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I. INTRODUCTION

Qne of the most striking unsolved problems of elementary particle physics
is the surprisingly rich spectrum of meson and baryon resonances. Although
unitary symmetry and Regge theory have been very useful concepts in classify-
ing these "'particles", there is no theory capable of providing a truly fundamen-
tal interpretation. In this circumstance, it is natural to z;sk whether a less
ambitious approach incorporating a certain amount of empirical information
might not prove highly useful. In particular, is there some set of input from
which one can predict at least a subset of the hadron spectroscopy ? An obvious
choice for such input would be the observed one- and two-particle properties of
those particles deemed "elementary' for this purpose (e.g., particles such as
N, m which are stable under the strong interaction). That is, the input would
consist of the masses and pairwise scattering data of the "elementary' parti-
cles. Of course, this program is not a new concept; for exam.ple, it was sug-
gested by Chew in 1960 that the w might exist as a natural consequence of the
p- 1 The natural impediment has always been the absence of a calculable rela-
tivistic n-body scattering theory (n > 3).

The obvious analogy is to nuclear physics, in which interactions con-
structed empirically to produce N-N phase-shifts and the deuteron are employed
to calculate the properties of nuclei. In this case, for nuclei light enough for
this program to be practicable, the results have been very impressive. Pre-
vious attempts to construct relativistic scattering theories have leaned heavily
on the highly successful procedures employed in this nonrelativistic problem.
Thus, in analogy to the rigorous equations developed by Faddeev,2 a number of
authors have proposed covariant theories for three-body scattering. 3 The

basic ingredients of these treatments include (1) summing the two-particle
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graphs into (off-shell) two-body scattering amplitudes, (2) solvihg the discon-
pectetyless problem according to the prescription of Faddeev, (3) introducing a
separable approximation to the two-body amplitudes, and (4) eliminating the
relative energies as variables via the technique of Blankenbecler and Sugar.4
The result of this procedure is a sét of covariant one-variable integral equa-
tions which can easily be solved on modern computers; solutions exactly satisfy
(elastic) three-body unitarity.

However, despite the profusion of potentially interesting applications, the
history of these equations has been short and inglorious. In large part this can
be traced to the very disappointing results reported by Basdevant and Kreps
for the 371 system. o They searched for 37 resonances (realizable in such for-
malisms as actual poles in the calculated amplitudes) in all isospin states with
J < 2. Unfortunately, the theory was unable to produce the w, Al’ or Az, pre-
dicting instead a considerable number of spurious "resonances' in total con-
flict with experiment. Subsequent work by Mennessier, Pasquier, and
Pasquier demonstrated that these results were to some extent dependent on the
choice of a rather unrealistic p form factor, but they reported similar qualita-
tive features. 6 Thus, although they found a specific choice of form factor
(also unrealistic) which produced an "w'" of mass 850 MeV, the continued pro-
liferation of spurious levels does not inspire much confidence in this predic-
tion. Moreover, if one seeks to establish a natural connection between the p
and the w, a result depending crucially on the choice of an (unknown) form fac-
tor is not very informative. If the theory is to be predictive in the sense that
the nonrelativistic theory is predictive, the results must be stable given any

reasonable guess as to the off-shell characteristics.
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Thus, with the exception of a covariant treatment of N7 scattering as an
N sgistem by Aaron, Amado and Young, 3 which succeeded in producing a
(3,3) resonance (but no other interesting structure), the program outlined
above has not proved viable. However, as shall_ be demonstrated below, equa-
tions constructed to imifate potenti-al theory (a Hamiltonian approach) are not
the only alternative one can employ. A completely distinc:t set of equations
will be presented which follow in a natural way from simple physical consider-~
ations, and which can be applied in order to realize the same goals. In par-
ticular, calculations in the 37 system result in a plausible w while producing
no spurious effects.

The outline of this paper is as follows. Section Il is devoted to a detailed
exposition of our underlying philosophy and its realization for a system of
three nonrelativistic particles. In Sec. III we develop the appropriate relativ-
istic generalization, which is straightforward. Again a one-variable integral
equation is obtained, but in this approach we are able to avoid making the more
radical assumptions noted above. In particular, it is unnecessary to assume
separable amplitudes or "dominance' by the resonance pole; this is crucial in
channels such as the 7-7 s-waves. The relation of the amplitudes generated by
this formalism to the physical amplitudes is discussed in Sec. IV, which also
deals with three-body unitarity. Applications to the 37 system are presented
in Sec. V, and a general discussion of our results and their implications is
contained in Sec. VI, .

In view of the length of this paper, a balance had to be struck between pre~
senting a special case of our equations having limited utility vs giving compli-
cated (and totally opaque) formulas for the general problem. The solution a-

dopted was to write the general equations in operator form, which are
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presented in the Appendix. This provides all the information necessary to em-
ploy the formalism, but leaves the rather standard algebraic manipulations to
“the rt;der. Since one will typically be concerned with relatively simple spe-
cial cases this is vnot as callous as it sounds, and more specifics will be pro-

vided in subsequent articles. In ahy event, the quite similar equations devel-

oped for the nonrelativistic problem are also available for comparison. 7
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II. BOUNDARY—CONDITION APPROACH

If one takes the one- and two-particle properties as empirical input, it is
clear that a three-body system plays a pivotal role in the type of program dis-
cussed above; it is the first level at which one ho_pes to make predictions. This
is also the level at which‘ one is firét confronted with the majbr technical deci-
sion: how is one to build in the n <3 properties as constraints on n > 3 systems ?
The classic response of nuclear physics to this question is the introduction of a
potential, with parameters suitably adjusted to reproduce observables from
solutions of theﬁ two-body Schridinger equation. The prescription is then to use
this potential in the n-body Schrodinger equation, with the implicit hope that
specific three- and higher-body effects are a small perturbation. That this
works remarkably well is shown by the results of extensive trinucleon calcula~
tions during the past decade.

However, as this author has recently demonstrated, the potential prescrip-
tion is not only nonunique, but is unnecessary in order to achieve these resuli:s.8
Thus, the success of these calculations does not provide a posteriori justifica-
tion of potential theory so much as it manifests the nontrivial fashion in which
two-particle observables constrain a three-body system. The choice of a
mechanism for building in these constraints is thus to some extent open, and
one may exercise the resulting freedom in order to achieve certain desired
properties. In the context of the relativistic three-body problem this is indeed
fortunate, in view of the previously noted difficulties associated with the Hamil-
tonian approach. As we shall demonstrate below, the boundary-condition (BC)
formalism developed by this author has an unambiguous relativistic generaliza-

tion, and appears ideally suited for this purpose.
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The philosophy of this approach can be illustrated by first examining a non-
relativistic problem. Consider two spinless particles separated by a distance
x, and described by a wave function zp> (')_{) in the region x > a. Assuming that

we are dealing with a particular partial-wave, it is convenient to write zpz x) =

¢§Xt(x) + z/)IEOt(x), where
$ ¥ty = (kx) + iem‘Z sin & h (kX)
' i g M)

t (1)
pPoN ) = x 0 0) 6 ).

Here x is the c.m. momentum, and t!Z is the two-particle t-matrix, defined by
16!2

e sin 62

W) = -7

2)
Ny(k)
Dy (x)

For typical meson-theoretic potentials x 0 is a real function proportional to exp
(ux) for large x ( is the mass of the lightest exchanged particle). An interior
wave function ¥ ; (x) may. exist in the region x < a; its sole effect on the exterior

solution is via the matching BC

Do = e
X=a X=a
)

)\mt (x 2

] ) -

It

int
K!Z

postulating either a wave function description or a short-range potential. This

One can thus account for the effect of the interior by a suitable , without
point is of particular importance in the relativistic problem, for which a two-
particle description at arbitrarily small separations is essentially meaningless.

The essence of the BC approach is to take advantage of the relatively simple
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exterior representation at the cost of a phenomenological treatment of the inte-

rior.

-

Introducing the function

By() = A" %) xytd, ) = (8, ), @)
Eq. (3) can be written as
05 - 57 95N a) = By k) 6)

The content of Eq. (5) is that both interior and exterior effects can be repre-
sented as effecgive BC's on z/);Xt, the asymptotic form of the wave function.
Since it is our intention to treat two-particle systems phenomenologically, it is
sufficient to define

a Bﬁ(x ) Nﬂ(lc )

pot, 2, _
)\!Z ) = Tm ’
r
2 int, 2 t, 2 ) ©
_ ,in po .
A ™) = Ak T) + AT () ;
one can then bring Eg. () into the form
ext, , ext 2
[wﬂ ,/%x] = %) : (7)
“x=a

ext

Given the trivial form of y I it is clear that a suitable ?\ﬂ(fcz) can always be

introduced so as to reproduce the exact experimental phase shifts via the solu-

tion of Eq. (7). The fact that the BC may be applied at a radius for which zp;;xt

has no direct physical interpretation is essentially irrelevant, since our pur-
pose is merely to insure the correct asymptotic behavior.

Taken together, )\2 and the radius (a) provide an alternative representation
of the two-particle scattering data. An interesting empirical fact is that for
many systems there exists a particular value of the radius for which ?»Q appears

to approach a constant for large K.'.9 In the context of potential theory one can
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easily verify that this cannot come about via 7\5 Ot, which falls to zero; it is a
physical property of the interior. The conventional explanation of this phenom-
enon is that the huge interaction energy in the core is sufficient to swamp even
very large «, but it may also come about as a natural consequence of an under-
lying composite structure‘ (e.g., quarks), as has recently been pointed out by
this auﬂ:hor?‘O In any event, it is natural to choose the BC raidius singled out in
this fashion. The derivative function hﬁ(xz) then has a particularly simple

structure; it must be a meromorphic function of Kz (real for real Kz).

