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ABSTRACT
We investigate explicitly the large coupling limit of the renormaliz-
able interactions of particles of spin 1/2 and spin 0. This is done with
a previously formulated theory of strong coupling. The principal result
of the investigation is the complete decoupling of spin 1/2 particles from
those of spin 0 in the large coupling regime. The applications of our
findings to semiclassical models of quark confinement and to Bjorken

scaling are discussed.

(Submitted for publication.)

*Work supported by the U.S. Energy Research and Development Administration.



-2 -

INTRODUCTION

This paper is a continuation of a previous work (hereafter referred to as A)
on the behavior of renormalizable quantum field theory in the large coupling
limit. The subject of the present discussion will be the renormalizable inter-
actions of spin zero and spin 1/2 particles, with an eyé toward models of quark
confinement and Bjorken scaling. Before taking up these matters, let us, in the
interest of continuity, begin by reviewing briefly the connection of the discussion
here with that of A.

In A, we formulated a general theory of the large coupling limit of renor-
malizable quantum field theory. The formulation was based upon Feynman's
path spa.ce2 approach to quantum field theory. It (the formulation) is related to
but significantly different from the formal approach of Hori3 to the strong coup-
ling limit of quasi-"trilinear' interactions, i.e., interactions of the form ¢*¢y,
etc. (For a detailed comparison of our approach with that of Hori, see Appendix
1)

What we showedin A is that the connected Green's functions of renormalizable
quantum field theory have discussible limits as the coupling tends to infinity.
The problem of regularization was also treated in detail and a procedure was
introduced which permits the interpretation of the large coupling limit in com-
plete analogy with the familiar small coupling limit. This was illustrated
explicitly in the case of the scalar field with quartic self-coupling. This theory
of the scalar field with quartic self-coupling will be interpreted by itself in more
detail in a later work. 5 In what follows, as we have stated above, we shall
consider the renormalizable infteractions of this scalar field and its Vpseudoscalar

analogue with fermions.
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A motivation for considering such interactions is the rather recent4' work
on the behavior of such interactions in the so-called semiclassical approxima-
tion. More, precisely, it has been argued that, in this approximation,

Lagrangian field theories of the type

= 50,096 - H®£9? + fag-ao)y (1.1)
where ¢ is a scalar field and ¢ is one of spin 1/2, have, for G, H>>1, a bound
state of y surrounded by a meson cloud and that the rest energy of this state is
much less than the rest energy of a free y quantum, that is to say, much less
than Gf, presuming spontaneously broken symmetry. This result has been put
forward as a model of quark confinement.

In the following section, we shall show that upon application of our approach
to strong coupling to the theory (1.1), one obtains the rather remarkable result
that, as G, H — =, the spin 1/2 field decouples completely from the field of spin
zero and behaves as a free fermion! The meson field then interacts with itself
according to a renormalizable effective generating functional for its connected
vertices. We shall exhibit this functional explicitly. The detailed interpretation
of this meson system will be taken up elsewhere. 2

We shall, therefore,find that the semiclassical solutions of Ref. 4 are not
characteristic of strict quantum field theory. The problem of quark confinement
thus remains at large in the strict theory of fields. This problem will also
be taken up elsewhere.

The decoupling result can also be established for pseudoscalar mesons ¢!,
interacting with y via iGz?fysz/)q)'. This is shown in Section III. Hence, it appears
that this decoupling is a general feature of Yukawa-type interactions.

Although quite amazing, our result gives a natural picture of Bjorken scaling

in quantum field theory, presuming large effective couplings at large momentum
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transfer. This picture is in complete agreement with our previous work6 on the
partial differential equations of renormalizable field theory, where we found that
Bjorken scaling was quite consistent with a theory of strong interactions for

which the origin of coupling constant space is not attractive7 at large momentum

transfer.

II. INTERACTIONS BETWEEN SCALARS AND FERMIONS

We consider here the theories of the type (1.1)
2= 50,00 - Ho®-)? + Ji#-Gop (2.1)

We shall show that in the limit G, H>>1, this theory becomes one in which 9 is
a free noninteracting fermion of mass |Gf|. In order to establish this result,
we shall use the methods developed in A.

