, we

get
- do v\ /k\ P P, =
(Flux)-————:(——) L) 67 (082 (0 &, , (#) (4.12)
or, for the normalized distribution
2 -
p@ ¥, v~ X B (x) (4.13)
Bj
yl—y-—bw
y—yz—aoo

where

< = &9E-k) 2
=y
c (p-q) 1

We see that the general kinematical region which combines the double Regge and
Bjorken scaling regions we get scaling and the new scaling variable is X, Re-
calling the definition cosh £ 9= %l_uli we notice that if we make (p-k) also finite,
which takes us from the double Regge region back to single Regge»region, we
recover the scaling variable X, again, which we found for the hadron fragmenta-
tion region. The function §C(¢) we found above is a universal function depending
only on the type of particle observed, but not on the virtual photon beam or the
target. The coordinate system described by (4. 1) is not a very transparent one

in terms of physical quantities. In particular the meaning of ¢ is not immediately
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clear. In order to relate ¢ to a more natural experimental variable again let

" us consider the c.m. frame of p and q (again dropping the asterisk)

1 2
Yo o7 (20+1) (< ko) [(ko-k3) -~ Tes ko] (4.14)

For small values of k3

X, ng K
kg0
This shows that for samll k3, the X, dependence is equivalent to the ka_ depend-
ence, which is transverse momentum of the produced particle in the c.m. frame
of the virtual photon-hadron system.

In the purely hadronic production processes pionization prodﬁcts are those
hadrons (pions) which maintain a finite momentum in the c.m. system of the
initial particles, as the energy of these initial particles become very .large. The
most characteristic momentum value for the pionization products are those for
which k3=0. Let us see whether the double Regge expansion (4. 10) is valid for

k3=0 . We have

M1+24 (* 1)
4ww <—u- (4.15)

inh ¢ p!
sin = =
1 Q

k

Bj

0

“ R

In order to have gl large we have to have (y~0, which is implicitly really the
case in all our analysis, for finite kL . So, central region contains particles
which are slow in the barycentric frame. But of course there is nbthing in the
above argument which shows that these slow particles are the only ones produced

in the central region.
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If we include the next leading Regge trajectory also, we get for the nor~

ngaliz eg distribution

9!
: 8
2 -
pQ,v,v' ) ~ X B %) + g B >—‘%
) ‘ pp

1
lch B{Z _
+ K 69’ gg,g,(x )
Y

7 2
N e e PPN
XC B? 69 PP C
pp Ty

or since the cross terms break the scaling, and we have two contributions

82 2
p@ v, 00 ~ %, |Bpptx) + /2 B Mg )
c BPP 'B'Y'Y
o (B ) (4. 16)
Ji \Z ¢ g¥ | PP C .
PP YY

one scaling, and one scale breaking. Equation (4.16) shows that to get the
scaling, Pomeron dominance is crucial (Reggeon-Reggeon contribution is sup-
pressed like ~/w, but increases with Qz causing charge asymmetries).

Note that when the contribution of the secondaries become comparable to the

Pomeron contribution we are at the boundary of the central region, i.e., for
P 1
Q H $Q

m“.L
my' = T Q sinh (yl—y) ~ Q

These mean

2
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or
b Q
- Shy¥ ~rm (4.17a)
1
k=g Acosh (y-y5) ~ #
or
cosh (y-y,) = L (4. 17b)
Hy

Equations (4.17a) and (4. 17b) show the passage to the current fragmentation and
target fragmentation region respectively.
By using (3. 17) we find the scaling behavior of the structure functions as

follows

1 5 N =C _ ¢
e~ v)//l 5 F 1(w,xc) = Fl(w) G (xc)

central

region

(4.18)
c

[unii ), —_— 27 =
o v @VZ 5 .jz(w,xc) Fz(w) G (xc)

central
region

Here the function GC(XC) is a universal function depending only on the fype of

particle observed, but not on the virtual photon beam or the target.

IV.3 Phase Space Boundary on the Target End (Triple Regge Limit)

If the produced particle is sufficiently near the hadron end of the spectrum,
that is if, say Y-Yo i$ nearly as small as possible, it becomes péssible to
calculate ft(cp, y—yz) in (4.7) explicitly in the Bjorken limit. Thié is the route
followed in the case of purely hadronic inclusive reactions. They show that
phase space boundary corresponds to the Triple Regge Limit (TR). Here we

shall follow the reverse route, by studying the mathematical TR limit, and then
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looking what physical region does it correspond to. From Fig. 8 we see that
in the TR region AT’L(Qz, v, v, k) is given by
200(0){ lim AT T2 @2y

t) 9
- M — 00

AT’L(Q2,V,V',K) ~ [ﬁa'(t)]z(cose
, TR L PP
(4.19)
where «'(t) is the leading Regge trajectory in the t-channel, and AT’ L stands
for the absorptive part of the virtual photon-Reggeon forward elastic scattering
amplitude, M2 is the missing mass, and Ot is the c.m. angle for the process
pt+q —k-+anything in the t-channel, and for small t, and if the detected hadron
isa nucleon given by

_t w+Xt

cos 9t~ —5 1T (4.20)
4m t

where xt=k-q/p- qd. When the detected hadron is a nucleon, then the dominant
a'-trajectory is a Pomeron. So cos 6 ¢ has a power of 2. A similar analysis
gives

£T.L T,L,.2 (0)

2 .2
QM50 = g, 08, Q%) (cos by

4.

