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ABSTRACT

We discover that the set of coupled equations of
motion of the quark-binding bubble model can be solved
exagtly and completely in two-space one-time dimensionms.
In this three dimensional Minkowski space, the bubble is
equivalent to a closed string with massless quarks trapped
on it. The integrability of the equations follows from
the special simplicity of the geometry of two dimensional
surfaces. From the set of all classical solutions, a
Poincaré invariant quantum system is explictly constructed.

The resulting spectrum is free of ghosts.
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1. INTRODUCTION

Recently several dynamical models of quark binding within hadrons

have been proposed. In particular, (Bardeen, Chanowitz, Drell, Weinstein

and Yan)l proposed a field theoretic model where quarks are bound on the
surface of the bubble. 1In a classical picture, the bubble surface

arises as a domain boundary of a region where a scalar field assumes

the "wrong'" vacuum expectation value. In the preceding paper2

, one of
us (RG) has reformulated the BCDWY model in the zero thickness (of the
bubble surface) limit. In this formulation, the scalar field is re-
placed as a dynamical variable by the geometry of the bubble surface,
and the quark~degrees of freedom are characterized completely by a
surface quark field. Although the quantum theory can be derived from
an action principle, quantum corrections of the original field theo-
retic description become intractable; still the action formulation has
the advantage of allowing ready calculations of many properties of the
system.

In this work we concentrate on the bubble in three space-time
dimensions. We shall see that all classical solutions to the general,
time dependent bubble theory can be constructed explicitly. In the
general case, the bubble executes a complicated, but periodie, oscil-
lation in time. The quarks trapped on it are massless and move along
light-like lines imbedded in the surface. There is a degeneracy over

an infinite class of "shapes' of the bubble. By choosing a special

coordinate system and a particular Lorentz frame, we can represent all

possible solutions to the theory in terms of a countable number of

independent "normal mode' amplitudes. We exhibit a set of commutation
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relations among these modes which provide a Poincaré invariant quantum
theory of the single bubble.

The bubble in three space-time dimensions is equivalent to a closed
string upon which quarks are trapped; our method of solution closely
resembles that of the Nambu action3. In the absence of quark fields,
the spectrum reduces to that of the closed string.

In the presence of quark fields, the bubble equations of motion
form a rather complicated set of coupled non-linear partial different-
ial equations. They are difficult to solve directly. We proceed as
follows: first, exploiting some special geometric properties of two
dimensional surfaces and rather gneral properties of the eduations of
motion, we show that coordinates may be chosen in which the equation
of motion of the bubble surface has a particularly simple form. Using
this result, we find that the Difac equation can be solved to give the
Dirac field everywhere on the surface in terms of the dynamical wvari-
ables describing the surface geometry. Finally, we show that the sur-
face equation of motion gives an algebraic relation between the Dirac
field and the surface variables., The complete quantized spectrum can
then be exhibited. Since the solution is obtained by breaking manifest
Lorentz covariance, all that remains to be shown is the straight forward
demonstration of the closure of the Poincaré algebra.

Classically the bubble energy is proportional to its lengthz,
independent of its shape. In the quantized system this property is
reflected by a Hagedorn-like spectrum (where the number of states in-
creases exponentially with the mass), with linearly rising Regge tra-

jectories. The Regge slope is inversely proportional to the bubble
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constant & and the intercept of the leading Regge trajectory must be
an integer or a half-integer. For some choices of the intercept, it
takes a negative amount of energy to generate a bubble. This is in
contrast to the classical or semi-classical situation where generating
a bubble always takes a positive amount of energy. This parti&ular
quantum property may allow the avoidance of the apparent problem of
bubble condensation.

The rest of this work is organized as follows: Section II contains
the formulation of the bubble system. For more details of the differen-
tial geometry and the derivations, the reader is referred to the pre-
ceding paper. In Section III, we derive some of the properties of the
bubble which are necessafy for the solution. In particular, "reparamet-~
rization invariance” allows us to choose a "gauge" such that the bubble
equation of motion becomes very simple. The fermion field can then be
solved in terms of the geometry. The solution is presented in Section
IV and the results in Section V. In Section VI we discuss among other
things the relation of this three dimensional bubble to other extended

hadron models.
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II.

THE BUBBLE MODEL

x%x =

The bubble of interest is a two-dimensional hypersurface imbedded
in a three dimensional Minkowski space. The bubble surface (Fig. 1)

= Rp(w) R=0,1,2

o« = 0,1

is parametrized by the internal coordinates

, and is assumed to be a
differentiable manifold. The metric in Minkowski space qpv induces a
metric on the hypersurface

M <
Gap = MwTalp = TuTp

where T(,: = QR»/AL{*

—

oY ol
A,xR = R lo¢ are the tangent vectors. At
each point on the surface, a unique space-like, unit, outward, normal
vector ny (ﬁ‘) can be defined

N-Tx=0

2

n- =

N = — |

It is useful to express qFV at each point of the surface in terms of
the set of vectors at that point

4’6 N
’?MV = ‘CF 1%3y — levly

%”*F5 = Vlld‘ T

g =

Another useful tensor is the "coefficients of curvature" tensor
H

o .
Its trace 2k = h 4 is proportional to the local mean curvature of the
surface. The action of the bubble is
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where g is the determinant of the metric tensor Bop . q3 is an

) ) H®
arbitrary spinor field satisfying the constraintA}*qsfqg where ;x::an )
{; are the Dirac matrices. This constraint ensures that the

fermion current density and the energy-momentum density are tangential.

For example,

BTy = Pad = il ARG =0
w

The index "j" designates the quark species. For simplicity we

shall consider only one type of quark field. The generalization to

many types is straight-forward. @ is a constant and provides the only

scale of the system.