Namely, we first represent, after convention, the generating functional Z

for the connected Green's functions of (2.1) as
R =j@¢@{[,.oz¢ exp ifd"‘x [@+ 3¢+ Tw+5m) @.2)

where J and 17 and 1 are the respective sources of ¢, ¥, and . As usual, we

find it convenient to shift ¢ to ¢+f td obtain
% = [ 2y@i Dy exp i[d* {1/2 (8“¢8“¢—8Hf2¢2) _He*

- 4qu>3 + J(p+f) + J(p+) + i[iﬁ-G(¢+f)]¢+ 774)"'27”7} . (2.3)

The principal idea of A is to exploit the fact that Z has an expansion in
negative powers of its couplings which should be meaningful as they (the couplings)
become large. This exploitation is to be effected by isolating an appropriate set

of expansion operators for the large coupling limit. Recall that for the small
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coupling limit, the expansion operators are the obvious:

He, 4HEo®, Gy
For large coupling, the situation is not so transparent.
Following the discussion in A, we shall rewrite (2.3) with the aid of the

following identities:
exp i [d*x[Fipy+Ty+in] = [Du, PP, DABX exp i [ d'x [g,lia;bl
+X00,9) + @-DA+ T Py] (2.42)
expi [d*x [%(Buqﬁﬂ(j) _st2¢2) _ 4H¢ 3+ 3(pH) - Gazp(¢+f)]
= (@K, D) D, D, exp i[d4x|:-;- (auxlaﬂxl-szHcpz)
- 4HEKS+ T H) - Gl H)
oy leg-9) + 7r2(l<2—¢):| (2. 4b)
exp -1[d4'x He Ef@o exp ifd4x [0'2+2\/—H O‘cpz] . 2. 4c)
Equation (2.3) is thus the same as
exp iZ = [ DYDF D D, Br, D, D, Do D}, DT, ZADA
exp i [ [y 18, + Ky -9+ @-PA+ Ty + Py

1

1 NI 2) 3 2
5 (auxla Ky - 8°HQ?) - 4HiK, + P+ 2 HOO

+ 3k H) - OTYliy) + 7 (k1-9) + mficy-0)| - (2.5)
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The appropriate expansion operators for G, H — » may now be isolated by

the shifts

¢ —¢+

4JH(0-2f2J’H)

ot

. K
(s S Gk D)

There results

exp iZ = [@zp@zﬁ@q& @wlgxlng@ngio@zpl@zﬁlgkgx

exp i/d4x z,_bliﬁzpl+)—\¢1+$l7\+ﬁ¢l+z}1n

1(, 2 2) 3
+ 2(8“K10 K1—8f Ho") - 4Hfl{2

- 2
+ J(K1+f) - Gzpzp(fc2+f) + MK TR+ O

A (rytn)”
Glko™) g 1 (0-262 JH)

+2Jf{o¢>2+ (2.8)

The integral over @y Py can now be done. We find (see Appendix II)

/ d4x

/@zp Dy exp -i /d4x G(K2+f)zf);b = exp + —x= log G4(K2+f)4 (2.9)

where Ax is the measure of each set in an appropriate uniform covering of
spacetime and is absorbed in any systematic renormalization of the theory. This
point about renormalization has been discussed in A and will be demonstrated
more explicitly elséwhere. 5 We need not be concerned with it for our purposes

here.
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Upon introducing (2.9) into (2.8) and expanding in powers of 1/G and 1/JH
we find

2

mn nm n
} 1 + —i 4
expiZ = 2, e (é‘) (——1) 711 [d X; 5 ~
n,m 8JH/ j=1 f=1 6y (%)) 7 (%)

[as, [ da. “an, [ av
(Bj+f—feL) ]21r : [d4yn Lo duy 1 QZ f o : ( :

vﬂ_2f2 JH+1 e)
o0
[oo dgﬂ_
27

[ @, 25, 97 PX D B, D1, B, DO D

{ /d x[ (a kg - 8f2H¢2)- 4fo§

+ I ) + o?+2 JH 0’¢2"§ log Gr4(l‘€2+f)4
+ 71'1 1 + 7T K + wllﬁll)l + 771/)1 + ‘/)177 + 7\(1!)1-‘!"1’)1)
+ (17,1+?71)x] +1i Eaj(ﬁj—x 2(-xj))

+ izpﬂwﬂ_ﬂl(yﬂ)_ﬂz(yﬂ))

+iZ££(vﬂ-o<yﬂ>>Hn . (2.10)
1,M1

Effecting the integrals over Ko, and Ty, We See that at the m-th order in 1/G and

n=th order in 1/JH we have the ratio

) /@K2@w2 exp i{/d4x[ K —Zx-log(} (k +f) -4fHk ]—Z o, K2(X) Zﬁpﬂ 2(3’2)

