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ABSTRACT

We formulate a general theory of the strong coupling
limit of renormalizable interacting quantum fields. For
definiteness, our ideas are explicitly illustrated in the
case of the scalar field with quartic self-coupling, the
usual testing ground for new ideas in field theory. More
precisely, the generating functional for connected Green's
functions is explicitly constructed for this latter theory
in the limit of large coupling. The problem of regulariza-
tion is treated in detail. For purposes of illustration,
the first two orders in the large coupling limit of the
Fourier transform of the connected two point function are
computed. It is found that the Fourier transform for 4-
momentum p approaches its 1arge-(p2) limit essentially expo-
nentially. The applicability of our approach to all renor-

malizable theories is thereby made more manifest.
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I. INTRODUCTION

This is the first of what will presuimably be a series of reports on the be~
havior of renormalizable quantufn field theory in the limit of large coupling.

The motivation for these reports is the obvious, the empirical observation of
many strongly coupled particles in nature.

In this first report, we shall give a general formulation of the Green's
functions of renormalizable field theory in the limit of large coupling. The sub-
sequent wor]{«:s1 will deal with various interesting realistic applications and ad-
ditional technical details.

We shall, however, illustrate our ideas here in the case of scalar field
theory with quartic self-coupling, the simplest of reﬁormalizable situations.
This we do in the interest of completeness and clarity. Indeed, this theory
would appear to embody already all of the additional complexities of large cou-
pling in comparison with weak coupling. Thus, we shall be able to illustrate all
of the necessary machinery for handling these complexities.

This first report is intended to be pedagogic. It is organized as follows: In
Section II, we give our general theory of large coupling. In Section III, we il-
lustrate our ideas in the case of scalar field theory. Appendix II contains a
comparison of the regularization procedure used in Section III with the more

conventional regularizations. And Section IV contains some concluding remarks.

(The remaining appendices contain relevant technical details.)
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II. STRONG COUPLING THEORY

In this section we shall formulate the strong coupling limit of the Green's
functions of renormalizable interacting field theory. We shall do this by the use of
Feynman path integrals. 2 The analogous discussion in terms of the Tomonaga-
Schwinger?”4 approach is not attempted. The physical equivalence between
these two approaches to field theory is certainly well accepted by now.

The path integral provides a very convenient representation of the connected
Green"s functions of a theory, for the generating functional Z of these functions

is just
AZIP _ [@{9;} expifa*x [g{¢i} + zi: Jicpi] @.1)

where g){ ¢i} is the Lagrangian and {Ji} are external sources. The Lagrangian

% has the form

_ 1
¢ =z (?u‘i’ia”‘i’i - IZJ M;;9;95) - i%:,k &;k%195 %K

¥ | ik PPy PPy Fe e

34&

(2.2)
where ... includes other possible (renormalizable) terms involving other kinds
of fields such as those of spin 1/2, for example. The constants {g} are here
referred to as couplings. The matrix Mij 1s usually regarded as the mass matrix.
As is well known, we have

oMz
AN,
n

1 1
Thus it is sufficient for our purposes to learn the large coupling behavior of Z,

for then from (2. 3) we shall readily obtain the same limit of all connected

Green's functions.
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To determine the behavior of Z, it is instructive to recall that, for small

couplings, Z and its functional derivatives have a Taylor series expansion

(=]
Z= EgnGn

n=o

(2.4)

. n. .
The notation g is symbolic when there are more than one coupling. Thus, we

ask, ""If we know that

f(x) = Zanxn forx~ 0, (2.5)

n=0o0

what can be said about f(x) for x — ©?'"" One can clearly distinguish three cases:

I. f(x)has nolimitasx — =

II.  1f(x)| — L < o but

X —
f(x) # E x"nbn as X — o
n>o0

OI. x)l - L<w and

X—»00

fx) = . x_nbn as X — o .
n>0

An example of class I is eX. Class I is exemplified by tanh x. And, as an
example of class III we note x/(1+x). The following claim is easily established.

Claim: The functional derivatives of Z belong to class III.

Proof: The proof is elementary. Let{fi} be the set of couplings which are
- large. Scale all fields by an appropriate factor so that only nonpositive powers
of {fi} appear in the resulting action integral, I', in (2.1). The effect of such
scalings on @{¢i} is to multiply it by an unknown J independent function of {fi}.
Such a multiplication clearly has no effect on the J-dependent part of the log-

arithm of the RHS of (2.1). Thus, the connected Green's functions may also be

obtained as
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n

012 = et log [P ¢} exp i T (2. 6)
5Ji1(X1). .o 5Jin(Xn) 5Jil\xl). .o uuin\xn; J v ¢

But, since I' has only terms with coefficients which are either indeprendent of
coupling or small, it may clearly be expanded in an ordinary Taylor series in
its smallﬁcoefficients. This gives an expansion of type III for the respective
Green's functions, since these small coefficients are juét negative powers of
{fi}. This completes the proof. Q.E.D.
Hence, the connected Green's functions of quantum field theory possess
discussible limits as the coupling tends to «». It is not apparent that we are
restricted to renormalizable interactions. However, only in this latter case do
we expect to obtain a finite theory in the large coupling limit, for in this case
the usual power counting assures that the only infinities which may occur in the
evaluation of the Green's functions will at worst be interpretable as renormal-
izations to a finite number of parameters. However, we do not have a proof
that we do not obtain a finite theory in the large coupling limit of unrenormali-
zable interactions. We shall now illustrate the ideas of this section in the case

of the scalar field with quartic self-coupling.
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ITI. SCALAR FIELD THEORY
We consider here the behavior of the Green's functions of scalar field
theory in the limit of large .coupling. We shall first construct explicitly the
unrenormalized functions. After having done this, we shall then illustrate a
regularization procedure for the respective functions. The ideas in the pre-

ceding section will thereby be explicitly illustrated.