The Euler-Lagrange equation

REGIRNES P £ ¢
S § ¥

gives the Dirac equation

AT+ Rw)y =0 (1a)

Using this and the constraint

= ¢ (1)

we obtain, from the Euler-Lagrange equation

ﬂﬁg& 31,

=0
L



the surface equation of motion

(3
%fx@ 1 =0 (1c)

X
where the energy-momentum tensor T 13 is given by

oA _ C%“ﬁ+ 6>~

«T 6
= a3
— C%‘xﬁ-—\- %(‘Pi Q LP

(1d)
TERY =TT -(0F) 1Y

where Y ]t 3 qg =¢ - ' %j Equations (1), along with the’

global requirement that the surface be spacially closed define the bubble

system completely. Equation (lc) describes the vibrations of the

surface. It is the normal component of the surface Euler-Lagrange

equation. Equation (la), (1b), and (lc) form a set of coupled equations.

The tangential components of the surface Euler-Lagrange equation

’EQ ( dut gstiﬂ) = 0

give
(1e)

It is straightforward to show that this follows from Eq. (la)-(1ld) and

hence not another independent equation of motion. This is a reflection
!

of Y“gauge invariance" under coordinate transformation. 5£35§ is the

Christoffel symbol of the second kind and is given by



35

}:"%5?"“8 T Gasiy T f}sﬂg@x

= T - Loy

In the three space-time dimensions, both the geometry of the

bubble and the gamma matrix algebra can be simplified.

The bubble
surface is two dimensional.

Our notation will be
i
e AN : ST W =a
')R}*\(U‘o)"k) - RP(T’W) ) U
with

[PRoEwEEe Y

© 3A AT
l\ - E;E‘ ! f\ d

for any quantity A. We choose the orientation of the internal coordi-
nates such that

MVA

i . o~
ho - == €  (To)y (T,
n Al (2)

In three dimensions, we need only three matrices satisfying the
anticommutation relations

Crr oy = 21"

We choose these to be 2 x 2 Pauli matrices rather than the usual 4 x 4
gamma matrices

i . 2 .
= 0 T = A0 V=405
3)

whose algebra is

T
/{‘P 'ry = }?’JV —_ A € )/)\



That such a choice is possible is obvious mathematically. 1Its
significance in the theory becomes clear if we begin with a 4 x 4

representation of the usual gamma matrices

; i ~
A0 6-! G '\_S"\ — L3 “ )
- o
~AG (@] 3
X\zfz : ) Xh =
. — i G )
o) AT,
Py ()

- o | |
I ¥

Y\D 'X‘i X'\?.
In this representation, the Dirac equation involves only PR .
Thus, the two component spinors 1¥+ and lﬁ- decouple from each other.

Because the fermion moves in a single plane, there is an extra conserved

N 3
"charge" whose matrix is r r To choose a two component represent-

5°
ation of the gamma matrices is to impose the condition that the Dirac
field be an eigenstate of XB }; with eigenvalue + 1.

The theory we obtain by making this choice is a consistent and
complete theory of a fermion trapped on the bubble surface. That this
is so is not completely obvious. In a three dimensional theory where
the fermion is free to move throughout space-time, charge conjugation

and time-reversal invariance cannot be realized in the two component

representation. For example, charge conjugation must be represented
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by a matrix C with the property

(5)
.fi -
In the representation (4), we must take C = X% . Thus, C does not
’d,
commute with I dge Because the fermion in the bubble theory is con-
fined to the two dimensional bubble surface, however, the requirement

(5) need be satisfied only by the tangential components of the gamma

matrices:

C¢: ¢ o= T

This conditioﬁ can be réaliéed in the two component representation by
C = &¥T?J. The two component representation is 'complete'" for the
bubble theory in the sense that P, C, and T can all be realized for
the Fermi field.

We must also emphasize that a bubble theory based on a four
component Dirac spinor is not an altogether trivial extension of the
two component theory. It may be viewed as a theory of two independent
two component quark fields, '¢; and‘dﬁ , trapped on the bubble surface.
However, the two component version of Eq. (1) is different for these

two spinors:

v = b

iad = - ¢

(6)
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Through the Dirac equations for these two spinors separate completely,
both interact with the surface through Eq. (lc). Because of the
difference in sign in Eq. (6), the effects on the surface of the two
spinor fields do not add in a simple way. In this paper we only

examine the two component case.
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ILI. PROPERTLES OF THE BUBBLE

To solve Eq. (1) we first have to obtain some useful properties
of the bubble system. Because the system is invariant under arbitrary

coordinate transformations

o = F )

we are at liberty to choose a system of coordinates which simplify the
equations. Further, as we shall see below, the requirement that a

s solution to the equations of motion exist at all places very strong
constaints on the geometric structure of the surface. These constraints
arise, essentially, from the causal structure of the free,‘massless
Dirac field on the surface,

We shall show that the equations of motion imply there exists a

coordinate system such that |

</ Vo=
: 'T)O") = QO
R ¢ @

and

(8)

A special property of two dimensional manifolds which we rely on
to choose coordinates is that any symmetric tensor of signature (1,-1)
can be brought into off-diagonal form by a coordinate transformation.

This would, for example, allow us to choose the metric to be off--
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diagonal. It is more useful, however, to work in coordinates where
A8 .
the stress tensor T ' is off-diagonal. To do this, we have to show

that the stress tensor

TE = g - m(TESY)

is symmetric and has signature (1,-1).
First, we show that if T ' is any symmetric tensor with signature

(1,-1) on a two-dimensional Riemann manifold, then a local coordinate

A
system can be found in which T p is off-diagonal: TOO = Tll = 0,

¥ %0

- 1 ~
Let (\JG,TY ) be the desired coordinates, and T be the tensor T '

in these coordinates.

~ys - TP ! 'l
We require e ,_.d'@ B\/____f -a\)..o 6
T~ dut aul
e L 9
=11 = Toqs é_y.i _3_\:.., = (0 e
- ‘ aud‘ }u(‘g

Both vO and v1 must have gradients which satisfy the homogeneous

. . <3
quadratic constraint (9a). Because T has signature (1,-1) the
solutions of (9a) are such that the gradient must lie on a degenerate
hyperbola (analogous to the light cone) in the tangent space to the
surface at each point. There are two independent real solutions to
the quadratic equation at each point. These generate two functionally

independent solutions to the differential equation, which can be taken
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to be vO and vl.