. i
[@Kz @wz exp i fd XETZKZ—E].OgG (K2+f) -4fHK2]

m pﬁ/AX-i-f 3 9
= JI — exp —i4pr£/(AX) s (2.11)
=1
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almost everywhere. (See Appendix III.) The RHS of this last equation is inde-
pendent of {XJ} and {aj}. This permits the remaining integrals over {ozj} and

{ Bj} to be done trivially. There results

m n 62

B o, —
=1 4=1 on 1(Xj)éin (Xj)

n

i 1 [\ -
expiZ = 3 — (___) (_:__)
mint \GE/ \ g

n, m=0

o0 o0
f d4Y;z [_: 7 f_oo dpﬂ (pﬁ/ix - f>+4 (v /'°° dvﬂ

du, K
e 2 2-2f2JH+ie)

L

—%—‘-0'— /@zpl@{bl@x@i@ﬁ@wl@a%p
exp i{jd4x[% (apxla“xl-8f2H¢2) + J(K1+f) + 02
+ 2 Hop? + ik F Pidhy +0Pq + Py
= . 3 A2
+Mﬁﬂ@+@f@4-w%hymm

+ Dol + T g} (2.12)
7 7 n=0=Ty
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We may next sum easily over all orders in 1/Gf, obtaining

o0

o P
exp iZ = E (8\/—H> fdyﬂjoo dﬂifffmi

< s -)-4< /_mdu!Z [_mdg!Z

PQ/AX"'f'iG VQ-ZfZ\/-H+i€> 2w
- O . 4 11/ . 2...2
f@gbl@zh@?»@?\ @Kl@wlgﬁa Do exp 1{/d X[E(a“fclaufcl—Sf Ho )
: 2 2
+ Ik H) + 0 +2JHoo

+ Ty + zp11;75¢1 + nzpl + z/)ln + >¢1 + ¢1A+ g%]

+ %pﬂmﬂ-wl(yﬂ)) +,;££(Vﬂ—0(y£)) - afH Zﬂ‘ pj/(AX)z} . (2.13)

Finally, we may effect the integrals over y,, ngl, A and X by the usual shifts:

We first shift

by~ ¥q - [ SpEDED )

(2.14)
B =By - [ED @) Sp6R)
where Sy, is Feynman's solution of
if Sp(x-y) = 8(x-y) . (2. 15)
This gives
K= [ 99,97, PAPX exp i fd x[zpllazpl s @Dy + By + 7‘7*]
= f DADN exp i [ a*x [- f d4y(ﬁ+X) ®) SpE-y) () ) +%] . (2. 16)

From the simple shifts

A—A-n |, X — X (2.17)
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we then obtain

il

A\ -TA = AN+T

Kg j@h@i exp ijd4x [— /dyX(X) SpE-yIAY) +

4

= [2DR exp 1255 [R10 e MR + (R AR -7(K) M - K-km )

(21)
+ il ney/ct|

where we have passed into momentum space

4 .
() = (é O;f e %y
s
4 .
) = (£ ‘141‘ e % A0
Yy

Therefore, the substitutions

-1
A — AW +"é1§<‘Gl??+i1'€‘> (k)
_ - 1\!
AMk) — AK) +%%2 (@'1; - E;_Tg)

allow us to write

4 T - 1 _
e [ aee(a s 7 9
Kp = expi P [‘szz <E‘Ff"ﬂ+ie> n) +=—gr ]

4

d'k - 1
= exp -i *—— n(-k) — 1n(k)
(27r)4 E-Gf+ ie

(2.18)

(2. 19)

(2. 20)

(2.21)
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The fundamental result of this communication is thus

d’k 1
exp iZ = |exp -i T N(-k———n _-.(8 H)
(2m) K-Gf+ie n=0 J

fcodp 4 [
degf dug By ; 27r£(p£/A)§+f—ixe> ( p) ;

vﬁ-2f JH+ ie)

_f:ﬁ-—-& /@K @r Do Do exp{ fd x[ (duxla“ -8f2H¢2)

+ J(K1+f)+ 02+2~/'-HCT¢2+ 7T1K1]+ i Z P;z(“;z"fl(yfz”
2
+ i Zgﬂ(v 0 (y,))-14fH Y /(Ax) ] : (2.22)
T