We shall thus take

A(«)-A+Z -l ®)
—!Zn

with the parameters adjusted to fit the two-particle data. In practice, one or
two terms in the sum are usually sufficient. It is important to note that Eq. (8)
defines a particular analytic continuation of tQ(K ) via the explicit formulas which
follow from Eq. (7):

NQ(K) = (a }\,Q - 'Q) Jﬂ (aK ) +ak jﬂ_{_l(a’c) ’ (9)
DQ(K) = imk m, [(a?»ﬂ - 1) hﬂ(a;c ) + ak h£+1(ax )].

Therefore, although it is essential to build poles into t!Z below threshold (Kz <0)
at the physical energies of bound states, the residues at these poles need not be
identical with those generated in potential theory (e.g., via the analytic continu-
ation defined by the Lippmann-Schwinger equation). In addition, of course,
there will be no left-hand cuts. Naturally, so long as we are concerned only
with the two-particle scattering state these considerations are academic, but

they are essential in the three-body treatment to follow. Otherwise, one could

easily show that the resulting three-particle amplitude would violate unitarity.
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In the above discussion we have made extensive use of the asymptotic rep-
resentation, zprt (x), and it is useful for the subsequent development to restate

this in more formal terms. We therefore denote an incoming (plane-wave)

state of angular-momentum !ZO, c.m. momentum k; by [¢> = l!loic>,
z .0
<xlg> = 6, @/m) 1, (kx) (10)
MO {
In this case we can define a free Hamiltonian H0 = - VX- 2/Zmr; clearly

(HO -E)l¢>=0if E = x2/2mr. Presumably, there is a total Hamiltonian H
such that (H-E)| ¢ > = 0, where |3 > denotes the physical two-body scattering
state. By introducing the (outgoing wave) Green's functions

G = (H—E~ie)_l,

(11)
_ .1
GO = (HO—E-le) ,
one can formally define t as an operator by the relation
G = G- Got Gy, (12)
and write the formal solution
Izp>:(1-G0t)Iq§> . (13)
It follows that
© 4op2i
140 pp-j,(px) <fp It1¢> |
<xlp > = @/m2 1| (kx) - (14)
[ 2 .
0 o) /Zmr—E—le

If the potential is generated by particle exchange, and hence bounded by exp
(-4x), one can evaluate; the integral by the method of residues to obtain Eq. (1)
(up to the previously neglected normalization), providing that one identifies
tﬁ(i{) = <fkiti¢p>. One thus generates the exterior representation by ignoring

all singularities of <fp [t|¢> in performing the p-integration.
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This procedure is readily extended to (nonrelativistic) three-particle states

in the following manner. We denote the position of particle « by f; (¢=1,2,3),

and define the reduced masses u(—yl =m_ !+ m—l, and M* =m !+ (m -+ my)_l,

B Y % o B

a #B #v. It is useful to introduce the vectors

R=Emﬁrﬁ/§mﬁ ,

B
A (15)

and the corresponding momenta

P=- 3Kk
B B b
b, =ua(§;g/mﬁ —E;,/my) , (16)

— [— - -
q, =M, Lka/ma - (kﬁ + ky)/(mﬁ + m,y)] ,

—

where k 8 is the momentum of particle 8, and (@By) are cyclic permutations of
(123). It follows that

§rﬁ-kB=R-P+x"a-§’o‘l+§’a~a’a. (17)

In addition to the total momentum —1;, any two of the six momenta Fa’ a:l
are linearly independent and serve to completely characterize the three-body

state. The free Hamiltonian in the ¢. m. frame is now

2 2
Hy = - an/z“a - vya/zMa , (18)

and an incoming plane—‘wave @ > satisfies (H0 -W)|lé&> =0, where W is the
total (kinetic) energy. A three-particle scattering state can be written formally

as

w> = (1-G,T) &> , (19)
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where Gy =(H, - W - ie)_l, and T is the three-body t-matrix.

Inwiew of the relation of T to the total Green's function, it is clear that the
formal nature of Eq. (19) masks a considerable complexity. In particular, con-
sistency with the two—parfcicle description requires that for each o = (1,2,3),

<xayal\If>

<K W <T 19>, (20)

— 00
yOl

where |y> describes the two-body scattering of g and y, and I$p> represents o
as a noninteracting spectator. In what follows we shall refer to this as the

quasi-two-body limit. It was in order to simplify this situation that Faddeev in-

troduced the channel decomposition, T = Z Ta; one can then write
a

> = 18> + 3 %
«
(21)
Izpa> = -G, T |&>
0 "«
In contrast to |¥ >, the channel state lzpa> need only satisfy Eq. (20) for Yo —

0, inasmuch as
< T 1P /<2 T % —~ 0 22)
o’ o oo
in that limit.

It is convenient at this point to make an angular momentum decomposition.

Assuming an initial state of definite momenta (Foz Ea ), we may couple Qo(ﬁa )

0 0 0
and )\O(qao) to form the state (&> = ILMQOAOpanaO > ., Correspondingly, we
expand

— — o A o o
<Xy, 7> =2Y oo To) brn Bgo Vo) »  (@3)
o’ o LMQ?&LMM o’ a’ TIIA Ve’ Yo
where

Yo ®,y) = IancouzL; mM-m) Y, §) Y, 4 &) (24)
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For practical applications, the following alternative expression for YLM!D\

turns out to be quite useful. Let n denote an arbitrary direction in the 5;1 Eoz

plane characterized by the Euler angles (ag<), and let 6, be defined by cos 0,

=71 for any vector z, Then 11

Yy &9) = r}m:“C(mﬂmu)DM g (@B Yo (O 0¥y, (0,50 @5)

The three-particle generalization of Eq. (14) in this basis follows immedi-

ately from Eq. (21). We obtain

[s o]
2
oo dpp-j,(px <LMiApg IT &>
o 2 4+A 2. & {
ZPL,QK(X ,Y ) =- '7?1 J- dqq J}\(qya) 2 o 2 @ » (26)
0 p/2u +q/2M_ -W -ie
b o o

where we have dropped indices on the dummy variables, (paqa) — (pq). De-

fining the on-shell value of P, to be

1 .
- 2 2
Ky = [2p,0-dgm)] @)
with the square-root branch cut chosen such that Im Ko 2 0, the exterior rep-

resentation again follows from ignoring the P, ~singularities of the Toz matrix

element. We thus arrive at the expression

AT e f 4aq”5 (@5 o ¢ Gy 4% ) TTp (@) @s)

where we have defined

o _ ,
TLﬂh(qa) =<LMAk q, 1T, [&> . 29)

Due to the exponential damping provided by h (¢ x )When K o is (positive)

h«,

imaginary, it is clear that the only waves which can propagate to large X, arise
: . 2 o .

from q, such that & o 18 real; i.e., qa,, < 2MaW' For such a4, TLM(qoz) is

precisely the on-shell (in the nonrelativistic sense) channel amplitude.
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Comparing Egs. (1) and (28), we see that the asymptotic form is always spec-
ified pxecisely by appropriate matrix elements of the t-operator, which is no
surprise.

We now seek a set of BC's which, in analogy -to- the two-body problem, will
enable us to determine the T%&)\ (and hence all scattering observables). It is at
this point that the constraints arising from our assumed knéwledge of two-

particle properties enter the picture. Recalling the quasi-two-body limit of Eq.

(20), we have immediately that, if \IreXt(}? y.) = > Xy wﬁ;ext>+<; v 1&>,
o’ o i o’ o a’a
R ext ext _ 02
lim [ax lI’LM (on’ya)/\I'L!D\ (xoz’ya)] - xoz!l(xoz ) > (30)
Yo ™% @ *a Py

where KZ is the value of P, in the incoming state. Here Ka Q(Kz) is the same

function defined in Eq. (16) with a channel index appended. To make this result

more transparent, we note that if o is regarded as the entrance channel (o=« 0),
o 6(qa_qa0) o] o;L
Toon @) =0y % 5 tapa) T My A (ardag) (31)
o "0 g, 00 0

where MY arises from multiple scattering terms. In the large Yo limit the

6(qa “dq,
We thus deduce that any BC of the form

)term dominates, producing the behavior noted in Eq. (20).

ext ext I o' .
aaa \IIL!D\ (aoz’yoz) - Aodl ‘I’LQK (aa’yoz) B FL!D\ (yoz W) (32)

o
LA

tends to zero sufficiently rapidly for large Yo With somewhat more effort one

will automatically build, in the two-particle constraints, provided that F

can show that Fiﬂ)\(ya ;W) < exp (-uya), if u is the mass of the lightest particle

exchanged in the pairwise interactions. If one also considers the requirements

(7

LI\ must have the form

of three-body unitarity, it turns out that F
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« , B ® 2 _apL _ B

in which Baﬁ is an arbitrary real-valued function. Together, Egs. (32) and (33)
provide a natural generalization of Eq. (5). It should be-apparent that the result
is an implicit integral equation for the T%M(q); for a discussion of this and
some fine points associated with the applicability of Eq. (32) we refer the
reader to BCA.