= f5
Next, we must show that the energy-momentum tensor T ' satisfies
s . T .
the conditions for this theorem: that T is symmetric and has
signature (1,-1). -
. , . xB
The metric tensor is symmetric, so the symmetry of T will follow
o4 f
if we show that 8 }B is symmetric, It is sufficient to show that 6} /(}
is symmetric at any given point in some coordinate system. A tensor
which is symmetric at a point in one coordinate system is symmetric at

. . . . . x
that point in all coordinate systems. At a given point, u  , we choose

locally geodesic coordinates:

qe = (o 3)

: (9b)
ety = ©
ol 10 X
We want to show that (% = 6‘ at the point u ., We have:
ot 10 o Tt~ o)W
£ - B = - 9% V(2% - ¢ SN
c

Using the Dirac equation

(L %% + it k) b=

and the relation, valid in the two component representation of the

gamma matrices, following from (9b):

70 = —awm
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we have

QU = (- AE % AR

-

then (9¢) becomes

6" - o

il

o _ g B[~ (Fim + B0 arEEt ]y

But Wfoctj"_ L,¥¥
b(-an)¥ =0
‘ ¢ M‘r = “tt =
So 901= 6%%¢ the point u* . Therefore 66(’8 is symmetric at all

points in all coordinate systems.
A5

Finally we must show that T ' has signature (1,-1). It is

0

sufficient to show that det(T ) € 0, for then the eigenvalues of

*/3

Lt
T fB have opposite sign. Because T is a 2 x 2 matrix, we have

<d€t(—\'d{e’) = ,%_l_ i+ %C\,}g{p@“"g +  det ( edﬁ)

From the Dirac equation, &xﬁ 65 = (0. We can also show that det
X -~
(9 /6) = 0. As will be proven below, the Dirac current, J, = ¢¢d\P s

is light-like and satisfies

1.6 =

It follows immediately that 9 is of the form

9“/3 = Aj“":)—/g
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] A i
where /) is some scalar function, Then

at (6%F) = A2 (@))% (37)*] =0

so 2
3 (3 > .
det ( ’r<% ) = j%g‘ < v .
since

¥ °

0(/3
The symmetry of T

reflects the absence of spin in two dimensions.
In general, a spin-dependent divergence must be added to the canonical
stress tensor to form the symmetric "improved" stress tensor. In two
dimensions, however, the canonical fermion stress tensor is already
"improved",
We choose coordinates such that
A3 ¢ ( o 1
A ' o
! - (10)

where T( T ,6°) depends on the details of the solution. The coordinate

system is not uniquely determined by the condition (10), We still have

"conformal" invariance": (10) is invariant under coordinate transfor-

mations of the form

T — &(T)

g — i} (o) (1)

So far, we have used nothing but the coordinate invariance of our

description of the bubble surface. We now show that a necessary
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condition for the field equations to be solvable is that R}~Ct,w)
satisfy (7) and (8).

We begin by considering the algebraic relations between the

. o =0 .
fermion current J and the stress tensor T . A result which follows
from the two component representation of the gamma matrices is:

If ?’is any spinor satisfying'Tqu= 0, then

(¢Py) N9 =0

Proof:
For any two component spinor,*k, there exists a unique real unit vector,

ﬁ, such that:

b v =t
Using the 2x2 representation of the gamma matrices (3) we have
_ ; A A
FrEPy = vy (1, Mma, M3 )
—_— + A
Ty = ()M =0

Ry ) raw = W (g it - a0 )
‘ P , A

= Ypn (1~ m) W

= ¢

This has the immediate consequences:

Td J. =0
(12)
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Jx V5 T = 0 (e

where Td = q’; 7239( q)

I
Assuming that J is not identically zero, these relations allow us

to determine some components of the metric tensor in terms of T .
With the stress tensor of the form (10), equation (14) implies

Jo Jg = 0. We shall see below that the choice of orientation (2) and

the condition (lb) require that Jl = 0., Putting this result in (13) and

comparing both sides, we find:

co - : ol i

4 =0 . 9 =T

So the metric has the form 4
: o /v
Y = ( T o ) » /T -A

where A is not determined by this analysis. We note that
/ 2
0= %u = R (T»Gy)

This is condition (8).
The stress tensor is divergenceless (eqn. (le))

Ta=0 = J{% a0 T )+ 6(3 5T
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But | | is a constant, so we have

if’lgzo {3:0’1

The equation of motion (lc) of the surface gives

f\m:O

The condition (7) now follows immediately:

/ S'i% g T

® o _ , * b AL :O
Ro(T,0) = Tpoj = hot e ™ oi) "ok

We now turn the problem around. Starting with a coordinate system

satisfying (7) and (8), we derive the solutions to the bubble equations.

Equation (7) implies the surface is of the form

Rplto) = Qp(T) + Sple) (15)
Defining:
. M 7’
. - A Ma) = T = ¥
%}:\(T) = Lalu - Q}A R A ( ) 1 S (8)
we have:

A =

where CANIKS =

8 _ A 1 _ 2

tM 7{2' o ga A an
- ) Q% a)
nt = - o EFVA V/AA
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In the following discussion, we assume that q“> 0, In fact, we shall

see that the equations of motion imply that q2

is proportional to the
fermion energy density, which, as a classical function, is not positive
definite. We shall proceed as if the energy density is positive, and we
shall find that our solutions are self-consistent in the quantum theory
after fermi statistics and normal ordering are taken into account.

