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ABSTRACT

The consequences of a pole on the second sheet of the S matrix are
investigated. It is shown that corresponding to each such pole is an
eigenstate of the Hamiltonian with a complex energy. These eigenstates
lie in a natural extension of the physical Hilbert space. Because it is
the vector space that is modified and not the Hamiltonian, unstable
particle states transform covariantly. They have complex energy and
momentum but real integer or half-integer spin. Scattering amplitudes
involving unstable particles are expressed as residues of poles in a
reduction formula of the LSZ type. An example from potential theory

is worked out in detail.

(Submitted to Phys. Rev. D.)

*Work supported by the U. S. Energy Research and Development Administration.



TABLE OF CONTENTS

Page
I. INTRODUCTION 2

II. CONSTRUCTION OF AN INTERPOLATING VECTOR 6
III. EXTENSION OF THE HILBERT SPACE . 12

A. Inner Products 47

B. A Lee Model Example

/

Iv. POINCARE GROUP PRELIMINARIES 20

A. Complex Momentum

B. The Spin Casimir
V. LORENTZ TRANSFORMATIONS OF UNSTABLE PARTICLES 27

A, J 3 States

B. Other States

C. Helicity States

D. Covariance of Inner Products and Norms

VI. WAVE FUNCTIONS AND S-MATRIX ELEMENTS OF UNSTABLE
PARTICLES 39
A. How the Irreducible Representations are Produced
in Scattering
Elementary Unstable Particles
Composite Unstable Particles
S-Matrix Elements
VII. SOLUBLE EXAMPLE 57
The S Matrix
Location of the Poles
Schreedinger Wave Functions
Calculation of vp
An Exact Test

HEoWEE DO

APPENDICES - 73
Existence of |q>(1’<’)j,33>

Resolvent Identities

The Topology of 41

Multiple Poles and Multipole Ghosts

Other One Dimensional Irreducible Representations

How q—0 in Helicity Amplitudes

AHDawR

REFERENCES 101



-9 -

I. INTRODUCTION

Of the known elementary particles only five are stable; all others eventually
decay into combinations of e, P, v, Vs v“ and their antiparticles. For the
stable particles field theory provides a beautiful description based on three
principles: )

a) Stable particles correspond to eigenstates of energy-momentum in a

linear vector space.

b) They transform as irreducible representations of the Poincaré group
labeled by mass and spin. 1
c) Scattering amplitudes are matrix elements of Heisenberg operators

taken bfetween these states.
Unfortunately most real particles are not stable. The purpose of this paper is to
show that even for unstable particles these same principles apply. The essen-
tial difference is that stable particles lie in a Hilbert space and unstable ones
do not,

Conventional treatments of unstable particles are all based on perturbation
theory in that the unstable states are always eigenstates of an effective Hamil-
tonian which is chosen to contain the essentials of the spectrum. The difference
between the total Hamiltonian and the effective Hamiltonian is a small perturba-
tion that induces decays of the eigenstates of the effective Hamiltonian. This
approach was the very basis of theoretical atomic physics. There the effective
Hamiltonian includes the Coulomb field of the nucleus but neglects the electron-
photon interaction. This perturbation results in the radiative decays summar-
ized by the Balmer formula. Dirac2 showed how to calculate the effect of such
unstable stat‘es on the scattering amplitude

T(E)=H1+H1E—_1—H—O-Hl+... BT
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when E is near an eigenvalue of HO. Later, in nuclear physics, the abundance
_of resonances required more sophistication. A number of approaches were
developed based on the energy dependence of the scattering wave function at
large distances. Kapur and Peierl:s:3 expand the wave function in terms of states
with complex eigenvalues corresponding to resonance energies and Wi‘dths.
Wigner and Eisenbud4 expand in different states that led to the reactance matrix
and the many level formula for overlapping resonances. (See Ref. 5 for complete
reviews.) F eshbalch6 and also Fonda and Newton7 generalize the earlier
approaches by abandoning coordinate space in favor of an abstract Hamiltonian
and projection operators that distinguish open and closed channels. The reso-
nant part of the perturbaﬁo_n series (1.1) is expressed in terms of a general
effective Hamiltonian that is both energy dependent and nonhermitian. Feshbach
shows that Kapur-Peierls and Wigner-Eisenbud result from different choices of
projection operators. Common to all these approaches is the identification of
an unstable state with a vector in the usual Hilbert space of stable states that is
an eigenstate of a modified Hamiltonian.

The S-matrix theory of unstable particles naturally makes no statement
about Hamiltonians or state vectors. It began with the suggestion by M¢e11er8
that an unstable particle corresponds to a pole on the second Riemann sheet of
the analytically continued S matrix. This observation is based on the idea that
the scattering wave function outside the range of the potential should have only
outgoing waves when the energy is exactly that of the unstable state. The
presence of a pole on the second sheet is then taken as a Lorentz invariant
characterization of an unstable particle. Peierls9 brought this idea into field
theory by suggesting that the pole should occur in the one particle propagator.

Both the relation of this pole to the experimentally measured mass and the
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dependence of the pole position upon the choice of field type was questioned by
Stapp, 10 who formulated a pure S-matrix theory of unstable particles.

This paper employs features of both approaches. The most important step
is to use the existence of second sheet poles to construct a state vector for
unstable particles. The construction is begun in Section II. It is found that
whenever there is a pole on the second sheet of a scattering amplitude there is
an eigenstate of the full, hermitian Hamiltonian with a complex energy. The
usual prohibition against this is that

<E|E>E =<E|H|E>=E*<E|E> (1.2)
forbids E being complex. However, Section III shows that the unstable states
lie not in the usual Hilbert-space but in a natural extension that coi"responds to
the second sheet of the S matrix. In this larger space unstable particles auto-
matically have zero norm and thus escape the prohibition (1.2). Therefore, in
contrast to all earlier approaches, it is the vector space and not the Hamiltonian
that is modified. The unstable states so constructed are eigenstates of (H, 57)
but do not transform as irreducible representations of the Poincaré group.
Therefore in Section IV the Casimir corresponding to spin is expressed in a con-
venient manner that is used in Section V to construct unstable particle states
that do transform irreducibly under real Lorentz transformations. The spin is
automatically Lorentz invariant and can take on only real integral or half-integral
values. The most interesting irreducible representations are the helicity states,
which have the particularly simple one dimensional transformation law

i@WG
Ui 1k,j,0>= 1Ak,jo> e . (1. 3)

Here, in contrast to the familiar massless case, the helicity o may take on all

integrally spaced values from -j to +j. The practical reason for considering
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irreducible representations is given in Section VI. There it is shown that pre-
cisely these representations produce poles in partial wave amplitudes. The
Lorentz transformation law (1. 3) is, however, not observable because of the
way in which the complex energy-momentum must be continued to the real axis.
The observed transformation law is shown to be just the same as for stable
particles. Next, wave functions are investigated. Because unstable particles
correspond to eigenstates of energy~-momentum, they possess genuine Bethe-
Salpeter wave functions. These are used to calculate scattering amplitudes,
which are expressed in a reduction formula of the LSZ type.

To defray any mystery about extending the Hilbert space to include zero
norm states a simple nonrelativistic example is worked out in Section VII. The
Schreedinger wave functions are displayed and used in calculations. This last
section is essentially self-contained and may profitably be read immediately

after Section II.
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II. CONSTRUCTION OF AN INTERPOLATING STATE VECTOR
Suppose that when the S matrix is analytically continued in the total energy
k° in a clockwise direction around a particular n-particle branch point there is
a pole in k°. The first step in constructing a state vector for the corresponding
unstable particle is to find an eigenstate of momentum l¢(?)> such th;mt the func-
tion

<o(E) | ——1 6®)> 2.1
k"-H

has that same pole in k° on the second sheet. It is essential for the later analy-
tic continuations that |¢(K)> itself does not depend on k®. Therefore the simil-
arity of (2. 1) to the familiar expression

1

T,. = <f|V+V S
k™ -H

fi

Vli> (2.2)

is of no use; |¢$> cannot be chosen to be V[i> because |i> in (2. 2) depends on k°.
In other words, (2.2) is an on-shell amplitude.

It is only at this point that field theory enters. Its Green's functions are
off-shell analogues of (2.2). In particular, the S matrix of a field theory can
have a pole only if the Fourier transform of the corresponding time-ordered

product of Heisenberg fields also has the same pole. It follows that the state
- - 3, iEX
[axe T [zpa (x)- ¥, (xn)] 10> (2. 3)
1 n
with

X

]
Sl

n
Z %y
1
is a suitable choice for l¢:(—1€)>. Appendix A contains a more complete argument.

It is convenient to sum the Lorentz indices in (2. 3) to form eigenstates of 72

and J 3 (see also Appendix A) and to integrate the relative coordinates against
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some smearing function to achieve the normalization

o 3y =
N3 iKY §, 5> = 'K)6.1.06.05 - 2.4

It should be emphasized that the |¢> so constructed is not an eigenstate of the
Hamiltonian and does not transform into anything simple under boosts. In fact,
a boosted |¢> is not even an eigenstate of Tz and J3.
Given such a {¢>, define projection operators
A= [k T 6@, i< @5,
I3 (2.5)
B=1-A
with the multiplication properties 7

A’=a, B%:=3B, AB=BA=0.

Split the full Hamiltonian into diagonal and off-diagonal parts with respect to
[¢> by defining
H = H! + H"
where
H'= AHA + BHB
(2.6)
H'" = AHB + BHA
Define the full resolvent by

1

R(k%) =
k°-H

and a reduced resolvent diagonal with respect to |¢> by

1

o
r(k) =
(X9 -
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Let the matrix element (2. 1) be expressed as

3 ™
6°(k "-k) 6., 6., -
(19 O3y i3

D(k) ’

<p (") 3", 35 IR (k) 16 (K) §, jg> = (2.7)

where D(k) depends on both Kk© and k and vanishes whenever the S matrix has a
pole. (The j dependence of D(k) is suppressed.)
A state vector for the unstable particle corresponding to the pole in (2. 1)

can now be built from |¢>. The connection between the full resolvent and the

matrix element (2. 1) is given by the identity

R(k°) = Br(k°)B + [1+1(k)H"] AR(kO)A[H”r(kO) + 1] . (2.8)
which is proved in Appendix B. Rewrite this as

9(k)3, 55> <UK) 3, 3

R(K) = Br(k°)B +[d3k )3

) : (2.9)
’3
where
19(8)],ig> = M+r () B 19(®) 1, 5,> - (2. 10)
This may also be written as
L 1 i
19(k) j,i5> = —5— 1o(k) §,ig> D) . (2.11)
k -H

(From now on ther spin indices j and j 3 will be suppressed. They will be dis~
played again in Section V and subsequently.) Equation (2.9) suggests that |y>
interpolates between eigenstétes of H. To demonstrate this, use the definition
of [¢P>:

(k°-H") [p(k)> = [K°-Hr+H"] | o (B)>

Hnw)(k)> = [H”+H”r(ko)H"] |¢(E)>
Subtract to get

(k°-H) [9(k)> = [K-H' - Hr v (KO HT] 16 ®)>
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The right hand side of this is orthogonal to B and is therefore just |¢(T{>> multi-

plied by a function of k. This function is just D(k) because

< (&N | KO-H'-H" r(kO)H" | ¢ B)> = 6°(K'-K)D(k) (2.12)

as proved in Appendix B. Hence .

(k°-H) ly(k)> = 16E)>DEk) . (2.13)

This equation contains the principle result: If the S matrix has a pole at some
k° then there is an eigenstate of the Hamiltonian with that energy. The state
vector |y> therefore interpolates between all eigenstates of H with the same
quantum numbers as {¢>. When the pole of S is on the physical Riemann sheet,
[¢> lies in the physical Hilbert space. When the pole is reached by continuing
in k° to another sheet, the state [¥(Kk)> must also be ""continued" and this is the
topic of Section III.

Before proceeding, however, it is a useful comparison to recall the usual
applications of the same formulas. Equation (2.12) is essentially Dirac's

method2 of summing (1. 1) near an eigenvalue of H . Without translation invari-

0
ance there is no K dependence. As the energy approaches the real axis from
above

lim D(k° = k°-E

o i o
-AK)+5 (k)
k% ot

¢

where the unperturbed energy, level shift, and width are given by

E<P: <¢Hldp>
P

g

A(ko) = <¢|H” HHI¢>

y(k°) = <o [H" 276(K°-H" H" | >
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In the Dirac approach H' is chosen as the unperturbed Hamiltonian and [¢> is
required to be an eigenstate of H'. Feshbach,6 on the other hand, let the pro-
jection operator (i.e., |¢>) determine H' as done here in (2.6). His effective
Hamiltonian is the energy dependent, nonhermitian operator

H = H'+ H" r(k°)H"
occurring in (2. 12).

In all such approaches the final results are dependent upon the choice of

the effective Hamiltonian., Write (2. 7) with spin indices suppressed:

3~ —

6 !k—k! - Pl 1 o>
DR »<¢)(k)] ko_Hl¢(k)> . (2. 14)

Clearly D(k) is a functional of {¢> and |¢>T. Choosing an effective Hamiltonian
is equivalent to choosing a particular [¢>. The variation of D(k) when I<;b>+ is
varied independently of |¢> is

6D(K) _ 1
slesT  k°-m

16{E)> DK) 2,

which by (2. 11) is just

0D09 1y k)> D(k) (2. 15)

5lo>

This variation vanishes only when D(k) vanishes. Thus if a |¢> has been chosen
that produces a pole in (2. 14) then the location of that pole is independent of the
choice of |¢>because of (2.15). It is essential to continue k° to the pole., All
effective Hamiltonian treatments focus on the real value of k° that produces a
bump in (2.14). The location of such a maximum is usually called the resonance
energy. However (2.15) shows that this energy clearly depends on the choice
made for [¢> and depends on it even though all orders of the perturbation are

summed.
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Note that it is the zeros of D(k) that are significant for stable particles too.
Equations (2. 10) and (2. 12) are then the usual formulas of Wigner-Brillouin
perturbation theory for the eigenvectors and eigenvalues of H. 1 (The exact

formulas do not depend on H' being small, of course.)
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III. EXTENSION OF THE HILBERT SPACE

To apply (2.13) to unstable particles an extension of the physical Hilbert
space 4 must be found that corresponds to different sheets of D(k). Always the
appropriate sheet of D(k) is determined by the resonance and not by the partic-
ular scattering process (i.e., |¢>) under consideration. For exampie, to
reach the po pole in the e+e_ scattering amplitude requires going around the
very same branch points as for the 7r+7r_ amplitude (see Fig. 1). Regardless of
the amplitude, the pole is always reached by going around the heaviest decay
threshold.