From (2.22), it is obvious that the large coupling limit of the theory (2. 1)
consists of a free fermion of mass Gf and a system of mesons interacting renor-

malizably in a manner which corresponds to an effective generating functional

Zeff(‘]) given by

f /;oo dpﬂ f %
exp 12 4gr()) = Z o <8J—H> L dyﬁj hels P G ET

/_:dvﬁ

<v£—2f2~/_H+ie)

J ‘;:E‘Z @, Br, D0 D

(4L b2 z> 2 2
eXp[l fd x[z (a#xla k88" Ho ")+ I(k H) + 0° + 2] Hog +7r1;<1]

i,y () + 1T &0y - 4THEp ;;”/(Axyzl
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> ! j—oo Aoy £ -4
=I§O <8,\/-H> H_/d Yy ./ d“g”z 27 (pz/AX'l'f—iE)

f_:dv!Z f at, 515/ 1“(75;
(V£—2f2 J_H+i€) 2w I'/4)

-|""

exp 1| (e g%+ oyl ) - 48 Hoo/(2%)7) - %ﬂzé'sﬂgﬂ.awﬂ—yﬁ.)

4
1 f dk .2
+3 ﬂ% PPy on’ k™ cos ke (y,-y,) + / dx Jf | , (2.23)

where in making this last step we have used the results of A. The sole effect of
P3¢ in the presence of (¢2_f2)2 is to modify this last interaction to the form

(2.23). Equation (2.23) should be comparedsmth the result (3.21) of A for the

theory
P = % (aucpa"q& -mquz) - g¢4 . (2.24)
To repeat, the fermion is free in the large coupling limit of (2. 1).

ITII. INTERACTIONS OF PSEUDOSCALARS AND F ERMIONS
We turn next to theories of the type
1 N7 2 2 4 -, -
Z=5 (0,090 - myo”) - He"+ f(iF-m )y - iGPy;u0 . (3.1

Again, we shall be able to establish the complete decoupling of 3 from ¢ as
H,G—w.

Our starting point is still the path integral expression for the generating

functional for connected Green's functions

eXpiZE/QZz/)@zZQZ‘qb expi_/d4x[.@+ Jo +ﬁ¢+17)n:| . : (3.2)

We shall proceed here in precise analogy with the discussion in Section II.
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Namely, from the analogues of the identities (2.4) we obtain
expiZ = [ BYDT D D, Dr, D, Dr, B Dy, D], DL DX
exp ifd4x [—;— (auxla”xl_mz&) + 0'2 + 2»\/—H ¢2cr
* Iy + gy (F-m gy, + R -9) + @G-PA
P+ by 16 Prspey + Tyley=@) + (g ~qb)] ~ (3.9)

From the shifts

7r1+7r2

4\/_H(cr-mi/4\/ﬁ)

¢ — ¢+

$ — P +ivA/Gr, (3.4)
b —~ P+ i)ws/Gx2
we obtain

exp i% = [ DYDTDNDADk | D, D, D, Do DYDF Db
rA L 2.9\, 2. 2
explfdx E(auxldu’cl—mqbqb )+cr +2\/'}'Io¢

+ JKl + il(lﬂ_md})d)l + X¢1 + @17\ + 17)177 + ﬁz)bl

_ (my+ 7r2)2 i7_\'y5?\
-Gy Kk, + T K, * T K, ~ - (3.5)
57727 Maf2 " My SJH(G-m;/LL\/_H) G,
It can be shown3 that
_/@d)@g_b exp i/d4x (—iG;_b-y5sz o) = exp+ /d X log G K . (3.6)
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(See Appendix II.) Hence, following the arguments leading from (2.10) to (2. 13)

we obtain

m, .\om '
expiZ = Y, ——m1 (%}-) (—-—"1 ) [7 I ’[d‘lx. o Y _5
n i 7

'n!