A. Unrenormalized Green's Functions

The Lagrangian (plus source term) is

el M 2 2, 4
£ = 2 (auwua qu = mbc‘ou) - gb\Pu + JQ.Du (3° 1)
where J is at present an arbitrary function and the subscripts u and b indicate
"unrenormalized' and "bare", respectively. The generating functional Z for

connected functions is hence

elZ(J) = f@cp exp ifd4x [%(a“cp 8“cp -mchz) - gcp4 + Jcp] 3.2)

where we have dropped the subscripts u and b, for we shall discuss the ques-
tion of renormalization in detail below. We wish to implement the results of
the previous section. Some insight must be exercised in doing this, for other-
wise one will produce the usual Taylor series in g, a series presumably only
valid for g = 0.

In order to proceed, we have found the following physical equivalences

helpful (see Appendix I):
exp -i d4x bcpzn = f@o-exp i[d4x [0’2 +2JDb cpno-] (3. 3a)

4 (4 '
exp i/d x F(y) = f@p@w exp 1fd x [F(p) + W(p—cp)]‘ , (3. 3b)
where F is essentially arbitrary. By "physical equivalence' we mean that the

two sides of these equations are equal up to, perhaps, an unimportant constant

Fg'ﬂ‘"!‘
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|

|

factor. In view of these relations, we have the physical equivalence

iz
e

”[@x@w@fp%exp ijd x[—(a kot - m2x2)

+ Ik +T(k=9) + o> + 2ng20] . (3.4)
By Fubini's theorem these integrals may be done in any order in which

they exist. Hence, doing the k integral gives

? = [#ndego exp if ' [- 3 [y wememap ey aime)-roroie o)

(3.5)

where AF is Feynman's solution of

(Dx+m2)AF = -s@y) . (3. 6)

We next eliminate the 7 field. This will be done in two steps. First, we
remove the explicit coupling of ¢ and 7 by the shift

m

4/go

cp—»q;-!- (3.7)

There results

a
]

2
[@n@oz0 expifax [- 3 fd"‘y<J+1rxx>AF(x-y)(J+w,>(v&02+ngcpzo-s'” ]
. go

\
AY

4 2 dpj dBj daj ‘
SF 1] [fetsy TEL B 3 5 faranan e (iR

#0509 = 1L (e oy fax [ Sfatygemn psy)@me)
k|

+oo24g cpzo]} ) | (3.8)

In making this last step, we have used
2

T = fann® 32 fH exn (i 6-0)#ip(n -m)] : (3.9)

We next effect the 7 integral as follows: First, recall
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4
"(Xj) =/d 4(7T1(k) COSkOXJ + 7T2(k) Slnkx]) @-103)
(2m) _
where
T +imy®) = [ats " Xage : (3.105)

Hence, the shift 7 — 7-J gives

o exp 12 % [(J+7r)(k)(J+7r)(-k)_

(2 ) z(kz _ ZJ: Pjﬂ'l(k) COSk-Xj - % p]ﬂ'z(k) sink.?(j]
* 2 2
= i d
= exp 1[( ﬂ4§[2 p;J, (k) coskx, +3, (k) SIFRX )] [(Z]: N coskx)

+ (}: P sink-xj )2]}
J 2

n | 4

= exp{i Z p; Jx,) +1i dk (kz-m ) Z PP cosk: (x -X, )} . (3.11)
j=1 ] ] (21r) . i,j J
We now have
00 d dﬁ do
t}.il 5 d4X _’.)J.._J__J e
= xp | 1 (aB+np+pJ(X))
nz ]Dl[ J &fg 2m ‘B] ZW] [Z 3]
+ Z(k -m )pp cos k (x-x )][@cp.@o exp1fd X[o‘ +2\/_ng0'
(27r)
-z é(x-xj)aja(x)] : (3.12)

J
We must next study the remaining functional integral in this last equation:

4 2 2
I({azj }s {xj H .——;J‘@cp@o exp i/d X [cr + 2/go o— Jchu‘_iﬁ(x—xj)a(x)] (3.13) .

A simple shift removes the ¢ field:
1egh{xgh = [20 e ffos [T Doy e -1 I i, )l

(3.14)
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This last integral over o is clearly delicate. In order to extract its physical
content, it is sufficient to study it relative to its value at {ai} = 0: We there-

fore need to determine

f@cp exp i[ % [—g cpﬂh/'g ZJI ajcpz(xj)]

(3.15)
f@cp exp i/d4x[—g cp4]
We proceed as follows: First, recall
N _
f@ ¢ = lim. [‘l do(y,) (3.16)

where the { yi}may correspond to a covering of space-time of uniform measure
AX, i.e., each ¥; is at the center of one and only one of the sets in this
covering, except perhaps at =, and each set in the covering has measure AX,

Whenever we may take {xj}c{yj} , (3.15) is readily evaluated as (see Appendix fII)

. w ’
[ dco expi (- gAXwJ +Jgacp ), 2(AX)1/4J7?751
2

for AX + O
-1 = 1 o ,
o f do;expi(-g oy 1) ax = re/an

(3.17)
’ bresuming x4 # xj for i # j. We call this the normal case. .
| In the exceptional case that an xj cannot appear in { yi} , it must corre-

spond to a boundary value att =+ . Our only constraint is that ¢ — f1e1d

agt—+ . But, in and out flelds are well-behaved functions of x. Hence, from

the regions near t =+ « , we get, for example, if all xj are at the boundary,
R = exp(ifg ¥ ajcpz(xj)) . (3.18)
j .

Finally, when{xj}c{ y].} but two X coincide, another exceptional case,

we get, for X, =Xj0 and (ozi,ozjg « (ozi- otjo,ajo-!- ozi) //2 , where i # jo ,
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™ a
R = = —(—%— \' 3,19
‘t/'z ]D r/a)it/* (8.19)

with the analogous expression for X, =X, =Xg,

can be seen to be at most a combination of the two types of cases represented by

etc. Any other exceptional case

(3.18) and (3.19), possibly several times.