So far, our analysis of the surface geometry has been local. The
global condition that the surface Ru be a closed hypertube in space-
time places further constraints on QP’ and Sp . Geometrically,
equation (15) asserts that the hypertube is a surface that is swept out
by moving a riéid 1ight-iike‘curve, SF (o), along some time-like curve
QP (). At each point on the two dimensional surface, there are but
two light-1like directions. Because the hypertube is closed, the light-
like curve er contained in it must spiral up the tube, intersecting
Q p infinitely many times (Fig. 2). It is clear that, if the surface
is to be swept out by the motion of Su along Qu > each of these points
of intersection must be equivalent geometrically, except for an overall
time-1like translation,aAp . After choosing appropriate coordinates T
and o from one interval to the next, we clearly have the result that

Q p(t) and S, (¢ ) are "semi-periodic' functionms:
QulT+To) = Gu(T) + An
Splovos) = Splo) + Ap

where

» Yo = fixed period
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j/\ H =

a constant time-like tramslation.

47~

From this analysis, it is clear that the coordinates (t,5) and (T+T,,

Gs ) correspond to the same point on the hypertube. Later, we will
choose ranges for T and 0 so as to bring the coordinate manifold into

one-to-one correspondence with the points of the surface.

We proceed to solve the surface Dirac equation in terms of the
coordinates (15). The two component Dirac field has only one complex

degree of freedom by virtue of equation (1b). Using (2) and (17) we
find )

Af = TP = Gra ( L+ ak)

(18)

We can rewrite (lb) in the equivalent form

The Dirac equation becomes

LB de T AP TR k)Y =0

A

or
(frrr)y =0
. Mo¥ oA
or oy A Epr A A . (20)
L S A R Teriee 4v
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Because g is independent of o~ » this may be integrated directly:

A :{ & 1‘*(’1),4}"(5“) Ai)\(ﬂ )%( )} (T 0)
A e o) = gap 2 de Spea F Ve {T) | Y(T,
P (t,0) ,U‘PL_ So i {'(ﬁ(t)-A(Gﬁ)‘]l (21)

Given "initial" data,q%(t,o), equation (21) propagates 1? -away
from the curve 0 = 0, along a family of parallel light-1like lines.
The initial data is not entirely free of constraints. First, equation

(19) must be satisfied:

K (o) ¥(T,0) =0

Also, because the points (T,0%) and (T+‘Q,}O) are the same, Q’(t, o)

must satisfy the 'periodicity" condition:

T, P IA

D Cuny G T () A (g) ] v(t,0)
bt o) = pap | & | de Exa AU
P(t+Te,0) M‘PLL ! [4)-alo)]?

(22)

The phase integral in (22) is Lorentz invariant, and can most easily

. it
be evaluated, for a given T , in a Lorentz frame where {%F = (f%:' O,)

We find
T oo Moy Vg S .
er €uvr g (t) 4 (o) 4" (c) %(T): % AE) T
24 [4i0)-a(=)]*

where A(G\) is the angle through which the spacial part of ,ﬂp has
rotated as 0 wvaries from O to 3, . Over a full period T, , this

angle is 2, so (22) becomes

‘«?('T*"fo 0) = q)(.t) 0)

’
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Thus“&(t,o ) must be "anti-periodic" with period To .

The physical and geometric interpretation of these solutionsto
the Dirac equation is clear. The Dirac field is parallel-transported
up the surface along the light-like curves Sfae This is simplz»the
motion of a free massless fermion trapped on a curved surface. On the
hypertube, there are two disconnected families of light-like lines,
which spiral up the surface in either the "left-handed" or the "right-
handed'" sense. The condition (1b), in the two component representation,
insures that the orbits of all quarks in the bubble surface have the
same '"handedness''. We note that, by equation (6), a bubble theory
based on four component spinors contains both left- and right-handed
quarks. This is the reason that the structure of the four component
theory is rather more complicated. As in the static casez, parallel
transport once around the tube gives a phase factor —1.

We can now understand qualitatively how the "causal structure" of
the Dirac equation induces the periodicity of the surface motion. The
Dirac field energy propagates along light-like curves. These curves
must’wrap around the surface over and over again. Thus the initial
distribution of Dirac field energy must be reconstructed after the
light-1like curves have come once around the bubble. As we have seen
generally above and shall see explicitly below, to the extent that the
surface is determined by the quark energy distribution, the surface
motion is then forced to be periodic.

We now consider the explicit form of equation (lc) in terms of

qu (t),JA»iW? andqqt,e)o From equations (19) and (20) we find that
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the only non-zero component of the fermion stress tensor is:

5}
Q =

E]

S % Floe) g v in o)
(42

Using (21), we can show after some algebra that this is the same as

gt - U dn WlTo) gl ¥(T,0)
(442"

Then equation (lc) is

“ Foat ¢q
0=fa! = fal 8 (cbvx)"l

Thus the equation of motion for the surface is

Cqr = - Im Fino) 4o YT

Let us summarize what we have obtained. The surface is described
by two periodic vector fields, Q” > Sy The Dirac field is specified
by the anti-periodic function,\V(T,CO. The conditions these functions
mustvsatisfy in order that they give a solution to the theory are:

%Mt-rto) = qwniT)
-/;\P\G'-e-fo )= APKQ—) (23)
V(t+To,0) = - W(T,0)

— - (24)
Cq = - Im ¥iTo)g (T) ¢(T,0)
2 - O
A (0") = O (8)
/51(0) ‘Q’('C:G) =0
To 3 ) (19)
§O aT %M‘?) = gdr.xl,*(v) = Ap (25)

4]
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With the exception of equation (25), this is a system of
algebraic relations amonglﬁp,gsv and Y (T,0) . Before constructing
all solutions to this system explicitly, we discuss some of its general
properties. First, we count the number of independent functional
degrees of freedom of the system. Each of the vectors qp and;ir has
three real components of which two are independent by (24) and (8).
QL(I,C) has one complex degree of freedom by (19). Apparently the
system is described by four real and one complex degrees of freedom.
However, because the equations are invariant under conformal transfor-
mations, there are two real degrees of freedom which correspond merely
to changes of\internal coordinates rather than to physically different
states. Thus, all physically distinguishable solutions to the bubble
equations are described by two real and one complex functions. These
may be taken to be: one real function to specify each of qu andQn ,
and one complex function that determines t?tt,o).