- ey (4.21)
M ) Q —

where ga'a'a(t’ t,0) is the triple Reggeon vertex, and GM is the scattering angle

in the barycentric frame on the cross channel of the photon-photon channel for

the forward process photon + Reggeon — photon + Reggeon, and is given by

1 _pa-kp (4.22)

cOoSs ~
MG Q

Pomeranchukon is the dominant a-trajectory, and using (2.12) for the photon-

photon Reggeon vertex, we get

T, L
~ g Bomy .q-k-
AT’L(Qz,Mz,t) 5~ aravg;/;/«y <p q 2k q) . (4. 23)
Qo (-1 Q
M 00

t small



- 34 -

Substituting this in (4. 19) we get

2
1-x,\ /X -
- AT TRE 0 I‘T’L(t)(——-——t-)< t_l> (4. 24)
TR @ I\X
Bj

small t

where

4m

The region in which our expression is valid is given by the following kinematical

constraints:

(a) t small, fixed.
wtX
(o) large, which means X~ 1. And this ratio is very sensitive to

the variation of X, around X, ~ 1. Interms of Feynman's variable this means

1- Xt

Koy, N e

F 1-0°

(c) P——QQ-_—IE—Q- large.

limit, as long as (b) is satisfied.

This condition is automatically satisfied in the Bjorken

The constraint (b) implies Yi=Y=Y;-Yy This shows that indeed the
the TR region corresponds to the boundary of the phase space available for the
single particle spectrum.

So, we see that for a nucleon produced near the end of the phase space, the

invariant distribution is

(wtx,)
(Flux) =2C— ~ rtl 2 _— ¢ (T-l-—> . 4. 25)
d’k/2k, Bj P Loow ~X¢
TR

i.e., there is a peak at the target and of the phase space in terms of the variable Xy
This agrees with the data beautifully (Fig.10) [9]. The existence of this peak

(elastic peak) was also predicted, via quite formal arguments in Ref. [19].
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If the detected hadron is a pion, then the dominant a'-trajectory is a

_baryaqn trajectory with the intercept, ozA(O) ~ 0.3. In this case,

wt+X
cos G,EW)N 1- 1 LN 11x
R By TR .
TR
Substituting these in (4.19), we get
T,L
(Flux)~g-L—— ~ roob l(l-xt)o""

k/2k, By T ¢

TR

This distribution vanishes at the boundary. Again, this result agrees with

experiment (Fig. 11).

The scaling laws, for the structure function are, using (3.17)

'BT(2>M 1

I’L —————————
N\") w 1-x
209 — 71N wx,0 = '
m” 71 g 7L t F (@)
TIJ{ pT(,2) 1 w 0.4
(1) = =y
(4.27)
BT+L< z> Folw) 4
' N u_L w l—Xt
2
El—v @//2 — ggR(w,Xt, K) =
H ) F_(w)
Bj BT+L( 2) 2 (1-x)0-4
TR T M,L w t

The first ones are for nucleon production, the second for pion production.

IV.4 Current Fragmentation

From (4.4) we see that when ¥-Ysq is large, while ¥y is finite (Fig. | 9) the
0(1, 2) expansion yields

A@P%iE,. 6,8, ~ (cosh£)® B@%9,6)) (4.28)
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where « is the leading singularity and assumed to be a simple pole. Again
assuming that this leading singularity is the Pomeron trajectory, and it
factorizes, we obtain

do P2 &
(Flux) —=2— =~ (%) £7Q"y,-9) f | . (4.200)
d°k/2k, HY P
0
where the function Bf stands for the right-hand blob in Fig. 9.
Since in this particular region, we do not have the photon-photon-Reggeon
vertex explicitly in a factorized form, this is as far as we can go in our approach,

namely we cannot predict explicit scaling forms. For the normalized distribu-

tion we have

2 .
2 1 &£, .2
@ ,v,v', k) E (§)<%I-L> -[-3?;- B'yh(Q ;yl—y) (4.29b)
]
Yy finite ] Y
y'Yz_"’o

All we can do is really guess and find plausibility arguments for the scaling
variables, and the distributions. Let us first study the possible candidates to
be the scaling variables. Since Yoy 0(1), and Y=Y large, we have in the

Bjorken limit

pt~ O0Q) Kk~ 0(Q/w)
K -1 p! ~1
T~ 0@ >~ 0@ (4.30)
Lvo@h L ~o@h
. Q
me 1 <1+ th(y—y1)>
uy! w 2