Now, how shall we weight these contributions? Well, the region where R

is given by (3. 18) is of size

1/4( ,3—~
n (AX) fd x]
j&qxj

j.

4
relative to HSdX.; the analogous estimate holds for the similar exceptional cases.
0 J .
The region where R is given by (3.19) and the analogous expressions is of size
' 4
AX§d x;
dx:,L xjo

relativeto n Sd4>:j . It might therefore appear quite simple to resolve this
j .
weighting problem. However, R occurs in (3.12) multiplied by the factor

o5 + pyI(x,))

i .+
°xP l{§(alﬁ iT 3P

N

fd k4 Z (k m)pp cos k - (x x)———ZaaG(x—x)}(3 20)
@m)

This factor (3.20) involves several infinite expressions. We should not, there-
fore, expect to be able to decide what to do until we "renormalize' these in-
finities. |

Of course, these infinities should have been expected, since our field theory
is not finite, so that the products of operators at short distances are in general

too singular in their unrenormalized form. We can already make the following

o
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observation, however: from the structure of (3.20) it is clear that any sys-
tematic procedure which renders the normal case (R given by (3.17)) finite
renders the exceptional cases neg-

ligible. Hence, we may write

n 1/4 .
. 0 . n 4 dp, dg.da. (AX)" Yn/a,
e'Z - E(—-—"1> ﬁ—l,—[n dx.dn .71.2—:‘--27r ——1—127r 1/4J]
n=o\&/g/ & Lj=t/ I 3 B T(1/4)i
4
i 1(d 'k 2 2
exp 1[}} (ozjﬂj + pjnj + pJ.J(xj))i- -2{(;”_)4- 1}3 (k"-m )pipj cos k (xi—xj)
-% >, aiaja(xi-xj)] (3.21)
i,j .

This is an explicit (formal) representation of the large coupling limit of the un-
renormalized connected Green's functions of scalar field theory with quartic
self-coupling.

We shall therefore have a complete theory of the strong coupling limit of
the Lagrangian (3. 1) provided we can consistently interpret the infinities in the ex-

pression (3.21). We shall next turn to this issue.

B. Regularization
. We shall now discuss a method for interpreting the infinities in (3.21).
Let us first recall, again, that,since this theory is renormalizablé, there can
be at most a finite number of parameters. These parameters depend, in gen-
" eral, on the cutoff, i.e., on AX. The objective is to show that these param-
eters can be chosen so that the dependence on AX disappears.

The formula (3. 21) contains the expressions

4

4 .
-1 _f(dk .2 2 P
AF (xi—xj) =[(27r) k™-m"™) cos k (xi xj) (3.22a)

and

2= s g s e e

24
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I ~ik » (X.-X.)
dhe 1
@m)"

05, %;) (3. 22b)

These expressions diverge for xi:Xj' We choose to cut them off in such a
manner that
AX16(0)] =1 (3.23)

as it should. This means (from 3.22b)) that an appropriate expression for the

regularization of 6(x) is that suggested by continuation to n dimensions :®
-1x%/4n2
. A e
0) = limé (x) = lim ——sp— (3.24a)
A0 MO0 eMWTNE
with
—2% - , (3. 24b)
PINED )
The distribution (3.22a) is then readily interpreted by
. 2,2
2 . 2 -ix“/4x
-1 a =Ll ay s -9 2\ A X 2i | x 2le °
A Hx)=lmA "3V =Elim (——— -m"}§ x) = hm{——+— —m»} .
F MOAF Ajo\ax axt ajolaZ  ant TR
(3.25)
With these regularizations in mind, we introduce
2,..2
A -ix"/4n
Vg(x) e (3. 26)
16(0)! Vi
2,2
2 . -ix” /4N
V) = 7\2(27\~/_W)4A;.1(x;?\)={ 21 + 2 - xzmz}i———
4N Ji
(3.27)

We then obtain, upon rescaling

@5 =i/ [ 15M0)
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p: — p.A(Z?\\ﬁr)z
J J
Bj — ﬁj [67(0) |
(3.28)

ny —=ny/Memm’?

X, — 2m_ Ax, ,
J Rj

- (2me)4 ( AX)1/4 520)| -1/4J

iZ(J) _ 1 .
° P ar (47 ) j=1 [[d [ A2 (2am)’

j‘da ~/1r7oz.
fd"f’Jf f ] ]e"pi[z (B + pymy

I“(1/4=) -

2 1 1x
ij(ZMﬁr) J(2xij}\))+ EiZ:jpipjv 2(xi-xj) -1 izgaiaj yo(xi—xj)] (3.29)
where we have defined
2 2

—1(x x)m
e R

Vo(xi—xj) = J:z_

|

2 2
—i(Xi—Xj) my

AR {21 +mR(x x) - Azmz} T (3. 30)
and mp may be identified with an appropriate mass parameter (cuto‘\ff param-
eter). '

The factor

eamp)* x4 160y 74

AZ INE 7r)4
in (3.29) is, by (3.24b), equal to 4m§{1r. Further, clearly without loss of
physical content, we may absorb the factor A(ZAJ— 7r)2 multiplying J (ﬁmkaj)

into the wave function renormalization constant for the field ¢. This factor may
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thus be omitted with this understanding,
The only remaining dependence on A is therefore through the mRk in the
argument of the source J and the >»2m2 in Vz(x). In fact, for sources J such

that

Jax) = a"S3x) (3.31)
the only dependence on A is through hzmz, if the factor A(2A4/7 1r)2 is not absorbed
into the wave function renormalization constant. It should be intuitively clear
from this last fact that our theory is finite for an appropriate definition of a
finite number of parameters. We shall not restrict, initially, our attention to such

sources as (3.31), however. We therefore record our basic result,for the moment,as -

4
: o ;D 1 4 TR dB da J T/,
R0 n‘lT<J’1§) b [dxj . f L]
n=0 j=1 i 1‘(1/4)

1
exp i a.B. +n.p.+pJ@2A x.]+— 0.V _(X.-Xx.
P {‘?[ By ¥ 1Py pyd @AmpX,) 2%"1"; o ;%)

1
- V (x.-
I 1Z,j aia]. O(xi xj)} , (3.32)

where we have made a wave function renormalization as we discussed above,
This last expression clearly corresponds to a theory independent of A pro-

vided we define

z, = 2)\mR and z = A"m” (3.33)

z, and z being parameters determined by normalization conditions.