The charge and momentum can be simply expressed in terms of g ,
Am , and “%(t‘o) . These quantities are computed as integrals over
any -closed space-like curve in the surface. Along such a curve, as T
varies from T to T+To,

0" goes from o to 0~ 0o , We have
f-’% AT T = 4t B(r,0) ﬂ;(t)‘i’(t;f))
Q = St"am ®(T,0) 4 (T)¥(T0) (26)
0

3 “ P - AT d
F%AZO‘TO{?C;;: clgdv-~ v

) M
® (;g ckHci‘c=—~ANA°~ = 2CA 27)

‘P =

Bpace-1like
cut
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The result which is analogous to the shape degeneracy of the
static bubble in three dimensions is now apparent. The energy and
charge are independent of Ap. 4y is functionally independent of q, and
qqr‘o), being constrained only by the "initial"™ condition (19) and
through its integral (25). Thus, the moving bubble states are
degenerate over all "shapes” of Au . As in the static case2

, the

angular momentum will depend on 4 through its first moment.
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IV. THE QUANTIZED SYSTEM

We proceed to construct the independent solutions of the algebraic
equations (8), (19), (23) and (24). 1In order to eliminate the conformal
degrees of freedom, we must specify a "conformal gauge™ by choosing one
component of qu and A, each to have a definite functional dependence
on T and 9, Unfortunately, any such choice also destroys the
manifest Lorentz invariance of the theory. We use the notation

2 - bo] 2
xT= x°+ X ¥~ = x7- X
for any vector, x, in Minkowski space. We specify the conformal gauge
by the choice

+ = ,jiu. (’h ' GU)
R (r,o) -z o 28)

‘ &
so (g+'= /ﬁ?‘ = TEL—

.4*-
where ﬁ” = constant
and —
n To = 0c = 1

A Lorentz frame and conformal gauge can always be found such that (28}
holds.
Next, we make use of their periodicity to expand ¢4 and A& in

Fourier series
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— =% mQWLYVt
o i G €
Q) = e Z—_j_w "
(29)
—_ oo Z2T|ANG
(o) P I EZ; Cn € .
Aslo) = e
4 v G M= — 0o
(30)
The coefficients Gn and Cn must satisfy
* *
n = &n , Ca= Con 31
in order to eﬁsure that in(Tﬂﬁ is real,
Condition (19) implies that W(T,¢) must be of the form
Yo \
Q?('C,O): [4‘6 C(;A—K 36 o) Flt) 32)

where the overall factor which multiplies the spinor has been chosen
for convenience. We expand F in a Fourier series:

—_ 2T L’YY\"C

)
F(T) = % bm € (33)

The sum in (33) is over half-odd integer m, so that F is anti-periodic,

We can now use (8) and (24) to compute q° and s~ in terms of Gwn

Cv\-) bm.
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We find

—2TANT
C%' - fEE; TZ; 131 <
P on (34)
0 —_ _2nLHG'
- 4
where ; . \
¥ LA L
£ = 5. \W‘*%) b bmen T 2 Z;, G-g Ggam
w : (36)
~ i
In= 2 Z C-x Coam
. X : (37)

The representation given in (28-37) satisfies all of the algebraic
constraints (8), (19), (23) and (24). There remains the integral con-
straint (25). The " + " component of (25) is satisfied trivially: The
first component of (25) requires (; =Qo , an identification which we

assume henceforth. The " - " component of the integrals in (25) gives:

(38)

This is a constraint which involves all of the normal mode amplitudes
and reduces the total number of degrees of freedom by 1. We do not

use this condition to eliminate any one of the normal modes. In the
quantum theory, (38) cannot be imposed as an operator condition, but

rather, must be imposed as a '"weak" constraint on the physical states.
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We can express the coordinate functions and the conserved charges
of the bubble in terms of the normal mode amplitudes &w,(w,bwm. Before
doing so, it is useful to first specify the range over which T and ¢
can vary. We make this choice as follows:
let +T = F+T

F=5(t-0)
We choose s <k 4 =0

-—\/243' £ Va

~

This choice is useful because t acts as a "time", or evolution parameter,
along the bubble. Unlike curves of constant 4, the curves t=constant
are closed space-like curves in the bubble surface.

We may write the momentum as follows:

pt = ,P""
pt = dwe Qo

P = 4")‘9_‘_ (J: -\-io)

so the mass of the bubble is
~ 2 )
mr= 4vG (Lo+ Lo - &

The coordinates of the surface are:

(39)

R+(T, g)= X (t . L {a“ -2Ttmt+ o ﬁ,zmnir}
Ri (v, o) = (t) +2%——‘ hzo o)
R {co)= X (%) + in (&neflm“"i (‘im e«—lm’lﬁf
where )?v e o
+(t)‘£—t L(t+o*)
2G (41)

XHt) = —Lt + 7t

]
i

X7{y) = ,P,' +
2@*’

—
—— A

X and X are constants of integratioms.
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The angular momenta are: L LT
-+
M= X X (42)
|- A - N 1
M= xTF P _ o
R A s S
10-*-“ nEo

and the fermion number (eq. (26)) is:

G=T bhbn @

We now h;ve an explicit representation of all solutions to the
classical bubble theory in three space-time dimensions. In this re-
presentation, a bubble state is completely defined by giving the
classical normal mode amplitudes,an,C“;byn and the quantities p+, Xl,
X", pl. The amplitudes which appear in hz, namely bm, Gw , (n, ( neol,
describe the intermnal excitations of the bubble, P+, P' and the initial
values of Xi,xf give the momentum and position of the bubble.

The static states described‘in the preceding paper can now easily
be recovered. For these states, the T coordjnate can be taken to be
the time in the rést frame of the bubble. Then, in order for the
bubble to be static, we must take Qu=(C for all n. A Q=1 positive
energy state of the quark field corresponds to %m=ifor some value of

m » 0. Cw can be chosen arbitrarily, subject only to the constraint

(38). pT must be chosen to be@%so that the bubble will be at rest.