From thislist we see that if we would like to have a scaling variable in the

conventional form (conventional in the hadronic sense) the only likely
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candidate is the last one. But unfortunately, that it is nothing but the Bjorken's
scaling variable can be seen by explicitly calculating it out (as is already obvious

from (4.30)) in any frame we like. Doing it in the c.m. frame we find

m'e __Fo/%s [1_2 _53_] - |

uv! 1+k0/k3 © k0 k3 l—argew )
That eventually we took the limit k3 — o, was in accord with the definition that
the detected hadron has a finite fraction of the photon mass. Since both photon
and the detected hadron are well separated from the center of the rapidity space,
this means that photon fragments have large longitudinal moments in the c.m.
frame.

Since the photon fragmentation region is quite a peculiar regibn for high

Qz, we have to give up the conventions we made for the purely hadronic

processes. To find the correct scaling variable let us review the scaling vari-

ables we have obtained for the neighboring regions:

K g By ShO-¥y) g

LTS,y R

c (p-9)
Calling Sh(yl—y)=zl, Sh(y-yz):zz, Sh(yl—y2)=z2, Sh(yl—y2)=z we see that
“1%2

Xt:

e

2 SN
z ’ culz

The scaling variable which would match with X, and X, and would carry the same

meaning would be

It

z Sh(y-y,)
% =?2 Sh(yl-;fz):://g =<§><

y g-) (4.31)



- 38 -

In terms of this new scaling variable, our normalized distribution becomes

- 2 1 2
p,y(Q VsV k) = <XV%) -—ﬁﬁ%@ Y1) (4.29¢)
] B
y,-y finite Y
y_yz—-»oo R

As we see p does not even have Bjorken scaling, as it is. To guess the scaling
form, consider the inclusive sum rule [6]:

dgki 2

We know that the total available energy is E tot =V We shall show in the next
section quite generally that, the transverse momentum of outgoing particles is
limited. From our detailed kinematical analysis above, we see that in the
current fragmentation region kO ~ O(v), and it is at least one power of Jv sup-
pressed in the neighboring region (because the boost parameter which relates
the lab and the c.m. frame is Ch g=Jv/2m(l-w) ). Assuming that cross
sections are bounded as Qz—»oo (i.e., multiplicities do not grow as powers of
Qz), then this sum rule is saturated by the contributions in the current frag-

mentation region. This means that the integral in rapidity extends only a finite

region:

>/ &k . [ay, o v,y ;uz)ki—0= 1 (4. 33)
Dy oy U7 THYTETELY
Since kiON (), the siinplest way of satisfying this sum rule would be to have
p(Qz, v, v,k ) independent of Q2, i.e., scale in (. (This would mean that V@kl
and V20}//2 are the scaling structure functions, asin the neighboring region, and

is in agreement with the parton model predictions [8] also, if this means

anything). This is simply achieved if the explicit Q-dependence of the blob
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B%(Qz, y-yq) was
- Z o2 _m &

If this ansatz is correct, we finally obtain

T L 2
Q ,v,v' k) o h(X s M ) (4.34)
Bj
y-y2~>°°
y1-y finite

Where in the last step we also used the fact

_ Sh(y y2) "(yl"y) pt -1
"B,y ~ (%)

Adding the next leading trajectory breaks the scaling

oL L(Qz,v, K) & X [ (X2 0))* ff (x,,, )] (4.35a)

As k gets large we approach scaling from above. Note that for X’le’ close to

l

the end of the boundary, we have K/u=>y/Q. Substituting this in (4. 35) we get

o @ vt~ [ )+ /21T )] (4. 35b)

For small Q (and fixed value of initial total energy) Pomeron contribution dominates.
But if we increase Qz, the contribution of the isospin carrying secondary tra-
jectory (P'+ Az) becomes comparable to the &-contribution. This implies that
7r+/ 7 asymmetry, which is due to isospin carrying secondary Regge trajectory
increases as a functiqn of Qz, or as a function of w for fixed value of s. This
prediction although not as detailed as that of the parton model [20], is supported
by the data (Fig. 12) [9].

Now, let us investigate the questions whether the hadron produced in the so

defined current fragmentation region show the same features as in the purely
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hadronic case. (In the purely hadronic case, particles which are slow in the
-beamerest frame are the fragments of the beam.) Because it does not make
sense, to talk about the rest frame of a space-like photon, let us work in the
barycentric frame:

cosh§2=p—'15- ~ EVI-XF—.«: (A.36)
— O

u
1{3

So our expansion is valid for the fast particle production. Let us see now
whether there are any slow particles produced in this region also:

I 1/2
coshg, _L(i’ﬂn)_/__»oo (4. 37a)
ko= ' J2(T0)

sinh §1=-1-;% ~ 12w L large t4.37b)
ko—0 2 Ju(l-w) w—=0 2w

This result shows that particles with k§z0 are produced in thé central region,
and the central region may be called the '""pionization region' as in the hadronic

case without any further reservation. The structure functions scale as follows:

1 Y _ T
— — g =F G
v F 1w, X ul) 1{w) V(XV’“L)

m 1 Bj
Y=Yy
¥y finite
(4. 38)
VO, - Fp,%, o) = Fyle) O )
Y=Yy
¥y finite

The hope that, we can find the form of G’)/(X'Y’M_L) explicitly, by taking the single
pion exchange diagram for pion production close to the boundary, fails when Q2
large, because (q-k)z N -Qz. This is a peculiarity of the highly space-like

photon.
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V. AVERAGE MULTIPLICITIES
V.1 Contributions of Each Kinematical Region to the Multiplicity T
Tl;é average multiplicity of the produced particles is defined by

3 2

2 - 9 _[dk [do@Q",v,v, )

o, @Q ,n@Q,v) = -+ : (5.1)
tot ’ . 2k < dSk/sz >

0

where o tot is the total spin averaged virtual photon-proton cross section at a
given v and Qz and the integral (5. 1) extends over the allowed phase space. In
our definition n means the average multiplicity for a specific type of particle,
say pion (7r+, T, or 7r0) to which do/ (d3k/ Zko) refers. To get the average mul-
tiplicity for all kinds of pi.ons produced in virtual inclusive photoproductipn
processes we have to add the contributions of all. Clearly if one does not have
information about the transverse momentum distributions it is difficult to esti-
mate the multiplicity of the pions. However, if kJ. dependence of the invariant
distribution (explicitly ft, f(y, and g) falls faster than (ka_)—l, then the leading
behavior of ﬁ(Qz, v) can be calculated when the Pomeranchuk pole is the leading
singularity.

At the end of this chapter we shall carefully study this point and will show
that the suppression of transverse momentum comes out naturally as a result of
other assumptions already made, and the data seems to be in perfect agreement
with this (Fig. 12) [9,25]. Making a variable change from <k3’kJ.) to (ylkl) we
get

25@% ) = [a*k [ay pixou)+ [dy [Pk p )+ [dPk fdyp X 1)

L 1A A R LPeT T ST Yoy tL
(5.2)
Because the [JL behavior is damped, the total multiplicity is proportional to the

length of the phase space, ﬂn[(l-—w) -—S§-]
m
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Now let us calculate the shares of each region. The first integration is
over a finite length of rapidity (~2), and therefore is a constant. The second
integral is proportional to the length of the phase space of that region, because
the integral of the universal function pc(}ll) over k 5 is constant:

2+L_
f dy [d®k p (4 ) = (const) x L
9 1 Pe¥'y c

where LC is the length of the central region, in rapidity space.

Even though we assume that photon fragments very much like a hadron does,
we know that certain things are different, because the photon is very highly
space-like. To find the contribution of the current fragments, let us keep Q2
fixed and large, and decrease s, until the projectile communicateé with target,
in the rapidity plane (this can be achieved, by keeping Q2 fixed and letting w to

1 also). The length of the projectile fragmentation region is

S

L’Y = Y—Lt o~ ﬂn[—-é- (l—w)]
gl

Substituting

we get
2 @

2
By

L'Y =~ fn {1-w) (5.3)

If we now let s—= (keeﬁing Q2 large, and fixed) central region reappears again.

The size of the central region is, then

L =Y4;-@ﬂ)gh{s —Lﬂ
c y

QF
(5.4)
=t (3)
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Finally, the contribution of each region to the total average charged multi-

plicity is (Fig. 14)

e

ﬁt(Qz, v) = constant
i,@Q%,1)= (const) n (/) |  5.5)
ﬁy(Qz, v) = (const) + (const) In (Qz/ui>

V.2 An Upper Bound on the Transverse Momentum.

Now it is well known that the logarithmic growth of the average multiplicity
(at least in the purely hadronic case) arise from populating tﬁe longitudinal phase
space dk3 / ky= dy in a statistically independent manner [6]. We would like to
point out here that for this type of longitudinal distribution the transverse mo-
mentum must be limited for the general case like the one in hand, where we have
highly off shell virtual particles involved [21,22]. We shall make the following
assumptions:

a) phase space is completely filled

b) transverse momentum is independent of rapidity .