Further, upon comparing (3.17), (3.18), and (3. 19) in connection with
(3.29), it becomes clear that we were justified in neglecting the latter excep—
tional cases for R above and writing (3.21). It appears therefore that the

formal expression (3.21) does indeed correspond to a finite calculable

- - o ) - . . nﬂ}"’
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representation of the large coupling limit of the Lagrangian (3.1). The

result (3.32) gives this finite representation more explicitly.

C. Explicit Calculability

We are asserting that (3.32) is calculable, mainly on the basis of the
calculability of the corresponding theory for small coupling, i.e., (AIIL.1l)
is‘known to be calculable. The representation (3.29), however, allows us
to evaluate entirely unrenormalized quantities to see explicitly whether
(3.32) is calculable. We consider as an example one of the basic vertices in

the theory ~ the connected two point function:

2
2, § a
§71iZ 1 ® n n
R CICATICIO DRI DI | =—— ¥ t ‘
VO TRIGDTG,) i T 8 L h azy 8GP8G, g
n=0
(3.34)
where we have defined
a =1,
° P | oas{
® Idp. dp, J de,
=_L n 4 4 2 = i - i - j
8 n! ji=1 [I d Xj "R _£ d'nj Tlj 2 Bj-+ie 2
1 i{ 3 (a.B, + + 433mp J(2amx.))
o.p. 1 . X,
T )] expl S IS L TP AR
i F(1/4)/rrozj
1 0 -
i,j=1
1 n
- 4 . ;_ aiaj VO(Xi‘Xj)] (3.35)
i,j=1

for n21, and

t = =i//g . (3.36)
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In (3.34), the subscript c denotes the connected part. In (3.35), the +ie prescrip-
tion on Bj results from the requirement that the coefficient of wz(xj) in
(3.12) have a small positive imaginary part; thus, here, ¢ | O.
Now, it is not supposed to matter how specifically the limit J -+ O is
taken in the functional derivative. That is to say, for any reasonably be-

haved functional S = f d4x F(J(x)) where F is an ordinary function,

_8s - s 4 (FU(x) + 18(x-y)) - F(I(x))
GJ(Y)\J=0 i-l»mojﬂdx { T )
J=0
=F'IGN| (3.37)
J=0

appears to be independent of the manner in which J » 0. Here, prime denotes
differentiation with respect to argument, Hence, let us now restrict our
attention to sources satisfying (3.31) in the neighborhood of J = 0. Then,
as m, was arbitrary, we identify it with mp, the physical mass, without loss
of physical content!

The lowest order contribution to -iZF (y1 -y2) = -(OlT(w(y1)¢(y2))\0>C
is then

@ [+ <} ==}
2 d dg d
;m Eﬁ j B+ie£ E%

-0

2
§ a . @
—(1) _ 1 = =iy &
b Tty =T 83(y,)83(y,) lJ:Q 72 " -Ioo e

1

7 expi[o[B + e + —;-pz(z +iZm) - 012/41]

i r(1/4) /ra

j d4x [(ip —Eg)é(x-yl)(ip 435)5(x-y2)] .
2mp 2mp

(3.38)
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The integral over d4x is straightforward. The integration over dB is also

straightforward, giving (Here, 6(s) =1 for s > 0 and 8(s) = 0 for s <0.)

o0

f E;fyi;; expdaf) = 8(-a) (-2mi) . (3.39)

-

Thus, the subsequent integration over do gives

skxﬁxp(-a2/4)
inyes

2n /o

-0

o 2 ©
(-2r1i) J" do 7:_0% ('a /4) = _J‘
(o]

dr e-r/4
3/4
T

0«8

-1
2/m

= - 7%=.f dr r-3/4 exp(-r)
o

3

)—l
~

- _ /4
o . (3.40)

Finally, the integrations over dp and 4T give

fan [ o pZexp{ilTp + p°(1 + iz /2)1}

-0

- Tan (- ifi) T4 2 tnte ey 4l in /2
{an o ‘_fm o, Poexp{iln(p-v) +p (A +iz, )]}\yzo

-0

2 ®

= - T ap sp-y)p” explip’ (L+iz /)]
oy = y=0

= -2 . (3.41)

On introducing (3.40) and (3.41) into (3.38) we obtain

2

6 a
(D = 1 (=t
By 0179 = GGG, G, e

4 1 -I(1/4) m . 2,..2
m ¢ ) ( y (2 (1) 2 (-2)
Pyl paysy VP 2m3

X 6(Y1- yz)
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3/4 2

n 8(y, - yz)
= 5 . (3.42)
2/7rng m,

To compute the order 1/g contribution to -i&F(y1 -y2), we need the

. ~(I
order t term in exp(-iZ)\J:=o times -1A§ lyl -y2), plus

2
) |
b

t (3.43)

as usual.