A. Inner Products in 47

For complex k° the state _
lp(k)> = [1+ o(k°)H"]16(K)> (3.1)

is an ordinary state in the physical Hilbert space # as long as the cuts along the
real k° axis are avoided. A new state vector may always be added to £ by
specifying the inner product of the new state with every vector of 4. The means
of specifying that inner product here will be analytic continuation and the enlarged
space will be called 41. In particular, define the continuation of |y(k)> as a new
state whose inner product with an arbitrary state [f>is the analytic continuation

in k° of <fly(k)>. The inner product to be continued is then

<flo(k)> = <E 11+ (KYH" 16 (K)> .
Because of (2.11) this is just

1
0

< lp(k)> = <f| 1o (K)> D(k) . (3.2

The new states of special interest are those that correspond to a second-sheet
pole in the S matrix. ILet the pole occur at k © on the sheet reached by clockwise

continuation around a particular n-particle branch point and let Dn(k) be the
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continuation of D(k) around this branch point. The existence of a pole means
that

p &)y=0 . (3.3)

The corresponding state is Iz/)n(Ti)>. For any real-energy eigenstate.|E> of 4,

(3. 2) gives

<Elp(k)> = <E|¢(f)>—ps(§—
k -E

Analytically continuing to %° yields

<E |zpn(T<)> =0 . (8-4)

The unstable particle is therefore orthogonal to all real-energy eigenstates.

At first, this result seems paradoxical because |¢> itself is in 4 and is
therefore just a superposition of real-energy eigenstates. But |¢> is certainly
not orthogonal to the unstable state because

<d X" 1y(k)> = SET) (3.5)
independently of k°. The explanation lies in the difference between a continuous
and a discrete superposition and is discussed further in Appendix C.

The inner product of two new states is the analytic continuation in two

variables of their inner product in 4#. Thus the analogue of (3.2) is

<(&) 19(KY> = D(k)*< o &) IR(k ") R(K°) 1o (B> D(k") .

Using
Op 1Ot
R(k% Rk =R(EO*) RO('kL (3.6)

and the definition of D(k), this may be written as

<B(k) 1p(k")> = 6°(B-F) 2%3—:'—]1{3(0%-'1 : 3.
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(Of course, the same result may be obtained directly from (3.1) by using an
identity like (3.6) for the reduced resolvent r(ko) and the alternate expression
(2.12) for D(k).) The inner product of an unstable state with itself results from

continuing both k® and k°' in (3.7 clockwise around the same branch point.

Because
* = =
Dn(k) Dn(k)
KO* %% 40
it follows that
<p (®yly B>=0 . (3.8)

Obviously (3.7) also implies that two different unstable particles (i.e., with
different energies) are orthogonal. The vanishing of (3.8) is a direct conse-
quence of H being hermitian in (3.6). It will now be shown that since H is
hermitian in # it is also hermitian in 47 so that the argument (1.2) for a zero
norm state was correct.

All the poles of S discussed so far lie in the lower half ko—plane. However,
it is well kmown12 that hermitian analyticity requires S to have poles in complex
conjugate pairs. From the definition of D(k) in (2. 14) it is clearly hermitian
analytic for X real:

D(X°, Ky =Dk ) . (3.9)
If (3.9) is continued in k° clockwise around an n-particle branch point and into
the lower half-plane then K goes counterclockwise around that branch point
and into the upper half-plane. See Fig. 2. Since Dn(k) denotes the clockwise
continuation of D(K), let Dﬁ(k) denote the counterclockwise continuation of D(K).
The continuation of (3.9) is then

O—-»*z Ok ==
D (", K)*=Dy(k K . (3.10)
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Hence if Dn vanishes at k° the Dﬁ vanishes at ﬁo*. Thus unstable particles

come in complex conjugate pairs. This again reflects the fact that H is hermitian
even in the larger space #1. Denote the state resulting from counterclockwise
continuation into the -upper half plane with a subscript n. Thus

Hiyp (> = %1y ([&)>

(3. 11a)
HIy= (K> = K" [y (&)
The adjoint states are defined by
7 .t
< ®)1 = Iy ®)>
Thus
<p () 1H = <p_(&) 1%
- (3. 11b)

<p=(K*) 1H = <p_ (K9 1
It is not surprising that
<z (kM) 1y (k¥>=0

just like (3.8). A more interesting calculation is the inner product between the
two conjugate partners. This requires continuing both the ko' in (3.7) clockwise
from the upper half-plane around the n-particle branch point to %° and the k° in
(3.7) counterclockwise from the lower half-plane around the same threshold to

the value EO*. Performing the k° continuation first gives

<P (E9) 9> = EE-K) )
RO

Because D(k') vanishes at 'EO, the continuation in ko' then gives

3—-»—»

<y (k) 1y, (k> = 6 (K-k") N(k)
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where

dp_(k)

N{k) = (3.12)

(o]
dk k=%

If instead, the continuation in k°! is done before that in k° the result is

N 3 d Dﬁ(E*) *
<Pz 1y, (kN> = 6°(K-E") —-——-—]

| dK™*

T
Because of hermitian analyticity this is the same as (3.12). By assumption the

pole in the S matrix is of first order so that the zero of D(k) is simple. Thus

N(K) is a finite but nonvanishing constant. It is useful to absorb this factor by

defining
EE)> = 1y (R)> ==
N(k)
(3.13)
o~ 1
(k%> = 13 _(K¥)>—==
so that
<¥ (k*)1w(kh)> = 63(1_{-_15') . (3. 14)

(The momentum k in [¥(k)> will always be on the mass-shell so there is no need
to call it k.)

Because the unstable particle states have zero norm, it is necessary to find
a new definition of norm that is positive-definite. This is necessary so that the
equality of two vectors

|F1>= IF2> (3. 15)

will have a precise meaning. In a Hilbert space the meaning of (3. 15) is that

<AF | AF> = 0 (3. 16)
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where

|AF> = lF1> - IF2>

Obviously (3. 16) is not good enough for 41 because it will still allow |F1> and
|F2> to differ by an arbitrary number of unstable states. In Appendix’C a posfi-
tive definite norm operator {2 is constructed. The precise meaning of (3. 13) is
then that
<AF |Q|AF>=0 . (3.17)

Goldberger and Wattson13 have emphasized that the S matrix may have higher
order poles on the second sheet. (The decay law then is the familiar e"rt mul-
tiplied by a polynomial in t.) In such a case N=0 in (3.12). Appendix D discusses

the additional states that are then present in 47.

B. A Lee Model Example

A simple example of an unstable particle occurs in the Lee model. 14 The
Hamiltonian for a static Nand V is
- T T {33 Ty o
H = mydy py + Mypdy + [ dPwa' @) al)
.| Bo flo) .~
zpvsz fd a() + h.c. (3.18)
" Van V(2w)

where w = Vm§+f;2 and f(w) is a real cutoff function. The interaction produces

a dressed V state that is a simple combination of a bare V and a bare N+6:

f(w)

!V(E)>—[ sz [\/_ o aT(f;)] 0>  (3.19)

This state is an eigenstate of H for those values of E that cause

2
8 [d%p _If(w)I?

D(E) = E_mV T4 2w E—mN-w

(3. 20)

to vanish.
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The formula for |V> in (3.19) is just a special case of that for | > in (3. 1)
in which [¢> = ¢I7IO> , H' is the free part of (3.18), and H" is the interacting
term of (3.18). The expression for D(E) is a special case of (2.12). The zeros
of D(E) can only lie on the real axis below the branch point at mN+m o °T in the
complex plane on another sheet. The s-wave N+6 — N+6 scattering amplitude
. 15
is

2is®) _ at®
"B

where I and II indicate the physical and unphysical sheets of D. The second
sheet poles of the scattering amplitude are therefore the zeros of D on the second
sheet. These poles come in complex conjugate pairs and have zero norm:

<V(E) IV(E)> = <V(EX) IV(E*)>=0

The inner product of the two is the analytic continuation of

2
g, .3 2
0 "dp [f(w) ]
* 149
<VEHIVE)> =1+ 52 S : (3.21)

(E_mN"w)z
as obtained from (3.19). Clearly

<V(E*) [V(E)> = deDE-E-)

as shown generally in (3.12). There is no real benefit in choosing a particular
cutoff function f(w) and then calculating these integrals explicitly. A more illus-
trative example is worked out in detail in Section VII .

It should be noted that this version of the Lee model is nothing fancy despite
the zero norm states. In particular, it is not the indefinite metric quantization
of Kdllén and Pauli. 15 They showed that the L.ee model violates unitarity in the

point source limit (i.e., f{w) — 1). To preserve unitarity it is necessary to

make g 0 imaginary and to let the bare V state have negative norm. Such a
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modification changes the sign of my, in (3.18) and (3. 20) but, more importantly,
makes gg negative in (3. 20) and (3.21). This allows D(E) to have a second order
zero on the real ax1516 or zeros at complex E that lie on the physical sheet. 17
These theories are quite different from the simple proposal made here of taking
a well defined cutoff theory, quantized in a conventional Hilbert space ;zvith positive~
definite metric, and investigating the consequences of a pole on the second sheet
of the scattering amplitude.

Another contrast can be made to the work of Glaser and Killén. 18 They
also treat the cutoff theory with conventional quantization. In order to discuss
resonances they do not continue to the zeros of D on the second sheet however,
but instead define a new D by replacing the.integral in (3. 20) with its principal
value. The new D has zeros on the real axis above mN+m 0 that give approximate

eigenvalues and approximate eigenstates of H. Of course, their answers depend

on this prescription.
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Iv. POINCARE/ GROUP PRELIMINARIES
Once the eigenstates o.f energy and momentum are constructed, all the
transformation properties can be derived by imitating Wigner. 1 The present
section introduces the covariance notions that will be needed.

A, Complex Momentum

The unstable particle state |¥(k)> was constructed with a real momentum

K and a complex energy k° such that

P19 (k)> = KH e (k)>
(4.1)
<U(kN 19 (K)> = 62K -F)
Lorentz transformations are generated by six operators MM satisfying
[Muv Moz,B] _ i<guonVB _ ngMvoz _ gvaMyB + ngMuoz>
Corresponding to each Lorentz transformation matrix A’; is a linear operator
_ . Uy
U[A] = exp {1 )\HVM }
The commutation relations of the Poincaré group generators alone imply
vl 2" ufn] - At #¥

From this and (4. 1) it follows that states with complex three-momentum k' are

automatically generated:
9”“‘{U[A} l\p(k)>} = k""{U[A] I\If(k)>} , (4.2)
where k" = A“V K.
Complex momenta suggest wave functions which grow exponentially in some
spatial direction. In the soluble example of Section VII this is exactly the case.

Such exponential growth is, in fact, characteristic of second sheet singularities.

It is no problem because inner products are always calculated by analytically
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continuing in momentum space. (Heuristically this corresponds to integration
along a complex path in position space.) To analytically continue in momentum
space requires continuing the §-function in (4.1). This is discussed in (5. 37)
and Ref. 24.

At present, it is necessary to introduce some covariant notation. Because

of (4.2) the momentum of an unstable particle has the general form

kM = p“+iq“ , (4.3)
where p and q are real four-vectors. Since k2 is Lorentz invariant, so are its
real and imaginary parts. Thus put

k2 =M% _iMr | (4.4)

where M and I are real constants that characterize the unstable particle. In

terms of p and q this means

2_2 2
M"=p"-q

MI' = -2p-q

It is also useful to define the complex number

in terms of which the mass shell condition (4.4) is

k2= w

2
Note that [ may be positive or negative because of hermitian analyticity.
The analytic continuation of Section III yields poles with kK real, i.e.,

p = ®Re k°, %)
4. 7)

q= (Im k°,0)
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Obviously q2>0. Because of (4.5) p2>0. Any state whose momentum is related
to (4.7) by a real Lorentz transformation must have the same values of p2 and
qz. Conversely, any such state may be transformed by a real Lorentz transfor-

mation into one with the standard momentum

(4.8)
- 2
qs(q , 0,0, 0) :

This is just (4.7) with K rotated into the z-axis.

B. The Spin Casimir

In order to find unstable particle states that transform irreducibly under the

Poincaré group it is necessary to diagonalize the Casimir's 92 and W2 where

W
o

I

1 ByrHv
5 apun® M (4.9)

in the notation of Gasiorowicz. 19 This is easily done for a state with real mo-
mentum by transforming to the rest frame. This section will show that this
technique is the only way to diagonalize W2 even for states with complex
momentuin,

The application of Wa to the eigenstates of energy-momentum constructed
in Section III replaces 3”6 by its eigenvalue:

W, I (k)> = Woz(k) I (k)> |,

with (4. 10)

_ 1 BV
W, (K= 3 g, K M

Now evaluate (4.10) when Kk has the special form

=(a, 0,0, p
(4.11)

o2
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introduced in (4.8). The result is
WO(E) = -pdg

W, (®) = aJ - K,

(4.12)
Wz(F:) = ad,+pK,
Wok) = ad,
where
=_1 jk
h=-3 ik M
(4.13)
K. = M,
i i0

are the generators of rotations and boosts, respectively. 19 The Casimir is then
a2 . 72 2 2r. 12
W) = - lEle -[3K2] - [on2+ BKl] - M Erg] . (4.14)
This suggests defining
8,(8) =— (aJ, - pK,)
1 M 1 2

S,(F) = 2711_ (e, + BK,) (4. 15)
s,®=1, ,

in order that the Casimir be
W®)? = -4 [S®)° . (4.16)

The operators Sa(E) in (4.15) are the particular combination of rotations and
boosts that leave the vector k invariant, i.e., they are the generators of the
little group. (In the special case of stable massless particles the appropriate
combination provided by (4. 14) is obviously J 1—K2 and J 2+K1 rather than (4. 15).
It is well known that these two combinations plus their closure, J 32 generate the

little group of massless particles. 20)
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To find the eigenvalues of Wz, observe that (4. 15) gives the familiar com-

mutation relations

[sa(E), sb(E)] = i€, o SC(E) . (4.17)
Obviously both S1 and Sz in (4. 15) are nonhermitian because «, 8, and . are
complex. However, because SU(2) is compact all solutions to the commutation
relations (4.17) are equivalent to hermitian operators, 21 i.e., there exists a

hermitian operator V and a transformation T such that

Sk = vrt . (4.18)

Hence the eigenvalues of [g(ﬁ)]z are, as usual, real nonnegative integers or half-
integers and label irreducible representations of the Poincaré group because of
(4.16). That thése integeré or half—integers actually are related to rotations
will not be shown until Section V.