Since the assumption (a) is the most crucial one for the processes involving
highly virtual particles let us give a plausibility argument in support of it, re-

calling the kinematical study in Section II. 2. The quantity

Ay=y . -y, = (l-w)+ In(§—> .6)

L
would measure the unfilled positions of the longitudinal phase space. Fortunately
it is small (~ 0(1)) fox(- all values of Qz. If Ay was not small, it would mean that
there are newregimes opened up in the phase space, other than the so defined
target fragmentation, central and current fragmentation regimes.
That Ay ~@(1) means that phase space actually extends only between limits

fixed by the rapidities of the leading particles, although it does not seem to be so
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at first sight. Let us calculate the mass, .#, of the "Feynman gas' of length

Y. Let us first translate the gas in y by a Lorentz transformation so that it is

e

centered at y=0. Let us call the average density of particles integrated over
kJ.’ C, i.e., dn/dy=C. Since k3:”i sinh y, with the gas centered at y=0, its
total momentum is zero; therefore its mass is its total energy. Assuming that

ﬁl is independent of y, we obtain

- Y/2

- . Y
M= 2C Slnh(—-) ~ C 5.7
By 5 Hy (6.7)
From (3.24) we immediately see that
S
Y =4in |:(1-w) —2-] (5.8)
m
Substituting this in (5.7), we get
o s\M/2
M= Ci. Tog <—-—> (5.9)
L 2
m
Since .4 cannot exceed the total available c.m. energy,
c.m.
M E1:01; = s
we get
L 1
C—= g —™ =~ 1 (5.10)
m Bj 1-w w0

From (5.10) we see that if C is to be of order -1 as is experimentally (Fig. 15)
[9] then for w~0 (deep Regge region) ﬁJ. is constrained to be of the order of a
typical hadron mass or less, the same behavior we see in hadronic production
processes [6]. As QZ ;gets very large, or as w—1, (5.10) predicts large devia-
tion from this typical hadronic behavior. If C is again to be of order 1, then

ﬁ_L/m may get very large with increasing Qz, for fixed s:

2
Ly _1_1___1( Q)
mSCTTo T\U's (5.11)
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This linear increase with Qz seems to be consistent with the data (Fig. 13).

From the data (Fig. 15) we get C~1. Se we see that this inequality is well

satisfied by the data; for the left-hand side is 0.47, but the right-hand side is

1.08. Notice also that (5.9) and (5. 10) set a rough upper limit on the value of

C, because u_<_ﬁ . These uppér limits are

L

M
c” o

N N
max M
T

, C
max

e~ 7

R
Il
=

=5

and these give

T N
Cmax/ Cmax - MN/ M'R’ ~T
Now it is the right place to note that if the central plateau is ;'eally two

plateaus, hadronic plateau and the current plateau, lying between the current

fragmentation and the hole fragmentation regions [23], our result (5.10) applies

again. If they are of equal height C is their common height; if they are of

different height it is their average, C= -21 (Ch+Cy)'
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Vi. FINAL REMARKS

In.the preceding chapters, following Mueller's analysis of purely hadronic
processes closely, we calculated the momentum distribution of the final state
hadrons in deep inelastic electroproduction processes, and obtained general
scaling laws. Our approach t
list the ingredients that led up to the above result as follows:

(a) We assumed that the amplitude for the forward virtual Compton ampli-
tude can be written as a sum over the leading Regge poles over a wide range of
values of Qz and v and not just the asymptotic limit (a plausibility argument for
this is duality).

(b) The scaling law obtained by Bjorken for the ordinary deep inelastic elec-
troproduction processes are consistent with all the experimental data available
at present. Therefore, we take it as an experimental fact, and combining this
with (a) above we get a prescription for the Q2 dependence of the virtual photon- ,
virtual photon-Reggeon vertex.

(c) We assume that Pomeranchukon singularity is a Regge pole, so that its
residue factorizes. This assumption enables us to use the information we obtained
in (b) for the ordinary deep inelastic electroproduction processes.

(d) We expand the absorptive part of the forward three-to-three amplitude,
"virtual photon + nucleon + ﬁal——virtual photon + nucleon + EE;’I, " into harmonics
of 0(1,2), as Mueller did in analyzing the purely hadronic inclusive reactions.
Because of the existence of a highly spacelike virtual photon, this is not trivial
exercise at all. Also, in this analysis, we did not assume the mass of the virtual
photon, Qz, to be small compared to v.

Although we assumed that the virtual photon fragments very much like a had-

ron does, we get some interesting features in our case which are absent in purely
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hadronic case. For instance, we observe that the size of the virtual photon
fragmgntation region in the rapidity plane changes with Qz. Factorization of

the Pomeronchukon residue insures that in our case also the target nucleon frag-
ments exactly as it does in purely hadronic inclusive processes, i.e., its size

in rapidity plane is a coﬁstant, 80 its contribution to the multiplicity is a constant.
The average multiplicity again grows logarithmically with energy, as in the purely
hadronic case. But this time the contribution fram the photon fragmentation region
is really large. If we fix @ at a not too small value, we see that the major con-
tribution to the multiplicity comes from the photon fragmentation region, whereas
in purely hadronic case in was coming from the central region.

We have, then, shown quite generally that the logarithmic increase of the
multiplicity imposes a constraint on the average transverse momentums pfoduced,
and this upper limit increases with Qz.

We have shown that, at not too high energies where the coﬂtribution of
secondary Regge trajectories are comparable to the Pomeron, the charge
asymmetries carried by these isospin carrying trajectories increase with in-
creasing Qz, both in the current fragmentation region and central region. This
behavior for current fragmentation region is beatifully supported by the data.