The mass of such a state is

m”-= 4T6 (i;+fp) = RWCW\
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in agreement with the calculations of the preceding paper.

Although we have treated the case of only one quark field, it
is straightforward to extend the solution to the case where there
are N species of quarks trapped on the bubble, where ﬁ¥*¢3 = Wé .
We simply remark that eqn. (36) then becomes )

N ; ; |
{n = 2 2 &’m*!\i‘) b'BW\ bé,m-wx Y %a*i Agen

and the fermion number Q also extends to a sum over all species.

Because all classical solution of the theory are available to us,
we can construct the quantum theory of the bubble explicitly. The non-
canonical quantization of the bubble which we present is neither
manifestly gauge or Lorentz invariant. Its Lorentz invariance must be
explicitly demonstrated.

We would expect any quantum theory of the bubble to induce simple
commutation relations between the normal mode amplitudes of the
classical theory. In the following discussion, we shall "quantize"
the bubble by introducing a set of fundamental commutation relations
among the independent normal mode amplitudes. Our guide in choosing
these commutation relations will be the requirement that the canonical
Poincaré and charge operators have the correct algebra.

We require, specifically, that the commutation relations guarantee:

(i) That the quark have fermion number 1,
[ -t 1 = bT W >0
Q,bém jm
(ii) That the canonical momentum and angular momentum

operators, (39) and (42), satisfy the correct Poincaré
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algebra.

(iii) That the constraint (38) imposed weakly on states is
consistent with Poincaré invariance. That is, that
o~
i;‘ﬁio commute with all the Poincaré generators.

Rather than outline the derivation of the correct commutation
relations from the requirements (i), (ii), and (iii), we will begin
with the fundamental commutation relations and sketch the verification
of the operator algebra.

We take the commutation relations of the normal mode amplitudes

to be:

Lan, Gz} =M $n,-%

L ¢n C2d =m §n, -4 (44)

b, b = S 45)

with all other commutators of the independent modes vanishing. We
. T o
shall regard Gmlcn(n7c)as annihilation operators and (Au:'a-n, Cp =C-n
as the . creation operators. The vacuum \07 is defined by
Gnlo? =0
bml07? =0
dmi0? =0
N CV\\ 0> =0

where dq“=b-w\are the annihilation operators for the anti-quark modes,

WMwnw >0 (46)

¥ t
(iw\:\o_m creates an antiquark, and b-m, bm are the annihilation

and creation operators for a quark respectively. A positive energy
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spectrum is thus achieved., The dependent variables q” and sT axe .

given in terms of these by eqn. (34) and (35). There is an
ambiguity in ordering the operators in io and {e. Let

o= %.g_mw) +(&-1)) o

N

where by 10,?{,9 we now mean the normal ordered expressions with
respect to the vacuum defined by eqn. (46). A and !_\ are constants, for

the moment arbitrary. With this definition, eqn. (44) and (45) give

[Iﬂ,iw\i\ = (n—m) Lnsrm + Sn,v-m (n3__n)‘ -N\-:;—\-
(48)

(n-m) Lnem + gm*m (“3"“)7“{

i

%, dw]

where N is the number of species of quarks. After normal ordering,

Q becomes

N N ! + &
Q= z &A = Z 2, Kbm bém‘d‘am Aﬁm) (49)

:3:\ .él\ wmyo

and the correct charge commutator follows

,_‘.

Yoo
[&i, u{;w& =T Aﬁ’“ S"‘é
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we also have

[fn del = - RGpan
{i“,Cﬂ = - kCpan (50)

[iﬂ,me
[fn, bwm |

I

- (m+2) bmrw

o+
&m_v}‘i\bm—n 1)

i

where the quark species index is suppressed.
We must also define commutators involving the momenta Pv and
coordinates Xp(t) . These are determined by the requirement that Pl

generate translations of the bubble. The commutation relations must

be such that "
[§6 R* ] = AR
)
(52)

. Yo

§6= P Sam
where v is the generator of the infinitesimal translation Sdp and
SRF is the infinitesimal shift in R& . The representation of the

s
bubble surface we have chosen is not Poincare invariant. In order to

maintain the gauge condition

- ¥t = P
R (t,0) = x*(t) 'zgt

We must perform a conformal transformation along with the translation:
2¢ o 4
L= K- == iq
a\-
Thus, the total shift SRI is

) ® .
SR = §a” - %% IR gaF
: ok

+
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Through (52) this gives the commutation relations of the momenta
}A

P and the coordinates

variables IH(fL
[P l=-F
[P G- - AT
[e' x7) = 2*

- - _24 P
[P 1= 2;_*

The non-vanishing commutators
are:

(53)

—

In deriving (53), we note that the relatioms (50), (51) have been used.
For example,

o . “-'éJT&V‘T
;{’ t z Ci“ ew—Z“.NV\Ta ) - 2VU [Io) Zﬂ q“ < 1
n

We take the classical expressions (42) as the definition of
the Lorentz generators, with the additional assumption that products

of non-commuting operators in (42) are to be hermitean symmetrized.

For example, we take

x-S DT AR

4~

M

It is straightforward to show that the Poincaré algebra is satisfied,

both formally and for the normal ordered operators.

From the commutation relations (46) and (47) it can easily be

verified thatngﬂﬁcommutes with the charge and with all of Poincaré
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generators., Thus the constraint that physical states obey

({O _(f:c - 7\‘*‘7&) \ physical 2 = ©

(54)

. . . . /. .
is consistent with Poincare invariance of the theory.

We may also introduce an operator which corresponds to the spin
of the bubble: ,
. A VA
\
W = ”iep\v}\? M
h ~ ~ .
X j{: A [ﬁh\i_y\*ﬁf_n‘&V\+ CV\i—Y\+'ILH Cni}
=_- 4w TWE

20N
n¥e

Classically, in the rest frame of the bubble,

W= P’m? = M5

W commutes with both Q and‘ﬁf, and is unchanged by normal ordering.