To diagonalize the spin Casimir when k is arbitrary requires constructing
a general S(k). It is useful for this and later sections to define complex Lorentz

transformation matrices L° by

Lc(k‘,k)aﬁ KP=w?® | (4.19)
where k and k' are arbitrary complex momenta with the same mass. (Note that
(4. 19) does not completely specify LC.) Now consider the transformation

Lc(k,.//l)au i (4. 20)
where # denotes the momentum vector

P = (M, 0,0, 0 . (4.21)

Use the columns of this matrix to define three complex vectors:

ek,a) = Lk, )%, a=1,2,3 . (4.22)
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These vectors are orthonormal

e k,2) ey 5,b) = -6

(4.23)

and orthogonal to k% itself, Together the four vectors form a complete basis

in that

3 2
- Zl ea(k: a) eﬁ(k, a)+ (:/—I{L) kakﬂ - gO[ﬁ
a=

This relation is useful in calculating the Casimir
2
[waa]* = w, k8" w09
From the definition (4. 10)

a —
k Wa(k) =0
so that (4. 25) reduces to
2 21412
W)~ = -a“(Sw]
where
S (k) = ek, a)W_(K) a=1,2,3
a '_/( H o 2 ’

A different expression for S(k) may be obtained by using

ea(k a)—ﬁ = e (k,b)e_(k,c)
N Tg Capur T "Cabe St P €K

in (4. 27) to get
1 v
8,09 = -3 €40 €, (c:b) €k, ©) M
From (4.28) the commutation relations
[,09, 8,00] = 1€y 5,0

follow easily.

(4.24)

(4. 25)

(4. 26)

(4.27)

(4.28)

(4.29)

Again because of the compactness of SU(2) the eigenvalues of [§(k)]2 are

real integers or half-integers. 21 The equivalence transformation from the
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nonhermitian —§(k) to three hermitian operators can now be explicitly constructed.

The definitions (4.22) and (4. 27) give

1 c (6
Sa(k) =7 L7k, #) awoz(k) . (4. 30)

The definition (4. 10) of Wa (k) guarantees its covariance under a real Lorentz

transformation:
A%, W, 0 = U[a] WM(A"lk) vl (4.31)
where
U] = exp{mw M[“W} (4. 32)

as always. When the transformation matrix A is complex the six parameters
)\MV are complex, but (4.31) still holds because it depends only on the commu-

tators of the M"Y with themselves. Thus using (4.31) in (4. 30) gives

S (k) = —— U[Lc(k,ut{)] W_(H) U_I[Lc(k,./ﬂ)] . (4.33)

a M a
Because
W (M) =M,

(4. 33) may be rewritten as

Sk = U'l[LC(k,J()] TU[LC(J{,k)] . (4.34)
Note that U here is not unitary because the parameters }\MV in (4.32) are complex.
This is the promised equivalence relation between some hermitian operator and
the nonhermitian S(k). It shows, furthermore, that to construct unstable particle

states that transform irreducibly under real Lorentz transformations necessarily

requires the use of complex Lorentz transformations.
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V. LORENTZ TRANSFORMATIONS OF UNSTABLE PARTICLES
Sections II and IIT showed that corresponding to every pole in a scattering
amplitude there is an eigenstate of energy momentum in a space 47 larger than
the physical Hilbert space. This section will show that corresponding to every
pole is a state which transforms irreducibly under the Poincaré group..
A, J ; States

Because of (4.26) a state lk> will transform irreducibly under real Lorentz

transformations only if

[Fw)? k> = j(+1) k> 6.1
with j a real integer or half-integer. Right away the states constructed in Sec-
tion III therefore cannot be-irreducible. They are given in (3.21) by the analytic
continuation of

1

K-

19(9)3, 55> = [1+ H} 16()5, I5> (5.2)

1
JN(K)
Recall that 1¢(K)j, j3> are the states constructed in Appendix A for an arbitrary
real momentum k. They are eigenstates of 3»2 and J 3 because the discrete field
indices are summed against appropriate Clebsch-Gordon coefficients. Both H'
and H" commute with '3'2 and J 3 since they are just the projections (2.6) of H

determined by |¢(1—{ )i, j3> . Therefore (5.2) and its analytic continuation satisfy

=2 - < .
I &), o> = (1) 1T (k)], ig>
(5.3)
Iy W(k)j,jg> = j5 WK}, j5>
and do not satisfy (5. 1).
The |[¥> are, however, irreducible representations when k=0 because (5. 1)
and (5. 3) are then identical due to

S,00| =4 (5.4)

k=0 2
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An irreducible representation with momentum k then automatically results from
boosting such a |¥> from rest to k. With the rest momentum again denoted by

w? =, 0,0,00 (.5)

the irreducible representation is just

Ik, j, jg> U[Lc(k,./tl)] 1w M)i,ig> B (5.6)
(The 2.4 is included to give a covariant normalization in Section V.D.) The

proof of irreducibility is that

9’“ ]k,j,j3> = k” |k,j,j3>

12 - < e .
[S)” ik, 5, 35> = §G+1) Ik, §, >
In addition, (5.6) satisfies
S4(K) Ik, §, 39> = i3 Ik, 3, 35> - (6.7

The difference between (5.2) and (5.6) has nothing to do with complex momentum;
the difference is equally present for stable particles in the physical Hilbert space.
Also note that the precise meaning of (5.6) is that its inner product with an

arbitrary state |f> is given by the analytic continuation in k° of

in M
<k, §,j.> = <fle P 22— 16{),j.> DK VA (5.8
: 3 ¢] 3
k~-H
to the value k°= . Here the ?\MV are six complex parameters corresponding to
a boost from momentum 4" to k. Equation (5.8) is an obvious parallel to
(3.2). From now on Lorentz transformations will be applied at will but the
precise meaning will always be in terms of inner products like (5.8).
The behavior of (5.6) under a real Lorentz transformation A now follows

easily:

Ulalik, 1, g = O[Lo k)] UfRG] 133 5.9)
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where

Ry = L@ k,ot)" TN Lok, )

Clearly Rgv is a complex Lorentz transformation that leaves .# ¥ invariant. It

is therefore just a complex Wigner rotation whose affect on the rest sfate is

c Cos o L4 c
U[RW]IJ{,J,33>— z'j | A5, 35> Dy s Rep) (5.10)

J'3 3’3

Here D is the usual rotation matrix for spin j. The three rotation angles are
complex. The complete transformation law is then
UA) 1k, 5, 55> = Z: 1Ak, 5, 35> Dy 4 Ry - (5.11)
ig 3°3

This result is quite similar to the usual transformation law for stéble particles.
It has been suggested, in fact, that the only momentum k¥ allowable for an un-
stable particle are those for which :;;l— k" is purely real. 22 Such a restriction
makes the Wigner rotation in (5. 11) purely real. The explicitly constructed
states in Section III, however, show that other momenta do occur and R\():V is
therefore complex.
B. Other States

The states constructed in Section III by analytic continuation have p2>0 and
q2>0. (See Eqg. 7(4. 7).) Once complex boosts are allowed states with any mo-
mentum k satisfying k2=./l{2 can be constructed from these. (The J 3 states of
the previous subsection, for example, have no restriction on the sign of p2 or
qz.) Out of this myriad of possible states the physically important ones are
those that can be excited in physical scattering processes. All states used in
scattering experiments have a total energy momentum that is timelike. There-~

fore the only unstable particle states than can be excited in physicalrscattering
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processes must have a four-momentum k that becomes timelike when continued
back to the real axis. In short, they must have p2>0 to produce resonances in

scattering amplitudes. (See Section VI. A for more details.) For a given time-
like p the associated q may be either timelike, lightlike, or spacelike. In each

case the momentum k is related by a real Lorentz transformation to a standard
momentum k defined as follows:

If p2>0 R q2>0

- _[p:q /(Q-qz2—p2q2 \\
p—— s O’ O’ \ 2
Vo q ,

(5.12a)
= <Jq2, 0, 0, 6) ;
If p2>0, q2=0
. 2,2, 2 0 22 qz\
T\ 2Ap-q) 7’ 2A(p-q)
(5.12b)
a=(A, 0,0, 4) ;
If p2>0, q2<0
_ [ 2 22 _
P/ =Rd o o R4
-q /2
, ~4 (5.12¢c)

q= (0, 0, 0, —qz)
Obviously (5. 12a) is the prototype (4.8) that resulted from analytic continuation
in the variable k°.
The J 3 states constructed previously did not take advantage of the fact that
only states with p2>0 are excited in physical scattering processes. Their trans-
formation law (5. 11) is based only upon the invariance of momentum (5.5) under

arbitrary rotations. The little group thus has three generators. On the other
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hand, the only real Lorentz transformations that leave any of the k in (5. 12)
invariant are rotations around the z-axis. The little group thus has only one
generator and its irreducible representations are one dimensional. It might
therefore be possible to construct states which are irreducible representations

both of the full Poincaré group and of this one parameter little group. Because
the representation of the translations is not unitary there is no guarantee of
finding such states. In the next subsection, however, they are successfully
constructed and their transformation law (5.21) is derived.

For completeness, states with momenta other than p2>0 are discussed in
Appendix E. Beltrametti and Luzzatto23 have shown that for any complex mo-

mentum k a standard k can be chosen. The corresponding little group is always

one dimensional but depends on the sign of

A=@a?-pid® . (6.13)
The momenta in (5.12) all have A>0 and the states which are irreducible repre-
sentations of both Poincard group and the little group are constructed in the next
subsection. In Appendix E states with A<0 on which both groups are represented
irreducibly are also constructed. For the case A=0, however, such represen-
tatiohs are not possible.

C. Helicity States

The unstable particle states that produce resonances in scattering ampli-
tudes all have a momentum k that is related by a real Lorentz fransformation
to one of the k of (5.12). All three possibilities in (5.12) have the form

k= (a, 0, 0,p)
(5.14)
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Define a new state by

k,j,0> = U[L(k,E) LC(E,.//{)] [ eH) §,ig> NEA | (5. 15)
jg=o

It should be noted that although (5. 15) is very different from (5.6) the only nota-
tional distinction will be the use of an index ¢ (later related to helicity) rather
than a j3. In spite of the two stage boost in (5. 15) it is easy to check irreduci-

bility by

[Seal® 1,5, 0> = U[Lo0,t)| T2 U 1)), i VER |, (5.16)
ig=o

where
I -1 c
Because X leaves the four-vector .# invariant it must be some complex rota-
tion. Therefore
72 ux] = v[X]T

so that (5. 16) becomes

[Swl? Ik, j,0 = j(+1) Ik, j,05 . 5. 17)

The behavior of (5. 15) under a real Lorentz transformation A follows from

ulA] Ik, j,0> = U[L(Ak,lz) LC(E,J{)] U[R] 1), o>2o (5.18)
where
R= LC(E,J{)—l{L(Ak,E)—lA L(k,E)} LOR, M) . (5. 19)

Again R leaves # ¥ invariant and must therefore be a complex rotation at worst.
Closer inspection shows that the quantity in braces in (5. 19) is a real Lorentz
transformation that leaves k of (5. 15) invariant. Therefore it can only be a
rotation about the z-axis:

165,,d

U[L(Ak,ﬁ)‘l AL(k,E)] —e W3 5. 20)
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where 0. is a real Wigner rotation angle that depends on k and A. Now

w

LE(K,.#) is just a boost along z. Because

PyKﬂ=O ,

it follows that R itself is simply a rotation around the z-axis:

16y,
U[R]:e w3

Therefore (5.18) becomes

10,,d
U[A] Ik, jo>= U[L(Ak,ﬁ) LC(E,./I()] e W3 [ t)j 0> 2 M

Because |¥> is an eigenstate of J 3 this collapses to

10,7 ‘
U[a] 1k, 3,05 = 1Ak, j,0> e . (5.21)

This is the analogue of (5.11). The transformation law for J 3 states in (5.11)
was more complicated just because those states are an awkward linear combin-

ation of the helicity states. The précise combination is
Ik, j,ig>= 22 Ik,j,o> Dy 5 (V) (5.22)
g 3
where Y is another complex rotation given by

Y= L%,k LEKk) LSk H) . (5.23)

The transformation law (5.21) is exactly the same as for massless particles
because in both cases there is no real Lorentz transformation that takes the
three-momentum to zero. The only difference is that here ¢ may take on all
integrally spaced values from -j to +j rather than just the two extreme values
allowed in the massless case. It should be emphasized that the restriction of j
to integers or half-integers comes from the Poincaré group itself in Section
IV.B. The construction of |¢,]j, j3> and then |V, ], ig> by combining field indices

(as discussed in Appendix A) merely capitalized on that result.
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Calling (5. 15) helicity states is as yet unjustified. The real justification
is the demonstration in Section VI. A that these states occur as resonances in
helicity amplitudes. At the present this nomenclature may even seem inappro-
priate. Clearly (5.15) is an eigenstate of %+ J when the momentum is K and
hence along z: )

JIq k,jo>=0lk,jo> (5.24)
For arbitrary complex X, however, it is not likely that (5.15) will be an eigen-

state of &.J as the massless case might suggest. The correct generalization

of the helicity operator is obtained from boosting (5.24) to get

Sk Ik, jo>=0lk,jo> , : (5. 25)
where |
S = ULk, &I, U L, B (5. 26)
An alternative expression for this operator that will be derived shortly is
€ o, DO
Ty = 2 (5.27)

2 22
2vp-q) -pq

This helicity operator is manifestly a Lorentz scalar:

UA]Z(k) U“l[A] =>(rk) . (5.28)
Furthermore, Whenever P and q are parallel so that k has the special form

kg = (p%Hq®, nip 1+ in iq1) (5. 29)
then (5. 27) reduces to

Ty =n-T .

This result at present is only a plausibility argument for the name helicity but

it will be very important in Section VI. A.
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Naturally > (k) is just the generator which leaves a general complex vector
k invariant. As an example take
p=(, 0,0,b)
q=(c, 0, d, 0)

Then p is left invariant by the three generators

J3, bK1+aJ2, aJl—sz

just as in (4. 15). On the other hand, q is left invariant by

J2, cJS—dKl, cJ1+dK3

There is, however, only one combination of generators that leaves both p and

q invariant. It is given by

a Bav _
Gaﬁwp q"M —ch3-d(bK1+aJ2)

= b(oJ3 - dKl) -a/sz
This combination of generators is grouped in two different ways to show how it
leaves both p and ¢ invariant.
Now to show that (5.27) is correct, explicitly carry out the transformations
in (5.26) to get
Y& ==k, k) M, (5. 30)
where
#k,B= - 2Lk BF Lk, B, 2
a b
Apply a real Lorentz transformation A:

A7 v _ 1 ¢ = ab3
A A vx" k.5 = -z[Lk BRI, [Lak R e ,

where

R= L7 YAk, B)A LK) . 5.31)
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Obviously R is a real transformation that leaves k invariant. Hence it is only
a rotation about the z-axis. This means

1 ] 1
Ra Rb €ab3 _ e_a b'3
a b

Therefore (5.31) is just

Agu A xFacR) = M ak, B . . 32)

This means that 7 is a tensor function of k independently of k. Furthermore,

from the definition (5. 30) it also satisfies
Y
# =g =0
Py qu

The only such tensor is

v _ o Buy
V) = ¢ *Mp ag

The constant ¢ may be evaluated in a particular frame (like k=k) and gives
(5.27) as claimed.