But since energies are not high enough to develop a plateau, the prediction for
the central region is to be tested in the future.

We finally point out, as a final digression on the soft-pions (in Appendix 3),
that the contributions of the soft-pions does not increase with enefgy, i.e., in
the center of mass frame, it is the soft-pions' contribution which gives early
onset of scaling.

Kinematics relevant to the problem is very thoroughly and carefully inves-

tigated throughout.
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APPENDIX 1
2 do™
Fqor Q" —0 we should have 5 —0; this gives us the following relation
d"k/2k
0
2 2 2
lim 94,@Q w,v k)= lim %‘?/fz(Q oty . o (ALY
Q%0 Q%—o L?
doT 2
Also - Q7 =0,v,v",k) is the inclusive photoproduction.
d k/2k0
2 .20 26
We observe that as Q —0, sin 3 -0, and so cos 7~ 1, therefore
o 2 (E M@ v, 050
——— ~ 417w <—:E-> lim T . (Al.2)
1 .
dQ dy dp' dx QZ» 0 QZ—»O Q
Comparing this with the photo inclusive cross section
do \ a 41r2a 1 V2
lim Wl ~ —2—'n-lﬂ'—2 lim —29212 ‘
d k/2k '2__»0 Qz_ho Q2—>0 v Q2_*0 Q
(AL.3)

we finally obtain

— ~  (2a)(m (E_' L
<dQ2dvdv' de_»e,h,H Q% 0 <7r>(u> E> &

do )
< : (Al. 4)
dv' dk vh—h'H
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APPENDIX 2

Phe relations between Wab and Wi are as follows

g+
+
!
m
+
*
m
w4+
%
|

3 1, +,.2 Jp—
Wl+u2 le -k4l W2~W |

Boov 1 2

2
W° = % Cwh = _w_ + <1+V—>W
Q 2

+—f2 12 k12w
u

3

W= W = S (R W,
by P

k K
o _ X, 0O X 0
Re W' = (€ Q) Wy + gmn (€)W,

1 O, (o]
+mu Re (e *-p)(e -k)W4
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APPENDIX 3: INCLUSIVE SOFT-PION ELECTROPRODUCTION
We shall now consider inclusive electroproduction process where the de-~

tected particle is a soft pion:

e(t) + N(p) — e'(t") + n_ ..(k) + anything (py) .
We shall first look at the problem as a special case of the general pion produc-
tion process we investigated in the preceding chapters.
The notion of a soft meson depends on a particular Lorentz frame just as a
soft (infrared) photon does. We are going to assume here that in some Lorentz
frame, which we are going to specify explicitly below, all soft-pion momenta,

say kﬂ’ are so small, that they satisfy [24]

Kl <« p. (A3.1)
In order to get started we have to choose a special frame first. Special frames
at our disposal are rest frames of the target and projectile, and the center-of-
mass frame of the initial virtual photon-nucleon system. If we take the lab frame
(target rest frame) as our special Lorentz frame, emitting soft pions correspond
to target fragmentation, or, expressed in another way, we say in the lab frame
target fragmentation limits and soft-pion limits are kinematically same (to be
more precise it is not really the whole target fragmentation region but the end
region of it, i.e., the triple Regge limit). We can rephrase this as follows: A
soft meson is soft only in the rest frame of the primary particle that emits it
(we must be careful at this point, because it may be difficult to identify the rest
frame of the primary particle, since, in order to radiate, it must experience an
acceleration, and therefore its rest frame changes). The invariant kinematical
variables in this case are

= 2
. E

K k0~(u + k") ~ U om
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and
- v'= %;cl ~ v
Bj
Therefore
p! 1 )
D (A3.2)

For a consistency check let us calculate the rapidity variable in this case:.

cosh (y-y )=L ~ £
2" v
L L

This tells us that in the soft-pion limit indeed the rapidity difference cannot be
large. So the Regge limifs which involve large values of rapidity difference
y-y, are inapplicable in this case, and the only allowed Regge limit is the one
in which YV —=®, Y7V~ and Y-Yo finite. So for the soft-pion producition
in the lab frame we have the scaling law (4.7) with the special values (A3.2) of
the scaling variables. The particular value of t ~ 1 GreV2 show's that one nucleon
exchange approximation is a fairly good approximation for the soft-pion produc-
tion in the lab frame. We have shown in Chapter V that the contribution of the
target fragmentation products to the multiplicity is a constant. Since the soft
pions in the target frame are the fragments of the target their multiplicity is a
constant.