In the context of potential theory, the author has recently shown that for a
given set of two-particle phase-shifts, a function Baﬁ with the stated properties
can always be defined so as to reproduce the results of the conventional theory
(e.g. , the Faddeev equations).1 2A specific choice for BaB is thus equivalent to
stating the "off-shell" characteristics of the theory. In particular, a model in
which Ba’B = 0 corresponds to a picture in which the interaction is compressed
to the surface of an impenetrable boundary, outside of which thé behavior is im-
mediately asymptotic. This is equivalent to the BC model of Feshbach and
Lomon applied in the three-particle sector.lSIf one simultaneously goes to the
zero range limit (aa — 0), one obtains the "minimal" three-body equations of
Amado.14As Amado points out, equations of this degree of complexity are a ne-
cessity if one is to achieve an exact solution of the three-body unitarity rela-
tions.

In concluding this section, there are two related aspects of this approach
which should be stressed. The first is that even for a crude apprdximation to
Baﬁ (say BQ‘B = 0), we expect to produce reasonable three-body predictions in
many cases. The reason for this expectation is primarily the short-range na-
ture of the strong interaction. For systems with n >3, the longest range effect

is due to single particle exchange involving one of the real scattering particles;
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this is sandwiched between quasi-two-body scattering dominated by on-shell be-~
havior, Thus, the fact that physical wave functions decay exponentially to their
asymptotic form rather than switch abruptly at some radius has the character of
a perturbation. The existence of this effect in the trinucleon system is exempli-
fied by the equivalent suc‘cess of simple separable models (or the BC model) in
fitting the data, as compared to ''realistic' models of the nﬁclear force. 8

The second point is that a meaningful analysis of three-particle data should
involve the car?ful separation of features which are a natural consequence of
previously known information. Thus, if certain properties of the data require
the introduction of explicit parameters into Ba’B in order to achieve a fit, these
parameters are truly significant in the sense of summarizing the content of new
information in the experiment. This would be the case, for example, if strong
three-body forces were present. As was shown in BCA, the BC formalism is

especially efficient for such an analysis.
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HI. RELATIVISTIC GENERALIZATION
Incontrast to the Faddeev theory, the BC formalism described in the last
section has a remarkably simple extension to relativistic systems. If we de-

note the 4-vector displacement of particle o by r, = (toz’;:x }, our principal as-

sumptions can be stated as follows:

(1) As a consequence of the short-range nature of the strong interaction, it

2

2
is meaningful to define an exterior region by the requirements (rB—r y) <-a,, =

(1,2,3). Once in the exterior particle number is fixed and a wave function de-
scription is valid.
(2) Each particle propagates in the exterior according to the appropriate

free Hamiltonian with its physical mass (we deal with "out-states'). For a
1

2
scalar particle we take Ha = (miZ - Vaz) ; for a spin~% particle we would use

— -

Hoz =iq- Va + ,Bma. If I\IfeXt> describes the exterior, we thus require

ext ext
>

. 9 _
1é—t——l\11 > -Ha R (34)
o'
(3) We define the total 4-vector momentum operator P = Z(i—é%— , — 1 VB),
B 7B
and require that
le\IfeXt> _ S|‘IJeXt> , (35)

where s is the square of the c. m. energy (Vs =Zma + W).
o

For the purposes of this paper we shall regard these assumptions as physically
defensible and be conce;rned only with their consequences.

One consequence is immediately apparent if we go to 2 momentum repre-
sentation in which koz = (Ga’—i;a) is the 4-momentum of particle . Up to nu-

merical factors which we introduce for convenience, we then deduce that the

relativistic generalization of the three-particle propagator (GO) is the operator
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ggo = E@O(s), where

- 11! s, =
<k1k2k 1% 0Iklkzk3 ﬂ%(kﬁ )@ (s [k 3) ,
2 (36)
‘2 gmﬁ g Zmaé(ka—ma)e(ea)
@ _
G 1k koks) 5 )
P -s -ie

It is clear that ‘5’0 has an obvious extension to the n-body case.
Given @0, a suitable exterior representation can be derived as follows. In
analogy to Eq. (19), we take

&> = (1 - QO?]')MD )

(37)
<r1r2r3!¢> =1 gexp (-1 X rﬁ'k/(;)
() 8 .
The presence of (50 as a factor puts 7 on the mass-shell, €y = (mi +—Eoz)2 ,
for which
<k kk 1718> = 5(5‘—150“5;4% ITI®> . (38)

Note that Egs. (15) - (17) remain valid in this context, although the values of the
various 3-vectors will be different in different Lorentz frames. The outgoing

exterior wave is then

2};m m 4\ &XP (—inB ﬁ)<kkk \Tie >
<r T 19, 718> = Ji_ 17< a °‘> B
em)® *\ €q ();kB) -s -ie
B

(39)
Just as in the nonrelativistic case (and for the same reason) it is useful to

expand & ¥ & ; it is then convenient to evaluate the % portion in the (in-
o .
stantaneous) c. m. of the By subsystem. In this frame _ﬁo :mozqoz/Ma , Where

—

q, is given in terms of the E;g by Eq. (16). We then obtain
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2 EmB m
I = L 5 A ......1/.
.<r1r2£3 IE90 o &> (27T)6 dpadqoz 1)/76017
exp "iZGaﬁtB Yy i B Ay Ty Py &Py 1Ty 12>
B \ a
s - , 40)
foz(poz’qa) s - 1ie ;
where we have used [ dE; =d15’d§;l ch;l , and defined the quantities
B
_%
2 2
€Olﬁ - (mB+pOl) s B"flas
%
92 292, 2
€qg = m, +m q /M), (41)
m2
_ , 2 a 2
fa®yrdy) = (Z eaﬁ) "3 9 o
B M,

corresponding to the single-particle energies and the invariant momentum-

squared as evaluated in this frame (note that Fa’ Zfoz are only 3-vectors, so we
can continue to use P, 9, for their magnitudes with no ambiguity). The nota-
tion 'Ofﬁ;c—l; IToz |® > refers to the operator T defined in Eq. (38) as evaluated

in the By c.m. frame; in that frame it is clearly a function of the two independ-

ent 3-momenta _f;a ,ﬁ'a.

We now observe that in the vicinity of the pole (foz(poz’qoz) =g),

. m
Y
2 Y m, g7
5 B v € oy | | r,@,-s)u, v, k) )
f (p sq )"S 2 2 ?
ava’ta p, - K

where

w&l' (Koz) = 1, (e;;, + e—l) s 43a)



6&5

2™
T8 = & a £, (43b)
: |

and K o is the relativistic on-shell value of P, defmed by £ (;c ,qa) =85. Spe-

cifically, 1s the solution of

2 1 2

3 3 m 3 m 3
2 2 2 2 _ o 2 o 2
(m6+fca) +(my+fca) =t q,) -(m,t—5 4, “44)
(o} My

Note that the functions Foz ; W, 80 independently to unity in the nonrelativistic
limit. If T o (I{a) is the proper relativistic two-particle ¢. m. amplitude,

wa(fca) defines the relativistic correction to Eq. (2); i.e.,

"% sin 5
) = -0k )=t
Tt o o oz) T K o

(45)

As usual, the exterior representation is obtained by evaluaﬁng the P, inte-
gral of Eq. (40) while ignoring the singularities of T, If we choose the origin
such that R =0, and make the angular momentum decomposition introduced

earlier, we arrive at the expression

00

2u
aext _ o J+A+1 2,
Y Ko Voititety) = —(27r)31 f daq j, @y )
0
exp (-i%‘eaﬁtﬁ)xahﬂ(x o) Ti @ 46)
where we have defined
o
Tialy) = T,0,,8) @, (k) LMAk g IT 12> . 47

Comparing to Egs. (28) and (29), we observe that aside from the presence of the

exponential involving the times t,, the only difference in the relativistic version

B’
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lies in the kinematical relation between q and « o’ and the relationship between
‘T%M and the physical amplitude (the extra factor of (27r)_3 is common to | >
and can be ignored). In the nonrelativistic limit (ma large compared to the
momenta), it is apparent that the time-dependence can also be factored out and
the resultant expressions are identical,

Having established the exterior representation, our next step is to apply
o'
L
1t is perhaps obvious that the natural generalization is to apply the BC stated in

BC's of the type discussed earlier in order to derive an equation for the T

Eq. (32) at equal times ta =t in the By c.m. One can then establish that the

resultant amplitudes do not depend on t, so we can simply sett =0. The net
result is a set of coupled one-variable integral equations, differing from those
stated in BCA primarily by the relativistic kinematics. We defer the specifics
to the Appendix.

The input to these equations is again the empirical function Aﬂ(xz), which is
related to the two-particle phase shifts via Eqs. (1) and (7). Since both of these
expressions are regarded as applying in the two-body ¢. m. frame, no difference
in interpretation arises except the different kinematical relationship between
and the two-particle invariant energy. There is one new feature, however, in
the structure of the integral equations as a result of Eq. (44). Since q, is a
real spectator momentum, it is clear that the right-hand side of Eq. (44) is real
and positive fors > m . In particular, as 9, ™ ©s the right sidg approaches
Js - m,- Inasmuch as the left side is a sum of two square roots, with the
branch cut taken along the negative real axis, it is clear that the equality can be
satisfied only if KZ > - Min (mZ,,

m,, in which case we can allow any q, on the interval (0,«), and (b) m

m?}). We thus distinguish two cases: (a)m, =

B

s #my,

in which case q  is restricted to a finite range (0,Q ), with Q defined by
8 —— (873 (4
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Eq. (44)with ng set equal to its minimum value. Specifically,

- 2 | 2 2.} 2][ 2 2.1 2]
2 _ Moz [S (moz + imﬁ myl ) S —(ma - l?ﬁ —vmyl >
Q 2 5 ) (48)
m 4m. -m |
o B Y

This behavior is sighificantly different from the nonrelativistic version, in
which Ki — - oo and q, — o regardless of the mass ratioé. It is clear, of
course, that the differences arise at momenta for which the nonrelativistic ap-
proximation is invalid. For example, if we were to consider nd scattering at
threshold in thc; 7N channel with a nucleon spectator, we would obtain q, < Qa
~ uM, corresponding to a momentum of « 2 uM for the spectator in the 7N ¢.m.
frame (1.3 GeV/c). What is more interesting is that there are also differences
with the Faddeev-type relativistic equations discussed earlier. Thus, if we de~-
note the invariant energy-squared of particles g and <y by 0, our formalism re-

quires that

lmﬁ-myl < a, < (\/_s —ma)2 s 49)

whereas o, " « in the equations of Lovelace or Omnes. This is very conven-
ient for us in that the analytic continuation defined by Eq. (8) need not be em-
ployed too far from the physical region; the extent to which it may be responsible
for the rather different results we shall report is unclear at this time (we shall
return to this point in Sec. VI).