= 7l 7 3 , :
=1 [ay, 2%, 2 PADx, Dx, D) D, D D

raliy,  m 2 2) 2 2
exp 1l[d Xl:2 (auxla Kl—m¢¢ +JK1+0' +2~/i{0¢

K, + T, K

- = log Gr4(;<2—i'é)4 + Tkt Tk,

Ax
Bt oy Ry B By A R
+ ZQJ(B]_KZ(XJ)) + Z PQ(I{Q"WI(YQ) - 7"-2(371)) )
+iTE oGN] oo - | (3.7)
{0y “’71 0=,
At the m-thorder in 1/G and the n-th order in 1/JH we have the ratio

f D, D, exp i{ f d4x[7r21<2— i 1og(G(K2-iE))4] - Datyeg() - T pﬂﬂz(yﬂ)}

. 4 i =4
]@Kz D, exp i fd k[”z”z_ﬁl_x log(G(k,~i€)) ]

m .
=1 __EQ.__.Z , almost everywhere . (3-8)
0=1 <p /Ax-iz)‘
I
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Inserting this into (3. 7) and summing through all orders in 1/G, we find

_ _ 4 |- _ _ _ _ Ay A
expiZ = [ By, TP DADA exp i [d'x |7, (9 )iy Ry P Ry —

[+ o]
1/ -i N R4 ”zzf-oodpz ic -4
¢

f_: dvy f_: d,
(yg_mi/ﬁl Jﬁ) [@Kl @wl Da D¢

exp 1{fd X[ (a“:c oM -m¢¢> )+ JK1+O'2+2\E‘IO'¢2+7T1K1]

The integrals over {?\, X} can now be effected by the shifts

(3. 10)

We find
7\')/57\

f@?\@i expi[d4x[ -
G

+ Xz/;l + zﬁlx]

R -
= exp -i [d b4 er,bl'ySzpl (3.11)
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Introducing (3. 11) into (3.9), we have

exp iZ = f@d)l@zzl exp i[d4X [z’—bl(iﬂ—mz/)_ EG’Y5)¢1 + ﬁwl"'iln'l'{/;ln]

n=0 = —00

L f_w

J
(vﬂ—mi /4N H)

o [Ca .
D l( -i ) H’ q du p2 2t i€
n' 4~/_H / yﬂ ] 2“2 27 pﬂ/A)(-iE

dg
ﬂ [@K D @G@qb

4 1/ I 2 2> 2 2 ]
exp 1{]d x[z (auxla xl—m¢¢ + JK1+0' + 2vH oo + T1Kq

+ Toylugmy ) + T80 (3.12)

Taking the limit € | 0 in the first factor we see that the fermion functional is
just that of a free spin 1/2 particle. Furthermore, the integrals over Kl’ LF
¢ and ¢ may be done in the same way that they were effected in Eq. (2.23). We
therefore have

/4

exp iZ = [exp -i ] n(-k) m Tl(k]

(2m)
n - -
)lglfdllyz [ Ay g 5 ﬂ< - .-€->

pﬂ/AX—l

\°-°~_1_<
yav 1
n=0n

w, J.a <13/ a1/ Jn/q)

—o0 i
(Vﬂ_m(zp /4 Ji{) 2T T'(1/4)

n 1 n
exp i E v, Fp gt TNt ~F D E,E 00T, Ty
[gl{u A !Z} 4M’=1“ [y
1 & a2
5 2 Py K cos k- (y,yp| - (3.13)
2y G PP, )4 [} !Z]
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Again, the spin 1/2 particle completely decouples from the meson and

behaves as a free particle. This is the desired result.

IV. DISCUSSION

The detailed discussion of the effective meson systems was not presented
here in the interest of clarity. These systems will be discussed in detail in one
of the later works, with an eye toward a better understanding of the so-called
"kink”8 mode solution of the respective classical equations in the context of the
strict theory of quantum fields.

The results above, which were obtained by use of the path-space approach
to quantum field theory, suggest that in the operator approach there exists a
canonical transformation of the field variables which, at least for large couplings,
makes the decoupling of spin 1/2 and spin 0 fields manifest. We have not been
able to find such a transformation.

The question naturally arises as to the validity of the decoupling result for
small values of coupling. This question can not be answered on the basis of the
work above, because our expansions in inverse powers of coupling are only valid
as asymptotic expansions when the couplings are large. Just how large is
"large' is unknown to us.

The lack of a "bag" state in the Yukawa model is in agreement with the work
of Sawyer9 in two Minkowsky dimensions, where he has found that, in a certain
approximation, the quantum corrections to the vacuum essentially undo the
lowering in energy of the one fermion '"bag" state relative to the free fermion
state.

Finally, we should remark that the other large confinement project, that of
Chodos et al., 10 is known11 to be intimately related to the approach of Ref. 4.