Now we shall choose the c.m. frame of the initial system as our special
Lorentz frame, as is usually done [5]. In this case the process of emitting soft
real or virtual pions is known as pionization. The invariant variables in this

case are

kg M -1/2 1/2
8 3]

N
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For the soft-pion production in the c.m. frame we have the scaling law (4. 13)

with the following special value for the scaling variable 7:

¢=fli(51¥g—k) ~ u/2 (A3. 3)
P soft 1
pion -

For a consistency check let us calculate the rapidity variables in this case

: 1/2
cosh (y-yz) = ﬁ ~ Vw+ -;- <%> — o0
(A3.4)
. -1/2
cosh (yl-y) = !—i{% ~ 51;2 <Q_,+ %) (mv)l/z — 00
L

Again recalling the last chapter's prediction that the contribution of the pioniza-
tion products to the multiplicity is In(1/w), i.e., scales, the mulﬁplicity of the
soft pions, in the c.m. frame, is {n(1/w). So we see that which ever special
Lorentz frame we choose for our definition the multiplicity for the soft pions

does not grow with the energy, it is constant and it scales in the ¢.m. frame.

T. D. Lee [8] showed that there is a general relation between the multiplicity and
the energy scale (he defines the scale Sc, so that when S is bigger than SC the
structure functions scale). His prediction is that if the average multiplicity n

increases with energy, say, like

where K is a number, then the scale SC for a channel with a large multiplicity
should increase exponéntially with n, i.e.,

2 en/K .

ScN MN
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In the case of finite average multiplicity he finds that the scale for any channel
of multiplicity n, is approximately
S ~ (M,.+ M n)2
¢ N T
where A is some large factor, say 10. Applying his predictiAons to our problem,

we claim that for the soft-pion production in the deep inelastic processes the

scaling sets in early, i.e., the over all scale is low, for the multiplicity is
finite irrespective of the Lorentz frame we choose. Then the possibility exists
that if one excludes all the hard mesons in the deep inelastic electroproduction
processes, the remaining hadron multiplicity at infinite energy may stay finite
and not too high. Notice that our prediction is contrary to that of Lee's. He
claims that the growing multiplicity is due to soft mesons, and our prediction
is that it is rather due to hard mesons, and it is the soft mesons which set the
scaling so early.

Now integrate the equation (3. 10) over p' around the value p' ~p in an
interval of length EEIHL in the lab frame. Since the structure functions @fl and

1/0}//2 scale with the special values, k = EWN p, x~u/m of the variables, we get

2
do 4o Er t 20
'-""2—'—"'- ~ 3 <i—>[9/2(w’xty K) cos 5
dQ dvd_E7r Bj Q
soft pion

+ zwg(w,xt, k) sin’ g] K| (A3.5)
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and in the c.m. frame, again integrating over v' along an interval of length

—_—=we get

2
zdff ~ 4”?; <%_'.> [@/xg(x ) cos? §+ 2‘9}/’2(}( ) sin? -g-] K| (A3.6)
WQ°dpdE_ Q e | ° .

where X, "~ ui in the soft pion limit, and ¢ is the electron scattering angle.
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FOOTNOTE
+1The last reference in [11] was an attempt to modify the erroneous treatmeht

of the current fragmentation (and some kinematical errors) in the second
reference in [11]. Unfortunétely they failed firstly to notice the w-dependence
of the phase space, which is so crucial, especially in proving that no new
regimes other than those studied in this work, open up at high Qz; in other
words the phase space is completely filled by the secondaries. Secondly,
their scaling variable (and also scaling distribution) for the current fragmen-
tation region is not a scaling variable for high Qz, as is obvious from our list
(4.30). So their only two new results being incorrect, they fail to outdate the
second reference in [11]. In this work in addition to correctly and thoroughly
treating the kinematics, we manage to get a unified scaling variable (which is
related to Feynman's purely hadronic scaling variable) for both fragmentation

regions, which is supported by the data beautifully.



1]

(3]

- 56 -

REFERENCES

- J. D. Bjorken, Phys. Rev. 179, 1547 (1969).

R. E. Taylor, Inelastic electron-nucleon scattering experiments at
SLAC; L. W. Mo, High energy muon scattering at Fermi Lab.oratory
in Proceedings of the 1975 International Symposium on Lepton and
Photon Interactions at High Energies, Ed. W. Kirk (Stanford Linear
Accelerator Center, Stanford, California, 1976).

R. P. Feynman, Photon~Hadron Interactions (W. A. Benjamin, New

York, 1972).

D. Amati et al., Nuovo Cimento 26, 896 (1962).

K. Wilson, Acta Physica Austriaca 17, 37 (1963).

R. P. Feynman, Phys. Rev. Lett. 23, 1415 (1964).

C. N. Yang et al., Phys. Rev. 188, 2159 (1969).

K. Kang, Fortschritte der Physik 21, 507 (1973).

M. Jacob, Hadron Physics at IST Energies, Lecture notes at Bonn
Summer Institute for Theoretical Physics, August 1974.

L. Stodolsky, in Proceedings of the Seventh Recontre de Moriond,
Vol. 2 (1972).

SLAC data: M. Perl et al., Phys. Rev. D 10, 1401 (1974).