The structure of Eq. (44) has also another, rather amusing consequence.
We note that ifJ's <ma‘, the right-hand side becomes real and negative for all
q,> and the equality cannot be satisfied. Thus, if we consider using the equa-

tions to define an analytic continuation of the three-body amplitude below the

scattering threshold (W = 0), the contribution of channel & would vanish for
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Js < m . In particular, for s < Min (ma) all of the Ta vanish identically;

there is no exterior representation! It then follows that if a three-body system

is more tightly bound than its lightest constituent, there is no smooth continua-
tion to the domain in whiph the particles are asymptotically free. This point
becomes less academic if we treat the scattering of such a particle with some
"elementary' particle as a four-body problem according to the n =4 realization
of this formalism. The resultant wave function would contain no outgoing piece
corresponding to the three constituents as free particles. Thus, if the lightest
nonstrange quark has a mass in excess of M, the nucleon could not be decom- "
posed by scattering! The description of such quarks would require the natural

complement of this formalism: a purely interior representation.

o
Le

plicitly in the Appendix. As we shall demonstrate elsewhere, the use of the

All the information necessary to compute the T A functions is given ex-
Dirac Hamiltonian for Ha does not affect things in a material way; one can again
derive an exterior representation which leads to precisely the same equations
except for the usual spin-recoupling coefficients familiar in Faddeev theory.
The necessary modifications will be indicated in Sec. V when we put isospin into

the 37 problem.
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IVv. PHYSICAL AMPLITUDES AND UNITARITY
Im this section we present the necessary formulas for calculating the
physical amplitudes from our formalism. We also employ a concise operator
notation and some earlier results in order to prbﬁde an explicit proof of the
three-particle unitarity relations.

If we first consider the description of the scattering process in the three-

Hcm
» B

Eq. (16) in this frame can be used as independent variables; they are of course

body c.m., it is clear that any pair (5»Bc:m )} of the six vectors defined by
restricted by the condition 2 €= Js . On the other hand, & has been

B
written as the sum of the & o channel amplitudes, which are most easily

expressed in terms of the corresponding pair (Y)’;m, ﬁ’;m).

It is thus con-
venient to define a transformation between these different labels in a given
frame of reference. We therefore introduce a Hilbert space of states lapq>,
where the « index tells us that (p, q) are to be interpreted as the numerical

values of (_ﬁa ,_o]a). These states are taken to satisfy the normalization

condition15
<P AIBTE>= 5, 8(B-BY 6(4-1) (50)
with the corresponding completeness relation

fd'p’ dq %: IBFPd><pPpql=1 . (51)
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We define an operator I on this space which "interconnects'" the various chan-

nels by

<ap'qIIIBD Q>=-6(p+ﬁ;ﬁ—-'§*—ﬁﬁ- Q'> 6(q‘+p'+-m—°‘ q')
, L F

if Bary are cyclic . (52)
The interpretation of I is that if (p', q') are the values of (_ﬂa,_ofa) , then (P, q)
are the values of (Fﬁ, TfB) in that frame. As a consequence of Eq. (52), one can

deduce that

i- -21-(1+1) , - (53)

(1) = 3 (1-1)°

If we now consider an initial state [®>= |& OFOEO> in the three-body ¢. m., and
write
o _ — —_——— — —
<k1k2k3lJ [®> = 6(P) <apqlT lozopO q,> (54)

for the ¢c.m. amplitude T, it follows that
T=(1-)r , (55)
where
<Bp' q' ITla;pyqy>=<Bp' q' ITglapdq>

is the channel amplitude.
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The integral equations given in the Appendix provide a means of calculating

" the (On-shell) operator T Thus, expanding

<Bpalr 24Poadoe” = > 2 Y v @9 YLMEOKO(pOa’qOoa) -

LM Q)xﬂo)\o
. <BLM£7\pql'; IaOLMQOAOpOqua> , (56)
we have
< BLMﬁMﬁqI; |oz0LM!ZO7\OpanOa> = Tim\(q) . (B7)

Here (—500{,?{00[) are the values of (ﬁao,aao) in the By, c.m., providing their
values in the three-body c.m. are (FO,EO). The amplitude Tﬁ 27\(q) is the same
quantity defined in Eq. (47) of this paper, and in Eq. (19) of BCA.

We must thus provide the connection between the operators 7 and 7, for
which it is necessary to introduce the appropriate Lorentz transformations.
Assuming that the vectors describing the on-shell state are (Facm,ffacm), itis

straightforward to show that the corresponding quantities in the fyc.m. are

7 Yo 7ol om
¢ m o ?
o \/_S‘Goz
—cm cm
B =Ty |y poe e, Tola (GB -—E-V-)a’cm
o o cm 2 m m (o) ’
o Js-e \TB Ty
where
_cm
Ba_qa /(€B+€,Y) 3

(59)
v, = (1-82) ,
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and the €p are expressed in terms of (f;a?m, _c'fofm') via

- ~( cm 2 2)1/2
€ =1\q +m ,
o o o
" 5 1/2
€ - —p»cm_ ___o_z-(-fcm, +m2 ' (60)
B o’ m, o B ’

aBy cyclic. To incorporate this information into our operator notation, we

define the funétions

7.9) = (v_-1) 24 aaof B ¥
u,(p, q) = (v, -1) 5> +——== ( p— > ;

By \''B Y
(61)
v G.7) - o Ya¥p%
'’ m €,t €
a B
and the operator A such that
= 3 oy
— — — _ —-b’ ——-»— — —»Y- —
<qulAIozp'q'>—6ana111/ <, 6(p'-p -u,4q) o(q'-v q) . (62)

Thus A takes the c.m. quantities (—ﬁ, ?1') into the By c.m. quantities (—5','51)').

Similarly, we can define the inverse transformation Anl by

€
BT 1A e DE>=06_ ¥ & — 5(p-p' -1, 9" 8(q-V,q"

o o v €ay
= 84g 0(P"-P-1,d) 6(q"-v,q) (63)
where
- - e o m U € €
U, (54" = trg-1) 2 - — 5 <H‘fﬁ - n‘;”) : (64a)
q' M, t, ®.a) \"8 Y
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m
- v (p' q) '———7—-——— te ), (64b)
(®'.q" g oy
| m2 /2 . _
Yo = [ ®Hah) +§§‘- q"? /f;/z(p',q') : (64c)
o

Here the 6043 are given in terms of p and q by Eq. (41), and va?}a:l.

In order to complete the relationship between 7 and ';, we see from
Eq. (47) that in addition to the transformation laws for the labels (p, E) given
above, we also need to know the Lorentz transformation properties of the Ta
operator. This turns out to be trivial since, as we shall see below, T isa
Lorentz invariant. Thus, in order to incorporate the implied relationship into
our operator notation, we need only take into account the transformation
properties of 5(?—?0) via the factor {'rz . We therefore define the diagonal

operator y such that

Xo(F @ =T (a,f) “old 1 g/ (65)

where the eb are the single-particle energies in the three-body c. m. frame.
Comparing Eqs. (47) and (57), we deduce that

T = Ax“l TA“I , (66)

which reduces to an identity in the nonrelativistic limit. Inasmuch as none of
the Lorentz transformations take the set (p, _of) out of the scattering plane, the
Euler angles (@By) in the representation of Eq. (25) remain the same. Thus,
as in the nonrelativistic case, the c. m. amplitude T (in a state of definite LM)
can be expressed in terms of a single integral over the variable };)ci involving

B .
the TLQ)\ amplitudes.
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We now consider the statement of three-particle unitarity for our ampli-

.tudes.. It will be convenient to adopt the notation

At = t(s+ie) - t(s-ie€)
. 67)

for the discontinuity of an operator across its cut. In addition to the three-
body elastic cut with threshold at W=0, fhere will also be cuts corresponding
to elastic scattering from two-particle bound states. The discontinuity rela-
tions pertinen’; to the latter are relatively easy to satisfy and we shall not be
concerned with them here (a simple proof can be constructed along the lines
given in SCI). The development given below will still be relevant in the
presence of such thresholds, providing that we interpret the discontinuity as
applying to just the three-particle portion of the overlying cuts. We shall first

demonstrate that J satisfies the relation
aF 4 G g =
<k Kk AT+ T AG T [kikIkL>=0 . (68)

We proceed by introducing an operator go which corresponds to % o Onour

Hilbert space. We thus define the diagonal operator go such that

2) . m H_m.l
05,0 = B LY (69)
a ™ (Z eB>2—s—ie
B

where (P, q) are taken as the values of (Fa’(—ioz) in the three-body c.m. In that
frame, Eq. (68) can Be expressed in terms of the operator T defined in
Egs. (54) and (55); thus