Note that this argument fails, as it should, for stable particles. Then the
R in (5.31) that leaves a real vector p invariant will contain boosts, though in
a special combination like (4.15). Therefore (5.32) fails for massive stable
particles and their helicity operator cannot be Lorentz invariant.

D. Covariance of Inner Products and Norms

Both the J 3 states and the helicity states are related to 1¥(#)> by complex,
nonunitary boosts. The inner product of either with itself therefore might
not be covariant. However, because H is hermitian the inner product vanishes

and hence is trivially covariant.

The complex conjugate partner of (5.6) is

Ik*,§,g> = U[Lc(k*,./«*)] ¥ ()], ig> DA (5.33)
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and similarly for helicity states. Because the Lorentz generators M"Y are

hermitian

5% uy

PO aid LI YR Y 4
e =e ,

or equivalently -
v’ = vl
This means that the inner product of (5. 33) with its partner (5.6) is

0.3

<jgsd k¥ IK',§', 55> = 2k 67 (K-K") &,

Jsj'533’j§ (5.34)
The covariance of this product may be explicitly verified. From the definition
(4.19)

Lk, k*) = Lok, k)*

Consequently the transformation law of (5.33) is

By

U[A] ‘k*’.],33>= Z |Ak*,],3'3> D_] W

o s
1 ) )
i3 3’3

where Rf;‘ is just the complex conjugate of the rotation occurring in (5. 11).

Because

* -1
D, . ®®)] =D, 4@® )
the inner product (5.34) is genuinely covariant.
For helicity states this check is easier. The transformation law for the

conjugate state is

iGWcr
UA] Ik*,5,0> = [Ak*,j,0> e ,
where O is the same real angle as in (5.21). The covariance of the inner

product just amounts to

. " r
[ 10WG] 19W0'
e =e
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The momenta K and k' in (5.34) are generally complex and the §-function

must therefore be analytically continued. Moeller proposed this long ago. 8

The continuation was thoroughly developed by Bremermann and Durand. 24 The

usual representation

1 =1 1 1
O(k'-k) =52 {(k'+ie) il -k} ;

is valid for k and k' real. For complex variables

[ a tgnsgersy = [ dk'f(k')—z-%\%;-l_—lz) , 5. 35)
C Cl+02

where ¢y is a contour parallel to c that passes above k and Cy is a contour anti-

parallel to c that passes below k.
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VI. WAVE FUNCTIONS AND S-MATRIX ELEMENTS
FOR UNSTABLE PARTICLES
The consequences of the transformation laws derived in Section V for exper-
iments carried out on the real axis will now be discussed. The wave functions
for unstable particles and their use in calculating scattering amplitude-s will be
quite analagous to the usual stable particle results.

A. How the Irreducible Representations are Produced in Scattering

Two points will be emphasized in this section: First, that the irreducible
representations of Section V actually do occur as poles in partial wave amplitudes;
Second, that the Lorentz invariance of the helicity in (5.21) is not experimentally
observable. It Will turn out, in_fact, that measurements conducted in two dif-
ferent frames will find the 2j+1 helicity components rotated according to the
usual law for stable particles with m#0. In short, it is (6. 18) that is observed
and not (5.21). (It goes without saying that the transformation law (5.11) for J 3
states automatically reduces to that for stable particles when the momentum
becomes real.)

For definiteness, consider the scattering of two stable particles that produce

a resonance in the s channel. Denote the scattering amplitude by
T(1+2—A) = <A|T([) b1, MPgs Xy> (6.1)

where A is some multiparticle final state, 7\1 are the individual helicities, and
p:p1+p 9° This amplitude may be decomposed into partial waves of definite total
angular momentum by following the procedure of Jacob and Wick25 to construct
eigenstates of —52 in the center-of-mass frame. These states must be further
specified as eigenstates either of J 5 OF of helicity. The partial wave amplitude

in any frame is then obtained by boosting these two particle states. Denote the
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partial wave amplitude with s channel helicity ¢ by
T 142 — A) = <A |T(D) Ip, j,0;1+2> , 6.2)
where

HENESERIE N

-j<0o <]

The three labels on the two particle state in (6.2) denote the fact that

2 1p,3, 051425 = pMip,j,0; 142> (6. 32)
[S©)21p, 5,0 1+2> = j(+1) Ip, j,0 ; 1+2> (6. 3b)
p-JIp,j,0;142> = olp,j,0; 142> . ' (6. 3c)

A Lorentz transformation rotates the 2j+1 values of 0 according to the usual law

U[A] |p,j,o;1+2>l = 2‘1 [Ap,j,0" 142> D, . &) (6.4)
& ;

where

®- 1@, W {Re B aRE, B LE W

W= (\/'2, 0, 0, 0)

p=@®% 0,0, B

p'= Ap

p'= (", 0,0, ')
It is, of course, obvious that the different helicity components must mix from
the observation that the helicity operator in (6. 3c) is not Lorentz invariant.

By hypothesis (6. 1) has a resonance pole when analytically continued to the

second sheet. The amplitude can be related to the Fourier transform of the
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Green's function
<01l ) ysy) sy 10>

Just as in Appendix A the pole can then come only from the term

. 3 3> =
Gp) = <0 L y) LD L =F) Tly)J-r)]10> -
p -H

with r= -%— (xl—xz). Analytic continuation of G(p) will then yield a pole whose

residue may be expressed in terms of state vectors for the unstable particle:

Gl) ————5 X <0LZ(y) Ik, 11,075 <k*, 37,0 IT[p () Y-r)] 10>
k _t/t{ j"o-'
(6.5)
The unstable particle states in (6.5) have been chosen as helicity states:
2H ik, i,0 = Bk, j, 0 (6.62)
(Sl Ik, i1.01> = 1 (G4+1) Ik, 3,07 (6. 6b)
2K Ik, j',0"> = o'k, j1, 0>, (6.6¢)

where
= o i
The contribution of (6.5) to the partial wave amplitude is obtained by taking q— 0

in the residue of (6.5), projecting out the two particle formation amplitude

<p,j',o’ I'f;l,?xl;fz,h2> , and then combining spins to get

TJ(1+2—.A)zTL—2- S <Alp,j',0%<p,i"0" Ip,i,0; 142> . (6.7)
p _1/” j',O"

Now, the question of interest is which values of j' and ¢' in (6.5) actually
survive the partial wave projection in (6.7)? Comparing (6.6b) with (6. 3b) shows
that j'=j because

lim §(k) = S (p)
q—0
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(See (4.27) for example.) However the helicity operator

@SB
€ p M
Y (k) = —2ELY (6.8)

[ 2 22
2V(prq) -pq

has the property that in general .

lim Yk #p- T
q—0

Only when q is taken to zero along the p direction does (6.6c) correspond to
(6. 3c), for then
lim (k) =p-J . (6.9)
qiD
Thus if q is taken to zero along the plane E | p then o'=c in (6.7). Appendix F
shows furthermore that the only nonvanishing contribution to (6.7) comes from
taking the g limit in this manner. Thus

<Alp,j,0><p,j,olp,j,0; 1+2>

T (1+2—A) ~ o
p“-M“+iMT

(6. 10)

The discussion leading to (6.10) shows that the helicity states of Section V.C
are actually produced in scattering. In spite of this, the Lorentz invariance of
the unstable particle helicity is not observable because the limit required in (6. 9)
is not covariant. - To see exactly what the observed transformation law for the
helicity states will be, consider how to calculate (6.10) in two different frames.
In the first frame let

p= (pO, 0, 0, p3) . (6.11a)

Then the residue of the pole in (6.5) that contributes to (6.10) must have

3
a=@ 0,0, 9% . (6. 11b)

With q in this form q0 and q3 may be taken to zero independently.
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If the same experiment is viewed from a frame moving along the x-axis the
observed momenta are

p' = (0° cosha, p° sinhh, 0, p) (6. 12a)

q' = (qO cosh A, qO sinhA, 0, q3) . (6. 12b)
But now ?f' is not parallel to p'. To calculate the contribution of the unstable
particle pole to the partial wave amplitude in this frame requires continuing q'

to zero in the plane of p'. Let q'" be this continued value of q' and let p"'=p' be

the unchanged value of the real momenta:
w0 . 0 . 3, _
p"" = (p sinhA, p sinhA, 0, p7) =p' (6.13a)

a' =@, @1 ‘ (6. 13b)

where

(pO sinh A, 0, p3)

u-=

0 . 2,,32
(p” sinh )"+ (p)
For (6.13) to correspond to the same value of mass and width as (6.11) it is

necessary that

(p"+iq”)2 = (p+iq)2 . (6.14)
If (6.14) has solutions of the form (6. 13) then k' and k can still be related by a

Lorentz transformation that is complex. Solving (6. 14) gives

1 =% {r’e-0- B V-0 -p%e’}

p
6. 15)
1= [ 5100 -0° Vio-o® -5’}
p

Thus there is a complex Lorentz transformation AS for which

p" + iqll = Ac(p+iq)
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Because k" is the appropriate momentum in the moving frame to produce a
pole in the partial wave amplitude the observed transformation law will be deter-
mined by this complex Lorentz transformation. To find that law requires
applying Ac to the 1k, jo > helicity state in (6.5). The result is directly anala-

gous to (5.18) and (5. 19):

ula®lix, 0> = 30 14%,3,0'> Dy, o @)
gt ’
where (6. 16)

R%= 1O, .//()—1{L(1<”,E)_1ACL(k,E)} LK, M)

Recall that in (5.19) R is a real rotation around the z-axis because A there is
real. Here, however, AS is complex., As a result R® is neither ];'eal nor a z
rotation. Conséquently all- 2j+i helicity components are rotated in (6.16). The
experimentally observed transformation law is the q'' —0 limit of (6. 16). Hence
the helicity states will be observed to transform covariantly not invariantly. The
precise form of this covariance is obtained by taking "' —0 in (6. 16). It will

shortly be shown that

lim R°=R | (6.17)
q"'—0

where R is just the usual real rotation (6.4) appropriate to stable helicity states.

Thus the observed transformation law following from (6. 16) is exactly like (6. 4):

U[A]lp,j,0>=§__:, lap,3,0">Dy,  ®) (6.18)

It is, of course, essential that

lim R°=R
q—0

, (6.19)

also. This guarantees that the transformation law is symmetrical between the

two observers.
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To demonstrate (6. 17) it is necessary to specify the transformation L, k)
more carefully. Consider, for example, the case q2 >0. Then k is given by
(5.12a). A real Lorentz transformation from k to k may always to accomplished

by first boosting g to rest and then rotating into the z axis. Thus

L(&,k) = R(z, B(G,9p) B@ 9
With the p and g of (6.11) the boost is in the z direction so the rotation is just the
identity:

L&,k =B, ({9

On the ‘other hand, for p'" and q" in (6. 13)

L, k") = R(z,0) B;@ q")
Putting this together gives the complex rotation in (6. 16) as

R®=B (M) {R(é,ﬁ) B.(@.q") ACBZ(q,a)} B, [ M) . 6. 20)
It is convenient to rewrite (6. 20) by using
R(z, 0 B2(3,q" = B, q") Rz, 1)

to get

R°=B_(#,K) B, @ 9" R, A°B (0,8 B,& #) . (6. 21)

The boosts are explicitly given by

K,
BZ(E,JI) =e
_ iu'K3
B,(,q =e
K,

' g =
B, (", =e ,
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where

24 4 5Vg?
/2
coshu=——9-;{———

o -
cosh u' = i -

va?

(6.22)

(6]
cosh p' = a9

N
q
(Note that pu' and p' are both real.) Thus (6.21) is

_ -ipraMK, L s iu+phK
RC=e 3R, u)A e 3 (6. 23)

By using (6.11), (6.15), and (6.22) one finds that

plro+ iqno
cosh ([.H-[L") = 7—— (6 24)

0,0
cosh (u+u') :%{-{-19—

Taking q"'—0 is now easy:

HO

O
. _P p!
}'1m cosh (u+u') = i i
q"—0

0
lim cosh (u+u') = %’I—
qt—0

Hence

lim R®= B3 R(z,w ABE,M) . (6. 25)
q”__’o

This is precisely the rotation R given in (6.4) appropriate to these p and p'.
Hence R reduces to R as claimed in (6.17). It is also obvious from (6.24) that

the same limit R is obtained if q—0 instead of q".



- 47 -

B. Elementary Unstable Particles

The indicated transformation laws apply to any unstable particle. It may or
may not be associated with an elementary field occuring in the Lagrangian. In
conventional field theories, for example, the u has an elementary field but the 7,
being composed of quarks, does not. Thus a y will be called elementa{ry anda 7
composite though both are unstable.

Since the u is, in fact, the only candidate for an unstable particle with an
elementary field, it will be treated explicitly here. The generalization to other

spins is straightforward. The Feynman propagator for a u field is

Saﬁ(k) - dtxe ¥ IT[ZPQ(X) 56(0)] 10>

Performing the Fourier transforms gives

3.3 —
850 = <014,(0) (2“) 8 &E=Z) 7 (0)10>
k ~H+ie B
3.3 =
- <00 EDLL=Fy (o) 10>
KO+ H -

Continuing in k° around the positive energy cuts to the second sheet pole gives

<O Iwa(O) lk, j?)><k"‘,j3 @B(O) 0>

N B(k Z @n° (6. 26)

2 . K2 - tl”

In (6.26) a sum over J3 states (j3=ﬂ:1/2) has been used. The sum could just as
well have been over helicity states.

The J 3 wave functions will be discussed first. Just from the definition (5. 6)

of the J 3 states the residue must be

N
<01y,,(0) Ik, jo> = \?;{){Z u,, (K, jg)
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where z is some constant and the dimensionless functions u are defined by

u,k, 1/2)=8, 1[Lc(k,m)]

: (6.27)
u (k, -1/2) = sa,2[L°(k,«/tt>]

Here S[A] denotes the usual (1/2,0) @ (0, 1/2) representation of the Lorentz

group. 2 A real Lorentz transformation applied to (6.27) gives

L . c
ST uteiy) = 35wy L . 29)

where R?N is the same complex rotation as (5.9). Define adjoint spinors as

i,k i) = (v° uk, iz,

(6.29)
The completeness and normalization conditions are
/2 1 [
- b * . -
X UK i Tg*, g = 5 (v K M) g (6. 302)
ig= -1/2
>
uk*, joyu (k,jt)y = 6. . - (6. 30b)
a=1 3 a 3 ]3: .]3
Using (6.30a) in (6. 26) gives
o ket M
SozB(k) > 72— = (6.31)

k2~—vl(2 kK™=
as might be expected.