Turning first to exp(-iZ)\J:=0 we have

exp(-i2) ;g = L-ta;l; o +0(1/g)

-0

1
r(l/4)/moa

174 expliled + p1) + 5P (2 +iz))

- 2411} +0(1/g)

4 4 4

e 1% paya VE

2

dn
Byz -£

o=}

[ n explilnGe -y + 3o @2 412973
2m* 8 “(0)
= 4 -r(1/4)
=1+-= m ( ) ( )
/e ;174 T (1/4) J/2n
2 2

X (- -6—2- exp[ixz— 2 + izm)]l )
oy Y =

o4 4 T 2 T To_ds Gd
+/i§jdxmp Idﬂﬂ _£ o £ B + ie \OJ;Z_:

+0(1
=0) (1/g)



=19~

(2n)45§(0) mi (2 + iz )

=1 = + 0(1/g) .
Vo _1._1/4

(3.44)

Here, (2ﬂ)453(0) = VT is the total volume of space(V) - time(T) and (3.40)

has been used. From (3.44) we have the contribution

4 , 1/2 2, ..
_.-(IIa)( oy = - VT m 2 + 1zm) (-18(1)( - -i nmp(2-+1zm)6(y1-y2)VT
g Y179, g 115 P17 Y, hg
(3.45)

to the order 1/g term in -i&F(y1 -y2).
The remaining order 1/g contribution to -i[-gF(y1 -y2) is explicitly given

by
62a2

2 \
83y )83(y,) 1

il

15T (g, - 3,)

1 =i 2 o 4 4L 8 % 2

=3 g7§) j d %y 5 d’x, m.p -£ dﬂl Ty
Jaey o © dp, ® dB o do
B} 2 2 1 1
I _£ My Ty [ _£ B, * ie o

® de ® daz 1
- ( )
_£ By T e _£ 2 il/zm/azag r%(1/4)

eXP{i[(YlBl + Olsz + Pl'ﬂl + pznz
+opp Vo (x = x,) F=(p? + p2)(2 + iz )
P22 1 " %2 2P 2 m

1 - 2 2 .
- alazvo(xl X,) - (al + az)/41]}
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2

NP . - -
x (1) {(4m6) (py8(xy =yy) * p,8(x, - ¥))
P

x (py8(xy =yy) +p,8(x,-y,))}
(3.46)
The integrations over {nl, ﬂz} and {pl, pz} are effected in complete

analogy with (3.41) and the T - p integration in (3.44). We have

® © o d

o dp P
[onm [ L 1 _£ T (180G YD) + 0,80k, ¥y my,) 0,8 (xyy,)

-0

. 1, 2 2 )
exp{ilp Ty + p,M, + py0,V, (e - x,) +5(p) + 05) (2 + iz )]]

84

7 (ylé(xl - yl) +y,8(x, - }71))(\(16(x1 - Y,y)
aylayz

+ y26(x2 - y2)) exp{i[ylyzvz (Xl - x2)

1, 2 2 .
+ E(‘yl + '\(2)_(2 + 1zm)]}\ _
Yy¥y =0

=2 6@y -y )leGx -y 8Ge, -y)] {4(2 + iz)]
L8ty =y )80k, - y)) + 8(x; -y, 00k, = y) 1(4E Vo (x; = x,))

(3.47)
The required integrations over {Bl, Bz} and {al, az} are effected with

the use of (3.39). We have

@© [ ]
do do
dg, [ dB 1 2 (L . + _1 i
_£ Lo 2 -:£ 2n _«£ 2m (nf&‘lEz) exp{iloyBy + o,By) - 5 @V (x) - %)
al+ie 62+i€ 2

- (G + ag)/4i])
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© day 8(-ap)8(-ay)(-2mi)”
2m nJalaz

exp{l[- 3o 2V (x 2)

2
'(ai + az)/hi]}

(o] [+ ]
[ doy [ do,

o o . 1 2 2
—ja7§T§Z———exp{1[ 5 oV, (x )- (al + az)/4i]}

2, 2
, 22 w @ (ot o) /4
© _\n ~in(x, - x,) ' m n-1/2 n-1/2 e 2
=1 3 1—l—n e 1 727 7p [ dey [doy o o) e
m =0 2n! o o
. n,n~1 , 2 2
_ % . L_l;%___ pz(g +1/4) e In(xp-xp) my (3.48)
n=0 )

On introducing (3.47) and (3.48) into (3.46) we find

- (11b) 1 1 Tr2
(yy-v,) = L (- ) (m)
Y17 1/2 r2(1/4) (4m )

x (-1) j d4xl j d4x2 {21(2+izm)5(y1 -yz)[es(x1 -yl)'
+ 8(x, - y,)]

AL Vy Gy %) [6(x) =y )80k, = y,) F 60x) = y,)6(x, - v,)]]

n,n-1
- 2
L)z T (% + 1/4) exp[-in(x1 -x2)2m§] .

n!

=
=
™8

(3.49)

Evidently, (3.49) requires
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-in(x - , 2

J“ dll'x e y) p = 1T ( 17 )3/2 = it .
. 2 . 2 2 4
inm ~inm n m

P P P

(3.50)
Using (3.50) we obtain

.1/2 2

2 o n,n- -1
-iglgub)(yl_yz) > i @+ 1z ) {VT r(1/4) i 3 _LL___ 2( £1/8)]
2g T7(1/4) m o n=1 n’n!
-1/2 2 n,n~1
X 6(y1'y2) + -——g———-R {21 + (yl yz) mp - zm} nz;o _LL____- n%
TGy +1/4) -
x Crazm ) expl-it )y -y ) m ] . (3.51)

Hence, our result for the order 1/g contribution to -iZF(yl -yz) is

(II)

(9,7 vp) = - (v, -y BT (v -y,
132 30 + iz " S n,n-1 [r(— + 1/4)]2) : )
= z 6y =y
2¢ m[?; =1  nlnt r(1/4) 1 72
i-l/2 n m2 2 9 o :_:nzn-l
e R Gy my )y - ] ., al
TGy + 1/4)
2 2 2 2
x Crazny ) exel-ia+1)(yy -y,) m ] .( |
3.52

From (3.52) and (3.42) we have

: '<I> ~(1 3/2

Ap(y=yy) = (v, -39 +Ag

)(yl-yz) + 0(1/g™' %)



7/4 2 .5/2 3
- ; -1
) i ™ Séyl y2) . i m ;2 + 1zm) , ; :_:;zn
2/7ng m 2g m n=1 n n!
p P
rG+1/4)
.1/2 2 n 1
i TTm n.n=-1 Tz +-)
R | , _ 2 2 ® (=) 2 2 47 .2
* g {21 + (yl y2) o Zm}n%=0 n! [ 1'“(1/4)-J
exp[-i(n+1)(y; = v,)? mij +o0a/g3?y . (3.53)

This expression (3.53) contains in it one unknown parameter, z . From this
m
fact, it is apparent that (O\T(m(yl)w(yz))\o% is calculable through order
1/g at least. As usual, the parameter z  may be determined by the renormalized

value of &F(p, -p) at some normalization point p2=-u2, for example, where

il

- 4 4 b - .
Dp(pys P (2m)" 8(py tp,) = [dy, [ dy, A (yy -y, explilpy-y; +p,y,])

(3.54)

for 4-momenta Pys Pye This fact that only a mass renormalization parameter
is necessary for the calculability of the large g limit of (3.1) to order l/g
is in complete agreement with the results of Wilson7 for the strong coupling
limit of the ¢6 interaction of the scalar field ¢ in two space and one time
dimensions.