DESY data: V. Echardt et al., Nucl. Phys. B 55, 45 (1973).
Cornell data: J. Bebek et al., Phys. Rev. Lett. 30, 624 (1973).
S. Drell, T. Yan, Phys. Rev. Lett. 24, 855 (1971).

P. Landshoff, J. Polkinghorne, Nucl. Phys. B 33, 221 (1971).

dJ. Stack, Phys. Rev. Lett. 28, 57 (1972).

J. Bjorken, S. Berman, J. Kogut, Phys. Rev. D 4, 3388 (1971).

T. D. Lee, Ann. Phys. 66, 857 (1971).



[11]

[13]

[14]

-57 -

Harvard-Cornell Collaboration by K. M. Hanson, Inclusive and
exclusive virtual photoproduction results at Cornell; SLAC-UCSC
Collaboration by R. F. Mozley, Muon proton scattering at SLAC;
DESY-Glasgow Collaboraﬁon by V. Echardt, in the Proceedings of
the 1975 International Symposium on Lepton and Photon Intex:actions
at High Energies, Ed. W. Kirk (Stanford Linear Accelerator Center,
Stanford, California, 1976).

The most recent experimental and theoretical situation is extensively
covered by several people in the Proceedings of the 1975 International
Symposium on rLépton and Photon Interactions at High Energies, Ed.
W. Kirk (Stanford Linear Accelerator Center, Stanford, ‘California,
1976). |

K. Bardakei,N. K. Pak, Lett. Nuovo Cimento 4, 719 (1972).

N. K. Pak, U. C. Berkeley, Ph.D. Thesis (1972, un]é)ublished).

H. Abarbanel, D. Gross, Phys. Rev. D5, 699 (1972).

T. P. Cheng, A. Zee, Phys. Rev. D 6, 885 (1972).

J. D. Bjorken, in the Proceedings of the 1971 International Symposium
on Electron and Photon Interactions at High Energies, Ed. N. B. Mistry
(Cornell, Ithaca, New York, 1972).

R. Cahn, W. Colglazier, Phys. Rev. D 8, 3019 (1974).

A. Mueller, Phys. Rev. D 2, 2963 (1970). The formal proofs of the
generalized optical theorem are given by H. Stapp, Phys; Rev. D 3,
2172 (1971); C. 1. Tan, Phys. Rev. D 4, 2413 (1971); H. Stapp,

K. Cahill, Phys. Rev. D 6, 1007 (1972).

N. Dombey, Rev. Mod. Phys. 41, 236 (1969).

D. Gross, H. Pagels, Phys. Rev. 172, 1381 (1968).



[15]

[16]

[22]

23]

[24]

- 58 -

H. Abarbanel, M. Goldberger, S. Treiman, Phys. Rev. Lett. 22,
500 (1969).

A good review on "asymptotic freedom' is H. D. Politzer, Phys.
Reports C 14, No. 4 (1974).

J. Bjorken, S. Drell, Relativistic Quantum Fields (McGraw Hill,

New York, 1965).

M. Toller, Nuovo Cimento 32, 631 (1965).

J. Bjorken, J. Kogut, Phys. Rev. D 8, 1341 (1973); see also Ref. [3].
J. T. Dakin and G. J. Feldman, Phys. Rev. D 8, 2862 (1973).

A similar analyéis for purely hadronic processes is given by

L. Stodolsky, Phys. Rev. Lett. 31, 139 (1973).

For an excellent up-to-date review of large transverse momenturﬁ
processes, see D. Sivers, S. Brodsky, R. Blankenbecler, Phys.
Reports C 23, No. 1 (1976). .

J. D. Bjorken, Phys. Rev. D 7, 282 (1973).

S. Adler, R. Dashen, Current Algebras and Applications to Particle

Physics (W. A. Benjamin, New York, 1968).



j—y

10.

11.

12.

13.

14.

15.

e

- 59 -

FIGURE CAPTIONS

Optical theorem for deep inelastic electroproduction process.
Regge expansion of the fo_rward virtual Compton scattering.
Inclusive deep inelastic electroprodiction.

Generalized optical theorem, for three-to-three amplitude.
Definition of the kinematic variables in the laboratory and barycentric
frames.

Single Regge exchange diagram relevant for the target fragmentation.
Double Regge exchange diagram relevant to the central region.

Triple Regge exchange diagram for the hadron end of the phase space.
Single Regge exchange diagram relevant for the current fragmentation.
The normalized distribution for the process 'yv+p — p -+ anything
(Cornell data [9]).

The normalized longitudinal distribution for the process Yo tP— T +
anything, for 2.2< s < 2.8 GeV at Q2=0, and for Q° intervals 0.3-0.5
and 0.5-1.4 GeV> (DESY data [9]).

The charge asymmetry versus 1/ for the process 'yv+ pP— hE+ anything
[9l.

<k.2L> versus Q2 (GeVZ) for the process yv+p — 7 + anything.

The shape of the distribution in rapidity space.

Average charged multiplicity versus s for different Q2 intervals [9].
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