The location of k and k* in (6. 30) is important. For example, (6.30b) is
clearly a reflection of the normalization
: . 0 3/
‘<]3,k* |k',]é> =2k 5§ (k-k"6. .
1as1]
373
Note however that

<j3,k|k',jé>: 0
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has no finite dimensional counterpart:

4
ozz=:1 u,(k,jgu, (k,jy) #0 . (6. 32)

In fact, the left hand side of (6.32) is nothing particularly simple: Nor is it

1eeded in calculations.

The spinors may be explicitly displayed by choosing a particular complex
Lorentz transformation for (6.27). For example, let this be a pure boost from

M to k. The direction and magnitude of the hoost are then given by

o p+iq
VB2 +2iP.q
(6.33)
: - _0,..0
+1q
osha =2 214
¢ M
The 4x4 spinor representation of this boost is
oo
S[Lc(k,aﬂ)] = &2
:cosh%+ﬁ-a’sinh% , (6. 34)
where
— 0
a=vv
This gives
_ 1
u, (k,1/2) = - ('y”ku+</¢{)a, L
V2 Mk + M)
(6. 35)
_ 1
u (k,-1/2) = — ('y“ku+aﬂ) o2

Vo uK o+ M)
Obviously as q“ — 0 these spinors go smoothly into the usual spinors for real

energy momentum.
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The helicity wave functions are much more interesting. Let

where o=+ to distinguish from j3=i1/2. From the definition (5. 15) of the helicity
states it follows that ‘

ug, (k4 =8, 1[L(k,E) LC(E,.//{)]

. (6. 36)

u, (k) =8, 2[L(k,12) LC(E,J()]
The adjoint spinors are defined just as in (6.29). Completeness and normaliza-
tion are then the same as (6.30) with j 3 replaced by ¢. The novel feature of
these spinors is their transformation law. Write (6.36) as

u(k, ) = S[L(k, k) u(k, +)
Then -

S[A] u(k, +) = s[L(ak, k) sfR]u®,+) (6.37)
where

R=Lk B 1A LKE . 6. 38)
Because Ris a real transformation that leaves k invariant it can only be a rota-

tion around z just as in Section V.C. Thus

Lo 1
i0,,,=0
sR]l=e W2 3 (6. 39)
where Tq is the usual Pauli matrix, This gives for (6. 37)
50y
S[A] uk, #) = u(ak,=) e . (6.40)

Note that (6.40) holds even when g — 0. This is because L{k, k) does not reduce

to the identity even when q —0.
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C. Composite Unstable Particles

By definition a composite unstable particle is one which does not produce a
pole in any two~point function. It does, of course, produce poles in Green's
functions with more lines. Thus in quark theories all hadrons are composite.
All of these except the proton are unstable when weak and electromagr‘letic inter-
actions are included.

Composite particles that are stable produce a pole in a Green's function
when continued in the total energy-momentum onto the real axis below the pro-
duction threshold. Composite particles that are unstable produce poles when the

continuation is onto the second sheet. The residue of the pole is a product of

Bethe-Salpeter wave functions like

Xk(rl’ ces ,rn) = <0 IT[zp(rl). .. zp(rn)] k,jo> . (6.41a)

The only difference between (6.41a) and the usual Bethe-Salpeter wave functions
is that here k is complex and the state |k, j,o> does not lie in the physical Hilbert
space. The Lorentz transformation property of (6.41a) follows from (5.21).

Denote the adjoint wave function by

')'(k(rn,...,rl)=<0',j,le[zZ(rn)...z/7(r1)]|O> . (6. 41b)

As always, the complex conjugate of (6.41a) involves antitime ordering and is not
simply related to (6.41b). Note, of course,that either of (6.41) may also have
momentum k*,

The momentum space wave functions are real Fourier transforms of (6. 41)
in spite of the fact that k is complex. As Appendix A illustrates, if the Green's
function depends on (Xl, - ,Xn) and (x!, ... ,xl'l) the pole occurs in the Fourier
transform with respect to the average coordinate X given by

n
x; = X+r, , yi;ri=o . (6. 42a)
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Therefore only the relative coordinates r, appear in the residue factors like

(6.41). If ki are the momenta conjugate to X, then it is convenient to define

k, = Lk + 2,
1 n 1

=M
Y
i
o

(6. 42b)

?

The total momentum k is then conjugate to the average position X and the rela-
tive momenta ﬁi are conjugate to the relative coordinates T
n n
Zki-xi=k-X+ Zﬂi-ri . (6.43)
1 1
Even though the ki are complex all the Bi may be taken as real because of (6.43).
The momentum space wave functions are then

_ iZﬁi-ri '
N f(dr) X (T oo oT) € (6. 442)

, —iZQi-r.

Xy, o) = J’(dr) X (Lqs - -aT) @ L (6.44p)

where
f(dr) fdr <%%r>

It is important that all the relative momenta ﬁi are real for (6.44) to make sense.
The Bethe-Salpeter integral equation and normalization condition may be
written either in coordinate space or momentum space. They are displayed
graphically in Fig. 3. The derivation of these equations and the graphical nota-
tion is the same as in Ref. 26. The only difference is that now the normalization

is between y, and ;Ck* . This is because

o4 4 -
X 12 57 (€1-K) X,
G, k) 5, 3 : (6. 45)
K2 a2 K- ot

(See (6.5) for example.)
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D. S Matrix Elements

Scattering amplitudes involving unstable particles are residues of poles in
the off-shell Green's functions in direct analogy with the stable case. The reduc-
tion formula expresses just this relation. Its practical value is that the Green's
functions may be expanded in a perturbation series and the poles extr;Lcted from
the external legs. This has been done for stable particles (elementary or com-
posite) in Ref. 26. The graphical analysis leading to the pole extraction applies
equally to unstable particles.

A simple example of the reduction formula for unstable particles is provided

by e-u elastic scattering. The scattering amplitude is

out in_ [ 4 4 4 4 = J—

(6. 46)

where

—_— -

R = <6y2+./;{*2) (DX +m2) < IT[w(y2)Zp(xz)i(xl)zmyl)] 10> (6X1+ m2) (Dy

+./112).
2

1
Here x and p are the coordinates and momenta of the e; y and k, of the u. The

external wave functions are spinors times plane waves:
ip x
Ufp, %) = u(p) e (6.47)

Continuing the right hand side of (6.46) to complex ki such that

2

(k)® = o, 2

2
(kz) = M*
gives the matrix element as the residue of the Green's function poles. Note that

energy-momentum conservation reads

X =
p2+ k2 p1+k1
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For stable particles the proof of the reduction formula depends on the

existence of asymptotic sta’t:esz7 like

Ip>in = lim /d3y o(y) 1-:;5% u(p) eip'le> (6.48)

t—>—oo

(This is, of course, only true in the weak operator sense.) For unsta:LbIe par-
ticles the energy is complex so that this limit either diverges or vanishes. (This
reflects the physical reality.) The absence of an asymptotic state has an impor-
tant consequence for the connectedness of the scattering amplitudes. Consider
e-e scattering instead of e-u. Then the complex ki in (6.46) become real Qi.

The connected amplitude is

out in _ / 4 out - in < 2 )
Ly, Py 11,050 = 1 [ dy "y, 1y 19y) 10> (B +m7) Uy, y) - (6.49)

Strictly speaking, the external wave functions should really be square integrable
solutions of the Klein-Gordon equation that equal (6.47) only in the plane wave
limit. Before this limit is taken the spatial derivatives in (6.49) may be inte-

grated by parts to get

out in 4_ out . in|5?% S2. 2
<y,0, 1Py, 2,50 = 1 [ dy O, b, 1F) Ip,> Z5- T m¥| Uy
(6.50)
Because the wave function satisfies the Klein~-Gordon equation this is
out in _ 4 9 {out - in , z }
<Ly, Py 1Py, 450 = —fd Yot 1 P ) o> 157 UEy,)
. . 3. out - in., 9
= <l1m - lim )/d vy dz,pz (y) lp1> isr U(ﬂl,y)
t=mc0  t=too
(6.51)

Because of the asymptotic condition®" ;(y) creates an in state at t=—» and creates
an out state at t=tw:

out in _ out in
<!Zz,p2 lp1,£1>C = <!22,p2 Ip1,21> --<.lZ2 l£1> <P, |p1> . (6.52)
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This shows that stable particles may propagate freely or interact as Fig. 4
illustrates.

It is easy to see that unstable particles do not give this connectedness struc-
ture. If K is complex, the integration by parts in (6.50) is not possib.le and the
derivation fails. I, however, K is actually real then (6.50) is valid but because
k° is complex the limits in (6.51) either diverge or vanish. Thus (6.52) does
hold for unstable particles. The connectedness structure for the S-matrix ele-
ments is then that given in Fig. 5 where the wavy line denotes the unstable
particle.

For unstable particles the proof of the reduction formula must naturally be
modified. The method of Appendix A is again the key. The Fourier transform
of the three ¢-functions in (6. 46) produce three resolvents. These may be ana-
lytically continued to the poles whose residues are then the unstable state vectors.

The right hand side of (6.46) thus becomes

. 4 t — i -
i [aty Ok, p, 17) o5 [D +m2] Uy, y)

analogously to (6.49). But now there is no fourth #-function to produce a resol~

vent. Instead, crossing and translational invariance give
(4 - Py - ‘_
i [y ey 0,5, 1677 50y 10> 02+ ¥ 0,

. .out - 4 4 - 2 2
= 1%k, 0y, By 120 6% 0k -2 5(0) 10> (RS +” UGk

(6.53)
To go to (k1)2=all 2 requires analytically continuing the § function. Suppose —1—{1

is kept real and k(i is taken complex. Then as discussed in Section V. C,
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Bremermann and Durand24 have shown

01 Im (k°-H) > 0
o k°-H
o 6(k°-H) = (6.54)
01 Im (k°-H) < 0
k°-H .

The continuation appropriate to (6.53) starts with k‘; in the upper half plane.

Thus (6.53) becomes

Mk, b5, 12m° 5" - F) —— U0) 10> (K-t®) Uk (6.55)

kl—H

when Im k(1)> 0. Now the resolvent can be continued clockwise onto the second
sheet. Because of (2.9) it has a pole whose residue is a product of unstable
state vectors. The continuation of (6.55) to the pole is then

out T %17 _out =
<k2,p2,p1 Ik1> <k1 [$(0) 10> U(kl) = <k2,p2,p1 lk1>

Using crossing again shows this is

out<k2, P, lpl’ k1>in
This demonstrates the reduction formula (6.46) as claimed. (Note that for stable
particles the continuation is to a real energy below the production threshold and
the same argument is rather weak because of the double contribution from (6.54).
Already knowing the correct answer (6.52) shows that the +ie actually corresponds

to the creation of both an in state and an out state.) If the unstable particles

are composite rather than elementary essentially the same proof applies.
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VII. A SOLUBLE EXAMPLE

To show how simple it is to describe unstable particles as eigenstates of
the Hamiltonian, the familiar problem of elastic scattering from a three-
dimensional square well potential will now be examined. This problem is non-
relativistic, but otherwise contains all the features of unstable particle states.
The exact S matrix is given in (7.7). The wave functions that correspond to the
second sheet poles are displayed in (7.28). These are exponentially growing
but nevertheless have zero norm (7. 32) when properly calculated by analytic
continuation. This method of calculating with unstable particle wave functions
is put to an exact test subsection E.

A. The S Matrix

The Schroedinger equation for a constant potential of depth V>0 and range

R is
[—va Vo ]@")—E@(i’ 7. 1)
k™ - R-r)| &(7r) = ) . .
The £=0 solution is
(%E- sin Kr r_<_R
Bo(r) = . . (7.2)
- —-(—lDf [e_lkr - n(E) elkr] r>R
where
k=J2mE , K=.J2m(E+V) . (7.3)

The three quantities C, D, and n are determined by the continuity of & and its
derivative at r=R and by the overall normalization.

The scattering amplitude is determined by the phase shifts:

5(Py-P;) = 2i6
32 L 3 onye ﬂPz(cos 0 , (1.4

<Py 181py> = (27) 4P,
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where plane waves are normalized as
<P, lp1> = (2m)° & (pz-—pl) . (7.5)

The phase shifts may be calculated from the asymptotic behavior of the wave

function because -

d(r) — e
T —c0

where (7.6)
;] @ 28, )
£(6) = 57 Y @enle -1 P (cos 6)
2=0

Comparing the asymptotic form of (7. 2) with (7.6) gives

2i5 . (E)
nE) =e 0

Thus n determines the scattering amplitude. To find n explicitly, apply the

boundary conditions to (7.2) to get \

() = K cot KR + ik _-2ikR
M K cot KR - ik

(7. 7a)

This is the exact S matrix. It has a cut in E whose location depends on the
definition chosen for the square root in (7.3). It is conventional to take this cut
along the positive real axis. Thus

0<Arg JE < 1

i.e.,
Imk>0
(7.8)
Im K> 0
The analytic continuation of nI(E) onto the second sheet is then
_Kcot KR - ik 2ikR
m® =Kot RR vk © ’ (7.70)

where k and K are still the principle square roots given in (7. 8).
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The two-sheeted S matrix n(E) explicitly satisfies extended unitarity and
hermitian analyticity. Physical unitarity is the statement
2 "
InI(E) =1 (E positive real).