A more complete treatment of the connected Green's functions of (3.1)
will appear elsewhere. Before concluding the present discussion of the two-

2 .
point function, however, we would like to examine the large \p \ limit of
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&F(p, -p) through order 1/g. We have from (3.53) and (3.54) (using (3.50)

and the derivative of (3.50) with respect to n)

- n4 1
- . TT2 i7/4 11/2 TT3 . ©  (-)Poh 1 F(z + ),
AF(p’ 'P) - 2 - 2 (2+ lZm) z 2 - 1-\(1/4)
2/7mg m ngp n=1 n'n!
n o
. i1/2 ﬂ3 % (_)nzn-l F(2 + 1/4)]2 : 2 1zm N 5
gn’ n-o ™ rase @+ (a+1)°

. 2
+ ““—lp—ﬁ) eXp[ip2/4(n+1)m2] + 0(1/g
4(n+1) m P

3/2).

(3.55)

2
The p -dependent part of (3.55), as we shall show, is represented more

conveniently by the use of

n.n-1
no= § A @)t —L— expilp?/atat+ ]
n=0 ) (n +1) P
) )2 ) i[p2/4(z + 1)m§]
== $dz ———— & +1/4))° & (3.56)
& { Iz +1) 2 (z+1)k sinmz

where k is a positive integer and C is the open curve encircling the non-

negative integers in the complex z-plane, as shown in Fig, 1. (The arcs at
®w and the line C’ are not included in C.) Thus, we next study I in some de-

tail.

First, we note that the identity

-zl (=2)['(z) = siﬁnz (3.57)

allows us to write



i[p2/4(z+1)m§]
1 =2 3arrea 2f @&+ s’ ® — . (3.58)
(z+1)
C
But, the logarithm of I'(z) is
g T(2) = (z-1/2) dnz - 2 + 7 In(2n)
® arc tan(t/z)
+ 2 ot dt (3.59)
e -1
o
where arc tan u is given by the equation
u
arc tan u = I -—QE—E (3.60)
o 1+t

in which the path of integration is a straight lime. Thus,

we may use Cauchy's

theorem to convert the integral over C to one over the line ¢’ in Fig. 1, giv-

ing 2 2
to- g i(p"/4(z +1)m_]
L =2 [ dzrm2® ¢+ 1/’ e
k  4nm 2 ( +1)k
-iw= 6 z

(3.61)

where 1 >> 8§ > O.(Hence, we have made a Sommerfeld-Watson transform.)

We will use the method of stationary phase to study (3.61). Toward this

end, we observe that the imaginary part of the logarithm of the integrand in

(3.61) is, for z = iv - § with v real,

Phase(v)= - vzn‘/vz'fé + (8-1/2) tan-l('v/é)

® it/ (v+1is)
+ 2Im I de du

o 1) @ +u?

dt

-]_O

~(6+1/2) tan [v/(1/2 - §)] + 4Imf

-2it/(v+is-1i/2)

+ v LnJ/—— + (1/4 - 6/2)

du
1 +u
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2
-k tan-l(v/(l- 8)) +v 4n2 + sz(l- 8) .
4m (v" + (1- 5)%)
(3.62)
Hence,
dPhase (v) _ (2. 2 v (8-1/2)6
av Rt A A e e S N
v+ 8 v +8
-2In | gﬁtit 12 . +% e + (1/2 - 8)2)
o © -1 ((vt+ig)” - t7)
2
+ v o (6 +1/2)(1/2-8)
7 2 2 7
ve + (1/2 - %) ve o+ (1/2- %)
s it
+ 8 Im dt
{ @™ 1) (v +15 - 1/2)7 - 4t?)
2
k (1-8) pv(d-9%) . ‘ (3.63)

v+ (1-8)° 2m§(v2 + (1- 022
Evidently, if v is fixed, dPhase(v)/dv is nonzero for \pz\ <+ o, Thus,
any possible stationary point v, for the phase in (3.61) must satisfy, for

2
Pl = =, p2v_(1-8)

| <M < o (3.64)
2m§(vc2) + -85

for some positive number M independent of p2. Thus, for \pz\ -+ o, we see by

retaining the terms through order 1/v3 in (3.63) that

dPhasegvz‘

dv =0 - (3.65)
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3/4

gives, approximately, for § ~'(m§/\p2\) to be more specific ,

[« <]
= 6 1 k(L-8)-58/2
0= -,@n\vo\ -1 +‘7 ( j dt 21-|-tt ) - 5 - (¢! g) 5/2)
o o e -1 4Vo v,
2
+']é"£nv2+ A -48) 5 _ (-48)  p (3.66)
o 2 2 2 3
8v by 2m v
o o] p o

(The region near vy~ 0, in which (3.64) can also be satisfied, can be shown
not to give a solution to (3.65) by straightforward calculation so that only