We have now exhibited a self-consistent quantized operator algebra
corresponding to the bubble theory in three space-time dimensions.
There are conserved fermion numbers, &é , and the theory has been shown

. /. .
to be Poincare invariant.
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V THE SPECTRUM

To study the physical states of the theory, we encounter the
ambiguities associated with the normal orderings of operators. 1In
terms of the constants N and R , the normal ordered mass operator
is o~ _-
mr=arel L de ~6Z-N-R )

(56)

and the weak constraint on any state l@P7 is given by eqn. (54), where
+ 2 S & t T .
io = Z Cnln =+ % t+ 2 2 wi ( b‘m ‘Ov‘w\ + déw‘dQM\

Ay o - 4=t m=h

(57)

N

L3 don g

W20 2

It is clear that states of definite particle number are eigen-

states of Q, fo andf, . All states lie on straight Regge trajectories

with Regge slope ) i
oA =
§we
The intercept of the leading trajectory is /\4:R ,

That the Regge trajectories are straight is not surprising because
the modeifkhat of a two dimensional object characterized by a single
dimensional parameter. Curved trajectories probably require a second
dimensional parameter to determine its curvature characteristic.

The Hilbert space of the theory becomes well defined only after

we have assigned finite values to the constants



_39_

Lo,

do=N+N | a=RA-A (58)
The actual values we choose for « and A are arbitrary-- they are
unconstrained by the operator algebra. Further, no matter what the
value of %o, the condition (54) will place severe restrictions on
the spectrum. i;" d%ka has only integral eigenvalues. IQ"- %él has
integral eigenvalues if Q is even and half-odd integral eigenvalues if
Q is odd, Therefore, if A 1is an integer, we form only states of even
fermion number. If A is a half-odd integer, all states must have odd
fermion number.
We shall discuss only two of the infinite number of péssible

choices of ®o and A . Our guide in the selection of e and A will be
the classical theory. The operators ;fo and f; appear on an equal foot-
ing in the mass operator. Lo is the contribution of the fermion and
the "a" surface excitations to the bubble energy; i; is the contribution
of the "c'" surface excitations. 1In the classical theory, Lo and ii
contribute equally to the mass, and we can write:

’ M= 4vl (Lo- g )
In the case of the static classical bubble, there are no "a" excitationms,
and the "c'' excitations are forced to be non-vanishing in the presence
of any fermions to satisfy the constraint (38). We maintain these
features in any quantum theory defined by choosing oo = A z O.

We will consider the spectrum of the simplest such cases,

fermionic states oo = A = 3éL (59)

bosonic states Ko= A =0 (60)
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In case of eqn. (59) the mass levels of the Q=1 states are

exactly those of the classical static theory:

M*= §WE Lo

where &0 is the eigenvalue of £”%§ » @ positive half-odd integer.
We see that the degeneracy of each of these levels is finite, Table
I lists the degenerate states comprising the first few levels for a
single type of quark.
The breaking of the semi-classical degeneracy of levels over all
bubble shapes is an easily understood quantum effect. Classically,
the only constraint on iCnB is (38). Because each classigal normal
mode coefficient can take on a continuum of values, this constraint
can be satisfied by an uncountably infinite number of combinations of
iCn%. In the quantum theory, however, the energy associated with each
mode becomes discrete, so there are only a finite number of combinations
of occupation numbers which sum to any given finite energy, Ko Vz .
In the quantum theory, the softness of the bubble becomes apparent in
two ways. First, the size of the fluctuations in the surface coordinates
is always comparable to the size of the bubble itself; a result which
follows from the absence of any dimensionless parameters which might
serve to set an independent scale for the size of fluctuations, Also,
as simple combinatorics indicates, as the excitation energy increases,
the degeneracy of the levels increases exponentially as wﬂP E %%S(cwm{a“t}k-
The spin operator, W, can be diagonalized simultaneously with Q

and‘ye. Table I also indicates the eigenstates and eigenvalues of W
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among the three lowest levels of the Q=1 "fermionic" spectrum.
Because of the normal ordering ambiguities, we have not been able
to relate the eigenvalues of W directly to a "physical"™ spin of the
bubble. The source of the difficultyis precisely the same as that
which leaves oo and A undetermined. There are no non—trivial’
commutation relations between W and other operators of the theory
which might serve to fix the scale of W when the theory is made

finite by normal ordering. More concretely, we observe that classi-

cally the spin is given by

In the normal_ordered quantum theory we have no analogous result,
If we assume color SU (3) so that baryons are formed from three
quarks in a golor singlet state, then the lowest baryonic state is
[CI'*—'-(CT ] g;i/l\ﬂ; Vlblyll°7where i, j, k designate different color
quarks.,
Next, we consider the spectrum of '"mesons,' taking Xo=A=0

The mass levels are: 772’2~ 8T C&O

fo=0,1,2, =
The states corresponding to the first three meson levels are given
in Table 2, along with the corresponding eigenvalues and eigenstates
of W. The "meson" spectrum has many of the qualitative features of
the "fermionic" spectrum. We remark upon only two special aspects of
it. First, the lowest state is the state that we have called the

"vacuum', This "wvacuum" is not, then, the usual vacuum state of a
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multi-particle theory. It is, rather, the lowest lying state in the
spectrum of a single particle with many possible internal excitations.
With the choice of normal ordering parameters we have made, the

"yacuum'" is a massless bubble state, and has no classical analeg.
Second, we note that the meson spectrum contains states which correspond
to bubbles containing no quarks at all, These are purely surface excit-
ations, and are analogous to the excitations of a closed dual string in
three dimensional Minkowski space,