The extension of this to all values of E is -

nI(E)nH(E) =1 (E complex). (7.9)

Hermitian analyticity follows from the principle square root definition in (7.8)

which satisfies

(JE)* = - JE*
Consequently
ny(E)* = n(E*)
I I (7. 10)
BV = ng(E¥)

It is well known that resonance bumps occur -along the real axis at energies
for which
cot KBR =0
This means

K. R=(n+1/2)7

B
or equivalently
2 2
EB:W—V . (7. 11a)
2mR
Precisely at this energy
-ZiKBR
T)(EB) = -e

The width of the resonance is obtained by writing

_{E)-E _-2ikR
nE) =FE)FE © ’
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where
_ . kK
f(E) =1 EE cot KR . (7. 12)
When E is near EB
2 -
~ - 1 -
f(E) = (E EB) f (EB) +0O(E EB) .
Therefore
i .
E —EB -57p -21kBR
TI(E) ~ i e ’
E - EB -+ E 'YB
where
i, . 'B
- 1
2'B 7 T'(ER)

Explicitly calculating this gives

_2Vm+1/2)% 7% - amVR*

B mRz

(7. 11b)

The resonances will be distinct only if the width is much smaller than the energy

spacing. This requires that

2V(n+1/2)% 7 - 2mVR>

(n+1) 7r2

<1 . (7. 13)

B. Location of the Poles

The discussion of these resonance bumps is quite standard and is given in
many textbooks. The emphasis of the present work, however, is not on these
bumps but rather on second sheet poles. In this example, as always, there is no
guarantee that real axis bumps are a manifestation of second sheet poles. This
section will show that, in fact, there are second sheet poles. These locations

will turn out to agree with the energies and widths in (7. 11).
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Let the poles occur at a complex energy E on the second sheet. Put

a =RJ2m(E+V)

6-R \/z—nﬁ? (7.14)

where -
Ima>0, Im 8>0

Then the S matrix (7. 7b) has a second sheet pole only if

o cota=-ig

o® - g% = 2mvR? (-2
Now eliminate g to get

@ __ ., JomvRZ . | (7. 16)

The real part of the left hand side must vanish and the imaginary part must equal

the right hand side. Let

Q
It
R
+
[
Q

1 2
(7.17)
Then (7. 16) gives
tanh o, tan oy
= = — (7.18a)
2 1
@) Y 2

o, =+ COS ¢ - - 2mVR™ . (7.18b)

2 1 sin a4

The existence of solutions to these equations is proven graphically in Fig. 6.
There the solutions of (7.18a) and of (7. 18b) are both plotted. The intersections
of the plots give the oy and o 9 of the corresponding unstable particle pole.

Figure 6 is plotted for a weak potential. As V is increased the widths become

smaller and o,y approaches (n+1/2)7. If V is increased so much that 2mV’R2 >y
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the unstable particles become stable. Then oz2=0 and (7.18b) determines «

As V o« the stable particle energies approach the usual value @, = nm.

1

Once oy and a, are found, the corresponding values of Bl and 32 given by

(7.15) are
2 2
csc oy - csch o,
B, =a,tan o
1 2 2
cot" o, + coth” «
1 2
(7.19)
cs02a1 + csch2 a,
B, = ¢, cot «
2 1 2
cot oz1+ coth oz2

Figure 6 shows that the only allowed values of positive oy lie in the strips

nr < g < (ot 1/2)x

Because of (7.19) this means that all the poles have ,82>0 and hence all lie on
the second sheet as claimed. (Of course, @, must also be positive but its sign
is lost in going from (7.15) to (7.16).)

Let the real and imaginary parts of the energy at the pole be given by

B i
E-EP+21/P . (7.20)
Then
EP=—-—2——V=-————2— (7.21)
2mR 2mR

_ 2a1a2 _ 23182

YV = (7.22)
P mR2 mR2

because of the definitions (7.14). Equations (7.18) have the property that if
oz1+ioz2 is a solution then so is -ozl+ioz2. Therefore from (7.19) both Bl+i[32
and —Bl+ 1,82 are solutions. Thus in (7.22) there are automatically poles at

i i .
EP +357p and EP -5 VYp as claimed.
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The existence of the second sheet poles is thus proved but it would be nice
to determine their locations more accurately. Fortunately,approximate solutions
to the coupled transcendental equations (7. 18) may be obtained for oy large and

a, small. In this limit Fig. 6 shows that o

2

1 is a little less than (n+1/2)7 for

n a large positive integer. Therefore let

@, = (n+1/2)7r_fn—+%—/7)7r (7.23)
and determine A. Equation (7. 18b) gives
o, - LPE;—MH [1 +ﬁ<l‘;>] (7. 24)
a
where
a=(n+1/2)71

b= \/(n+ 1/2)27r2 - ZmVR2
For a, to be small it is necessary that
b«a

This is in accordance with (7.13). Substituting (7.23) and (7. 24) into (7. 18a)

determines A via the equation

2 9
1,14 N, 122k,
x+a2<1‘3>"1‘3 3 +@a4

Because a is large, A must be near 1. In fact

2
A=1+2 *'21
3a
The solution is then
2
- 1l b7+1
al—a-a_ 3 + .
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/2 2
q=Yo =Ll b+l (7. 25)
2 a 2
3a
The corresponding values of g are
31=\/b2-1[1-L+...] .
2
2a
(7. 25b)
%> _ 1
B,=1+ - +
2 2
6a

These solutions give for the real energy (7.21)

2
E_ = 1 [bz--2+4‘510 +]

P ZmR2 3a2

This is in good agreement with the energy at which the bump on the real axis
occurs which according to (7.11a) is
2

b
E,= .
B omR 2

The width which follows from (7.22) is

h 2 2
')/P=2b-2'1[1+b—22+... , (7. 26a)
mR 3a
whereas the width of the real axis bump is
g = -—2—b—2- (7. 26b)
mR

according to (7. 11b).

C. Schreedinger Wave Functions

The wave functions for an unstable state is the analytic continuation in E of
& (E,r) to the point E on the second sheet. At this value of energy, n=« and D=0

but the product Dy is finite. To calculate norms and inner products with such
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states it is useful to introduce the wave function

9-1@ sin Kr r<R
P(E,r) = . (7.27)
DgEr2 N(E) e1kr r>R

where C, D, and n are the same functions of E as in (7.2). Note that whereas
& is an energy eigenstate for any energy E because it satisfies the boundary con-
ditions for any E, i certainly is not. However y is an energy eigenstate at

energy T on the second sheet because it coincides with & there:

pp(E.r) = ep(E, 1)

On the second sheet y is given by

[ -CH(E)
{ sin Kr r <R

yp®E = " , (7. 28)

e — 2

where
Imk>0 , ImK> 0

as always. The continuity of sz and its derivative at ¥ imply

-C sin a = (Dn) ™18
(7. 29)

Ccosa=i % (Dn) e 1P
where « and 8 are given by (7.14) and C, D,n are the values at £ on the second
sheet. (Note that the boundary conditions (7.29) contain the pole constraints
(7.15) on @ and B.)
The norm of sz obviously cannot be obtained by integrating the absolute
square of the wave function (7.28) because it diverges exponentially in r. This

divergence in r results from continuing to the second sheet; y decreases
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exponentially on the first sheet as (7.27) shows. The norm of z/;H is obtained by
calculating the norm on the first sheet and then analytically continuing the answer

to the second sheet. (See Section III.) The first sheet norm is simply

< E) E> = [Pr wE, )12

_ 2 |sin (K*-K)R sin (K*+K)R
= 2rlC@® | [ KF-K  ~~ K%K

.
5 ilk-K¥R

+4rDENE) 1 e (7. 30)

Analytically continuing (7.30) to the second sheet gives

N - 9 sinh 2a2 sin 2041
<szI(E) IZ[)H(E)> = 27R |C | 2012 - 2041
2 e2B2
- 27R |Dn | . (7.31)
’82

Because of the two boundary conditions (7.29) this whole quantity vanishes. To

see this, multiply the first boundary condition by the complex conjugate of the

second and vice versa to get

* 2B

IC1 sinozcosoz*=i-§z—;anl2e 2
2p

.ICIzsina*cosaz-i% IDnIze 2

Add and subtract these:

28
2 . . (B* 2 2
[C] sm2a1=1<-——i*————i) IDnl1~ e

2p
IC 12 sinh 20 :<£*.+__B_> Dnie 2

2 a* Qo
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Substitute this into (7. 31) to get

28. .
<ipg(E) Wy (B )> = 2R IDni? e 2 [ (Foa ) - b (£ - 2 ) _L]

* o
_2042 o o, \a Bo
28, [ 8
= 2R DNl e 2 a}y “731— . .
*1%  Pg
Now from th rition

@?-p% = omVR
Separating real and imaginary parts gives
@@y~ ByPy =0
Thus
<¢H(ﬁ) |¢H('E)> =0 . (7.32)
Note that the vanishing of this norm depends essentially on the reality of V,
i.e., on the hermiticity of the Hamiltonian.
As indicated in Section IIT the effective norm of an unstable state is the inner
product with the state of energy E*. This will be explicitly calculated now and

used in several later subsections. It was shown subsequent to (7.22) that such

poles do exist, Because of time reversal invariance

Sp«(T) = Bp(T)*
Therefore (7.27) satisfies

YE*, 1) =yE, 1)* . (7.33)
This means that evaluating

<Py (E) lpp(E)>
first requires calculating

<YE*) [P(E)> = desx WE*, t)* Y(E,T)
3 2
= [&x [4(E, i)
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and then continuing the result to E. Performing the integral gives

() (> = 2n[o@)])? [r - LR
9 eZikR
- 47 [D(E) n(E)] T )

The continuation of this to the second sheet is

N N . ~2iB
<P (B 1y (B)> = 20R c2 [ - %32‘-] + 27R (D)2 eiB (7. 34)

The boundary conditions (7.29) may be manipulated into another useful form by
multiplying them together and by adding the squares:

_c? sina coso = i% (Dn)2 e-zl’8

} o, '
CZ _ <1 _ ﬁi) (Dn)2 e—21[3
o}
Using these in (7. 34) gives

N N o / 2
<Py ) 1 B> = 2R (Dm)” 72P &1_ i—z-> (1+ 1-%)

For subsequent purposes it is useful to define normalized states

e E)> = 1y @E)> =
W (7. 35)
(9> = 1E"> lﬁ
where
N = 27R (Dn)2 e~218 <1_ ﬁ;) <1+ %)
* (7.36)

= 2R C2 (1+ 71—>
i



- 69 -

D. Calculation of Y
One simple application of these curious wave functions is to calculate the
decay width Y given by Fermi's Golden Rule and see how it compares with TR

and Tp- This requires evaluating the matrix element

<K* |V wn(ﬁp (7.37)
where
T{z = Zmﬁ

To calculate the decay amplitude use the first sheet wave functions (7.27) to get

FFVIpE> = - 'Px eV o@r) LB sinkr

Il

_C(E) 21V [sin (K-K)R _ sin (K+kg%_]

k K-k kt+k

Continuing this to the second sheet and using the definitions of o and Bgives

27 VR [s'in (@-p) sin (oz+B)]

<T* |V|¢H(ﬁ)> =C =5 e v

Using (7. 15) simplifies this to
<K* |V |¢H(E)> = E%C [sin o cosf - % cos a sin B]
The boundary condition (7.29) can be used to eliminate @ and get
<K* |V Izl)H(ﬁ)> = -_?‘121—73 Dny
The normalized amplitude (7.37) is obtained by dividing this by N in (7. 36):

~ 27 eiB
<k*|V I\IIH(E)> =- = . (7. 38)
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Denote the continuation of this amplitude to real energy by T:

T= lim [<B*|V] (E)>]
5 II
-—~real
(7. 39)

The real part of E is defined as EP in (7.20). The decay rate is then

3 2

_r d°k k 2

Y¢= | —3 2w5(—-—-—2m - EP) IT|
(27)

The phase space integration gives

m. 2mE
_ P 2
Tr p I'T}
= Iffl. T |2
mR
By (7.39) this is
B <231 1
'YF -
m B 2

e

Using the explicit values of ay and Bl in (7.25) gives

3 2
.,,:Zb*l[1+b‘1+ 1 +] (7. 40)
F P 3

mR a

2(b2-1)

This value of the width is to be compared with (7. 26) for ¥p and Tp-
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E. An Exact Test

The idea of introducing a wave function for an unstable particle may be

checked exactly. The general expression for the S matrix

— —

<K ISE,> = <K, [E> - 2mid(E,-E ) F, IV+V S=VES L (1.4
must have a pole on the second sheet at E. According to Section II this pole is
produced by the resolvent in (7.41) and has a residue determined by the wave
function of the unstable state. The scattering amplitude at the pole is therefore

predicted to be

_C

) ,

K ISK,> — -27i 6(E -E
R 2 -

E—~E
where E=E 1=E 2*and the residue is

= Jok D Tx T
C =<k IVI\I/H(E)><\IIH(E YIVIiks>
Because of the time reversal property (7. 33)
= e T ~
<\PH(E YIVIk> = <k*|V I\IIII(E)>

This is the matrix element already calculated in (7.38). Hence the residue C is

predicted to be

2iB
c=-22 o (7.42)
m R <1 ~E (1 +-fl—>
aZ i

—~—
The real test of this calculation is the knowledge of the exact S matrix for
0=0. If the calculations that have been done with the exponentially diverging wave

functions for unstable states are valid then (7.42) must be an exact result.
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According to (7.4) for s-wave scattering

8(p,-P,)
— - . _ 3 2 71
21
. im
= =27i 6(E2—E1) [-xﬁ-ﬁ n(E)] . (7.43)
On the second sheet
_IE)+E 2ikR
Tm® =FE)-E °©
where {(E) is given by (7.12). At the pole
2F o218

N (E) —>, ———
T75 % @BHlE -1

This gives for (7.43)

Ct

1=

<p,ISIp,> —>_ -27 6(E,-E -
RS 2 E-B

E E
with

cr= oA 2E e216

~ = (7.44)
mk [£'(E) - 1]

Calculating the required derivative gives

. 2
Yy —:1_'@_ .....B__. 1
fY(E)-1= 5 <1 a2><l+i:3)

Putting this into (7.44) gives

2iB
cr=-2L S : (7.45)

T2 2
m R B 1
<"_2>(1+-i—ﬁ-)

o

Hence C'=C and the wave function calculation is exact.
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APPENDIX A
EXISTENCE OF |¢(1E’)j,j3>
The resonance pole will occur in many scattering amplitudes. To demon-
strate the existence of the state |¢> used in Section IT consider, in particular,
an elastic scattering amplitude in which the pole occurs in total centex:—of-mass
energy, i.e., in s. This scattering amplitude is obtained from the Fourier

transform of a Green's function with an equal number, n, of incoming and out-~

going lines. Denote this Green's function by

g(x',%) = <0 ITLazt x 2] 10>, (A. 1)
where

X = (Xl,X’z, v xn)

o (X) = T[wa (9 dg (59 - %n<xn)] (A.2)

and the y(x) are renormalized Heizenberg fields. Let k" be the total energy-
momentum four vector of the corresponding elastic scattering amplitude

(e.g., s=k2). Introduce average and relative coordinates by
n
Xi=X+ri , ¥ri=0

Then X and k are conjugate variables.

By hypothesis, analytic continuation of the scattering amplitude in the vari-
able k° leads to a pole on the second sheet independently of the other momentum
variables. The pole must therefore occur in the analytic continuation of

4, ik'-X!