(3.66) is relevant to (3.65).) Hence, recalling that

< t
4 j dt ————eZTrt -

o]

is the first Bernoullian number, which is 1/6, we have

1 _2,.2
(k + 1 )- (8+k) =p /2mpvo

or (3.67)
. 2, 2
v, = 4p /mp(l + 8k) .
Also, from (3.67),
2 3 2
d Phase(v) 1 1 P
2 \ -+ (4 + 2k) TN
dv _ \ 2m"v
V=V o )
(1+ 8k)m2 3
= (k +1/8) (—5—D)
4p
(3.68)
and, from (3.62),
Phase(v)) o+ - 5L e(-p’) (3.69)
2
1p 1 -+ ©
1, s >0

’

with e(s)=é;

1,s <0
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to the accuracy of our approximations. Finally, the real part of the

logarithm of the integrand in (3.61) is, for v = Vo

-\vo\n - (k + 1) 4nlv_| +% fn2 + % 40 (2r)

- (9+ 8k)/16 (3.70)

to the accuracy of our approximations. Thus, by the method of stationary

phase, -n\v ‘ ,
. o] - _ .k.T_T. _ )
I = i’# —TV_F‘_'FT— (21-r)3/2/7 o~ (9+8k)/16 - TF e(-pT)i [ av
o] -Co
exp (-1 (B (o -y )%y)
l6v
o
for \p2\ + ®, This gives, with argi = n/2, (3.71)
k 2.. 3
e 3/2 5 =(9+8K)/16 = e(-p)i-nlv_] , 16m|v_| 5
zm\vo1k+1 1(1+8K) el )
Ly emOFE/16 - kme(-pD)1/2 il |
B (3.72)

JTFEE v |57 % feopD)

2
Hence, for \p ‘ + o, we have, from (3.55) and (3.72), with argi= -3n/2=t%arg—L

n
) . L2 74 i /2 3 . o (Ml TG+ 1/4)
bp(ps =) 2 7 G rin) ¥ 2 T (1/4)
2/7rrg , ngp T oh=1 n n!
~41/16 - |v_| 2,9
+ in3(4n) e © (ip /4?Q)
2
gu /33 \vo\7/2 Je-p") (/e
(3.73)

where, here, v, = -4p2/33m§; thus, for IPZ\ =,



2,704

~=20=-

BF(p’-p) g 2
2/7ng m

+ 35937 ﬂ4i

128g(T (1/4))°

1/2 3 - nn-1 @+ 5
i zn (2 +iz ) ¥ (-)22 r 2 4 ]2
2gm ™ n=1  n'n! T (1/4)
m3 2 2
(—E—) -41/16 - 4n p” | /33m
2.5/27 © p
(")
(3.74)

As expected, the propagator approaches its asymptotic value essentially expo-

nentially for large ‘pz\. More elaboration of the meaning of this result will

appear elsewhere.
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IV. DISCUSSION

We have formulated the theory of strongly coupled renormalizable fields
using scalar field theory as a prototype. To repeat, the more interesting ap-
plications will be taken up elsewhere. 1

The restraint of renormalizability is clearly necessary in giving a meaning-
ful formulation, for it assures us of only a finite number of parameters. We
have no argument which would suggest that unrenormalizable theories possess
a meaningful large coupling limit, although it would appear that in this latter
limit formal expressions can be obtained for these theories just like the in-
verse power series expansion (3.21). We shall, therefore, not be concerned
with such unrenormalizable theories in further repofts, although, as we already
admitted, we do not actually have a proof that such theories are without meaning
in the respective limit.

We have given, for scalar field theory, an explicit demonstration of the re-
normalizability ("finiteneés”) of our formulation of the large coupling limit, Of
course, this "finiteness" is intuitively clear (for all renormalizable theories)
from the fact that the g — 0 limits of the respective theories are "finite". In
establishing this finiteness we have used an unconventional regulariz_‘ation pro-
cedure. In the Appendix II this unconventional procedure is compared with
that of convention. The two would appear to be physically equivalent. This
point will be discussed in more detail in the later works.

Our approach to the problem of strong coupling should be compared with
that of Wentzel. 8 In this latter approach, an attempt is made to isolate the
free and bound parts of the respective fields. On the other hand, in our ap-

proach, all aspects of the fields are treated on equal footing so that, for ex-

ample, relativistic invariance is raanifest throughout. Indeed, it is a special
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power of the patfx—space approachz that it permits all aspects of the theory,
i.e., all aspects of the Lagrangian, to be treated on equal footing in a mani-
festly Lorentz invariant fashion.

We end by emphasizing that the methods in the text would appear to render

accessible the large coupling limit of all renormalizable interactions.
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APPENDIX I
A USEFUL EQUIVALENCE
In this short appendix, we shall establish the result (3. 3b) of the text. It,
like (3.3a), follows immediately from the work of Feynman. 2 For, from the

definition of the path integral we have

4 - N
/@p@ﬂ' expifdx [F(p)+7r(p—q§)] = II\iIm [.U

§[F({"ij}’ + M9

N o )
= lim. [,Ql [o doy 2% 0oy-¢y)| exp1ax Z] 7, b
]

N

= lim (22) expiAXTR(|9
N—»c0 A |

J ]

= Cexp i/d4x F(¢) | (AL1)

where the trivial infinite factor C could easily have been absorbed into the

b

pormalization of the functionals. This establishes (3. 3b).
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| APPENDIX II
COMPARISON WITH CONVENTIONAL SMALL COUPLING THEORY

|
\
i
|
i

Here, we shall compare our method of regularizing the strong coupling
limit with the conventional procedure for regularization. Since the conven-
tional prescription has only been applied to small coupling, we shall effect such
a comparison by applying our method of regularization to this. same small

coupling limit of {3.1), i.e., the theory
1 2,2 4
2= 5,086 -m"¢") -g¢" + 9 (AIL 1)

with g — 0.

Our generating functional is still
iZ . (4 1 2,2 4 J
e (J), = f9¢ exp 1fd X (§<8M¢8“¢ -m~¢”) - g~ + J¢) . (AIL 2)

We find it convenient to write

b4 Q& g B4 4 90 .

exp -ifdx g~ = §0 -(-%E.L !71 [fd X; dn g -2;}] exp i 2 p;ln ;-9 (x;))
n j= j

(AL 3)

in view of the presumed smallness of g. Then

. n n d
iZ ~i 4 4P
RIS glngxl 'H1 [ fdxjdn

J:

i el ©
. Do e i n.+ifd [—
PY 15 220 exp zj:pJnJ i fdx| 50, 90" ¢

2 .2
-m“¢7) +J¢ - ) p.dxX.)P|
j J g ]}

R (g B[k 4900 (& 4 4
2 = ,131[ Jaxsan —2-;.1] eXpl{Zjijnj - 3 Jaxdy I ()A L(x-y)I(5)

n A n

i,j
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where AF is Feynman's solution of |
- (@ m*)AL = 6(x-y) o (ALL 5)

This last representation (AIL 4) of Z is the small coupling analogue iof (3.21).
It can easily be seen to correspond to the usual Feynman rules for the theory
(AIL 1). It is, moreover, extremely convenient for applying our regularization
procedure.

Since the function AF(xi—xj) diverges badly for X, =Xj’ this small coupling
limit of (AIL 1) also has singular ill-defined operator products at short dis-
tances, as is well known. Proceeding precisely as in Sec.III.B, we introduce the

regularization
A 4 A
ahey) = [dtyageyyete) (ALL 6)

with éx(x) given by (3.24a)

e—1X2/47L
0 (x) = N \/‘42 (AILL 7)
In the limit A} 0, we recover AF
Ap = lim A} i (AL 8)
A l 0 ‘ .
Explicitly,
---iy'2/4;7\2 -ik . (x-y)+i>x2k2

dt o7k EYY) dk e
fd f 2 (2}“/-”—)4\/?12— /

er)}  K2-m%+e @r)t  KPomZ+ie
(AIL 9)
Now;v, in (AIL 4), we again scale

X. — Am_X.
j R'j

. —7./Am
ny = ny/Amg



.« .m ’ .
P pyAmp (AIL 10)
giving
d
VAR < (-igznn[ 4 4_91] [ 1.4 4 ,
e = nE=:o ol I_I fd X; dnjnj 5= | exp i Z Py - §fd xd yJ(x)AF(x—y)J(y)
j=1 J
4 ’ 1 ’
+ fd x? pj JEIpxX) - 5 1'23 PiP; AF(xi—xJ.)] (AIL 11)

where we have defined

-ik - (x-y) + ikz/m%

4
Nptey) =[5, S : (AIL 12)
@emy  [k° - mpz  + ie]
z = lim Azmz
A—0
and have taken J so that
-3
J(ax) = a Jx) (AIL 13)

in accordance with (3.31). Again, z_is the mass renormalization parameter.
The perturbation series (AIL 11) would appear to correspond physically to the
usual series, except that now the "subtracted" propagator A'F is exponentially
damped at high energy. The precise relationship between our series (AIL 11)

and that of convention will be taken up elsewhere.,1
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APPENDIX IIT

EVALUATION OF R

It may appear that there is a certain freedom associated with the phase

of R - in view of the fractional powers appearing in it in (3.17). Thus, we
should like to expose our choice of branch for these powers,

Specifically, for the evaluation of Rwe need, in the normal case, at order (1//§)n,
=]
, 4 2
[ do. exp{-ilgaXe; - «./E ¢.]}
n =% J J J ]
k1 © . (AIII.].)
= 1 4
dop. expi{-igAXe®.
J @; exp{-ig P, 3

-0

=
1}

N

The numerator integrals are given by

<o

4 2
N‘ | = d ] -1 . = o .
5 ey _£ o, exp{-ilanxe; - o/E ;1)
% % iozz/sAx 9
= l. ._._.L. 2 J R 2 - 8
> ke @ K1/4(1aj/( )78AX)  (AIIL.2)

where K1/4 is the modified Bessel function of the second kind of order 1/4.

In defining the denominator of (AIII.l), we may simply write

©

4
dep. -1 .y = 1 N. (o,
-;[ @, exp{ 1gAchJ} O{jl_r’no J(on)
. 2 i
. 1 ik -)“8A%) %
= He SR 7 T
2 (ia)
aj'*o ]
= F(ifi) - 1/ (AIII.3)
2i (AXg)

if -m < argz < m for the complex variable z. Here, we have used the result

that
Ko, =+ T/ 2774 Y% for args| <o .
14 2

(AIIIL.4)
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Indeed, by rotating the positive real mj axis to the axis arg wj = -n/8,
we have o
; 4 ~im/8 4
J d¢j exp{-1gAX¢j} =2 I dp e m/ exp{-gAXp }
- o
1/£(l/4) T (AITI.5)
2i (axg)

in agreement with (AIII.3).

Now, on taking the limit AX | O in the numerator factor Nj’ we have

Nj(aj) . Y , % (i;;;g)% = (i;g/go% , (AIII.6)
since
K /4(2) \z\:w e /2—1?; for |arg z| <m . (AILIL.7)
Thus,
" (/10 /B
TN et e th

3/4 3
n 21 /rr7oz1 x)”

r(1/4)

(AIIL.8)

where 13/4 is defined on the branch specified above: -t < arg i < 1.

From (AIII.8), we see that in equatioms (3.17) - (3.55) in the text,

the branch of zl/4 to be used in computing 11/4 is given by
(2n-1ly<arg z = 2n+1L)n (AIII1.9)
such that
. _]_/ +1/ . _]_/ .
(e2nnli) G (e(2n 2)n1) % i3/4 _ e31-r1/8 . (AITI.10)



This gives

.o _1_3
2 8 8
or (ATII.11)
n=-1 .
Hence,
/4 o Gin/8 = in/2 _ -3ni/8 (AIII.12)
in (3.17) - (3.55).
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FIG, 1.

Caption: The open curve C encircles the nonnegative integers and is
otherwise infintesimally close to the real axis. The line C’ is the line Rez =

-8, where 1 > 6 > 0,
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