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ABETRACT

A relativistic invariant extended model of hadrouns is constructed. The finite
region where quarks can move freely is a line in a three dimensional space.
Physically, the construction resembles that of the MIT bag and the SLAC bubble.
In the absence of quarks, the model reduces to the relativistic massless string
model. We then solve explicitly the closed string version where massless quarks
move only in‘the clockwise direction. The resulting quantum system does not
satisfy Lorentz algebra. However, this negative result indicates that for an open
(or closed) string, the quantum system is consistent if there are 22 quark fields.

A quark-confining string is also constructed and discussed. This is obtained as
an improved version of the quark-binding string. It incoporates many physically

desirable features.
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I. TIntroduction ~

Numerous phenomenological successes of the dual resonance amplitudes
have stimulated the search for the physical picture underlying the model. Nambu
and others O observed that the spectrum of the Veneziano model (:2) is identical
to that of a vibrating string. Subsequently the free string formalism has been
studied in detail, starting from an action written in terms of the area swept out
by the string @) . More recently, the string picture has also emerged in many
differant investigations “) , and its relevance to hadron physics is generally
accepted. Of course, the string picture is, at best, an approximate description
of hadron physics. Its significance lies at least partly In the fact that it can be
explicitly solved. This allows one to calculate its dynamical and static properties
for comparison with experiments, starting from the exact quantum relativistic
solution of the string; scattering (®) and other interactions can be introduced
as perturbations around the free string solution, maintaining quantum mechanics
and relativity at every order of perturbation. This approach towards hadron
physics is attractive since it is the only approach we have ; ==+ experience,
namely, in quantum electrodynamics; there the free photon and electron are
first solved completely, and the electromagnetic interaction is then introduced
as a perturbation around the exact solutions. Whether this gives an approximate
description of hadrons we can tell only after the program has been carried out
completely, beyond the free striﬁg ;zersion.

The present string formalism has a few unsatisfactory features. Among them
are (1) the quantized string exists only in 26 dimensional Minkowski space ; (2) lack
of incorporation of quarks ( i.e. Dirac particles) and (maybe) their confinement.
Numerous attempts have been made to overcome on e or both of these shortcomings.
This work maybe considered as the first step of yet another attempt to improve

the present string formalism. The formulation is motivated purely by the physical



picture.
We construct the sgstem of a string upon which physical quarks are counfined.
(By "physical" we mean the quarks are spinors in the four dimensional Minkowski
space but behave as scalars under a conformal transformation of the parameters
describing the string) We then proceed to solve the closed string along which
massless quarks move around it in either the clockwise or the anti-clockwise
direction. The mathematical formulation of this is summarized in Table I.
The resulting quantized system does not satisfy Lorenty covariance, for the
same reason as the Nambu string. However, the results do indicate that the
complete system ( with quarks moving both clockwise and anticlockwise around a
closed string, or for an open string) will have Lorentz covariance if the number
of quarks is 22. This speculation will be formulated as a conjecture.
Our string formalism is modeled after that of the M.I.T. bag ) and the
SLAC bubble (7) , and the quantization procedure is modeled after that of the
free string (3) and of the SLAC bubble in three dimensional Minkowski space ®)

( which is equivalent to a quark-binding closed string).

From the investigation of the quark-binding string we find it has a few
undesirable features: its ground state is an empty string state; it also has exotic
states, i.e., states with any number of quark excitation modes. To remove these
bad features, a quark-confining string is constructed. Here the quarks come in
color triplets interacting with color SU(3) gluon fields. Because we demand
there be no local color electric field pointing out of the string, only color singlet
states exist. There are no gluon degrees of freedom; only color electric fields
are left. Also there are no pure string modes, so that the ground state of this

string is a meson; the guarks and the antiquarksmay have masses, in which case,



they sit at the ends of the string, one at each end, linked by the appropriate
electric flux line, which also defines the string.

Section I contains the formalism. In Section III we solve the closed string
with only clockwise moving quarks. In Section IV we examine the quantized system,
and discover that Lorentz covariance is not satisfied. Section V contains dis-
cussions and speculations. Here we speculate what the spectrum for the quark-
binding string would look like. (By "quark-binding" we mean the absence of
massless free point-like quarks.) However, a string with any number of quark
and antiquark modes can be present. In this section we also discuss how a quark-
confining string can be written down in the action formalism. (By '"quark-
confining, "' we mean only color singlet states exist.) Some of the technical

details and supplementary discussions are relegated to the four appendices.



1I. Formalism

The geometry of a relativstic string is that of a two dimensional subspace
(Vo) imbedded in a four dimensional flat Minkowski space (S4). To describe a
quark-binding string we must develop a convenient set of variables in the language

©

of differential geometry

Let )(‘1\,'t and LLQ( be the coordinates in the Minkowski space S,
(with signature (I, ~1, -1, -1 ) ) and the curved space D ( with signature (1, -1) )
respectively. The shape and position of the string is described by ( see figure 1.)

3 . . -
P / w ) = 0,0, 2, 3
Kp = X L) P @.1)

where the choice of the parameters LCX is arbitrary. We assume that X,,x is
differentiable. ( Our notation will be such that the indices o(,[a', §,% refer

to the vg space and |, ¥V, A, ¥ refer to the S, space) . The quantity

- M , M

Y
T, = _5.),% = Xz = X (2. 2)
ol

is tangential to the string and is a vector in both V, and 8. The induced metric
for the V2 space is given by
M .
- = L, L
Gap = L Lop * P
! (2. 3)
which is a covariant symmetric tensor with signature (1, -1).

At each point on the string, a plane perpendicular to the tangent vectors

can be defined:

P A

Wpy = cpen

a0 2.4



where ‘Zp Ve A is totally ant isymmetric, with %o:2 3 =1, and ~
g= det ( cgdﬁ y = %oo%li - cai :

An alternative way to define this plaune is by introducing two space-like outward
normals }’1},\( ut) and Ml )

(2.5)

They are normalized to unity,

TN 2 Ll
m.tm = m =N ‘
r (2. 6)
and, for convenience, taken to be perpendicular to each other,
n-m = o

(2.7)

Now U v can be defined including its orientation in terms of 1, , Wi

b\w = MWy, - Wity

(2.8)

The Minkowski metric at each point on the string can now be expressed in terms
of the curvilinear co-ordinates provided by the set of linearly independent vectors:

* , ,
- T = uny, - MWy,
N ) p L = : 2.9)

38

— \"3 : o
where L Mo % ‘ C€> o8 ; C) is the inverse of C{} % , and is
a contravariant symmetric tensor. The tengential components of any vector
. A o €X ) — _ \;_'x T: .
) p  can be projected out, L“P‘ = (\)— L Logpn = oM

Let us introduce some more quantities that are needed later. The derivatives

of the normals

£ e Vo
),){;\l(x = t\i)(!-;;y‘[ p~ T o S

(2.102)



. f - ;6 N
Mo = Lo T ™ I T

2.10b)
i i / " m” (Vo)
introduce the torsion Ve = (M) = — Mo
and the symmetric curvatiure tensors
{/u/a, = N lp =~ W Tayp = — 10 Tpis :?—H't’m‘d(z. 11a)
)’L’)‘p) = - . -C-)(“{'?b
‘ (2. 11b)
where the covariant derivative of tj: is given by
: t { X%t}k = 6\,3{”’3“’/‘“ + X m"
T.)’( \\;/','7 = _Co( \;/} - .)(;Cv Y - i i (2.12)
W ~ S b
The Caristoffel symbol of the second kind is a function of the metric
s AL ; ”
[ { Q ¢r - ¢ 5
(XY= 5 Dqume v Qe = Gups
"f (2.13)

. ¥
- T - L3
Let us now introduce the quark fields. Since they are confined on the

string, we can write

(2.14)
j=1, 2, . . . N, where N is the number of quark species. (Throughout,
repeated indices are summed unless specified otherwise; for individual quark

field, the index is suppressed.) The Dirac matrices, which obey

SURCE IS L o P

are chosen to be Ty o
P ’ ) PR v }
K. = Y " ] \5/ = ( N > } \55 h J‘ o -1
3 A B S S
i matri / i a
where T are the Pauli matrices. (/{. = C M , for any vector Au

Now we can write down the action of free quarks confined on a string 10) ( fi=c= i)



(2.16)

where T ¥, 4 = FFRE QBT (0 TH
—_— &y _ '
= U {Z:'x‘),( ¢ ) . The constant C is the only dimensional patameter of the

system and acts as a tension to prevent the system from expanding without check.

3 ~
dw? \"q is the invariant "volume' element where "(} < G | The tan-
. 3 X
gential derivative %“ = ¢ dx describes the quark motion along the string.

However, each quark field has four components. This means the quark dynamics
is not completely specified by the action (2.16) which gives only the tangential
motion. To determine completely the system, we resort to the physical picture.
Since the sfring systerﬁ muét be closed, i.e., the conservation of charge and
Poincaré generators must be guaranteed, it is required that the normal components

of the charge current densities /)P‘ and the energy momentum "current"
i

X
density T & must vanish: .
S L (2
/J%"m“ = (7 Yo ¢ In™ = S 3 C
SRRV
1 Mm =
P § W C

o 1 o - Ly ';"gag,"
were $ = = 8% Ly M ETR L

ST S’to( 3 c‘ &)TE ¢
X . - o
R SRS A PU A R

3
D
It is clear that the string part of J j is already tangential. Because the quarks
are all distinguishable from each other ( different quantum numbers) we demand

A
that the normal components of ?

}J\

of each quark must vanish:

;
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Ny VAR i : 4

j’ m)(} p Mywkui_c& -

" Tand = §mdcy =0 |
k ) (2.18)
This simply means the momentum of each quark is tangentia‘l\\—a}%g\mf}ggr/bé consi-
dered as the normal components of the quark equation of motion.

Although the quarks are confined along the string, they are physical
spinors in the 8 4 Space; hence‘izontinuity”of each quark field across the string
must also be satisfied:

Fy=0

(2.19)
Eqn (2.17) ,‘ (2.18) and (2. 19) can be considered as constraints on the spinor fields.
Together with the action (2.16) , the sgstem is completely determined except for
boundary conditions. The latter depends on whether the string is open or closed.
For an open string, the . momentum "'current” density and the charge current
densities must vanish at the ends of the string. For a closed string, all variables
must be periodic (anti-periodic for fermions) in the parameter that measures
along the length of the string.

The physical picture of the model is clear. The string moves and vibrates
while the quarks are moving left and/ or right along the string, ~The distribution
and the motion of the quarks affect the shape of the string, which in turn defines
the path of the quark motion. Since there is no direct interaction among the
quarks, the left moving and the right moving quarks pass each other freely.
However, the complete solution of the quark fields is not a superposition of the

solutions of the left and right moving quark fields, because of their non-linear

influence on each other via the geometry of the string.



In this work we shall study the string when there is only left moving or m&:}'
right moving quarks. We discover that this system can be solved completely.

The complete solution of the subsystem allows one to speculate (a rather natural
guess, we believe) at the complete solution of the quark-binding string we have
just formulated. )

When there are only left moving quarks on the string, the boundary condition
of the open string at the ends cannot be satisfied, since quarks will flow in and out
there. Hence we can only study a closed string; the left moving quarks become
quarks moving clockwise around the string. The first thing we have to do is to
project out the clockwise moving quarks.

We note that from eqn (2.7),

A =~ AT
which provides a signature for the plane Mv . This can be used to specify
the direction. The projection operators (J-+ must satisfy
o= (W T W)Y = gy YL

and
Let us define
(2. 20a)

and study only the case when one projection of the spinor field is present, say

R oo

That this projects out the left moving quarks will become clear later. From

N i
now on we shall drop the + index whenever it is obvious. The quark species

index is implied in eqn (2. 20b) also.
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The inclusion of a_(g in the choice of W in eqn (2. 20) automatically

implies eqn (2.19) and (2.17)

Td = § (asknrd)
= (LG Yom W)

. -Gy =c
‘ — o )
and ,‘}(p\' = &WBP&")H - L& HL"
= Gala¥smnad) @28
L Gysmw)n b= o=
and similarly for j;W\ =0

It is useful to note that the normal components of the axial vector current is also

Zero

, —_ _— M
. ow = AaYsY = N?fr*m = v
ot
(2. 21b)
Hence, using eqn (2.9)

ol
?SP‘ = (q: —[LU( Xg U(\) —C.x’,\ = Tg T"Lf"

That is, both the vector and axial-vector currents are tangential.

Next we demand the energy momentum "'current' density of the string

be tangential also.

A<
f} e ’-‘;‘0‘ —
pl= 5T Tup
N {
wheve ) \Xf’ﬂ)
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This follows from eqn (2.18) and-the-Birac-equation {225y written-down-below,

which ‘can be rewritten as, using eqn (2.10) , (2.11) and (2. 21)

Fuds mhgx[wmmg¢1,_ﬁﬁdhm>¢’
@w$&ww~ﬂhﬁaﬁ¢ﬁ%

il

il

, 7
- NQMJT; = (2. 23)

_— e 6
Tk = s hap TS =€

Hence we have a closed system when the axial vector current is identically zero.
It is now striaghtforward to derive the equa_tions of motion of the system.

The Euler-Lagrange equation for the string co-ordinates is

ysd (""3 w\%s

S Dfl,)( _
(P ‘ 3 (2. 24)
=7 ) 5=
. . Sk _ Yo 2 &
The Euler-TLagrange equation of the quark field — ¥ sl
5§ Y o1

becomes

(HS = xi Vi ¢ ),JJ

and

RHl.s = — 5%[ ' }¢ %] ;"\;”(}UJE\«\\L Tﬁ \7‘14'/

Introducing the mean curvatures
1/\\ \, ol

,:x

2 tlz = N
the Dirac equation becomes, using eqn (2.12),

A0 =~ A (lawoa )
(2. 25)
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ot €= AT VY s TENG =0
I Jgt.ﬂm,qn thell & = 5 \Pa ¢ 4 DIACR, A .

Projecting out the normal and tangential components of eqn (2. 24) and using

eqn (2.12) , we get

oL (> .
X T
S T (2. 26)
¢ \/‘3 > A . A ) A (5 !
R (O%X? + %ij ‘ q’é )
and \

Wb ) RGN

T e
5 (2. 27)

are
which is just eqn (ii) and (iii) in Table I.

Note that these equations of motion can also be derived using the constraints
(2.17) - (2.19) . Hence they are also the equations of motion for the complete
(i.e. with both left and right moving quarks) system.

It is straightforward t?r show that eqn (2. 26) is redundant: one can detive

T = L}p ATy a) =0

using eqn. (2.21), (2.23) and (2.25). This means that not all the dynamical
variables, namely the quark fields and the string co-ordinates, are independent.
This is a reflection of ''gauge invariance' under reparametrization.

To summarize, the sgstem of a closed string, along which massless
quarks obeying the projection (2.20) move freely, is completely specified by
eqn (2. 25?‘1/(’12?:27 ) together with the periodicity condition on all dynamical

variables and the vanishing of the axial vector current

/}S}w = (; XP\‘XE; “-*’ = U
2. 28)

Classically, any system involving fermions is plagued with negative
energies. In particular the fermion energy density is not positive definite. We

shall ignore this difficulty by assuming that the fermion energy density is positive
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definite, which is the case after proper fermion-antifermion identification and
fermi statistics are taken into account. This is discussed in Section IV.

In the absence of quark fields, the quark-binding string action reduces to the
Nambu, or the empty string action. This is clear from the original action (2.16)

and also from the final spectrum, as we shall see later.

=LA A A 1 Wills v 1



-14-

III. Solution

The scheme of solving the set of coupled non-linear equations of motion (2.25)
and (2.27) is as follows: first we derive some properties of the system, which are
essential for the solution. We then solve the geometry of the closed string in terms
of the fermion distribution by adopting a particular coordinate choice.

Finally we go back to solve the Dirac equations in terms of the geometry. Supple-

mentary discussions and details are relegated to the three appendices A, B and C.
A. DProperties of the System

Here we derive some of the properties of the system. In particular, we show
that there exists a paraméter choice such that the string coordinates obey the free

string equation of motion. For convenience we write
I (E\ \’/ >
G T ( v B, (3.1)

so that g = AB—V2 £ 0,since the signature of the metric is (1,-1). Let us also

introduce, for any function W(u“), the following notation

- W y YW
{ = 2= =
AT W au!

Using Eq. (2.4) and (2.8), the projection (2.2) can be expressed in terms of T o

T

(3.2)
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Next we observe that the current is a null vector; in fact (see Appendix A)

?{m s i 5*\,.&%& 13 N e med  (33)

for both i =k and i # k. Multiplying :‘;k on the left, we get

3

R
-

o -
Yrje = Jiwde = C

(3.4)

Also

b

N

X
where 8 is the fermion part of the energy momentum tensor (2.22), or

PR
- )

J.T = C (3.5)

Using the Dirac equation (2.25), we also obtain
(3.6)

To study the string geometry, we can, for the moment, concentrate only on

Eq. (2.26), (2.27), (3.4), (3.5) and (3.6). The quarks appear only in the form of
;,‘31)(?

the current and their energy momentum density U
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The original action is independent of the choice of the parameters u- Since
I &
T s symmetric and has signature (1,-1) (see Appendix B), we choose Ta(‘%

to be off-diagonal:

1)
That  this is possible should be clear: given T (uO, oy ), a local coordinate
system can be found: (uO, ul) — (1, 9°) such that Toz_,@ (T, 77) is off-diagonal.

Using Eq. (3.1) and (3.6), Taﬁ becomes

e CO\)
T = "-\‘/‘Lgo : (3.7)

As we shall see, V = x-x” must be nonzero. Using Eq. (3.5)

X

B P R
T{o,j :T!%{%:\—g - ij—v)‘ —_

'\(,
We find that either J0 or J1 must be zero. We choose (this defines our sign

convention)

Then from Eq. (3.4)

e X — - '\_{} : By — 7
TQ( J = "2[ ]-Q( \n “
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we obtain gOO = 0, which means

AV
C()}\ x5 - ( v O

and

It

ko

(AN L AT st
Cup = . ( c <:~> Tz %@“‘3534;;

. should be clear that we cannot choose Ji

1= 0 for some gquarks while
= 0 for some other quarks.

The relation between the coordinates and the quark fields is manifest

A =

G

v e &
. © 2 . A 1 . " . I

L
The Christoffel symbols of the second kind now simplfy to

]

?éug (Q'“V’j - Ai/zv
LS

- Al
‘f(c}\% = "y

il

(_.QA’\ v )

A LAy -=by
S A A e )

S
gﬁ% = hed = ¢
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Using these and Eq. (2.26)

st

we obtain A' = 0,so that the Christoffel symbols are further simplified:

[ifeg = (W V)

S ()

iy - A AV
iocg Ty e (3.9)

85 (85 (3 = ¢

Eq. 2.27) Immediately gives

ﬁw; = Qo =C

Eq. (2.12) becomes, when written explicitly

o (A AV Y
oy oo e v Koo TR LR
Xp = XF\(/LV\.\V ) -+ f\, S0 s 2y \1 (3q10)
g ey) R e kg
N (3.11)
. 1
‘X},\ = U 3.12)

The last of which allows us to write

XP\(-C\‘T> = gI“‘{:’/) A G\P\(ﬂc) (3.13
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B. The Geometry

The imbedding of the string in Minkowski space requires the introduction ©¥
the metric and the curvature tensors. The consistency of the geometry is guaranteed

by the integrability conditions, namely, the Gauss-Codazzi equations(g.)

o T
Ruprs = (Rur Rps - Aapps) = (lay fos = L Lys)

'ﬁxﬁ nyY - fmwgu(s = }/?f’g"“_f@ - "Q XY

\ _ R
k&(}nvf - Q:MM@ = =Yy }W[&- + rp Ry

where the Riemann curvature tensor is given by
2] x YR
R\Mg = gmsxs "%pbhx*%%”ﬂ?/’ﬂ

7~ v

When the curvature tensors are all constructed from the metric tensor, the Gauss-
Codazzi equations are automatically satisifed. However, since we are going to
solve the string by making a coordinate choice which apparently breaks Lorentz
covariance, it is reassuring to check that the integrability constraints are satisfied.
From its symmetry properties, it is clear that the Riemann tensor has only
one independent component. Using Eq. (3.9) the Gauss-Codazzi equations become

. - -.’! ~ 'l/
i’ + _;(A~P\,_\{> g = Y Aoo
\Loo VAR Y \ (3.14a)



-20 -

(! ,_(_. E.. -— e\’l )(g' = - 1/!" '6\ <
Xee T 7V ( 2 v ) : (3.14b)
by = ¥ i (3.152)

. r X 3.15b
V{’\H = &H ( )

We observe that the theory has confermal invariance; that is, Eq. (3.10), (3.11),

(3.12), (3.14) and (3.15) are form invariant under the conformal transformation

T > el(T)

Hence we can choose, fyem qn (3.13)

; N —_ .+ A
QC- - Pl't 4+ O 1) = lu t 3
+ (3.16)
where p is a constant. Then the constraint among the string coordinates
2
%1\ = X =C
can be written as
/ 2 ;2
x. = L{w T+ xi )
(3.17)
and Eq. (3.8) becomes
X = ':‘;( o A ®.19)
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Hence x.,

% and A can be taken to be the independent dynamical variables, wilh

2V = (xi - lz )l -+ (x\i . Xé )1 + A

Similarly ha and fza can be expressed in terms of x,, x, and A. The Gauss-

A P 1’ %2 :

Codazzi equations can then be explicitly verified (see Appendix C).
C. The Dirac Equation

Equation (3.2) becomes

Gt = VI1- AYswerw)

p = V(1 i)
Therefore, with A = Q‘}:Vc

¢%“:k7“¢%)wtzc (3.19)

Differentiating with respect to 7, we obtain, using Eq. (3.13)
2ltd) = Tt =c

Differentiating with respect to ¥ , we obtain, using Eq. (3.12)

/

L I O T DL

Note that
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i g A
'hl Y t‘« X '1\,*16&”
% A {
fa =~ 7ot

Substituting the above four equations into the Dirac equation (3.25), w-e obtain

CE}M -¢'0q,’ = %;(fknﬁ T L\\’f’f")q

P

Multiplying this on the left by 7f0 and using Eq. (3.12), the Dirac equation becomes

L

By,

Equation (3.19) puts a constraint among the components of ¢, Using this to

eliminate the dependent components, we can write \l' in terms of the two unknown

functions ®,V, q/ e~ " ‘\
Yo/ W
’p
- Ay -
/p
v
where ) Lk s s/
I i

. i’
\,Ni = — &fjﬁ_:l;&_)_iﬁ?; W
Y
- - ’/
) (X = ) X
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Solving this, we obtain

oo ”{ oo
Ll/ = }L%, LTl o+ T, R elT
[ ¢ j 32 Mj{i/v%
A F (3.20a)
LY o :
where c’( J . ) M -
¥ 1 x{ - X )T
L 7“]7 b Y
’ (3.20b)

and F(7)and G(7) are arbitrary functions of 7. This is an implicit solution of
J/ since L is a function of A (via V) which in turn is a function of the quark fields
(see Eq. (3.8) and (3.18)).

Since the axial vector current is tangential, the only nontrivial component of

j5u in Eq. (2.28) is, using Eq. (3.19)

sy = (e TF) =0

This means F and G differ by a phase only; we choose F = G. 1t is clear that if

\P is a solution of the system, so is

dos 04 = L)Y

where C XO is the charge conjugation matrix. Explicitly, we have

A¥omn Yo o= Yo
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and

Here " v T LE 1% ”(L\
G LF | = 4/p L =

~ X’{/‘PRF— WX;‘/P R
L RF R

This means W should have both quark and antiquark solutions. Using its anti-
periodic property (with the period o taken to be 1) F(7) can be expanded into

Fourier components. Hence
L. _awam©T
i £
Xejo o ) b €
Ly 1 / o
\,}J =}/ S
1 (3.21)

where the prime indicates the sum over half-integers with coefficients by, ,
)fis the normalization to be determined. A Dirac field has fermion and anti-
fermion solutions each with two spin polarizations. The projection (2.20) is a
geometric one, leaving one solution each for the fermion and the antifermion.
The confinement on a two dimensional manifold has deprived the Dirac particles
of their conventional spin structures. The reader probably would have guessed

this from the fact that the energy-momentum tensor T ’ is symmetric without
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the introduction of any ' superpotential' terms. We should also expect the absence

of the spin part of the angular momentum tensor density Y suatd , which is given by

W ¥ v OF8 = : 34 Wo_ol s
N A A R A

(3.22)

where S i TyM YV
O——pb = “%:LX;K]

It is straightforward to verify this is indeed ture, that is,

. — oA ,_NP\'V’ . ;‘/\V i ’)( j \/“ — 3
LGLgret + 0T Y = C

PPy

using Eq. (3.20) and (3.21).
)f{ OTQ “’\L\t

Using this, we see that ®A is quite simple despite/the complicated form of ¥ »

‘ "‘,-g_H )

il

\ - -t (3.23)

Poincaré covariance should be satisfied, since the original formulation is Lorentz

covariant.
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IV. The Quantized System

A. Non-covariant Quantization

We choose our units such that C =1. We shall restore it only at the end.

The energy momentum is given by

o
o DAL &
L= (CRARPVERN UM
IS & % ¥ 3 (4.1)
where the integral is to be taken at any fixed time t
= T+ O
t ¢ (4.2)

This means the integration is over any space-like submanifold; where the

space-like parameter
(4.3)

actually measures along the string. To see this, we observe that P is the
generator of infinitesimal translations in the X, direction (see Eq. (3.16)); therefore

the Hamiltonian should be given by

H = P+ [

(4.4)

To evaluate H, let us expand < as follows, which is permitted by Eq. (3.13)
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R ~2HWNT @

AN ) ;9_1‘.€ «t—gl‘ :
o) N _l_ P‘_ Taafﬂ Jn (8 T r\,\ "
Ol N B A " AT g0
2{T (4.5)
where the periodof o is also taken to be one. For fixed t, the periodicity
condition of x" is
, Moy S
s lrg) = x (L, )
. . S L . [T .
This implies d, = C. . Reality of x" implies
% & L
- ) . o7 i = Qe L} = -1
%F h %M (y = Q-n (e = & '
v
Equation (3.16) then gives
. ot S R, W C
C’H‘ = (ln = Ca 7 C
e C*
/}> ~ ~§ “\ \O (4.6)
Therefore, from Eq. (3.17) and ( 4.5) we obtain
PN ¢
Ln 7 ‘23;1
Qe
. (4.7)
) _ } < o . { < ,"l i . oY .2
is«, T A O SR Mael T w2 (L—xcnu T~ kv\+5z>
I N LY

SLTAN T )
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fields. Consider the conserved charge Q

To calculate the dependent modes a;, we have to fix the normalization of the fermion

(4.8)

a}/,‘
This suggests the normalizationﬂ2 =p/4 to bex'convenient one. Now, we can put

Eq. (3.18), (3.23), (4.5), (4.6) and (4.8) together to obtain
C&; = 2 (i?’\
L+
Cle

!

-
i
roj-

Z Gy (e ¥

X

MV

ot
(7V3+LL)L‘,‘ wn \‘1

) ',‘.}“M'\"H

and

Jpe———

o= 24 (Lo L)

T
Qe

i

where periodicity requires  (,

AL

IL = {‘“

(4.9)

(4.10)
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The Hamiltonian is now given by

Ho= 4w (Lovde)
T e A, ‘
= 4n] 5 (e Crta ) Gl 2w b |

n=i (4.11)

where all the independent modes appear in bilinear forms. Furthermore, H is
already diagonalized. This suggests that, if we introduce canonical quantization
to these modes, any function which can be expressed in these modes auto-
matically satisfies the Hamiltonian equation of motion. We shall not burden the
reader with details. The quantized system is specified as follows:
-+
é{m = ;&f):- m
”&l}i\ = howm (4.12)

are respectively the annihilation and creation operators for antiquark modes while

Jhe .
bm’ bfm (m > 0) are those for\fﬁi‘u/ark modes. \h€‘3 ‘”k‘“:)

() ban !{m ?) = 6 in, d}m% S ,3

(4.13)
wheve & and j  ave quark  Spectes Andice &
We also have
. N -~ i\; }
TR - on dn-x b
s 61 = A
Ldn, Qg } (4.14a)

A 5 — !
(¢, el = S,k 0 (4.14b)
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(4.14c)

(4.144)

(4
w&yuvkkkufpm.ww&«xb &‘ﬁ—i 2

All other commutators (or antlocommutators) among b

1S ﬂf\* ,&rag“), ’Kmm& j/‘v\&uu&m .

1
m’ dm, Cng an, q, q_’

a(J) and ag are zero. Ambiguities arising from the ordering of operators are
resolved by normal ordering with respect to the ground state loz
binle? = dwm lC? wm > o
- < | (4.15)
A PR "\
OWL \0\7 - (_H \L7 vi > O
Hence the charge operator becomes
.4 A ‘
! Y ~ D
Z (L\m L\W\ A A » T G\C
7o (4.16)
1 = Ge
Also ~ t e
\i = ? Gl +
< \\.: i -
e i)
= Z Yy [ L“ b, m T dﬂm d‘ﬁ“"
:{ = Z G Gn T 3
NS : 2— m7o (4.17)
nw=
where -+ i~ i~
Cg Go = Lo” e
e l ‘— — » .X.
(«'LO Q\C - ti'e AR

Qs '&0 and QO are constants arising from normal ordering. Since the charge of

the empty string is zero, we shall assume QO =0
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Condition (4.10) can be imposed weakly, i.e. all physical states LQ 7  must

satisfy
' : = f -2 )1
({in’_(}(‘a) \L—E\L7 = (‘Q »’Z.u) \ 7
(4.18)
Since ag is the momentum of the string, the mass ( '))Lz) spectrum follows
immediately from the Hamiltonian:
T AR A P
M= 476 | &+ ke : (4.19)
where we restore the dimensional parameter ¢ . The Regge trajectories are

linear with slope a' = 1/¢y¢  and intercept (o +_&0).

Some useful commutators are given in Appendix D.
B. No Lorentz Covariance

Since the quantization is non-covariant, Lorentz covariance has to be
examined. To construct the angular momentum operators, the ordering problem
arises again. This can be resolved by symmetrizing the classical expression

in x, and % to ensure that M"” is a Hermitian operator
A fx}j\ 4 [

VL WO T
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since we have shown earlier that the spin part of MY is zero. The angular

momentum operators are

A
~ i

P2

i 2
i a 2 o
A = a - Y
{ 6 ’(,U (\

o R A A Tl T
e ng ﬂ [ Aoy Ay — (i Cn 4+ Cen Cin

- LA e
(\/\i — ?": { ‘"{:\.C 4 e Y- >‘"7~‘1E‘\7D
— ;\,- N - N A
W - MY ML =96 - %__‘%_LQNE H:&e]f
CGo

N"\Q‘\"‘"Q i\\t\r oo ‘;}2“ [ (tm ”“\“' ('f F'L . )(~) . if\ ( J\" ) ‘)li) cz; i

G A
. o N
, . /\ i
o ~ﬁ—\: 2 ] Ck-'-(’\ (LV"\ \Jv“'t Ck‘&
W G T

9 H é’i’j 6\,«/

. . e [y A

BT N 25
d': K AR

o

E = (ic"‘%‘) m(ic‘ 2‘)

The presence of an explicit dependence on ¢ does nbt violate the con¥servation

of angular momentum since we have Elny =0

-

and E commutes with

all " and the Hamiltonian. It is straightforward to verify that all
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commutation relations of MJJV are satisfied except [Ml - ,Mz— _\, , which must
be zero for the Lorentz algebra to close. (Appendix D contains some useful

commutators.) Define
= &~ GG
L ~ - (e e
RS

The troublesome part of M'” can be subdivided into the left moving part

M ?—_ = 5 7 (i Lfkiii"____}w ,{(}_i

CL: o N (4.20)

and the right moving part
R (&j V\'?I's “ (4.21)

It is straightforward (though tedious) to verify the following

\') A
- MT T P2 14 = C w Gn
el B LT U S 2 (fe- Eﬂj_.%,)zJ G G G ~Gm B
P "
NY2 = n(ah G Scdndn) @)
+ ("L - 2 L h-‘-.\
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. i { > 1:. 3 ’;;\ ’,N
and 2 o~ AT 3 ' i’ _ N'+2 > Com Cn ,i_'_" L
e l Mg ) R | 24 n
1 ~e NI 3 e ) (4.23)
= ’ - N+2 ) 1 C-vn L T C-«-v\ Can
- ( i : By 2;.\ (

where N and N' are the number of quarks moving left and right respectively.
gl
For the subsystem we have been considering so far, N' = 0. Hence thej’term in
Eq. (4.23) does not vanish in the commutator {-_Ml -, M2 1 and the Lorentz
algebra is not closed. However, it is still interesting to note that the commutator
of the left moving part of \‘:Ml o, M2” 1 vanishes if N = 22 and @y =1 (where
Eq. (4.22) is used). If, at the beginning, we choose
]
o . .":\"1 ---- N
RS wf.erPj = ’Q.)- 3 ’
instead of the projection (2.2), then the left moving part of [Ml -, Mz_ x will not
vanish while the right moving part vanishes if N' =22 and EO =1. The inclusion

of NS number of massless scalar fields moving in the same direction as the

fermion fields (say, left moving) changes the condition on the number of fermions

tgu)

That this non-linear representation of the Lorentz algebra does not close is due to

the normal ordering of the operators. This is purely a quantum mechanical effect.
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V. Discussions and Speculations

A. The quark-Binding String

We have shown that the well defined, covariant subsystem of quarks moving
clockwise around a closed string do not have a relativistic quantum n}echanical
solution. Mathematically it is due to the non-linear dependence among the
dynamical variables. We are very much aware that there may exist singular
modes in the solution which we have discarded by iact  ; their presence may
restore the much wanted Lorentz covariance. Also it is likely that our quantization
procedure is incorrect; to resolve the difficulty, we just have to find the proper
quantization. In either case, it may require slight modifications in the original

formulation of the string. Barring these possibilities, - we believe
that quantum mechanics and relativity are putting very strong constraints on the
non-linear system. To interpret boldly the negative results we are facing, we shall
go into a wide spree of speculations. No apology is offered to the cautious readers,
since the unsupported statements to be made are so precise that we are confident
they can be proven or disproven in the very near future.

We shall formulate our speculations in the form of a conjecture. First we
make a few observations, keeping in mind also the Nambu string in 3 and in 26
dimensions and the quark binding string in three dimensions.

(1) I we include some massless scalar particles moving clockwise around
the closed string, then the clockwise part of the Lorentz algebra will close if the
total number of Dirac and scalar quarks is 22. The anti-clockwise part of the

Lorentz algebra remains not satisfied.
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t

(@) If we consider the other projection of the quark field, &% # Y o= o-
the quarks will be moving anti-clockwise, i.e. G o= Fis

(38) The spectrum of the subsystem contains the spectrum of the empty string
(i. e. Nambu string). We expect the spectrum of the complete system to contain
the spectrum of the closed string with quarks moving clockwise o;ﬂy or with
quarks moving anti-clockwise only.

(4) The string has only one dimensional parameter ¢ ; it is not surprising
that the Regge trajectories are straight lines.

(5) For the open string tolexist, we need a linear combination of the left and
right moving quark waves such that the string is a closed system: that is, the
energy-momentum and current densities vanish at the ends of the string.

(6) Despite the complicated looking form of the implicit solution of the quark
fields, Eq. (3.21),the quark part of the Hamiltonian (4.10) is very simple.

Now we state the speculation:

Conjecturé;l : Consider the following mass spectrum

N o 2 't s HB
. — Be " St N L ; \Y - " -+ i‘\ { 1n ((’ Fid
M = 4G | Toa v 202 o (b g i)

w20 /Jv-,:| §s1e 7 @

2.2 T
-+ ? Sn,‘k Shij - A &
.

= Nt
where a_, s_ obey the commutator (4.14a); b._ and d__ obey Eq. (4.13) . 1Its
npon m m
Lorentz algebra can be defined consistently to be identical to that given

in Section IV with the following modifications

\:n, = ) N =L
Z" = = = ¢ |
;i = “'l; P\‘ ( a~\ (k.H_L + S L S*\+Q> T ZMQH" ) b m L‘j bk H



-37-

Normal ordering is with respect to the ground state \07 defined by Eq. (4.15)

and

salcy =0 n>o
where

é&fm = b-m

_ LT
(,LW\ = D-wm
¥
Sen T Sn

We interpret bm and dm to be quark and antiquark oscillators; S, to be massless
scalar field oscillators. (12) Closure of the Lorentz algebra requires a, = 1.
Hence the lowest "mesonic" state b:l G\.Tji \07 has zero mass. «a, =1 also
prevents condensation: the mass of a state with M pairs of quark-antiquark is
heavier than M ""mesonic" rstates each with one of the M pairs of quark-antiquark.

We speculate that this mass spectrum (and its Lorentz algebra) belongs to the

(open) quark-binding string with the addition of (22-N) scalar fields

L — L + Fﬂ %:}Nt\ lz_ )(QLD%%

The Regge slope is a' = 1/4_—“ e for the open string. We also speculate that

the closed quark-binding string has no fermionic states in its spectrum.
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B. The Quark-Confining String

The quark-binding string model formulated in Section II has an arbitrary
constant & introduced as a tension to prevent the quark fields from expanding
without bound._ It is the analogue of the MIT bag constant (as a pressure) and
the SLAC %“bm’econstant (as a surface tension). It may be the effective binding
force of some quark-gluon interactions, so that the quark-binding string can be
considered as a phenomenological description of some quark-gluon interacting
field theory. However, the presant formalism is at best preliminary: there is
no quark confinement; that is, there are exotic states in the spectrum. Also the
presence of pure vibrational modes imply the existence of hadronic states which

have no quark modes. Experimentally . there is no evidence of such states.

To improve the string model, we present our second conjecture.

Conjecture 2:  Consider the following action (without the constant G
&y [ E—Y

) f2
) T . | & C‘\:’(!'J
S = S CXQU:( J_:—‘g & LPQ “Z ( -;— 3,:\ - € Aa( \ > \‘}/1 - —4%&{’5\: }

e X
= S&U* £

o a ¢

a _wabc,
F = F}AV —E.)(T—,;* = éxA[} - D/“I’A"( + Cﬁ— AbeLvﬁ
«ﬁ

D <

and Fzﬁ =0 at the ends of the string .

A =1 ZAZ are non-abelian gauge fields in the color SU(3) adjoint representation.

o
Quarks come in color triplets. They must obey the same constraints in Table I
as before to ensure the string is a clesed system. Fermion masses ( MY )

U3)
can of course be added if needed. fabc is the group structure constant :

[T 71 = 7T

where T? is an SU(3) matrix, a =1,2,...,8. This model we refer to as
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the quark-confining string, since only color singlet states exist. If necessary,

we can also introduce any number of color singlet scalar fields into the

Lagrangian -
{‘,_»,C'F r"iz >¢ 7“”"1

This may be necessary to saturate the Lorentz algebra. Notice that the string
constant C is not included. Intuitively we see that there is no color vector gluons,
since Foiﬁ has only one component, namely Fao 1 =E,‘; Aa; can be removed by
an appropriate gauge choice. This leaves only the '“Coulomb potentialr,f which
provides an attractive force along the string, very much like a tension in the
presence of quarks. Hence the spectrum contains color singlet states with quark
and vibrational excitations. In the absence of quarks, the tension (i. e. Coulomb
force) also . _disappears, so that the scalar fields are not bound. Hence one
can hope 1:haltd-7.’(rjli';e;j relativistic invariant quark-confining string model has only
mesons and baryons among its low lying states; there are no states which have only
vibrational, color and/or scalar modes. At high energies, there also exist color
singlet states with 3N/quarks plus M quark-antiquark pairs. If the Regge intercept
is positive,which is probable,these states would have very large widths(to decay to
normal baryons and mesons) and therefore very difficult to observe.

We believe this quark-confining string, where exact color symmetry and
quark-binding (along a line element) are put in by hand, offers enough computational
simplifications to make it a worthwhile approach for studying quark confinement.

We may also consider the Han-Nambu color. The color gauge field involved
is abelian. One may hope to solve this model exactly. In practice, it is like putting
the Schwinger model in a dynamical curved space, which is imbedded in

Minkowski space.
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It is straightforward to write down the action :

TR L VAN oA N - F2 RN
Sz\c\}\“ fi}[%i KZB - 63‘!\"’{)%3 4 - b 51‘3

where, for the moment, we include the constant C . The equations of motion

are ( see fig. 2a)

P (e e A= =i (Rifr Bum) e MY
e = by

QT‘X{BT{&M )“n( =0

73] ;o H/’ A’S (})
Y ) I 2 ,_,){(3 r-- "7‘0" [ A ;’aﬁ e. ) &
where ”\“X = §C '\’Z— )U/} + q’aty {\2_ 3 3
\ '\ |
XS —
- FFYe
(13) A3

and \\/ obeys the usual constraints. Neglecting the quark term in A , we

see that, in the coordinate ) (1 Oy
Yo = o)

. _ ol )2
T e B o ¢ B
2

>

Since the electric field ( EQ) term is positive, we can take ¢ —2 O
The boundary conditions at the ends of the string must be imposed to ensure

the system is closed:

— = O
t v ak }L“Nih
SN

[ pond
3, }.}\

This means each end of the string must end with a quark ( or an antiquark ) as
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in fig. 2b. The baryon string has a configuration shown in fig. 2c. For the
non-abelian case, fig. 2(d, e) may also have to be considered. The coupling
constant € is the only dimensional parameter in the model in the absence
of the constant C and masses Mj ( €; ol € ). In the presence of .
quark masses, the Regge trajectories will not be linear for the low mass
states. -

For the case where kM/e )2 << , the system should be solved
in the absence of masses and treat the mass terms perturbatively. For
the case ( M/é )177\ , it is straightforward to show, (and is left as an ex-
ercise for the reader ) that, to the lowest order approximation, the potential

between a quark and an antiquark rises linearly V( Y) & Y .
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Appendix A

The best way to show,'ri \-}’k = 0 is probably the straightforward way. Let
S

Equation (2.20) puts constraints among the four components. Using the Dirac

representation (2.15) the constraints become

- Big by — g V=)
o= (J w = r "”( LHr =W 17 7

L L g Vg -~ Ry W)

!+ A ( Wiy — TH YLy )

j - :S wWeoE

Ll
I TR (11

h
e Pla = hig T vy

W, o= g AW T NG

and similarly for n, and ny o Using Ed. (2.6) and (2.7), we obtain

. e
Now e ~T}a - 3'(’— o

j- _ Ty’
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Hence _
i T 3!‘@7}6’1
75 B VT B T B I B
— ‘}_. g, + ,}& Vi
Ly U — ~;}+Wq . .
where

%& = TV - 2. 3+Ld

where \-{/ (in jH) and L}’ K can either be the same spinor or different spinors.
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Appendix B

Tafa can be chosen to be off-diagonal and symmetric if it is symmetric and

has signature (1, -1) to begin with. The proof is almost identical to that given
€ 3

for Ref. (8). Since gO"{3 is already symmetric, we need to show is

~ [
symmetric. & is a tensor; hence it is sufficient to show that it is symmetric
at any given point in some coordinate system. At any given point, we can choose

locally geodesic coordinates

O
Po= Lo )

Equation (3.2) becomes

,¢i_¢o - — N); W = — ¢°¢

It is then straightforward to show that 601 = 5’10 in this coordimte system using

the Dirac Equation (2.25) and Eq. (2.21). To show that Toz:?) has signature (1,-1)

)

Al

all we need is to show that det (Ta/“) < 0, where

¢, S, acnlen

Dirac equation (2.25) implies

(&

Ak ( Ta‘s’) - |

v

\

FAEN i1 o
o7 \%’ =
Lo O

e

'
A
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and the light-like currents (Appendix A) implies the vanishing of the last term. )

3
Since ga»' also has signature (1,-1) then

f o /\ a 2
A X k‘T " > = ——-—fc < G
¥
A) .
That Ta- can be chosen to be off-diagonal is, of course, due to the arbitrariness

in the choice of the parametrization. This is also related to the fact that our phase

~¢ S&
space is constrained. To see this, let us consider the canonical momentum ‘P'r* = Tf’
X
and the shifted coordinate ’ - e
) - _ M4 \3 ) k"’!.
G T he T o \3'

Naively one may expect them to be independent. However, they are constrained by

the following relations:

fPJ Lj\ = C

(Pc 6\0& + CL t}[”}\l‘?}iﬁ -

lr_,‘s
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Appendix C

The Gauss-Codazzi equations involve the torsion Y which depends on the
choice of the normals n and m . To verify the Gauss-Codazzi equations in the

coordinates chosen, we first make an explicit choice of n_and m ; we then

calculate all the curvature tensors and the torsion and sbustitute them directly
into the equations.

The normal plane

o o
i —_ - LR ’

o

RN \Aa e, T
v s & T e

ma o . YO, s AR

TS — -

Let us choose n, such that n, = n, +ng = 0. (This is a valid choice since n

is
space-like.) To do so, it is convenient to introduce some notations. Explicitly
Eq. (2.4) gives
] tLxl - T )
a=VUso = 2 (¥, % = Lt
/
. ; - A (1"1 )"- SPAS
. —_ ) — ) ‘x_ - 2 p B ~ M
T |
S O e R I B
o=V U = XX -~ R i

AV S SR T
,;k:\/(,-h«_ = %(1‘*1"1*%*\ =

i
. ¥ s ’
c = \V, LK_ - = Y. Ay - ’x’-’x—
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where —

ve Iy
Note that bf - ad + CE
and

= taxs v A4t

& pe - cf
R 4 J

Now it is straightforward to construct n'u, mﬂ in terms of X , x!

o (o, a, Looc )
- B —
\ bl"t C |
. , o _— )‘,.)A )
2 L e oL e \-—2(0& ac -4
Vni\\ b "“""“'—'L::‘:f; ( 2H+2C ) A+ 2 be v2¢ S , ‘-) L y

Using Eq. (3.11), we now obtain

] L i

T ———

TS
\s Sl-\— ;t;l

st+ K

\ ] 4 ’
yy = (vwkw_ Y (gi?~'kxz)
! "5’)"{ 12’ \Y%
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It is clear that the sec ond Gauss-Codazzi Equation (3.15) is satisfied.
The first Gauss-Codazzi equation (3.14) can also be verified easily once we

obtain the other components of the curvature tensors, They are, using Eq. (3.10),

where

For the record, we note that the "mean curvature' is given by

ﬁ:‘ x.i') %\24’&":
, PN
= - A (e wT)

pAVE
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Appendix D

Given the commutators among the independent operators a5, Chb_,d
m

m’
i

+
9, 4_, 3, and 24> all commutators can be calculated. We give some of the
useful ones. N B + -

Loy, bml = Siy bin

S+ .+
Loy dim b= = 54 din
fin, ) = - X Qgen

[iV\) bw“} = - Qy\ +X2\_‘-} b"r\r\»a—v\

i

, b
(m»g) bw\_“

(. Zﬁn ) bt“ 1

- ,E- C}L-\—Vl

r—‘r
7*
>

P
ot
i

- Iy
[4- ) =

@)

[t{n}iw\’x = k‘/\-’W\) 'ﬁv\«\—W\ + Sy\'-\m (V\?)"”V\) KN_\_\ >

12

: - 3
[-f f \ = (o) ﬁw\m + Snmw (0 )_
w o, &M

1L

where N is the number of quark fields. The constant terms in the last two

commutators play the same role as c-number Schwinger terms.
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TABLE 1

The Quark-Binding String

BN . s ol o i, X
= k(R ) Y )
&

-~ ( XJ( = 24 (3-,{*‘“)3’ %;
& (ii)

G ) e LF?' i)

The. Subsystem

Equations (i), (ii), and (iii), and for each quark
Wlsmand =Y
. Ty Yol = -

~ Proper boundary conditions have to be included for an open or a closed string.
Tha conaliveamdin naed el fe wdepindink .
The subsystem describes massless quarks moving clockwise around the closed

string.
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Fig. 1

The geometric coordinates of the string.
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. Fig. 2
Quark-confining strings. In (C), 2/3 and 1/3 are
the Abelian color hypercharges.