6!k = [d¥xr d*K e -ik- X

Y(x',x) e , (A.3)
independently of the 2n-2 relative coordinates r and r'. Among the (2n)! time

orderings in (A. 1), isolate the (n!)2 terms for which (x{)o > (xj)o, for all i and j,
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by separating

Bx',x) =<0 | A Bt . =t ) (%) 10> + AG (X', X)

When there are only two fields in 7,

1 1 .
tmax =3 (t,+ tz) +3 |t1-tzl
1 1
bin =3 (17t -5 1t -t
Generally for n fields
L0 0 0 o
tmax_X +oz(r1 s To een Tp )
_ 0 0 _ 0 o
tmin =X +,8(r1 Lo peee T )
This separation and the fact that
0 0
AX, 1) =X B & p) e EH (A. 4)

allows the Fourier transform (A.3) to be performed. The result is

N N « SR o NS o)
G, k) = <¢ (&) |e-1ﬁ(k ~-H) 2midk' -k 26101(1{ -H) b &>

k°-H
+ AGKY k) (A.5)
where
Imk® >0
o= oz(rio)
_ o)
8= 8%
6®)> = [d’x X R oryl0s . (A.6)

Because the resonance pole in the scattering amplitude is on the second sheet,
it can only come from terms in (A.5) that have a branch point in k°. The dis-
played term has branch points along the positive real k° axis coming from

thresholds in H. Of the terms in AG, (n! )2 of them have cuts only along the
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negative real k° axis coming from (kO+H)-1. None of the other terms in AG

have branch points at all because they come from finite ranges of integration of

0o

the variable X'°-X°. Thus the unstable particle pole can only come from the

analytic continuation of the first term of (A.5). Since this term has a pole then

so does the analytic continuation of

“

oyl KIS .7

<o) |

k

Because the spatial dependence of the Heisenberg fields is

LXK, 1) = e—ﬁi' '?vd(o,r) eiff-@ ,

where & is the full momentum operator. This means that [$> in (A.6) is an

eigenstate of momentum:

P loEp =K IsEK)> . (A.8)

As yet |¢> has n discrete field indices (ozl, LPYRRE ozn) that are suppressed
in (A.6). These indices may be coupled in pairs with ordinary Clebsch-~-Gordon
coefficients leading to an n-fold Clebsch~Gordon coefficient that satisfies

21 !Zn /ﬁl Qn j Ql Qn j > i

2D, R .. @an’ O‘h(R)\O‘i g J.3>= %(al... o i Djé’j3(R) ,
where @ﬂ are the rotation appropriate to the field representation (usually
(€,0)® (0,£)). The final form for [¢> is then

6B 1> = T [0 6% K% [
(6

T[zpal(xl) - zpan(xn)] 10>

21 ﬂn ]
o f(rl,...rn) . (A.9)
1 n ’3

. . . . - . 2
Here f is a convenient smearing function of Lorentz invariants r™ and L If

|¢> in (A.6) gives a pole in (A.7) then at least one of the (j, j3) combinations in
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(A.9) must also because of the completeness of the Clebsch-Gordon coefficients.

Under rotations (A.9) transforms as

UR]16E), is> = 22 16@®K)], i5> Dy 3,®
iy ’

Also,
T2, ig> = G+ 16, ig>
I 10®) j,ig> = ig o) §,ig>

The function f may be chosen to guarantee the normalization

3—» —

<131 o) 10N, 3> = 0" =K 5y 504 4
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APPENDIX B
RESOLVENT IDENTITIES

The identities (2.8) and (2. 12) follow very easily from the definitions

0 1
R(k)=O .
k -H
0 1
r(k’) = —
k- -H!

The full resolvent satisfies the three integral equations

R(°) = r(% + R H" r(k°)

R(%) = r (k") + r(k) H' R(K)

R = r %) +rE&®) B &%) +r %) H'R(k®) H' r (%)
Use the fact that r(ko) commutes with A and B to calculate the projections

AR()B = [ARK)A] H £ ()

BR(k’)A = r (k) H"[AR(")A]

BR(K)B = Brk)B+rk°) H' AR &%) Al H' 1 (k°)
Sum these three projections together with AR(kO)A itself to get

RE®) =Brg9)B + [1+r@”) B AREO)A [ r&)+1d B.D
as claimed in (2.8).

Now to simplify AR(kO)A use the integral equation
R(&% = r&%) +rk%) H' r &% +r &%) B r (k%) H'R ()
The diagonal projection of this is

AREOA =—2 L mvea® Hr [ARKY)A] ®.2)
K
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where E | is the expectation value

¢

<¢(T€1) [H l¢(T<‘2)> =E 53(T<’1-E’2)

o]
Rewrite (B. 2) as
[kO-E(P—H"r(kO) H'] ARGKO)A = A

The expectation value of this is

[ @y <o @) IC-H-H 2 (%) B 16 (> <o ) == o> = 6°(F, K,
(B.3)
The definition of D(kK) in (2.7) is
53('122_1‘{3)

<PpKy) |0k > = —73—
2 ‘ko—H ! 3 D(kz)
Therefore (B.3) shows that an equivalent formula for D(k) is

2

<) K°-HI-H" r (k%) HY 19 (K> = 6%, ;) D)

as claimed in (2. 12).
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APPENDIX C
THE TOPOLOGY OF 41
Because the unstable particles have zero norm a new, positive-definite
norm operator must be found to give meaning to (3.15). This norm should be
positive-definite both in the unstable particle sector of 4T as well as in the physi-
cal Hilbert space £ C 41. The difficulty is that certain states like |¢> are in
the Hilbert space # and yet are not orthogonal to the unstable states. In partic-

ular,

<o E") lzpn(E)> =53@I) . (C. 1)

Essentially the problem is that the three states I¢n>, lzpﬁ>, and {¢> are
linearly independent but not orthogonal. To construct an orthogonal basis is

straightforward. First let
L= %k {I\If(k)><~1/(k*)| + I (k*)> <B(k) I} . (C.2)

This is the identity operator in the one unstable particle sector:

Ilul\If(k)> = |Wk)> (C. 3a)
Ilul\I'(K*)>= [(Ek*)> . (C. 3b)

The projection of |¢> along the unstable sector is

- 1
L lok)>= Wwk)> — + ¥ EK*>
1u \/-N m

with N taken from (3.12). The part of |¢> orthogonal to the unstable particle
sector is just

1
)N*

1, 16> = [6E)> - l¥(9> 71{: + 1 (e)> (C.30)

An orthogonal basis is therefore provided by the three states (C. 3a), (C.3b), and

(C. 3c¢).
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The identity operator (C.2) for the unstable particle sector may be extended
in a hermitian manner to include many unstable particles or mixtures of stable

particles and at least one unstable particle. With the extension Iu so defined let

[F> -1 |F> if |[F>¢ 4 N
I IF>= u ) (C. 4)
0 if [F>¢£ 4
Thus Is projects out what may be called the very stable part of the Hilbert space
#. The identity operator in the full space 47 is then

I=I +1, (C.5)

where IsIu:IuIs =0. The important point is that the first term of (C.5) is IS and
not the usual identity in 4. Note, too, that (C.5) assumes that the veigenstates of
H span #4T. ‘ - |

Before constructing a positive definite norm operator (see (C. 13)), it is
worthwhile to investigate in more detail why the inner product (C. 1) does not
vanish. To do this, express |¢> as a superposition of energy eigenstates. By
assumption the asymptotic scattering states, either in or out, span 4. Thus
put

6®)>= [dE 1B, o@®) . (C.6)

The state IE,'I?>m is a direct product of asymptotic stable particle states
(e,P,v, Vo Vu) with total energy E and total momentum k. (The relative energies
and momenta are suppressed.) The state |¢> was specially chosen in Section II

and Appendix A so that a pole would occur in the matrix elements

3 —
8O K) | am 1
—{mgl—<¢mHEQEFMM>

Because of (C.6)

= [ag ZEAE) (C.7)

L
D(k) K°_E
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Analytically continuing the k° dependence of (C.7) clockwise into the lower half
plane merely distorts the dE contour ahead of it. A pole can occur in (C.7) at
k°=R&° only if the contour is trapped against a fixed pole of the integrand at E=k°

in the lower half plane. Thus

o*(E) ©(E) — _:212_5 (C.8)
where c is finite but nonvanishing. The pole in (C.8) cannot be of higher order

because the pole in (C. 7) would not be first order then. Furthermore, ¢(E) can-
not have ad hoc poles and cuts because they would produce spurious singularities
in (C.6) and hence in the S-matrix. Hence it is the pole in the weighting function
(C.8) that allows certain states in the physical Hilbert space # to have a nonzero

overlap with the unstable particle states.

All this is in preparation for discussing the norm. For a general state

-3 . 3 .
1G> = [k 12(> G, &) + [ @k 109> G ®) (C.9)
the inner product norm is
cgla>= [ ket e +a G*} (C. 10)
: ACBTUAGRf - :

This norm is, of course, real but not necessarily positive. Clearly (C. 10) is
just the expectation value of (C. 2):
<G|G>=<GI,  |G>
Tu
This suggests defining a diagonal operator
_ 3

Q, = JE {I\If(k)> <) |+ 1 (k¥)> <(K*) |} . (C. 11)
The expectation value
|2

<Gl 1G> = /d3k{IGA + |GB|2} (C.12)
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is then positive-definite. Again (C. 11) can be generalized to the entire unstable
sector. Therefore define the full norm in 47 by

Q=1_+Q
b (C. 13)
llFlle<FlQIF> for |F> e 41

To see how (C. 13) acts, calculate the norm of [¢>. From (C.11)

<G ®) 12, 16@)> = (§+$) o’ ®-FY)

This, of course, is not generally positive. To calculate the IS contribution to

the norm use
<6 ®) 11 16> = {<o®) 1 }{1, 165>}
Substituting (C. 3c) gives

1 3~ =
__N—*) 6 (k-k'")

Zl~

G I 16> = [t -
so that
<®) 1216{E)> = 5° KK
This shows that for states in 4 the Q norm agrees with the usual norm in 4:
<F[QI|F>=<F|F> for |F>¢ 4

Thus {iFli is a genuine norm. It satisfies

a) 7 IFIl > 0; IFlIl =0 iff {F>=0
b) laFll = la]l- IF|
c) IIF1+F2H < IIFlll + llelI

A further bonus is that 41 is Cauchy complete in this norm. More precisely,
any sequence of states IFn> of the form (C.9) that is Cauchy complete, i.e., for
which

l1F >-IF_>ll -0 asn,m-—ew
n m
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must necessarily have a limit |F> € 41. This is a trivial consequence of (C.12)
and the fact that square integrable functions are Cauchy complete. The more
substantive version of completeness is why only states of the form (C. 10) should
be considered. This is just the question of whether the eigenstates of H span Al
previously mentioned.

The definition of the norm operator in (C. 13) is not unique. For example,
define linear combinations

|Tl'1(k)> = |¥k)> o + | TEK*)> g*
Iy (0)> = 18()> %@—'- (> 1281

where o and 8 are complex numbers satisfying
| | | af+ a*pr=1
The |7> have inner products
<my (&) by (k)> = 55K

<my(k') Iy (k)> = S ®-K)
<7r1(k‘) lvrz(k)> =0
The identity operator (C.2) written in terms of these new states is

= fd3k {'Wl(k)><ﬂl(k) |~ 17y (k) > <my (k) I} . (C. 14)

The norm operator € in (C.11) is diagonal in the |¥> basis but not in the 7>
basis. The minus sign in (C. 14) suggests defining a new positive definite norm

operator that is diagonal in [r>:

"3
Qt = / d'k {le(k)> <7rl(k) ]+ Iwz(k)> <7r2(k) I}
Obviously |7r2> here is formally analogous to the timelike photons of the Gupta-

Bleuler quantization of QED and ' is analogous to their 7 trick.
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Sets which are open in the £ norm are also open in the Q' norm because the

two are connected by the transformation

T= fd3k{l7r1(k)><\1f(k) f + l7r2(k)><\If(k*) I} ;

in that -

Q=T QT
Because of (C. 2)

+

TT= I1u

Because of (C. 14)
+
TT = Ilu

Thus T is unitary. The topology of 47 is therefore not changed by such a change
in the definition of norm. In particular if
<AF [QIAF> =0
then
< AF |Q']AF>=0
Therefore
IF1> = |F o>

has an invariant meaning.
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APPENDIX D
MULTIPLE POLES AND MULTIPOLE GHOSTS
The analysis of Section III applies to any first order pole in the scattering
amplitude. It is well known that unitarity and the asymptotic condition forbid

28 o

the physical sheet. No such pr
sheets. 3 An analysis similar to Section II will show that whenever there are
multiple poles the state space 41 necessarily contains some curious new states.

The term multipole ghosts originated in Heisenberg's indefinite metric
quantization of the point source Lee model. 16 In such a quantization the usual
prohibition does not apply and, indeed the scattering amplitude has a second
order pole on the real axis. (See Section IIl.B.) Associated with the double
pole are two states: an energy eigenstate and a ghost of that state. Nakanishi
has discussed the possibility of multiple ghost states generally in an indefinite
metric quantization and shown that if there are such states the scattering ampli-
tude has a multiple pole on the physical sheet. 29

This discussion borrows the name multipole ghosts but differs in two respects.
First, the existence of the states is deduced from the existence of the multiple
poles (rather than conversely). Second, the quantization is conventional in that
the multiple poles are only on unphysical sheets.

Suppose then that the scattering amplitude contains a pole of order L on the
second sheet at k°=k°. This sheet is reached just as in (3. 3) by continuing
clockwise around a particular n-particle branch point. At the pole

Dn(E) =0
Furthermore, because the zero is of order L

d D (k)

dko

=0
N
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and generally
-1
d o

=0 £=1,2,... L
d(ko ~1

~

k

Using expression (2. 12) for D(k), these three equations are

<& K°-H-H" rn('Eo) H" |¢(®)> =0 (D. 12)
< (&) |1+H"E~n('1”<°)]2 H" [¢®&)>= 0 (D. 1b)
<o @) |H"{rn('1“<°)]’Z H'|¢(E)>=0 £=3,4,...L . (D.1lo)

The L'th derivative of D(k) does not vanish. Let it be

L+1

<pE" IH”[rn(kO)] H"|pE)>=Cs{E K) , | (D. 2)

where C is a finite but nonvanishing constant analogous to N in (3. 12).

