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ABSTRACT

It is shown that analyticity properties of scattering amplitudes as expressed
by the derivative analyticity relations can be combined with measured cross
section and polarization data to extract the full scattering amplitudes in a simple
and practical way. The method should be particularly useful in problems in-
volving a coupled amplitude analysis. The measurement of a coinplete set of
spin parameters, or a phase shift analysis at only one energy, is sufficient to
eliminate ambiguities in the extraction at all other energies. Our procedure is

illustrated by cons1der1ng both simple mathematmal examples and real data.
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I. INTRODUCTION

If only experimental information is used, it is widely known that a com-
plete set of 2N-1 measurements are needed in order to determine N complex
scattering amplitudes at each value of the kinematic variables (e. g., s,t) up to
an overall phase. However,- if scé.ttéring ampiitudes/Sa’c.isfy giépersion relations,
then their real and imaginary parts are related, and in principle only half as
many measurements are required (but over a range of energies), and the s-
dependent phase ambiguity is not present. Considerable effort has been éxpended
by many people in applying this method to data. 1 It is quite difficult to apply in
practice because one needs to know or to make assumptions about the imaginary
parts of the amplitude at all energies above the threshold for each value of t. It
is, at best, only feasible to apply this method near the forward direction in a few
reactions. A quick and flexible method to extract physics under more general

conditions would be very useful. It has recently been shown2 that the analy-
ticity properties of amplitudes which are embodied in (global) dispersion relations
can be equally well implemented by writing derivative analyticity relations (DAR).

These relations for even and odd signature amplitudes typicatly4 read:

ReM,(s,t) = stan[-;i iy] (Im M (s, t)/s)
(1)
ReM (s,t) = tan[% %} (Im M_(s, t)) ,

where y =fns. At energies above the resonance region, where the amplitudes
vary adiabatically with energy, it is an adequate and controllable approximation

to retain only one derivative. Then local relations
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should approxirhétely hold. Modifigat‘ions of the analyfis gseful when there are
~ rapid variations will be discussed below. If do/dt is measured for a spinless
reaction in a region of energy such that the derivatives with respect toy =fns
can be computed (at a given t value), the phase of the amplitude can be computed

by solving Eq. (2) together with

2 do
S —

n IReMI2+ IImMIz. (3)

In the following, we shall demonstrate that it feasible to extend this approach,
for example, to reactions involving spin at any momentum transfer. After a
short discussion of the formalism, the practicality of the approach is illustrated
by constructing several model amplitudes and their resultant '"data" and then
retrieving the amplitudes via the DAR. In addition to demonstrating the validity
of the method, these examples will help develop our intuition, techniques for
~ handling real data, and illustrate possible difficulties and how to avoid them.
’i‘h;a method will finally be applied to a brief discussion of the available data on
the'reaction K(I),p ——‘K(S)p. Compton scattering and a brief discussion of mp and
pp scattering at the lower energies.

We are optimistic that this method will lead to significant progress in the

art of extracting physics from data because of its simplicity.
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II. FORMALISM

In Ref. 3 it was shown that for an even signatured amplitude the dispersion

relation o
1
ReM,(s,t) = 2 &2 Pje—ﬁ——— ImM (s', t) 3)
T 2 2 +7 -
- s'(s' "-8")
can be written in the equivalent form
ReM'(s,t) = sPtan|T @-1+-)| (2 ImM, (s, 1)) @)
H 2 dy + ? ?

where a is an arbitrary number (0 < a < 2 in the present case) which can be
chosen to make the derivative of the last factor as small as possible. A similar
result holds for odd signatured amplitudes.
A
For our present purposes, it is somewhat more conveni_ent, valthough not
necessary, to use an equivalent result that connects the magnitude and the phase
of the amplitude. If the amplitude has no zeroes, its phase and logarithm satisfy

a simple dispersion relation5. The equivalent phase-magnitude DAR is

_ qi)_l_(S,i)i: - tan[% %:] 2nF+ , - : (5)
where 6, (5.1
-M,(s,t) .= F (s,t) e 6)

If inF varies slowly with energy then
m d
¢+(S,t) - Ea};an"' ’ (7)

T

or equivalently -3

T d -a
a—-z—-agln(s F+).