1

_ 1 fo)
AT=-3T, 28°T_ . (70)
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Here the factor of 1/3 arises due to the completeness relation of Eq. (51) and

the fact that
J B dq (-1 10T T><eT q1(1-)

is independent of @, as can be verified from Eq. (52). Since the equations
given in the Appendix imply that v (and hence T) has a final factor of (1-I) on

the right, Eq. (70) is equivalent to the relation
AT=- [aFdq T, 10T §> 22(F,D)<aFGIT_ . ()
since I and go commute,
Stated as operator relations, the equations for 7 have the same structure
as the equations studied in SCI, and hence one must obtain the same result,
AT = ~T, AGO T, (72)

where G0 is defined by

— e ,0,56(P-DY) 6(d-q))
<ap quOIBp’q'> = 5 : . (73)
p -« -ie€

Qo

Thus, except for the relativistic kinematics reflected in the difference between
Eqgs. (27) and (44), GO is formally identical to the nonrelativistic Green's
function of Sec. II. Recalling Eq. (42), the definitions of GO, go and y imply
the relation

AGOXA‘1= Atag® (74)
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since the discontinuity takes GO and go to the pole. Invoking Eqgs. (66) and (72),
-we fimally obtain

1

AT -7, AAGO XA T T

i

il

-7, 26°7_ (75)

_ 1 _ o
~—'73-T+\(1—I)Ag T

where we have employed Eq. (53) and the above noted property of 7. Using
Eq. (55) and the commutivity of I and go, we have proven Eq. (70), and hence
Eq. (68).

We now observe that if one defines a three-body scattering amplitude
according to the conventions stated in Goldberger and Watson,16one deals with

an operator & ! related to the S-matrix by the equation

S.. = 6

- A :
" emTh (76)

fi

In analogy to Eq. (38), one defines T' such that

<k koka | 7" K kLkL> = S(P-Py<ap qIT'la D' q'> . (77)

Unitarity then requires that T' satisfy the discontinuity relation

AT'=_2mfd5'dET;la5'?f>6(~fS—Zeﬁ)w'ﬁﬁ'lT' (78)
3 -
in the three-body c.m. On the other hand, Eq. (71) can be re-expressed as
AT = -2ni f a5 oF T,10F T> T, 5,95 (J5- Deg) <aFAIT_ . ()
», B
where

—— —_— m
T, )=—‘[-3——--{Y7——€y . (80)
y
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We therefore infer the relation

-

T = (f)l/z T(f)1/2

—
Qo
et
S

connecting T to the conventional amplitude. In view of the transformation
properties of T' (see Ref. 16), Eq (81) implies that T is a‘Lorentz invariant.
Together with the integral equations for 1: stated in the Appendix, Egs.
(55), (66) and (81) provide the information necessary to calculate the physical\
amplitudes, and hence all scattering observables. As an example, we present

numerical results for the three pion system in the next section.
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V. APPLICATIONS TO THE 37 SYSTEM
As a first test of our relativistic formalism, we consider the J" = 0,1
scattering states (I=0, 1, 2) of the three pion system. This permits a direct

?

comparison with the previous results noted above. For c.m. energies
Js < 2 GeV, one would hope to predict the (»(784) as a 1 i:soscalar 37 reso-~
nance, and perhaps the 7 itself as a 37 bound state in the 0~ (I=1) channel. In
order for such results to be meaningful, no other resonant or bound states
should be predicted by the theory. Of course, since it can be shown that our
equations constitute a general solution of the three-particle unitarity relations,
it is clear that some choice of the A operator defined in the Appendix (analogous
to B in Eq. (33)) can always reproduce the physics. Thus, if the qualitative
characteristics of the 37 system are to be regarded as a natural consequence
of the known two-particle properties (e.g., the p), the predicted properties
must follow given any reasonable guess as to the off-shell behavior. The numer-
ical results given below demonstrate that this is indeed the case for the channels
considered.

Asg noted in the Appendix, the equations for ; can be expressed as an
operator relation :r = -gpX, where X satisfies

X= 9 + (K, + AKX (82)

written in terms of states [afAg> defined (for fixed L) such that

1\ 1! - 3(q'-q)
<BUA'Q" [alrg> 50[5(5&,670\, qz . (83)
The quantities £, Kl’ K2 are totally specified in terms of on-shell two-body

information (scattering phase shifts) via the parametrization of 7\2(;{ 2) in Eq. (8),

whereas A summarizes both off-shell effects and possible three-body forces.
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In order to apply these equations to actual physical systems, one will in
general need to add discrete indices describing additional degrees of freedom
(spin, isospin). In the present application we are concerned only with isospin,

and the necessary modification of Eq. (82) consists of the replacement
LBa .
<pL'A'qg! lKllozﬂ)\q> — Ci‘i <Bit'Alq’ lKllozl!Z?\qk , (84)

where i' represents the total isospin of the pair ay, i similarly labels the By
pair, and the expansion of the basis to |o¢ifAgq> merely reminds us that the on-
shell two—body(parameters contained in K

1
Cf;f % is just the overlap between a state formed by coupling (ny)Izi+ (oz)I:1 to

will also depend on i,i'. The matrix

form a state of definite total I, vs coupling (’ya)Izi, + (B)I=1 to total I. Hence

CI is a spin-recoupling coefficient,

I;Ba

N (.. oaal/2
Ciy = () [2it+1)(2i+1)] W(laly 113;1'1) ,
N = i'+ iﬁ -1 if afy cyclic , (85)
=i+ ioz -1 if Bary cyclic

where i 8 is the isospin of particle 8, and W is the Racah coefficient as defined

11
by Rose. If our particles had spin which could couple to values s', s in pairs, an

Ba

s would appear in Eq. (84). For the calculations to be

additional factor of CS;

described, we shall need the explicit values

1;8a

COO =1/3 ,
0:8¢ . ~2;Bn _

C11 = C11 =1 , (86)
L0 _ ~2;Ba _

C11 = C11 = -1/2

Taking the most interesting case first, we consider the 17, I=0 (w) channel.

Here, in order to form an isoscalar we need i=i'=1, and hence the statistics
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restrict us to odd angular momenta £,£'. Given the strong energy-dependence
in the,p-wave (p) channel, plus the angular momentum barriers, one would
expect that £ > 3 states could be neglected for energies up to a few GeV. Given
£=1, we can only have A=1 in order to produce a’ 1~ 37 state. The relevant

equation is then particularly simple; Eq. (82) reduces to

X(@) = 2a) + '4 dqq” ——(%7‘,%—)—1 , (87)

where DB(K) is defined in Eq. (9), and

oB;l
N(q',q; k) = lefll ,
(88)
~ -1
N(q',q; k) = N(q;,9; k) + £ ~ A(q',q;s)

Here N 27\%?\’ is the function defined in the Appendix (the summation is a result of
having identical particles), and A is a real-valued function summarizing the off-
shell content. In view of the discussion preceding Eq. (33), one would expect A
to exhibit exponentially damped behavior in the coordinate representation; this
corresponds to poles or branch cuts at complex momenta g* =i,uc . In addition,
if one studies simple off-shell models, one expects an explicit energy-dependence
of the form A(q',q;s) « (K2+}J,i) . The value of o corresponds to the longest-
range component of the 7-7 interaction, so we expect He = 2u .

Since it is our intention to study the effect of the off-shell properties on our
result, we have taken advantage of the fact that NCMB;L has an explicit dependence

on the momentum k = g(q, s) in writing Eq. (88). It is then convenient to rewrite

N in the form

~ i , -1 ~
N@',q;x) = N(@',q; k) - %— N(q',q;ip) + « = A(Q',q;8) ; (89)
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this is justified because iuN(q',q;ip) has precisely the same analytic structure
‘as ATa cut for Imq' > p). The point of this decomposition is that as q — o ,
Kk — iy, so the first two terms of Eq. (89) combine to give better convergence
properties for the kernel. This simplifies numerical analysis, and there is no
real loss in generality. We observe that neglecting A corresponds to neglecting
the momentum-dependence of form factors (which play a significant role in the
convergence properties of Faddeev-like equations), and hence we expect the
inclusion of A to improve the convergence of N. Regarding A as a type of vertex
correction in this sense, it is reasonable to consider A in the form
A(g' a58) = i N(@', a3ip) g@)g@ (90)

with g(0) =g (0)=1. The on-shell parameters embodied in N thus set the overall
scale, and determine the behavior for small q' and q.

In practice, since A is purely phenomenological except at.small momenta,
it is more efficient to parametrize it directly. For the present purposes we

consider a representative model,

2, 2
- otk
A@',q8) =7 g@) gD —5—5
“O ~-H
(91)
2 2
Kiksd

g() = (q2+y?)(q2+y§)

To fix the overall constant v, we observe that for /s — u, x=iu independently of

q, and hence A contributes the entire kernel in this limit. The normalization in

Eq. (91) has thus been chosen such that

A@',qm) —> wva'q (92)
q',q—0

with v determined by the requirement that N(q', q;it) has the same small

momentum limit.
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This prescription is admittedly ad hoe, but it preserves the general
. featuxes of simple off-ghell models. The main point has been to provide an
estimate for v, which comes out to ~ 0.8 in this calculation. On general
grounds one expécts p 0= Py 2p; the expected anaiyticity properties of ;(q)
(in addition to direct 47 exchange) then imply that p 5™~ 2“1:2 4u. In estimating
the off-shell sensitivity, we shall vary the parameters Yol Hysty freely
about these values.