The analytic continuation of (2. 13) is still

k°-H) [y (®)> = 1$E)>D (K .
Thus
&°-1) 1y > =0

as before. Now, however, the equation

-1 13,095 = -1 19E)> DR

contains new information. Differentiate this with respect to k° and then set
kO=T<0:

o . 9 d Illln(k)>

k" -H)" | —— =0
&® |y

Generally if the equation

-1 1y_@)> = °-1 " 19 ®)> D_)
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is differentiated £-1 times the result is

ool >
0O-Hy' |—=3—— | [=0 . 1=1,2,3,... L
dk’) i

These equations may be summarized by

- 1> = 0 (D. 32)
where
. diy_am>
lwﬂ&pz(-)ﬂ'l——ﬁ—l- 1=1,2,...L . (D.3b)
? dky Iy

These equations are useless unless lzpn(k)> can actually be differentiated.
The explicit form (2. 10) shows that it can. Furthermore, because the Kk° depend-

ence of (2.10) is so simple the results are just

a0 = [L+ 2 B 166)> (D. 4a)
1w 8> = [rn(T(O)]QH” l6@)>  £=2,3,...L .  (D.4b)

Now, of course,
&) 1y 0> = 0 (D.5)

as always. Next try to evaluate

(k°-H) 147 (%)>
Because

&°-ayr &) =1

n
it is clear from (D. 4b) that
&°-H") Iy2 > = r EOH 16®)> . (D. 6)

Furthermore

B 1> = H"Efn&")]z H'" 1o (K)>
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From the definitions of H'" and the reduced resolvent in Section II the right hand

side of this equation is proportional to |¢>. Thus
H' 2 ®)> = 196> A (D.7)

where A is given by

3—>—>

<o @ 1, 6] 1 16 )> = 6" F TR
Referring to (D. 1b) shows that A=-1. Subtracting (D.7) from (D.6) gives
E0-m 20> = [1+ v FOm| 160>
Hence
-1 120> = o> . (D-8)
Now do the same thing for the higher order states: |
&1 1 B> = &0-1 10l @y> - B il & )>
For £>3 the second term vanishes because of (D. 1c). The first term is just
&°-mn 14k > = [rn(fio)]i—lH" l6®)>  £=3,4,... L
Therefore the general result is
&°-H) |zpfl(T<)> = lz/)fl‘l(’Ep £=2,3,... L (D.9)

even though the #=2 case required special treatment. Because of (D.9) the fact
that

-t 1y > = 0
merely reflects the fact that

&°-1) Iy 0> = 0
The states Iz/)fl> are sometimes called multipole ghost states. It is easy to show
that

<y @) i @)> = 0 (D. 10)
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because the Hamiltonian is hermitian as in Section III. Again hermitian analy-

ticity requires that D(k) has a zero of order L when continued counterclockwise
~o¥ ~

to k°=k° in the upper half plane. There are thus L additional states lzpf.i(k*)>

analogous to (D.4). The inner product of conjugate partners is

T C 63 E K if 4+0'=1+1
<P 5&*) 1y, k)>= (D. 11)
0 otherwise

The constant C is given in (D. 2).



- 90 -

APPENDIX E
OTHER ONE DIMENSIONAL IRREDUCIBLE REPRESENTATIONS

The states constructed in Section III by analytic continuation automatically
have qz >0. Unfortunately they are not irreducible representations of the
Poincaré group. To construct irreducible representations requires ir;troducing
complex boosts because of (4.34). Once these boosts are allowed, however, a
state with any momentum k=p+iq satisfying k2=.//l 2 can be generated.
Beltrametti and Luzzat’f;to23 observed that there are three classes of momentum
vectors that are distinguished by whether the plane containing p and q (1) inter-
sects the interior of the light cone, (2) is tangent to it, or (3) is completely
spacelike. The quantity (p: q)2 _—p2q2 is correspondingly positive, zero, or

negative. A suitable real Lorentz transformation will bring any k into one of

the three standard forms as follows:

Type 1: A>0
k= (a, 0, 0, P
(E. 1)
w2 a? Bz
Type 2: A=0
k= (a, 0, i, a) (E.2)
Type 3: A<O0
k=1(0,0, o, p)
(E. 3)

= a?

The subgroup of the real Lorentz group that leave k invariant is one dimensional
in each case. Denote the little group generator by g;- Then the three classes
have, respectively,

N =
8193
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g2=J2+K1

gy = K1 . (E.4)
(Of course for any of the momentum classes the subgroup of the complex Lorentz
group that leaves a particular k invariant has not one but three generators, viz.
the three Si(E) given by (4.27). In each case, however, only one of these three
generators is proportional to a hermitian generator gi.)
Regardless of the type, an irreducible representation of the full Lorentz

group may be defined as in (5. 15) by

Ik,j,0>EU[L(k,E)LC(E,J{)]I\If(J{)j,j3,>| Jo A , (E.5)
ig=o

where the meaning of o may differ from one class to another. Foi' Type 1 mo-
menta (E.5) actually yielded the states of Section V.C on which the one dimen-
sional little group was represented irreducibly. It will now be shown that states
of Type 3 can also have their one dimensional little group represented irreducibly
but states of Type 2 do not have such a representation. To see this, apply a

real Lorentz transformation A to (E.5) to get
U] Ik, 5,05 = U[L(Ak,E) LC(E,J{)] U[Zi] \ALG, 0>, (E. 6)

where

Z,= LC(E,J()‘l{L(Ak,E)‘l A L(k,E)} LOEK, A ) . (E.7)

The quantity in braces in each case is a real Lorentz transformation that leaves

kK invariant. It is therefore generated by the corresponding g; 8o that
i)\“,g.
U[L(Ak,ﬁ)'lA L(k,E)] —e W1 (E.8)

where >‘W is a real Wigner parameter. (For Type 1,?\W

tion angle around the z axis, for Type 3’}‘W gives the real boost velocity along

is the real Wigner rota-
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the x axis, and for Type 2,AW is a mixture of rotation angle around y and boost
along x.)
States with momenta of Type 1 are the helicity states discussed in Section

V.C. Consider now states of Type 3. Choose the complex boost in (E.5) to be

i0J, -ZK
U[LC(E,./II)] —e lg 2 2 (E.9)
(The velocity boost in the y direction is purely imaginary.) The corresponding

Lorentz matrix is

/ 0 0 i 0 \
o " 1/ 0 1 0 0 ‘\
Lok, #) , =1 .
. icos@ 0 0 -sin @ ) ’ ~
\i sing 0 0 cosd/
Obviously
) 0 \
! )
c v ' 0 s -
LR, ) M =
( it cos 8
Je# . sin 0

in accordance with the k of (E.3). To calculate Z use (E.8) and

[Jl’Kl] =0

to get

T . i

=K i K -=K

U[Z]zez 2eW1e 2772
Because
[Kl’Kz] = —1J3 ,
this becomes
AwIs
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The transformation law (E.6) for Type 3 states is therefore one dimensional as
claimed:

[ Y
ula) ik, j,0> = 1Ak, j,0> e

W

it is not even unitary when k is continued to real values.

Because A... and 0 are real this representation is not unitary. More importantly,

For states with momentum of Type 2 there is no choice of the complex
boost LC(E,./{( ) that will represent the one dimensional little group irreducibly.
Suppose there were such a choice. The Z in (E.7) could only be a rotation

around the z-axis if
c -1 C -
Lk, #) (JK) Lk, M) = £Tg (E. 15)
for some constant ¢{. This would then insure that

A, &d

W="3

U[Z] =e
and (E.6) would then represent the little group irreducibly. Unfortunately there

is no LC that satisfies (E.15). To see this write (E. 15) as
(I, K ) LR, M) = ¢ L°R, M) T, (E. 16)

The generators may be represented by the 4x4 matrices

/o -i 0 0
4 o o0 i
J 4K, =
21(0 o 0o 0

Lo = o0 of
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Explicit multiplication shows that the only matrices LC that satisfy (E. 16) have
all zeros in the second row. Such matrices have zero determinant and thus
cannot represent Lorentz transformations. This shows that there is no

state like (E.5) which represents the little group of Type 2 momenta irreducibly.
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APPENDIX F
HOW q — 0 IN HELICITY AMPLITUDES
It is crucial that q goes to zero in the plane P Il'q. Because of this, the
helicity states of Section V. C are actually produced in (6. 10) and yet their
observed transformation law is (6.18). To see how q — 0 begin with the trans-

formation law
<Ak*, j 0! IT[z,ba(Ar) fﬁB(—Ar)] 10>

=i _Gwcr'

- e <k*, 3,0 lT[d)av(r) @B,(-r)] 10> @a,, o) @B" (A)

B

appropriate to the residue in (6.5). Let g — 0 in some unspecified manner. Then
project out the two particle irreducible representation (6.4):

<Ap,j,o'lAp, j,0;1+2>

~iglat ~
=0T @jotip, o D, B) (F. 1)
O-H ’
where
6' = lim 0, (F.2)
q—0

and R is given by (6.4).

Equation (F.1) may be used to investigate how q — 0. Recall from (6.4) that

R=1LwW,p") R®',p") A R(p,p) L{D,W)

Choose

p= (>, 0,0, 1D 1)

Then p=p=p'=p' so that
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This greatly simplifies (F. 1) because now

o~ igo
Do-'l’o- (R’) = 60'",0- €

and (F. 1) reduces to

iglo 6o N

<p,j,o'lp,j,0;14+2>=¢" '<p,j,0" Ip, j,0 ;1+2> ei . (F.3)
The content of (F.3) is that the amplitude vanishes unless
glo! = Qo
The angle 6' will depend on whether or not q |l f; In fact, it will be shown that
6 if qllp
o' = . (F.4)
0 otherwise
This has two consequences: If gl p then the amplitude vanishes unless o'=0;
If ?f and p are not parallel, the amplitude vanishes regardless of the value of

gt

To demonstrate (¥.4) take

a= (", /d1sinn, 0, Igl cosn)
Since A is a z rotation
a'=(q", Iq!sinm cos 6, [q|sin7 sin @, Iq | cos n)
Thué 7 and 6 are the polar and azimuthal angles of q' and gl p corresponds to
n=0. To calculaté 9' requires first calculating 4., from

w

10,3 103
e VI3_LEKYe SLEKE . (F.5)

A specific form for the real transformation L(k, k) is necessary. Consider the

case q2>0 as in (6.20). Then

p= (24, 0,0, \/ LI
2
Vo? 1
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q- (ch, 0, 0, 0>)

from (5.12a). A real transformation L(K,k) from k to k may always be

accomplished by boosting q to the rest form q and then rotating into the z axis:

L(&,k) = Rz, B(q, 9p) B@,9
Thus
ig...J igd

e V3_RE, BGaYp) B@a)e ° Ba,dREEDp, 2) (F.6)

where p'=p has been used in the argument of the leftmost rotation. The two

boosts are given by
= _ iun-K
B(q, g ="

B, = E |

where
ﬁ= (sinm, 0, cosm)
= (sin 17 cos 9, sinn sin 4, cos 7M)
tanh p = -l%
q
Because 1! is just 1 rotated by 6 around 2,
ied igJ

- 3 3 -
B(g,q") e =e B(,q)

Hence (F.6) is just
10,,d igd

W3

e “R(z, B@ ) e °RB@ P, 2) - @®.7)

To calculate GW these rotations must be explicitly displayed. The rightmost

rotation above rotates a vector with momentum along z until it is parallel
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to
p° coshp - B 1 n, sinh p
o . —
-p 1y sinh p + [p | n,ng (cosh p~ 1)

B(q, 9)p = (F.8)

O -
) . —
-p ng sinhp + |p | {1 + ngng (cosh p -~ 1)]

where the vector components are written (t,x,y,z) vertically. Thus the rotation

is around the y axis and is given by

cos w 0 sin w
A | )
RB(@,pp, z)= -~ 0 1 0 ) F.9)
\ -sin w 0 CcoSs w
where
-pon1 sinh p+ |pl n,ng (coshy- 1)
tan w = S — (F.10)
-pn,sinhpg+ Ipl |L+n,n, (coshp-1)
3 373
This gives for (F.7)
cos 8 sin @ 0 cos w 0 sinw \
1003 o _ N
e = R(z, B(q,q")p) -sin 8 cos 9 0 0 1 0
0 0 1 -sin w 0 cos w
(F.11)

The remaining rotation to be calculated rotates a vector with momentum along

z until it is parallel to

pO coshp- Ip | 11'3 sinhu
—pon'1 sinhp + [p | nin} (coshu - 1)
B(q,q"p = o _ : F.12)
-D n'2 sinhp+ |p | n'zn;3 (coshpu - 1) '

_poné sinhp+ 1p | [1 +nin! (coshp - 1)]



- 99 -

Comparing ' with n shows that this vector is just (F.8) rotated around the z

axis by 6. Thus

/ cos § sin 6 0 / cos w 0 sin
R(B(Q',{p,2) = |-sin§ cosg 0 0 1 0 . (F.13)
0 0 1 \—sin w 0 cos w

This rather simplifies (F.11), which becomes

10,7 1.0 0
e ={o 1 o] . (F. 14)
0 0 1

This means that 6,,=0 and hence 6'=0 as claimed for q not parallel to p.
It appears, in fact, that 6W=O regardless of the direction of q. This is not
correct. Suppose that qllp. Then n is along the z axis. Thus the vector in

(F.8) has only t and z components so that

/10 0
R(B(q, 9p, 2) = (o 1 0 : (F. 15a)
0 0 1

In other words (=0. The vector (F.12) in this case also has only t and z compo-

nents so that

1 0 0
R(B(,qp, 2)= | 0 1 0 (F . 15b)
0 0 1
and hence (F.7) becomes
cos 6 sin 0 0
10y,d
e W3- |_sing cosg 0 (F. 16)

)
\ 0 0 1
as claimed in (¥.4). Generally, of course, the rotation that takes the vector

(0,0, 1) into itself is not just the identity. It can be any fixed rotation around the
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z axis. This fixed rotation must appear in both (F.15a) and (F. 15b). It then
cancels in (F. 16) so that 0W=0 regardless. This is the reason that (F. 15b) is

not just the w=0 limit of (F, 13).
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FIGURE CAPTIONS
Example showing that the continuation to the unstable particle pole is
always around the same branch point (viz., the heaviest decay mode)
independently of the scattering process considered.
The path followed in continuing hermitian analyticity away from the physical
sheet to obtain

D, (k)*= D (k*)

Bethe-Salpeter equation and normalization condition for a composite unstable
particle with complex momentum k.
The usual connectedness structure that results from the LSZ asymptotic
condition. |
The connectedness structure that results when one particle (denoted by the
wavy line) is unstable.
The values of @y and o 9 that solve (7. 18) and correspond to second sheet
poles in the S matrix (7.7). The broken line is a plot of (7. 18aj; the solid

line, of (7.18b).
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