For the case of odd signature, one finds
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When zeroes are present (for example, a complex zero in s at a fixed), the

T phase gets an extra contribution and this can be easily handled (an example will
be present later), but in general it is always correct to use the amplitude written
in terms of its real and imaginary parts rather than the phase and amplitude.
These zeroes can be a reflection of CDD zeroes in the amplitude and are interest-
ing to study.

One complexity that is present (and it will be ignored after this remark) is
that one should work with apalytic functionsi e.g. the invariant amplitudes, for
each reaction rather than the convenient and more physical functions, e.g., the
s;chan—rlel helicity amplitudes, which ma}; have extra kinematic singularities. It

will take some experience with the method to develop the most efficient way to

proceed but there are no fundamental problems in this regard.

B

In the single amplitude case, in our normalization, we have for positive

signature - - -
i F+(s,t)/s =R, = (dao/dt)2
and
- T wd
S b8t .= -5 -5 gy R, ©)

These simple equations have an important physical consequence for elastic pro-
cesses at sufficiently high energy — one expects the differential cross sections
to increase in the forward direction and the t-slope to also increase. This

means that there is a finite value of t at which the function R + is essentially
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constant. This "crossover' in the same singatured amplitude at different
energies signals that the phase is zero at the cross over point or that the real

~ part of the amplitude has a zero at this t value. 3

C - - -

L.et us now turn to the two amplitude case, such as meson-nucleon scattering,
where both the differential cross section and polarization are known. It is al-
ways possible to combine the different physical quantities so that the amplitudes
of interest have a given signature. Therefore, consider two even signatured

amplitudes f - and respectively the nonflip and the flip amplitude where

4o ?
-1 - . e .
s "f,), = Ry, expQ,,,), and the data( is given as
do_ 2 _ .2 -2
@ - A SRR (10)
and

2 .
AP =2R_ R _sin(p, _~ ¢ ).

Using the DAR for the phase, as given in Eq. (7) or (8), the quantity R+_
can be eliminated and the result is a differential equation for R e written in

the form

Td ~ 2, il 1 2 %}
5 dyﬁnz = -(1-2z")sin [ZP/z(l—z) ,

where -

z= R /A .
Given the data A(s,t) and P(s,t), this can be solved numerically at each t value,
and the amplitudes constructed. Note that since this is a differential equation,
there is an arbitrary integration constant which depends only on t and must be
deteemined at one energy value from other information such as spin-rotation

parameters. An alternative and perhaps more attractive approach is to extend
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the analysis down to energies where complete phase-shift solutions exist and
amplitudes can be fully reconstructed. This boundary condition will then deter-
mine the integration constant as well.

"It is possible to rewrite this equation in an integral form which is very con-
venient for solving by iteration and explicitly shown the nature of the integration

constant. One such form can be motivated by defining

R++ = Acos#$

R

" Asing

which automatically insures the cross section constraint, and then 6(y,t) must

satisfy the equation

T ?% 6(y,t) = -sin[ze(y,t)] sin’l[P/sinze(y,t)]. (11)

In general one must solve this equation numerically. The phases of the ampli-

tudes are given by

_ T 7 d 2, =1 . ]
¢++ =372y fnA - sin @ sin [P/smze
and
: o m o7md 2, . -1 . .
] ¢+_ = -3 -3 dy fnA +cos 6 sin [P/sze] .

" If the polarization is small (one amplitude is small or they both have the
same energy dependence) in the sense that sin~} (P/ sin2 9) ~ P/sin26, then one

immediately has the approximate solution
y
By,t) = 6y) - = f dz P(z) , (12)
; Yo
where Oo(t) is an energy independent integration constant. The phases of the

amplitudes are then given by -



1

¢, = -% (1+-AA—) -1 Ptan#
|

¢, = —g(1+éA—) +1 Pctns ,

wheré A'=dA/dy. These phases must be increased by 7/2 for odd signature.
The arbitrary integration constant Go(t) must be determined at y = Yo(t) from
additional input at each t value.

One interesting feature of these equations is that while a knowledge of the
energy derivative of the differential cross section is required to evaluate the
phase, no such derivatives are required of the polarization. Furthermore,
Eq. (11) is in a convenient form for solution by iteration by starting off with
90 = 0, -and then simply integrating as in Eq. (12). The data is required only
between the values of Yo and y. The approximation leading to Eq. (12) will be

valid whenever P is small because the amplitudes are approxizriately in phase

or one of them is small.

D
In this paragraph, we_will considera simplified example of line-reversed
reactions. Spin effects will be neglected so that, for example, reactions such

as 7N — KY and KN — 7Y are described by two measured cross sections
i i
.g—g(nN)=A2= IRe ' +Re |2

%’-(KN):B=IRe -Re 7|

i¢
where R . © * are the even and odd signatured amplitudes. Introducing the

parametrization



. = S cosé
= S sinf ,
one finds
§? = %(A2+ B2)
‘and ‘
(A2-Bz)/(A2+B2) = 1° = sin26 cos(¢_-9¢,) . (13)
Using the DAR relations
- _r_rd
¢, = -3 2dy£nR+
Td
= -g5- R ,
o ISR i
one finds the differential eguation
. . -1[.2, .
T6' = sin26 sin [T /sm29:| , : (14)

~ an equation that can be handled as in the case of polarization.
It is also possible to treat the case of spin in these coupled reactions where
the input information now contains the two measured polarizations. The re-

sulting coupled equations are not amenable to a simple émalytic treatment, but

they can be directly integrated numerically.

E
In this section We will discuss techniques that allow the DAR's to be applied
in the low energy region where resonances and inelastic thresholds cause the
amplitudes to vary quite rapidly. The procedure here is to rewrite the ampli-
tudes so that only first derivatives are required. Two different procedures will

be described below, a difference method agd a ratio method.
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While it is obvious that one cannot apply the DAR directly to reactions with
a rapidly varying energy dependence, the analyticity property of the amplitudes
allows a perturbation theory to be developed which permits such applications. It
also shows the proper relation between the DAR's and conventional dispersion

relations. Suppose that datd on Im M(s, t) indicates that it is rapidly varying in

some region of s. Define a new function Ml(s, t) by
Ml(s,t) = M(s,t) - sG(s,t),

where G is an explicit analytic function chosen so that Im M1 is not rapidly

varying. Then (for positive signature)

_ T od (gl
ReM(s,t) = sReG(s,t) + 3 de (s Ili(s,t)) s (15)

where Re G(s, t) can be constructed explicitly. A convenient choice for G in the

low energy region is a sum of signatured Breit-Wigner forms,

N
G(s,t) = E G (s, 1)
i=1

where

G.(s,t) = H.I‘.-[(s.— s-T. ((E;s)/s. >%)'1 + (s — -s)'{l - (16)
1 11 1 1 1

'wrhere s is an aésumed tﬁreshold value, and Hi’ I‘i and s; can all depend on t.
Numerically, the contribution from the crossed terms are usually small. The
procedure is to choose these parameters by inspection and to compute Re M by
Eq. (15). The accuracy of the method can be gauged by the dependence of the
predicted value of Re M on the precise value of these parameters. Of course, if
one includes an arbitrarily large number of terms and carefully fits all the para-

meters, M1 can be neglected. This is then mathematically equivalent to an
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evaluation of the exact dispersion relations. In fact, the opi:imum choice for G
is the numerically constructed analytic function given by the exact dispersion
relation. The use of the DAR approach can allow a considerable simplification
in'this procedure, especially in the analysis of reactions involving several
amplitudges, ‘such as a case with poiafization. Let us :mw.turn fo an alternative
expansion method which has some definite advantages in practical applications.
In this ratio method, it is convenient to proceed as follows. Define
iq

+

N
Q+(s,t)E s E(1+Gi) = IQ_,_Ie

where the Gi are chosen as before, and then use the DAR phase-amplitude

relation on the ratio F(s,t)/Q L(s,1). The result for the phase is

_ T wd
¢+(S,t) = q+- 5 - Ea‘};ﬂnlM+/Q+| )

which can be quite accurate if the parameters in the Gi are chosen so that the

higher derivatives of the logarithmic ratio are small.
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II. MATHEMATICAL EXAMPLES

In this section, the method will be illustrated by applying it to several

- explicit examples.

A o

_The simplest example is a simple Regge pole with even signature,

M, = g s%e /2
The magnitude R .= B s% when used in Eq. (5) immediately gives the correct

phase

Another example which illustrates how to handle zeroes is

M,=a+3 b[ﬁn(so— 5) +n(s,+ s):I ,

where a and b can be functions of t. The correct phase is

-1
tan¢+ == %b[a+%b£n(s+ SO)(S—SO)] s

whereas the phase-magnitude DAR relation gives

2
: T 2,2 2 b 2 2 b 2 2\2 7% 2
¢, = - -é-b (s /(s —so)) (a + -Z-Bn(s —so))/[(a-x--z-ln(s —so)) + Tb ] .
These are obviously not the same — the reason is that M , can have zeroes when
s is such that

2 21  a .
In(s —so) ——b+1

Dof =

and these singularities in fnR ., were not taken into account in the derivation.

For energies far away from the zero, there is no problem. Near the zero, the
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approximate phase varies rapidly in energy. Inthe examples we have treated,
a rapid variation in the phase signals the possibility of this problem and it can
be checked. Note that the DAR between the real and imaginary parts of M v

doesn't suffer from this problem and is quite accurate far from the threshold

— -~ -

(s >> sO).

B

For our next spinless example, consider the difference of two Regge poles:

o, -irta,/2 a, -iTa,/2
M. =8 s le l—ﬂzsze 2, (17)

The analytic comparison is not very illuminating. A numerical comparison of
the exact phase with the approximate one is shown in Fig. 1 for the values
Bl =1, [32 = 0.5, @, = 0.9+t, 0, = 0.5 + 0.6t. The zeroes of the amplitude
are at |
_ -1 T
ns = (ozl—az) in ,82/,31 + iz,
and one sees that the error in the phase increases through 7/2 near the position

of the zeroes as might be expected. However, away from the zeroes, the pro-

cedure is quite accurate.
N ’ C

An interesting example is that provided by an absorbed Regge pole. In the

case of the Pomeron trajectory, a suitable form is

(18)

M, = s A+B ]

= s eI [eBt __A_ ABt/(A+B)

where
B = a' (ins - in/2) -~
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and we choose A =4, and @ =1+ 0,5t. This amplitude is predominantly ima-
ginary and the differential cross section following from (18) provides somewhat
realistic ""data." The simple phase method gives good results except where
M +' has zeroes. In Fig. 2 the results of a numerical analysis is presented.
Since Re M + 1s quite small, it is sensitive to details of ?:he.proc_édﬁre and is
reconstructed quite well except for the point where Im M . and the differential

cross section have a dip and vary rapidly.
D

For the final mathematical model, a case with spin will be considered. The

flip and nonflip amplitudes will be introduced as

(@ -1y -
R+_—e(t)e , O = -5 o
(19)
(a,-1)y
- 0 - _r
R, =ce s ¢ = -5
which lead to "data" of the form
(.- 1)y 2 2Ay .3
"A‘=e"0- 1+ee )'
and
-P = 2¢ sing Ae™AY 1+ €2e—2Ay)—1

where A - og-ay.

Applying the approximate result given by Eq. (12), one finds
6 = 6,+ H(y),
where

_ | H(y) = -7-% sin-7r2A tan~! [e e’Ay]
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and 60 = @ (y =*). If one retains only linear powers of H in-the answer, the

result for the reconstructed amplitudes R - and R +_ are

R, , Acos 190 - A sin90 H(y)

R,

Asingj, + AcosﬁOH(yS .

A comparison with the input amplitudes of Eq. (19) clearly shows the significance

of 00 as a phase rotation in the amplitude. If we choose 90 = 0, then to order €

+—

- (e, -1)y
R -'!AH(y)=ee1 (—Z—'WA)

- (ao—l)y
) R_Hﬂ A =c¢ » .

The flip amplitude is not given exactly because of our original expansion of the
tangent derivative operator. If A is small, which this expansion demands, then
the error is small. Even if A ~ , as expected from Pomeron-Regge inter-

- ference, for example, the reconstructed and input data differ by only 10%. This
expansion can clearly be improved by various methods, such as keeping higher
order terms. - - -

- "The above examples have been diﬂscu'ssed to show that the method is workable,
and particularly to help develop an int\;ition about how to proceed with cases of
reai data.

Let us now finally turn to the analysis of some physical examples involving

real data.
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IV. APPLICATIONS AND COMMENTS

The DAR method and its extensions discussed here can be applied to deter-

mine applications in many reactions. Below we briefly discuss sz - Klp and

Compton scattering. Other reactions are hypercharge exchange, where the

appropriate lipe reversed pairs generally exist to deal with both signatures,

7N elastic and charge-exchange scattering; reactions such as 7N — pN (and

KN — K*N) where in special situations (assuming a good s-p wave separation)

s do

one has only one amplitude determining an observable such as PLT att =0,
or pOSO g% to leading order in s; information of pp amplitudes from pp data, etc.

Sufficient data may exist to determine the backward TN amplitudes in a similar
manner,

From a different point of view, it appears to us that this method will be a
powerful way to extend phase shift analysis from low to intermediate energies.
A determination of a set of amplitudes directly by this method has two advan-

' tages: (a) the amplitudes are analytic, and (b) many fewer parameters are
required than for a direct phase shift analysis. Having found amplitudes, one
can partial wave expand them ahd determine a set of phase shifts.

" In general there should be little d.iffiéulty in applying this technique when the
inpuﬁ data is rapidly varying. - Since we are dealing with analytic functions, one
simply chooses an analytic function which varies like the data and divides it out
as described in the text so that the remainder is slowly varying, applying the
method to the remainder. Since one has divided out an analytic function which
satisfies the dispersion relation, the full phase is that of the known function plus
that c_l_etermined from the remainder as explained in the text. Further, one can
always improve the results in a careful appl-icat“ior;'py retaining the third deri-

s . r d
vative in the expansion of tan (-2- dy) .



-17-

A. KI? p— Ksop

The amplitude for this process has odd signature only and therefore it is

N straightforward to use our method. In general the amplitude will have helicity-

flip ahd helicity noh;slip parts, respectively dominated by p_and w exchange
and, _since no polarization data are available, one cannot perform a general
amplitude analysis. However the helicity-flip contribution vanishes at t = 0 and
presumably at t ~ - 0.5 and therefore we can hope to measure the phase of the
helicity non-flip amplitude at these t values.

At t = 0 there are actually two independfnt ways of measuring the phase:

do
(i) from the s-dependence of ( a )t 0

or (ii) from the s-dependence of the imaginary part of the ampiitude as given by

the optical theorem:

87 _ + -
—R—ImF = UT(Kn) -ch(K n < 0.

It is remarkable that experimentally both (gt) ‘and Im—F_0 are power-behaved

6,7 and therefore the phase can be obtained most

‘from a few GeV/c to 60 GeV/e,
easily'.r The results from methods (i) and (ii) are shown in Fig. 3 and are in
good agreement with independent measurements using KI(,) - KsO interference7 or

optical point extrapolationsG.

At t =-0.5, we have6

dt

0 v d do\ _ 7
¢ = -1d (in )—2(1.02:|:0.22)
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indicating a very small real pé.rt. From the trend of a%(ln gtz) around
t = -0.5, it is quite probable that Re F_(_) has a zero in this neighborhood: this
is in qualitative agreement with the behavior of Re F_O in 7N scattering (p
exéhange) at 6 GeV/c.
B. yp— yp

Compton scattering is a nice example with an even signature amplitude.
The helicity non-flip amplitude is large and dominated by P and f exchange,
while the flip amplitudes are smaller. Inthe forward directionI = 1 exchange
(A2, therefore mostly flip) has been measured to be small by comparing yp
and yd Compton scatteriné;. There is no &irect experimental information on the
helicity structure of I = 0 exchange, however we know from 7N scattering that
it is helicity non-flip to a good approximation and we expect yp to exhibit the
same character. We therefore neglect helicity-flip contributions, and assume
the phase we obtain from do/dt is that of the dominant helicity non-flip ampli-
' tude using the data of Anderson et al. 8 for 0.1 < -t < 0.8. The data obtained by
Boyarski et al. 9 at smaller t (0.025 < -t < 0.17) have also been analyzed, and
‘they do not show a significant &eviati_on in phase from t = 0 determinations.
Results shown that betweent = 0 and t = - 0.8 the phase ¢_8 does not véry very
much, changing from 102° to- 110°; the separation into Re F and Im F is shown
in Fig. 4. We have performed the same analysis on the data of Buschorn et al. 10
between 2 and 7 GeV to extract the real part at 4 GeV and the results are shown
in Fig. 5. There is a strong energy dependence of the yp real part between 4 and

10 GeV indicating the dominance of Regge effects (f exchange) over Pomeron ex-

change in the real part of the Compton amplitude in this region.
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C. Real Parts at Low Energy (t = 0)

Following the method outlined in Section II.E we have computed the real
parts of xip, pp and pp elastic scattering in the resonance region from total
cross section daté; We started by takipg any adequate fit to the _l}igh energy
datgu and using it to obtain a smooth curve through the low energy data. Then
the difference between the data and the high energy extrapolation was approxi-
mated by a sum of Breit-Wigner forms with positions, heights, signs and widths
fixed by inspection rather than detailed fitting. An example of the parametrization
used is presented in Table 1 for the 7 p reaction. The results of the calculations
are shown in Figs. 6, 7 al';d 8 for Wip and;)p real parts. There is good agree-
ment with both the conventional integraldispersion relations12 and with data
whenever available. 13,14
We have not explicitly included pole terms or threshold effects in our cal-
culations and we put the lowest threshold to s = 0 in all applications. The fact
that the results are still good at very low energies illustrates the power of using
analytic functions to construct an "effective" amplitude and using the DAR's as
a perturbation theofy. \ -

' ~It should be emphasized that, although the presentation we are using is
strictly local, its successful implementation at low energy (when large variations
of the amplitude occur) requires input data over a reasonably large range of
energies. Indeed, the use of a contribution extrapolated from high energies was
rather essential to get a reasonable result. By using more local data (for
example, 3 < s< 4 GeVz) we were able to reproduce the relative variation of
the real parts, but not its actual values. In that sense our relations are not

strictly local in content, but they certainly constitute a much easier method to

compute real parts than conventional integral dispersion relations.
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V. CONCLUSIONS

In this paper, we have investigated the usefulness of the DAR's in both
mathematical and physical examples involving experimental data. The new
extensions to nonforward directions, lower energies, coupled channels, and
polarizatiqn problems was disc‘ussed' iﬁ some detail. B;sic.ally,‘ihstead of a
complete set of measurements at a particular energy, which may be hard, one
needs about half as many kinds of measurements but at several nearby energies.

In conclusion, we would like to clarify15 the usefulness of the derivative
analyticity relation approach. In a strict sense, the DAR's are equivalent to
conventional dispersion relations, but they can be used to simplify their evalua-
tion by using the difference or ratio perturbation theory described in the text.
The second and perhaps most important use of the derivative approach is in
simplifying the amplitude analysis in the case of spin or coupled channels. The
method described in the text for such cases can also be extended down into the
low energy or resonance region by using the perturbation theory described in
Section II.LE. We are not trying to replace standard dispersion relation tech-
‘niques when they can be easily used, but to extend the region of applicability to
new regions of t and to new reactions‘, aﬁd to simplify the process of combining
anaiyticity and data-to learn new physics.

While it will take some experience with real data to uncover the short-
comings of the DAR's and to develop efficient methods to overcome them, it does
appear that this approach offers a simple, quick, yet powerful way to extract

amplitudes from data.



10.
11.
12,

13.

-921-

REFERENCES
G. Hohler, Lectures at Teheran Summer School and at Triangle Seminar
on Low Energy Hadron Interactions in Smolenice, 1973. This reviews a
number of methods, including the work of Héhler and collaborators,
Pietarinen, Barger and Phillips, ete. , for both t =0 and t;‘ 0.
AJ. B. Bronzan, Argonne Symposium on the Pomeron, ANL/HEP 7327,
March 1973.
J. B. Bronzan, G. L. Kane, and U. Sukhatme, Phys. Letters B49, 272
(1974).

a -ita/e

Normalization is such that M(s,t) ~ s e for a Regge pole (e.g.

-a(0) =1 for Pomeron). For a general discussion of such phase-magnitude

14.

W e 8 @ > B o< »

relations for the amplitude, see C. B. Chiu, R. J. Eden, and Chung-I Tan,
Phys. Rev. 170, 1516 (1968).

R. Odorico, Nuovo Cimento 54, 96 (1968); J. A. McClure and L. E. Pitts,
Phys. Rev. D5, 109 (1972); J. B. Bronzan, unpublished notes.

D. Brody et al., Phys. Rev. Letters 25, 1050 (1971).

K. Birulev et al., Phys. Letters 38B, 452 (1972).

L. Anderson et al., Phys. ﬁev; Letters 25, 1218 (1970).

Boyarski et al., Phys. Rev. Letters 25, 1600 (1971).

Buschorn et al., Phys. Letters 37B, 207 (1971).

P. Sidhu and U. P. Sukhatme, Phys. Rev. D11, 1351 (1975).

Hohler and R. Strauss, Karlsruhe University preprint (1971).

Baillon et al., Phys. Letters 50B, 387 (1974).

Compilation by the Particle Data Group, UCRL-20000 NN (1970).

15. G. K. Eichmann and J. Dronkers, Phys. Letters 52B, 428 (1974).



Fig. la:
Fig. 1b:
Fig. 2:

Fig. 3:

Fig. 4

Fig. 5:

Fig. 6:

Fig. T:

Fig. 8:

-22-

FIGURE CAPTIONS
Comparison of exact (solid lines) withfirst derivative calculation
(dashed lines) of the imaginary part of f for different t values. The
parameters of the Regge poles are given in the text.
Same comparison as -in F1g ia, but for the rgal I;art c;'f f
Absorbed Regge pole amplitude compared with the approximate values
(dashed lines) given by the DAR.
A comparison of the phase of the amplitude as measured for
Kﬁp - KSp and as predicted by the DAR (the shaded bands in the
figure).
The real and imaginary parts of the amplitude for Compton scattering
at 10 GeV as given by the DAR.
A comparison of the real parts of the amplitude as given by the DAR
for 10 and 4 GeV. A systematic and strong energy dependence is
evident.
The ratio of real to imaginary part of the amplitude for 7r+p elastic
scattering as determined by the DAR, dispersion relations and experi-
ment. o
Same as Fig. 6, but for 7 p elastic scattering.

Same as Fig. 6, but for pp elastic scattering.
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TABLE 1
H sO(GeV2)
H AN L(GeV)
48 | 0.9 04 _
i _ . 60 1.53 0.06
-10 1.87 0.20
11 2.28 0.075
- 1.5 2.5 0.05
27.5 2.8 0.15
3.0 3.5 0.15
i 4.5 5.0 0.6
2 7.0 0.4

The function G of Eq. (15) is a sum of terms of the form of Eq. (16), with
parameters as shown for 7 p. One term is added below threshold (sO= 0.9),

because one needs a function well determined over 1-2 units of fns to obtain its

derivative in the middle of the range.. Thus to calculate the real part at a few

hundred MeV/c one needs O well described down to threshold. In the actual

calculations we set s h= 0 since we have not included threshold corrections

t

anywhere.
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