In the BCDWY model with color SU(3), there is a problem where color
singlet states tend to condense, for example, N mesons each with a
quark-antiquafk pair have higher energy than a single meson state with
the same quark-antiquark pairs. Condensation may be avoided by certain
choices of the intercept parameter g . For example, in the "bosonic"
sector with ole= A= 1 , the vacuum state has negative (mass)2 and is a
tachyon, the lowest qJ state is massless, and higher (q§ qg)exotics are
energetically unstable with respect to decay into the lowest qg states.
In Ehe absence of a theory encompassing interactioms, Xo and A

are completely free.
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The quantum theory we have constructed is the theory of a single
"particle', which has many possible internal excitations. 1In a theory
which is to reflect more accurately the properties of the real world,
we must have mechanisms by which these particles scatter and are created
and annihilated. One might hope that, in analogy with the string theory,
such mechanisms are already implicit in the formulation of the bubble
model,

An attractive classical picture of bubble-bubble interactions is
that bubbles interact with each other by fusing or fissioning when
their surfaces touch. Such a picture is the analogy in bubble theory
of the fission and fusion of MLIT bags4 or of dual strinés.
Generally, string, bubble and bag theories have classical solutions
which correspond to such processes. For the bubble, such a solution
would be characterized by the existence of surface singularities at
which the evolution of the classical bubble g;omes indeterminate. Of
the possible solutions for the evolution of the system is one in which
a single bubble state emerges and others which correspond to the for-
mation of new bubbles.

Mandelstam® has shown, in the open string mode13, that string-
string scattering amplitudes can be computed via a path integral
method which includes paths corresponding to the classical fission
and fusion of strings. It seems hopeful that such a procedure might
be formulated for the bubble case in three space-time dimensions.

In principle at least, we are in a position to compute the form
factor of the bubble in three dimensions. The operator whose matrix

elements give the form factor is the fourier transform of the current
density:
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u.?ﬁ\Q?lﬁ*) " «
laz g € Y )

The normal ordering difficulties which arise in any attempt to ‘evaluate
a finite matrix element of this operator are non-trivial.

Since in real life, states of the empty bubble (i.e. states with
bosonic oscillators only) are not observed, one may hope that bubble
scattering vertices can be constructed in such a way that all empty
bubble modes do not couple. We do not know of any other way to exclude
the pure bosonic modes from the spectrum.

We obser;e that in the'absence of fermion field in the bubble
action, the dual string emerges. It follows that the energy-momentum

3% o3
stress tensor Tlﬂ' simply becomes the metric tensor % ‘ and the
5

X
solution reduces to that of ref. (3). (We choose % { off~diagonal
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instead of diagonal, this simply means our parameters T and 0° are
the light-cone version of the T and ¢ in ref. (3)).

The quark field here is a physical quark field in that it obeys
a Dirac equation in the Minkowski space. It is a conformal scalar
in the two dimensional (t,0) subspace. Hence, it is different from
the Neveu-Schwarz-Ramond model6 where the fermion field is a spinor
in the two dimensional (<,T ) space, and is a two component vector
field in the physical Minkowski space, the time-like component of
which has the wrong metric. This has to be eliminated to avoid ghosts,
which is achieved by having extra dependence among the dynamical
variables. Actually this quark-binding bubble is closely related to
the Bardakci-Halpern mode17.

Topologically we classify different geometrically constructed
extended hadron models into three types: (1) String: a two dimensional
subspace imbedded in an n-dimensional Minkowski space. (2) Bubble: a
(n-1) - dimensional hypersurface imbedded in an n-dimensional Minkowski
space. (Here one can also include membrance-like model) (3) Bag: a
finite volume in an n~dimensional Minkowski space.

Thus in three dimensional Minkowski space, a bubble and a string
are equivalent. In two dimensional Minkowski space, a string and a
bag are equivalent.

The three dimensional bubble (or string) lacks sufficient resembl-
ance to the real world; because there is but .one component of angular

momentum and hence no algebraic constraints on the normal ordering
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terms, the spectrum of states remains ambiguous (i.e. values for AN\ )

To extend to physical Minkowski space, it is mnot clear which is
the proper generalization. The bubble is investigated in ref (2). The
string is investigated in ref. (8). The latter offers the hope of being
solved completely. Only a confrontation with experiments can ;ell which
is closer to nature: bag, bubble or string, or none of them.

The quantization of the bubble in this work is non-covariant. It
will be interesting to carry out its covariant quantization.

A knowledge of ref. (7) may suggest an approach to covariant

quantization for the case with four component Dirac particles (see edqn.

6)).
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Figure Captions

Fig. 1 A quark confining bubble in two-space one-time -

dimensional space,

Fig. 2 A three dimensional bubble generated by curves

CQV(t) and g}k(ﬁ'). Points P and P' are equivalent.
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TABLE 1

The Low-Lying single Fermionic States
of the Three Dimensional Bubble

do= N = ‘o .
2 -
Lo = cigenvalue of : ,‘iiﬁ" ‘i”/y_ sz: P L
To = eigenvalue of : Lo —%/
v = eigenvalue of :
w/qsms
Lo Eo ; [ State Vector
_______ U3 S NPt gl
+ +
;é 1 0 b%/l C‘ l 07
= \ [ t St ot L '1')2 ‘
3/2 2 -5 S . Cy -4 (C] 07
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TABLE 2

The Low-Lying "Meson'" States
of the Three Dimensional Bubble

0(’0 "‘:A = 0
e o e smeeveter
0 0 0 \()7
1 1 C\J{ Cf loy
t +
g-‘/z d‘/}_ CC' &07
= AT L3 L 4 bt
2 2 t\%_ -5 [4q] +Af5\(af)’+‘ﬁ;(l,\. 3, + &, bs, 1o
R ; . S SR T
3y GRS -G
= *
: ’ +
A L) 2= N 53-3]107
i?,/‘f_i Ci_[-fi—a‘(c\) m(bvzd% i O%
A&+'+T('++-,+:r,
ER) Ct[:%ky,dvzaﬁa(b%d% &, o) 1)
N2 -
S TR N R LI 1T
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where:



