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ERRATUM 

Equation (12) in this paper should be changed to read: 
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ABSTRACT 

Solitary wave solutions of the sine-Gordon equation are shown to be special 

cases of solitary wave solutions of polynomial field theories with interaction 

Lagrange densities &I = Q $ 2p+2/(2p+2) + h #4p+2/(4p+2), p # 0, 

1 
-5, - 1. 
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Self interacting quantum field theories lead to nonlinear, dispersive field 

equations. Several of these field equations have exact solutions of a type 

known variously in classical physics as cnoidal waves, solitary waves or 

solitons. These excitations, referred to here generically as solitary waves, 

have received considerable attention recently since they lead to results which 

are independent of perturbation theory [l-5]. In this paper the solitary wave 

solutions of the sine-Gordon equation[2,3], an equation with an infinite 

sequence of self interactions, alre shown to be special cases of the solitary 

wave solutions of the field equations arising from the polynomial Lagrange 

density .JZI = a! 4 2p+2/(2p+2) + h r$4p+2/(4p+2). 

The sine-Gordon equation may be written 

ap8 ‘7 + (2/g) sin(gq ) = 0. (1) 

It is evident from the series expansion of sin(g7) that this field equation is the 

Klein-Gordon equation plus an infinite sequence of self interaction terms with 

a single coupling constant 

are fields ‘17 (x), where 

X 

andg2# 0. 

Defining 

g- The solitary wave solutions of this equation 

vv 
= k.x = kOxO --2x” (2) 

$ = m/2 (3) 

and using Eq. (2), Eq. (1) becomes 

v2 k d2+ id 
dx2 2 

v2 d2$ sin2q = k - + 
dx2 

M? sinq coszl, = 0 . (4) 
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The first integral of this equation is, for g2 # 0 

sin21c, = E/2, 

where E is an arbitrary constant. Eq. (5) may be separated to give 

x+x’ = I [ d+ E - (Iv?/g2) sin2$ 1 -’ (6) 

where x’ is a constant. Now, let 

(5) 

sinq = 6 (7) 

to obtain 

1 1 
-5 

x+x' = (l?/l!2 + E) s2 + (M9fi2) e4 . (8) 

The corresponding integral for the polynomial self interaction is (6) (In 

reference [6] the special case c2 = m2 was discussed. The generalization to 

arbitrary i2 # 0 is easily obtained. ) 

1 1 
-z 

- r~ $~~~+~,/(p+l)~~ - A @4p+2/(2p+1)l!2 . 

(9) 

Comparing Eqs. (8) and (9) it is evident that for Q! = 0, p = 3, the solutions, 

related to Jacobi elliptic functions, coincide for the special choice of con- 

stants 
B= E, (10) 

(11) 

h/2 = l&E2 . (12) 
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Thus, the solitary wave solutions of the sine-Gordon equation are special 

cases of the solitary wave solutions of the h d4 theory. The integral in Eq. (9) 

leads to both non-localized and localized (soliton) solutions, depending on the 

choice of sign of c2. 

For the case B = 0 the integral in Eq. (9) can be performed in terms of 

elementary functions. For g2 = m2 one set of particular solutions is (6), for 

a system of volume V, 

p) = 
A&) 

k 1 e% i<.z 

Do 

h At)2 eT Zi$*g 
k 

8m2wVD2 
(13) 

cd2 = IF2 + m2 , (14) 

where AZ) are annihilation or creation operators respectively of the linear 

field theory and D is an arbitrary constant. These are persistent solutions of 

the interacting field equations - containing the coupling constant h for all 

times rather than reducing to in or out fields for large times.. Using the 

definition of 77 and Eqs. (lo)-(12) the corresponding particular solutions of 

the sine-Gordon equation are 

(15) 

Other solutions, both local and non-local, may be obtained using Ref. [6]. 

Since the constant D is arbitrary, it may be chosen to make r] (*) regular 

at g = 0. However, this choice is not necessary. Hence, solitary wave 
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solutions of the sine-Gordon equation exist for which an expansion in the 

coupling constant is not possible. This result is also obtained in polynomial 

field theories[9-lo]. 

The connection between sine-Gordon and h $4 solitary waves established 

here opens aninteresting avenue of study for the solutions of the latter theory. 

In space time of dimension 1 +l, rrnewr’ solutions of field equations such as 

the sine-Gordon and Korteweg-de Vries equations may be related to ~1old~~ 

solutions by means of Bgcklund transformations[7,8]. Thus, this technique 

can be useful in generating families of solutions of the A $4 theory and, 

perhaps, of more general polynomial and nonpolynomial field theories. 



-6- 

References 

[1] K. Cahill, Phys. Letters 53B (1974) 1’74. 

[2] S. Coleman, Phys. Rev. Dll (1975) 2088. 

[3] S. Mandelstam, Phys. Rev. Dll (1975) 3026. 

[4] P. B. Burt, Lett. Nuovo Cimento 13 (1975) 26. 

[5] P. B. Burt and M. Sebhatu, Lett. Nuovo Cimento 13 (1975) 104. - 

[6] P. B. Burt, Phys. Rev. Letters 32 (1974) 1080. 

[7] H. P. Wahlquist and-F. B. Estabrook, Phys. Rev. Letters 31 (1973) 1386. - 

b] A. C. Scott, F. Y. F. Chu and D. W. McLaughlin, Proc. IEEE 61 (1973) - 

1443. 

[9] J. Goldstone, II Nuovo Cimento 19 (1961) 154. 

[lo] P. B. Burt, Proc. Symp. on Math. Physics (U. of Texas, Austin, 

November 1974) (to be published). 