Schematically, Eq. (87) has the form

X = (1-K)‘1sz , 03
K= ﬁ/D1

Three-body bound states or resonances thus appear as poles in T , and corre-
spond to discrete values of s for which the inverse (l—K)_]L fails to exist; i.e.,
to values such that there is a nontrivial solution of the homogeheous equation.
In order to search for the (»v as a 37 resonance, one looks for zeros of the
determinant @ = |1-K| . Although the equations actually permit a calculation
to be extended onto the second sheet, it is sufficient in practice (and more akin
to the experimental situation) to study the behavior of @ for real values of /s.
One thus proceeds by approximating the integral as a finite sum through the
introduction of appropriate Gaussian points q;> and weights hi’ converting
Eqg. (87) into a finite matrix equation.”The determinant & can then be calculated
in an elementary fashion.

In order to describe the p-wave phase shift, we employ the parametrization

) =+ o/t-6D)

) (94)
Eakl(x )+ 2
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which is of the form given in Eq. (8). There are thus four parameters (aaps),

‘whichewe have adjusted to fit the analytical representation of the phase given by

Baton g_ggl.ls The numerical values are a=.67 F, a=2.39, 3=2.20 F_1 and
§=3.21 F_z. We observe that for a given choice of a, the behavior of fl can be
read off from the expression

ax cot (5, +ax) = (fl-azxz)/fl , 95)

if the phase shift (5 1) is known. In practice, as one would expect, only the
values of fl in-the vicinity of the p pole turn out to be significant, and these are
well established.l9

The numerical calculations were performed as described, and a 1~ iso-
scalar resonance was indeed observed for parameters in the ranges discussed
above. With regard to the off-shell parameters (yu o* 1u2) , it was observed that
the effects which could be produced by varying all of these independently were
quite limited, and the results were always equivalent to calculations in which a
single parameter was allowed to vary. The situation is well represented by the
choice y=0.8, H0:H1=2ﬂ, with Ho taken as the free parameter; the corresponding
results are listed in Table I for the entries marked "N".

The inclusion of off-shell corrections can thus shift the position of the
resonance to lower energies, while at the same time decreasing its width, but
the basic energy-variation which leads to the existence of the effect is contained
in Kl' The inability of A to produce strong effects is a consequence of two
factors: (a) the fact th;lt it is real limits the role it can play in the interplay of
real and imaginary parts leading to the nearby resonance pole; and (b) in con-

trast to Kl it has no singularities close to the real axis, and hence has a weaker

intrinsic dependence on the energy. As one would expect, the effect is sensitive
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to the parameters which describe the p; this is illustrated in the Table by
entries A and B (model A corresponds to a "p'" of width 60 MeV, model B has
the p width but 2 mass of 660 MeV). To illustrate the results in more familiar
terms, the first and third entries of the Table are plotted in Fig. 1, in which
[1~-K| -2 is used to indicate the rapidly varying factor in an appropriate cross
section.

Our result indicates that the p does essentially imply the existence of the
w, leading naturally to a resonance with the appropriate quantum numbers.
The precise position and width of the effect, however, are to some extent
dependent on the details of the dynamics. The fact that our calculated widths
come out too large as compared to the experimental value (=~ 10 MeV) is
apparently due to neglect of coupling to the virtual KK channel, as we point out
below. Just as important, similar calculations for 1~ (I=1,2) and 0~ (=0, 1, 2)
3w states with this formalism do not predict the existence of resonances; there
are no spurious effects of the type reported by Basdevant. The only other
"particle'" which comes out of the formalism (for c. m. energies less than 2 GeV)
is the pion itself, which appears as a 0~ (I=1) 37 bound state for reasonable
input (in this channel we couple the I=0 7-7 s-wave to a A=0 spectator, in all
other channels we take only the p—wave)?o The values of the s-wave parameters
required to produce a 0~ bound state at the exact pion mass (with A=0) are
almost identical with the best fit obtained to the I=0 phase shift of Baton 93_21_1.18
Using a )\0+1=f0( Kz), ;:Lnd parametrizing fo according to Eq. (94), we arrive at
the values a=.32 F, a=1.28, =3.18 F ! and 5=9.04 72 (with obvious uncer-
tainties due to the stéte of our knowledge concerning t}ﬁs phase shift). This

calculation has some interesting features and will be reported elsewhere.
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It therefore appears that the relativistic BC formalism is capable of pro-

- vidifig a viable description of such systems. Hopefully, subsequent applications
to the A1 and A2 channels will provide some insight as to the nature of these
effects. In concluding this section, we obhserve that a natural generalization of
our technique can be employed to treat several different exit channels simul-
taneously. Thus, if a reaction can produce different types and numbers of
particles in the outgoing state, we regard these as originating within the inter-
action volume (the interior) and enlarge our exterior description accordingly.
The channel wave functions are then coupled via BC's which are a further

generalization of Egs. (32) and (33). For example, above the threshold for KK

production (1 GeV), our exterior répresentation should consist of I\Ifg}:% and
ext - ext _ext _ . . ' .
'\I’KK >, with <\If37T I‘IIKK> = 0. These will satisfy a coupled set of BC's, which
we write schematically as
ext _
(9)=AP ¥gr =By T3 ¥ Bip Tkg
ext (95)
(99 =29 ¥xg = Byy T3, ¥ Byp Tki
Here \Iffél% has the form of Eq. (1) and B22 is just a number; hence the second
equation can be solved explicitly for T , - in terms of T and the result

KK 37

substituted into the first equation. The result is an equation involving only T 3r
which is of the type considered above, except that the B-operator contains a
term having the energy-dependence of TKI—( , including the ¢ pole at «/s=1.02
GeV. The effective size of this term can be fixed by the ¢ — 37/¢ — KK
branching ratio; it survives below the KK threshold_in the sense of an analytic
continuation. Treated perturbatively, 7this contribution has the right behavior

(attraction increasing with energy) to significantly lower the ¢, width calculated

above. A detailed examination of this effect is now in progress.
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VI. DISCUSSION

Ehere are two essential features of the three-body problem. One of these
is unitarity, which expresses the conservation of probability, and links the
various physical amplitudes via the discontinuity relations; e.g., Eq. (68). The
other is what we have éalled the quasi-two-body limit; this is merely a con-
sistency condition stating that as one particle is taken to infinity, we must
recover ordinary two-body scattering as a special case (for short-range forces).
It is trivial tq construct models satisfying either of these requirements singly,
but taken together they exhibit the fundamental complexity of the problem. This
has recently been pointed out (in different but equivalent language) by Amado,
who shows that the channel decomposition plus unitarity and the conventional
analyticity properties can be used to derive the most basic realization of the
Faddeev equations. 14 The same derivation produces the zero range limit of
the nonrelativistic BC formalism proposed in BCA.,

It is then clear that the Faddeev equations (in their most general form) and
the BC formalism represent alternative but equivalent solutions of the above
problem. The advantages of the BC prescription for computation and data
analysis have been pointed out in previous articles. 7.8 In the present paper
we have demonstrated that this approach has a straightforward generalization
to the relativistic problem. This is in contrast to those theories designed in
imitation of the Faddeev approach, for which there is no unambiguous procedure.
Furthermore, the most obvious distinction between the correspoﬁding equations
suggests that the Faddeev generalizations do not properly take into account the
quasi-two-body limit, which we assert must be understood in the two-particle
c.m. frame. In the exterior (asymptotic) representation, this requires the

spectator to have real momentum in this frame, and hence leads to the
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restrictions on the two-particle invariant energy-squared given in Eq. (49).
In the.equations of Freedman, Lovelace and Namyslowski for example, 3 T,
varies to -« as a result of arbitrary spectator momentum in the three-body
c.m. frame; the same property is shared by the other Faddeev-like equations
in Ref. 3. A useful byproduct of this distinction is the fact that our formalism
requires a much more limited analytic continuation to the unphysical region.

Just as in the nonrelativistic problem, our equations in their full generality
provide an efficient framework for the analysis of scattering data involving
three-particle final states. Since the solutions are automatically unitary, this
procedure would avoid the (justified) criticism leveled at current techniques. 21
Obvious applications would include N7 — N7 and the 37 final state interactions
in N7 — N(37). Furthermore, via the parametrization of the operator A
introduced in this formalism, one is effectively summarizing the full content
of new information in the scattering experiment; whereas the minimal (A=0)
model builds in automatically the important features deducible from two-body
data. In the case of the (, the latter constitute almost the entire effect. A
nice additional feature, described at the end of Section V, is the ability to
simultaneously take into account different orthogonal channels, such as 37 vs.
KK. This property, which has no counterpart in the Faddeev-type theories,
is vital in describing an object such as the ¢.

The efficacy of the minimal model has been demonstrated in the 3r calcula-~
tions described in Section V. If one considers all isospin 0~ or 1~ states for
c.m. energies less than 2 GeV, the only effects predicted by the theory
correspond to the only observed particles (the 7 and (); the masses are in
excellent agreement with experiment. These results are in sharp contrast to

the Faddeev-type 37 calculations discussed in the Introduction, 5,6 both in the
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absence of spurious effects and in the relative insensitivity to the off-shell
input.~ In view of the strong form factor dependence exhibited by the latter
calculations, these discrepancies are not too surprising. The reason is simply
that in our formalism the off-shell characteristics are completely distinct from
the phase shift, which is held fixed, whereas the two are linked in the separable
model. Although our results did not depend strongly on the p-wave phase-shift
except in the immediate vicinity of the p, the variations considered were
compatible with the experimental uncertainties, and hence were nowhere as
dramatic as those reported by Menessier, Pasquier and Pasquier. 6 It is thus
possible that their sensitivity is not entirely an off-shell effect. On the other
hand, several of the spurious levels did not share this sensitivity, and hence it
may be that the formal differences discussed above may be quite important in
explaining our results. Additional factors, which reflect themselves in different
analyticity properties in the unphysical region, may also play a role, although
this does not appear very likely., Hopefully, the next round of calculations
planned for the Al’ A2 channels will produce some insight into this question.
Although theré is no room to pursue this topic in detail, it should be clear
that our procedure has an obvious generalization to the n-body case. In fact,
the 4-body analogue corresponds to a two-dimensional integral equation which is
comparable in difficulty to solving the Faddeev equations with a local potential
(which has been done). With regard to the hadron spectroscopy, it is then clear
that a great many intefesting problems are now within reach. Furthermore,
once one has a scattering theory which is reliable in highly relativistic problems,
it is possible to say something useful regarding relativistic corrections, a topic
which is poorly understood. For example, a number of contradictory estimates

of corrections to the triton binding energy have been suggested. 22 In this case,
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a comparison of the results of the BC formalism in both its relativistic and
~nonrelativistic manifestations suggests an increased binding of about 0.5 MeV.
In addition, the increasing use of pions as probes of the nucleus will require a
dependable relativistic treatment ‘of pion-nucleus scattering in order to properly
interpret the results. As a first step in this direction, the present formalism
has been applied to investigate n-d p-wave scattering at e;lergies up to 350 MeV,
and a paper detailing the results is now in preparation. 23 Lastly, a particularly
intriguing app}ication has been made to the basic nuclear force problem; a

report of this work is already available. 24
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APPENDIX: THREE-PARTICLE EQUATIONS
Application of the BC's discussed in Section III result in a set of coupled

one-dimensional integral equations for the functions T¢ (q) defined in Eq. (57).

Lo
For fixed L, M it is useful to define a basis of states |afrg> with the

normalization

8(q" ~
Tyt 1 —_
<BINQ latrg> = aaﬁéu'ﬁm" qz (A1)

The formal representation of the equations in this basis is identical with that
given in BCA for the nonrelativistic problem. In what follows we first state
these equations and then sketch a derivation resulting in an expression for the
most critical term.
As discussed in Section III, the minimum value of Ki (the on-shell value
2 . . . L2 2 2
of p,In the By c.m.) encountered in our equations is Kom = Tmln(mﬁ, m_y) .
With reference to the BC function xa 2( ;{i) describing the By (two-body) scatter-
) _ 2 » - (0) ~(0)
ol = xozﬁ.( K‘am). In referring to the quantities Naﬁ , Da 2 below,

we shall mean the functions Noz 2 Doz 2 defined in Eq. (9) evaluated with

ing, we define A

2 (0) . e ) _
haﬁ(x oz) replaced by Aa!l . A consequence of this definition is that Na 0 Nozﬂ_’
0)

(
Daﬂ

an operator X in the above basis such that

— Doz 0354, approaches its maximum allowed value. If we then define

t (k)

o _ al'" o
TLm(q) RO PN <aﬂ7\inlaO£Oa7\anOa> , (A2)

N (k)

of Vo

our equation can be eXpressed as
X=Q+KX ,

(A3)

K= +K§% + [(1-9)1% + 0(6_1)] (1-R)p
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Here 20 are the parameters characterizing the initial plane-wave

OA’KOCZ’qOCY

.state.in the 'BO'YO c.m. system (BO# Yo Za and the operators entering this

O) H
equation are defined below.
The operator ¢ arises from the fact that the BC stated in Eqs. (32), (33)

must be applied in the exterior region, defined by the requirement that for each

a, (r ‘B—r'y)2 < —ai . This is insured by taking the projection operator
Prr)= I 6[—a2—(r —r )2 (A4)
e 123 o o B v

as an explicit factor, where 6 [d]= 1 for d>0, and vanishes otherwise. At

equal times, .?’e reduces to

— —_— - H _
2.5, o[, 2] - (A5)
B
where x g % must be expressed in terms of ?(a,gfa via the linear combinations

implied by Eq. (15);

X:,feé_—,; _g,’!
m a a ’
p %
u——» r—r
x=|—°ix+y|, (A6)
% mB o o

apy cyclic. Applying the BC means taking X, =2, and thus the domain in

A

which 9674 0 depends solely on Yo and ;ca Yy In general, there is some
maximum value yZ such that ‘?e vanishes identically for Yo <y(z2 (yz may be
zero). The BC only has content for Yy > ygZ , and the operator 6 utilized in
Eq. (A3) corresponds to 9 [yZ—ya] in the coordinate representation. Explicitly,
0
LI — 1 e
<pIA' Q' 6lang > 6()1‘86M'6?\7\' 6, @,asy,)
(A7)
: : " .ql!s AN
_ 9R? |41 BD I, (RA) ~a' j, ,(RAY) j, (Ra)

6, (@, %R) = 5
2
A T q° - q'
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The operators p,R are diagonal in the above basis;

()

- P (@D = tple ) / Y

(k)

(A8)

Rog@ = 1 DR 0)/Dy )

Here Ea refers to Ka(q)‘ evaluated at the kinetic energy W=W, which is a free
parameter (W<0). The presence of R is formally necess.;atry to achieve unitarity
in the minimal model (ﬁ = 6 = 0), as first pointed out in SCI, but in all the cal-
culations so far performed (3N, 37, nd) there is virtually no sensitivity to W,
and in fact this piece of the kernel is completely negligible. 25 The operators
AB, 6 have arbitrary real values; the former is analogous to BQB in Eq. (33),
while the latter arises from an auxiliary BC on the interior segment, y < ygz ,
as explained in BCA.

Except for p, which corrects the two-particle phases from those implied
by )\g)ﬁ) to their physical values, all the operators defining K ir; Eq. (A3) are
designed to complement the central operator K(O) . That is, the operators 4,R
appear to guarantee unitarity and a unique solution, while fS, EJ exhibit the full
flexibility allowed by unitarity, and hence summarize the off-shell content. 1t
is clear that K(O) , 2 are present in the most trivial realization of the theory,
corresponding 1o a model in which xa 0= xg)ﬂ), a constant. This is the "pure"
BC model, considered in several previous papers on the nonrelativistic
problem. 26 Except for the relativistic kinematics implicit in the relation
between q and Ko the only differences in the relativistic version ére contained
in them. In discussing these operators, we shall sketch their derivation in
the "pure' BC model.

As explained in Section III, the basic BC is to be applied with R, t, tﬁ’ ty

all set equal to zero in the By c.m. frame. The exterior representation then



- 48 -

will depend only on ;a’?ae’ and the BC can be expressed as

- ; (0) -
<aaa -xajZ) <alMira )y |2 1¥>=0 |, (A9)

where 9’8 has the simple representation given'in Eq. (A5). For formal manipu-

lations it is useful to observe that if %(p) is the Fourier transform of z,bﬂ(x), then
" aop2 NO o) T (0)
' —
R Ny @) ) diag) <2y dag) (A10)

This implies that Eq. (A9) is equivalent to the relation

—

iq -y .
a’a (0) =
/g i e Y @) Ny 0,) <kl & 1¥>=0 , (Al1)

where the integration is performed in the By ¢.m. frame. By decomposing

{¥ > into its three channel pieces, introducing appropriate Lorentz transforma-
tions, and taking advantage of the (P - 1_3’0) factor in & and the mass-shell
delta-functions in @O’ this equation can be displayed in a form involving only
the independent vectors p,

B

This is equivalent to the following formal development, which we state in terms

,TfB appropriate to the particular Lorentz frames.

of the lap g> Hilbert space defined in Section IV.
The ; operator of Eq. (57) is only determined by our formalism for on-
shell values p = ;ca(q), but it is useful to introduce a function Gaﬂ(p, Koz) which

is unity on-shell and satisfies

o0 G P,k ) Tk

2. /i :

/ _dpp™ ] (xp) ;’ 5 < = 2a hy(xx ) (Al2)
0 p —Ka-ié‘

for x > a,; we then regard T as the operator

<aLMfApglr = Gaﬂ(p’ Ka) < LM Kaqh' . (A13)
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The explicit choice for Ga does not matter since ultimately everything is put

i
on-shell; a particular example might be j ﬁ(aap)/ j Q(aaka) (another is given in
SCI). The initial plane-wave state in the three-body c. m.is represented as

I®d>= (1-I) | ¢> , where [¢> is one of the basis states;

1> = @, . D Q>
-—1 _ —_— —
A TIe>=lagpy, Qe >
(see discussion concerning Eq. (57)). We may then define the states
SR |
p>=(1- GOT) A Tlo>
(A15)

o> = (1-I) Al >
employing GO as defined in Eq. (73).

The interpretation of these states is that [y > corresponds to the channel
wave function in its appropriate ¢. m. frame, while > corrgsponds to the
total wave function in the three-body c¢.m. They are defined in the space of the
two momentum variables p, q and may be Fourier-transformed to obtain the

coordinate representation; e.g., for x > s

—_—

<aLMixxylyp> = <aLMD\xyloz0p0aqu>

o ET aq? @, Byl 0T, @ - (A16)

a /0
Comparing to Eq. (46), this is just the exterior representation of the channel
function in its c. m. (§= ty =0). Similarly, if we evaluate Eq. (37), in the
three-body c.m. at eqﬁal times t B= t, the result in the exterior is proportional

to exp (-is t) <Xy > .
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It is now useful to introduce the operators g, N such that

o — — ' ~ G (p K )
<apqlglBp > = 6 5(&" -q) o(p-p’) Z (24+1) P (p p") - ol o ,
aB p2 7 4t D(O) (K )
<aB GINETT > =6, 5(?—6)%‘@“—;1@ @ ") N“’)(p) . (a17)

Thus t=gN is a type of off-shell t-matrix corresponding to the on-shell value

t(o)( ) Ng)ﬂ) / Dg)ﬂ). 21 One can easily verify the relations

At=-t,_ AGt_
(A18)
NG gN=N |,
0
from these definitions; the former is quite useful in the unitarity proof.
Employing the g’e operator defined by
g DS = 7N a(T T @),z =
<a X ylgi’eIGXy> 00 0(X -X') 6(y - ¥') 9’8 (xX,y) . (A19)

in the coordinate representation, where géoz)( '}_f, ?) corresponds to

[.?e(§a,§' )]-—— _— = _— , we are ready to restate Eq. (A11) in the form
o

N yeA"llw> =0 . (A20)
Since this is to hold independently of |¢> , we deduce the operator relation

N ye(l-y)(l—GO'r):O s
1 (A21)
F=ATIA

Except for the replacement I — %, this equation has precisely the same form

as the case first studied in SCI.
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We now introduce an operator X such that r = -gX, which is possible as a

result of Eq. (A13). The interpretation of X is that

<oLMpqlX = <a\giX , (A22)
where the right side corresponds to the notatioﬁ o'f Eq. (A2); there is nov
dependence on p. At this point we choose to simplify the derivation by assuming
that for each £ included in the sum stated in Eq. (A17), )‘f&) = 7\a, independent
of £ (note that the sum is implicitly truncated to take into account as many
partial-waves-as are necessary to describe the (a) channel function). This
avoids the necessity of going explicitly to the LM{A representation, and is
adequate for the simple cases studied to date, but is not essential in our method
(formulas for the general case are presented in BCA). This means that there
exists an operator '_'?Te such that N&#,_ = ?’eN : '@e is just &, withx_=a . In

accord with the discussion given above, ;ée vanishes identically for Y, <yg .

Defining a generalization of the operator 6 above,

g TGl = =y 5 (@A) q-q' 1.0
<aPqIOIBT G >=6,,5(p -p)Zx T P @4 6(@.ayy) (A23)
one can show that there exists .—?:1 such that (1-6) 53;1 ﬁe = (1-6). Thus
—-1 -
(1-6) P,  NPGy7 = ~(1-6) NG gX
(A.24)
= -(1-9)X

the last line following from Eq. (A18) and the fact that X is of the form X=NX'
(as we see below). Returning to Eq. (A21), we finally obtain

(1-0)X = (1-6) N(.#-1) + (1-0) NF G gX . (A25)

Although written on different bases, Eqs. (A3) and (A25) are directly

comparable in view of Eq. (A22); i.e., X has no p-dependence. In this model
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p=1and ﬁ=0; we thus infer that

: <a£fqlﬂla0£0ak0aq0a> = <ozLM£7ucaql(1—6) N(£-1) IQOLMQOCKAOQKOG{qOOz> ,

<anq KD peargs = f ” dprpr? <aLMk q(1-0) NG gl BLMUA'D'q'>

’ (A26)
The explicit evaluation of these operators is straightforw;ard, but tedious even
in the nonrelativistic case. Naturally, in special cases such as s-wave forces,

etc., one can obtain a relatively simple formula.

In conclusion, we note that Eq. (A3) can be expressed in the form

X= Q+ (K1+AK2)X s N
(A27)

K, =0+K%, _oamy |
Kz = (l‘R)P ]

A = (1-6)B + 6C
Thus Kl defines the "minimal" model, and is determined entirely (up to the
negligible W-dependent terms) by the two-particle data. The same is true of
K2, whereas all the off-shell information (including possiblg three-body forces)
is contained in A, which is an arbitrary real-valued operator. We note that in
the general case, ;= ~-gpX, which is compatible with Eq. (A2). For compu-
tational purposes it is convenient to express K in the form
NoP (gt q)

<angIKIBIAG'> = ——
qiK[Be"\'q DBE'("'E)

(A28)



10.

11.

-53 -

REFERENCES AND FOOTNOTES

. =G. F. Chew, Phys. Rev. Letters 4, 142 (1960). For early Schrodinger-

type approaches to this problem see L. I. Schiff, Phys. Rev. 125, 777
(1962), and A, N. Mitra, Phys. Rev. 127, 1342 (1962).

L. D. Faddeev, Zh. Eksperim. i Teor. Fiz. 39, 1459 (1960) (translation:
Soviet Phys.-JETP 12, 1014 (1961)]. |

V. A. Alessandrini and R. L. Omnes, Phys. Rev. 139, B 167 (1965),

and D. Freedman, C. Lovelace and J. Namyslowski, Nuovo Cimento 43,
258 (1966). The most clear exposition of this approach is given by

R. Aaron, R. D. Amado and J. E. Young, Phys. Rev. 174, 2022 (1968).
R. Blankenbecler and R. Sugar, Phys. Rev. 142, 1051 (1966).

J. L. Basdevant and R. E. Kreps, Phys. Rev. 141, 1398 (1966). It was
subsequently argued that this might be due to the unreliability of the pole
approximation; see J. L. Basdevant and R. L. Omnes, Phys. Rev. Letters
17, 775 (1966).

G. Mennessier, J.-Y. Pasquier and R. Pasquier, Phys. Rev. D 6, 1351
(1972).

D. D. Brayshaw, Phys. Rev. D 8, 952 (1973); hereafter we shall refer to
this as BCA.

D. D. Brayshaw, Phys. Rev. Letters 32, 382 (1974).

This was first noted in the N-N system by G. Breit and W. G. Bouricius,
Phys. Rev. 75, 1029 (1949).

D. D. Brayshaw, to be published in Phys. Rev. D 9 (1974).

Here and in what follows we use the notation of M. E. Rose in Elementary

Theory of Angular Momentum (Wiley, New York, 1957).




12.

13.

14,

15.

16.

17.

18.

19.

20.

- 54 -

D. D. Brayshaw (unpublished). An account of this work is in preparation;
ALumerical examples were presented at the International Conference on
Few Body Problems in Nuclear and Particle Physics, Laval U., Quebec,
Canada, 1974 (in press).

H. Feshbach and E. Lomon, Phys. Rev. 102, 891 (1956).

R. D. Amado, Phys. Rev. Letters 33, 333 (1974).

For more detail see D. D. Brayshaw, Phys. Rev. D7, 1835 (1973);
hereafter. we shall refer to this as SCI.

M. L. Goldberger and K. M. Watson, Collision Theory (Wiley, New York,

1964).

As usual in such calculations, one introduces contour deformations to avoid
the singularities of the kernel; this proceeds along the lines developed by
J. H. Hetherington and L. H. Schick, Phys. Rev. 137, B935 (1965).

J. P. Baton, G. Laurens and J. Reignier, Phys. Letters 33B, 528 (1970).
The semianalytic expressions given in this reference were particularly
useful for this purpose. In producing our fit, only values in the range
500-900 MeV (the range corresponding to their experiment) were employed.
However, no attempt was made to vary the phase in any dramatic fashion.
For example, choosing a=.5F arbitrarily and requiring the p mass and
width did not materially affect our results; this produced a significantly
poorer fit, but the same qualitative behavior.

In a Faddeev calculation with relativistic kinematics, A. Ahmadzadeh and
J. A. Tjon, Phys. Rev. 139, B1085 (1965) showed that it was possible to
produce such an effect, but their result depended strongly on an arbitrary

cut-off parameter.



21.

22,

23.

24.

25.

26.

27,

- 55 -

R. Aaron and R. D. Amado, Phys. Rev. Letters 31, 1157 (1973).

ee, for example, A. D. Jackson and J. A, Tjon, Phys. Letters 32B,

9 (1970), and V. S. Bhasin, H. Jacob, and A. N. Mitra, ibid., p. 15.
A. preliminary report was presented at the internatioﬁal Conference on
Few Body Problems in Nuclear and Particle Physics, Laval U., Quebec,
Canada, 1974 (in press).

D. D. Brayshaw and H. Pierre Noyes, submitted to Phys. Rev. Letters
(1974).

Numerical examples are given in D. D. Brayshaw, Phys. Rev. D 8,
2572 (1973).

D. D. Brayshaw, Phys. Rev. Letters 26, 659 (1971). See also Ref. 15.
However, this form does not satisfy the requirements discussed in an
earlier work, in which an alternate (nonseparable) form is derived. See

D. D. Brayshaw, Phys. Rev. C 3, 35 (1971).

TABLE CAPTION
Variation of the 37 17, I=0 resonance vs. the off-shell parameter Ho
defined in the text. The mass (M) and width (I') were determined by
extrapolation to the pole. Types N, A, B refer to the physical parameters
of the p, a'p" of width 60 MeV, and a "p" of the proper width but a mass

of 660 MeV, respeétively.

FIGURE CAPTION
Variation of ll—Kl_2 vs. c.m. energy in the w channel; the curves are
normalized to unit height. The solid line is N (4. 0), the dashed is N (4. 6)

of Table I.
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Fig. 1

TABLE I

Type o) M (MeV) I'(MeV)
N 4.0 808 - 120
N 4,3 782 95
N 4.6 752 65
N 4.7 735 45
A 4.0 826 155
B 4.0 757 95
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