Indeed, most aspects of the model of Ref. 10 can be shown11 to be obtainable
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as a certain variant of the approach of Ref. 4. From this fact it follows that
our decoupling result would tend to indicate that the model of Ref. 10 is not
stable against strict second quantization. Of course, a more complete treatment
of this model would involve considering it directly in the path space approach.

We have not attempted to do this.
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APPENDIX I: COMPARISON WITH THE APPROACH OF HORI

In this appendix we should like to examine more closely the relationship
between our approach to strong interactions and that of H‘ori. We have already
pointed out the essential difference between the two approaches in (A). Here,
we shall make this point of difference more explicit.

Specifically, we already pointed out in A that the main difference in the two
approaches lies in the isolation of small parts of the Lagrangian as the coupling
tends to «, We isolate this small part in a manner which permits the usual
"free' part of the Lagrangian to be integrated out completely. Hori, on the
other hand, uses the ""free' Lagrangian as his expansion operator. The question
naturally arises as to the detailed numerical relation between his work and ours.

We investigate this issue here by considering a simple theory of trilinear
type,
=0, oxPo-me*o - gorox+ (9 xHy-max’) (AL 1)
I 1 2\ 2
Hori has examined this theory with his method for g — « and found, for example,

that

<OITH$(MP*) 105, = 0(1/e?, m®/g%) . (AL 2)

We shall show here that in our approach (Al.2) does not hold true.

Our starting point is again

exp iZ = f@qs Dd* Py exp i~[d4x [Q+ Thp + ¢*T + sz] . (AL 3)



- 920 -

In the by-now familiar way, we use identities of the type (2.4) to rewrite (Al 3)
as | '

exp iZ = f@qb @¢*9x @ﬂ”{ @wl @Klg’l(;@ﬂé QZKZ @w3@x3

(AL o« ”
exp1[dx[dufcldufcl— K1x1+2<drcd“f< - )
— oh* * * - *_
go q‘)ic3+Jllcl+lclJ1+J2K2+1r*(lc1 qb)+1r1(lc1 o%*)
+ malky=X)+ mylieg-0)] (AL )
The shifts
™
1
¢ — ¢ -é',;;
i
| S, L T
* —~ % - — (AL 5)
3
Y — Mt
2m2

allow us to write, as g,m, — oo with mi 2/g ~ 0,

exp iZ = [ Do D* Dy Br) D’ Dr, Dk D, D, D, Dry

. [ 4 ol 2 - 1 P 2 2)
exp 1[d X duxld Ky =T0 k7Kg 2(dﬂxzd o ~MoX

- * * *
go* qblc +J x1+x1J1+J2x2+7ﬁ"K +7r1x1+1r2x2+7r3 3

, 2
(my + 73) ”1”’{.}
+ ot =
2m2 g 3_}




dp d.ﬁﬂ

2 ;
Jau, anwgtny) L [@6 D> Dy D, Dy B By D, D, B B

exp i [Dﬂ(l‘f”fz(yl)) + Eﬂ(ﬂﬂ'w3(YQ))]

+ 30 [y + ey 8, Rery 59) + & (Fy- -tm 7, ()]
]

4 T, oM 2 4 _1_( , 2 2)
+fd x[a“rcla Ky -MKTKy + 5 aufcza”fcz—mzx

- % * * *o
go* qnc +J 1% +J1n +J K2+’IT1K1+I{1 1 2+7r3 3]}

n, n n

n
0 . RN A 2 1
= 1 (L 1
B Zﬂn!n!(g) 2] .0 ~fdxdy£
n, nz—O 12 2m =1 2=1

2

Jas.ap,(62+; ?) fae08 ny

')/]—16 (2702

dp,dé
L dugdnytugen m” [(zi)zﬂ IT (gﬁi}a)

exp i[%[ﬁﬂ(ﬂﬁ""‘]’z(y'a))"' Eﬂﬂﬂ] Z <>\ 'Y] + . (B +Re Jl(X )
j

4
+ @, ([3 +Im Jl(x ))) :11- 12‘ /d k (kz—mi) aiaj cos k- (Xi—Xj)

S1y fd k ( 2_m2)

i, j (27r)

4
1 dk ,2 .
+3 E 7 k PP cos k (yﬂ—yﬂ,)] (AL 6)
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where a | 0 has been introduced to define the ratio

fQZ‘cP@(b*@x @WSQZK.‘S expifd4x I——%qb*cp-gcp*qugﬂrgic:g]—z .§B7r3(yﬂ)—2 Ajlcs(xj)

R ;
/@¢@¢*@x @773@1{3 exp i[d4k[—%qb*¢—g¢*¢xg+w3k3]

(AL 7)
for, the result (AI.6) has been divided by the denominator of this last expression.
This denominator diverges for a | 0. Hence, we have divided exp iZ by too
"large' a factor when a=0. This fact presents no special problem, since such a
division as that implied by (Al. 7) is without physical significance. The quantity
a would simply be absorbed into any systematic definition of the theory. This
is not necessary for our present purposes.

To order 1/g we have

o0 [>e]
/ do f do
-0 e o]

exp iZ = 1+-:);-fd4x f:dB [_:df?(ﬁz_;eéz)

- (2n)”
exp i[ozﬁ +@B+aRe J () + @ Im I () + %A}:l(O)(azm'zz)] +0 (——17)
gm,
(AL 8)
where Al_;,l(x) is the inverse of Feynman's function
4
A;,I(x) = fd lz (kz-mz) cos k-x . (AL 9)
(2m)

Let the charged field ¢ be represented by

¢ = (9, +id) /N2
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where ¢1 and ¢2 are hermitean. Then, it follows from (AI.8) that

2
~2<0 IT*(¢ () &, G 10> = 5Re 35 (13 5Re J

(-V)I *=J =0=J_
1 J1 J1 O—J2

_ O(x= dadoz
=2 [gpap 2SE (574 7

(27r)
:. [ AT 4 ] s
o exp1a3+aﬁ+-——(oz +a)l+0 2)
gx-m /d dp da da 2 82
BAp— 2+ P
(2m) u

o exp i[B(a—uHB(o?-ﬁ)

+2 A7 (0) (a2+&2)]| 4 0(%
b, p=0 \gmz

2 .2
~-(S(X'y)(dz+d)/42expl (u+n)|
9 8u f, 4=0

g€ \au
1 )
gmy
-2y, ofL) (AL 10)
ge m2
gmy

which disagrees with Hori's result (AI.2). The result (Al. 10) diverges as € 1 0,
implying that € itself must be involved in the definition of the parameters of the
strict theory. However, this does not concern us here.

The origin of the difference in numerical results between our work and that
of Hori is clearly the role of the gradient terms. In our approach, no assump-
tion is made about the size of these operators. In Hori's approach, the operators

are presumed small. Since our formulation can be put in complete analogy with
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the small coupling limit, we feel our approach is indeed a reliable approach.
The result (AL 10) would then tend to cast doubt on Hori's method of handling
the "free" Lagrangian, i.e., handling gradients. In any event, we shall not be

concerned further with this approach of Hori.
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APPENDIX II: YUKAWA FUNCTIONALS
In this appendix, we shall establish Eq. (2.9). Equation (3.6) can be
derived by completely similar reasoning. We do this in the interest of complete-

ness, since the result is essentially well-known3 to some.

The starting point is the familiar dynamical principle of Schwinger. 12
Namely, the functional3
9=f@¢@$ exp ide[-g{bqu + 7y + §n]
satisfies
08 = . (4. = L[4 - - -
= =f@¢@w(- i [d* ¢¢¢)exp i [a* [-gve +7p + i)
4 62
=_ifdx¢____.__9 ) (ALL. 1)
on(x) 6n(x)
In order to take advantage of (AIl.1), we observe that the shifts
$ ¢+ nke
(AIL 2)
$ —~Jd+n/gd
allow us to write
- (4 - -
2= [DyDF exp 1 [ d*x (gTve +7n k) - (AL 3)

Then, defining

Ige) = [ Dy D exp i [ a*x(gTue) (AIL 4
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and substituting (AIL 3) into (AIL. 1) we find

—expljdxnn/gqb——fdxnn/qbexplfdxn’f?/gcﬁ

il

(Al 6 mEx (A=
_E/dx.-m—g(#explfdxnn/gﬁb]CP

it

-

-1rfd4 M+1(l) ]¢exp1fdxnn/g¢
¢

—_—(41‘/d4x§i-l 1I‘f nn) exp 1/d xnn/gd . (AIL 5)
This gives
O _ 4p [ty 20)
- 41"/dx = - (AIL. 6)

bFurthermore, explicitly, we also have
o' _ [ 4 o
__ag_fdxq,_r. (AIL 7)

Equations (AIL. 6) and (AIL. 7) immediately give (2.9):

Jax

4 4 .
I =exp "~ logg g™ . (ATI.8)

It should be pointed out that the result (3.6), which is implied by the result
(AIL. 8), disagrees with the analogous result of Hori3 insofar as the sign of the

argument of the exponential is concerned.
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APPENDIX III: EVALUATION OF MEASURE ZERO CONTRIBUTIONS
In establishing the results in Sections II and III, we have ignored contribu-
tions from measure zero sets. Here, we shall show that this is legitimate.
It's sufficient to consider the situation at order 1/G and 1/ J H. We have

from (2. 10)

,/ dxdy 52 f_: dg f_: da = j:: dp

2
: dp p
8GJH 5n1(xj)5?;(x) B+f-ie 27 ,[oo 27

Lo [l

(V—Zfzxfﬁ+ie> 2m

3 _
f Dy, DY DINDR D, D, B, D, DI D

4L NI 2) 3 2
exp 1{[d x[2 (auxla Kq 8f"Ho —4fH;c2+J(x1+f)+cr

+ 2.0 <r¢>2— le_ log G4‘(;<2+f)4 + 7T1I€1+ TI'2K2+ z}liﬂzj}l
F g+ + K@)+ @] + a(Bry()

Folem @ -mO) +Eeoe}| . . @m
N:M770 _
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In evaluating (AIIl. 1) we used the result (2. 11) almost everywhere. The rele-

vant exceptional case is that region where x=y. This region contributes

sy, Lol oo fo Lo

8GJH 0, ) 6771(y) p+f-ie 27 _[oo (V 2f2ﬁ1+1€>
f & 534 a) VAT 12,1

1/% exp1[§v+p(u+J(y))+ozB—-£ 6(0)+2p AF(O)+deJf]
/@w SZK exp 1{/dx [ Ko —4HfK - A% log G (K +f) ]- oucz(y)—pvrz(y)}

f@;{;l@z}l@x.@x expifdx[iliazpl+ﬁzpl+{bln+ X(¢1+n1)+(z}1+?;1)>\:| . (AIIL 2)

The ratio (2.11) becomes
(ce]

[ ] anm) dey) ex i [axny () y00) - 4x B )

=00 =00

-1ilog GZL(ICZ(Y)'*"I")4 -k, (y) - P7T2(Y)]/
[ ] am anm ewi| axny) ko)
- 4Hf Axrcg(y) -ilog G4(K2(y)+f)4]

(B———f)——— 21 exp(-1 ap/Ax - 14 HE p 3 /a%) )

f27r

4

= (fi;‘zxi—fl- exp[—i wp/ Ax - i4pr3/(Ax)2] . (AILL 3)
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Thus, (AIIL 2) is equivalent to

Ax 1 f 8 02 Lo g ianrn?®
6L 7 smy enyy) S

[_:dv [ d 3/ (AX)1/4W

y-2f> JH+ie 2n I(1/4)

expi[gwp(uﬂ(y» 2P a0+ 2 PO+ [axat - amip®/ (A

. J o {5 ¥ 7 %n}]’ (AIIL4)
— - - 1 - . .
et (LTI 5

This should be compared to

* J_.. 4
Joxay—2 [y CLAED
stJ H 5n1(x) 5n1(x) - f

f_oo dv f_oo At 938/ ay /D 77E

y_of? JH+ie 27 1(1/4)

exp 1[gu+ DI - = E5(0) + 3 P Am0) + [axt - 4Bt/ (2

| e . o
{n¥n -mm, -7 n] _ . (AL 5)
@ ) 1* ' 1~ " }ln1=n1=0



Evaluation of the functional derivatives gives us

-}

o P 3
8Gf [d y [76y) nx)) _/ du u - (Q/‘:7§+f) '

f—:d” Lo /4 V2 a7

»_of2 JH 27 T(1/4)
exp i [§v+ o (UHI(y)) - 45 &0) + ; i Loy +fde(x)f - 4Hfp3/ (A%) ]
(AILL 6)
to be compared with
] S B :
g@l?—Lfd‘lX (M=) n(x)] /d4y f du = (p/ArZH)
\/_H —c0 f
av a0/ (a9 Y4 77E
exp i[§v+ pWHIE) -3 £ 80) + 5 L&) + [d*xat - 4pr3/(AX)2] :
‘ (AILL. 7)

Thus, it can easily be seen that the former contribution (AIIL 6) is negligible

compared with the latter (AIIL. 7) as Ax — 0.
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