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Abstract Energy extraction efficiency of a free electron laser (FEL) can be increased when the
undulator is tapered after the FEL saturation. By use of ray equation approximation to combine
the one-dimensional FEL theory and optical guiding approach, an explicit physical model is built
to provide insight to the mechanism of the electron-radiation coherent interaction with variable
undulator parameters as well as electron beam radius. The contribution of variation in electron
beam radius and related transverse effects are studied based on the presented model and
numerical simulation. Taking a recent studied terawatt, 120 m long tapered FEL as an example,
we demonstrate that a reasonably varied, instead of a constant, electron beam radius along the

undulator helps to improve the optical guiding and thus the radiation output.

I.LINTRODUCTION

The latest scientific research requirements, like coherent diffraction imaging of complex
molecules such as proteins, stimulate the efforts worldwide (in DESY [1] and SLAC [2]) to push the
radiation power of a hard X-ray FEL with a tapered undulator to terawatt (TW) level, with a factor
of 50 times increment compared to that of the self-amplified spontaneous emission (SASE) mode
at saturation with similar electron beam parameters but a constant parameter undulator. It
requires an in-depth understanding of the tapering-related physics so as to explore the full
potential of a tapered FEL, not only by tapering the undulator parameters in longitudinal
dimension, but also optimizing the transverse effects. Based on the one-dimensional (1D) FEL
theory and the optical guiding approach [3-7], we build a physical model for the coherent
electron-radiation interaction in a tapered FEL. With both the proposed physical model and
numerical simulation, it is found that a reasonable variation of electron beam radius (or the
transverse focusing) along the undulator can enhance the electron-radiation interaction and
improve the radiation output as compared to the case of constant electron beam radius.

In Ref. [3], Kroll, Morton, and Rosenbluth (KMR) derived the equations that describe the
electrons’ synchrotron oscillations in the “bucket” associated with the ponderomotive potential
in terms of the wiggler magnetic field, wiggler period and radiation field, using the Hamiltonian
approach. They used the “bucket” parameters, i.e. the synchronous phase ¥, and bucket height
OYbucket’Y, to express the electron trapping fraction F,, and obtained an explicit formulation.
However, the transverse effects are greatly simplified in their deviation by the assumption of
constant radiation spot size r; and electron beam radius r,, and transverse uniform distribution of
the radiation field and electron density.

In Ref. [5, 6], it is shown that the coherent interaction between the radiation and electrons
can optically guide and focus the light. Because of its microbunching, the electron beam has an
effective complex index of refraction n greater than unity,
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where @, is the electron plasma frequency, @ = ksc = 2nc/A, is the radiation frequency, with A,
the radiation wavelength and c¢ the speed of light, r, is the electron beam radius, a, =
|e|BW/kwmc2 and a, = |e|AS/mc2 are the normalized vector potentials of the helical undulator
and on-axis radiation fields (an additional 22 factor in denominator for the linearly polarized
undulator), with e the elementary charge, mc” the rest mass energy of electron, B,, the undulator
field amplitude and A, = 2mw/k, the undulator period, [/J] is the Bessel function difference
coupling term, vy is the electron’s Lorentz factor, ¥ is the electron phase relative to the
ponderomotive potential, and quantities with subscript 0 indicate the initial radiation and
electron beam parameters. After the exponential growth region in a tapered FEL, the imaginary
part of n, Im(n) which indicates the gain, is generally close to 0, and the real part Re(n), describing
the refractive guiding dominates. It is noted [7, 8] that in this region |as| increases much less
rapidly than that in the previous exponential growth region, along with increase in the radiation
spot size r;. The continuously decreasing refractive guiding causes slowing down or even stopping
of the |a,| growth. The optical guiding approach (especially Sprangle, Ting, and Tang’s work [6])
includes the transverse effects self consistently. However, as shown in Eq. (1), the term <exp(—i¥)>
is obtained by averaging over all electrons, which naturally calls for numerical simulation with a
large number of microparticles, rather than theoretical analysis, to study the physics in a tapered
FEL.

In Sec. Il, with ray equation approximation, we include the transverse effects revealed by the
optical guiding approach in the frame of KMR’s 1D FEL theory. In our model, both the radiation
field and electron density depend on the transverse coordinate r, while following KMR the
ponderomotive motions of electrons with the same r are characterized by the synchronous phase
.. As a result, the term <exp(—i¥W)> is calculated by averaging exp(—i¥,) over r, instead of
averaging over all electrons, resulting in more explicit and easier-to-handle formulation than the
traditional optical guiding approach. Similar treatments are done for the electron trapping
fraction F;. In Sec. lll, we compare the predictions of the proposed model with the GENESIS [9]
time-steady simulation results. The agreement is very good. Moreover, in Sec. IV, we use this
model to analyze the effects of a varied, instead of a constant, electron beam radius (periodic
transverse focusing) in a tapered FEL, and take a TW, 120 m long FEL for illustration. It shows the
energy extraction efficiency and the radiation output can be enhanced by a reasonable variation
of electron beam radius (transverse focusing).

Il. PHYSICAL MODEL FOR A TAPERED FEL
Generally, fundamental transverse Gaussian mode dominates the radiation along the
undulator in a tapered FEL. Thus in our model only fundamental mode is considered. The

normalized vector potential of the radiation field a is
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a (r,z) =a,(z)e" e, (2)
where a, is the on-axis amplitude and ¢ is the phase of the radiation field. And accordingly, the
radiation power P is given by
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with Zy = 376.7 Q2 being the impedance of free space.



From energy conservation, the change of ay(z) from longitudinal position z; to z, can be
evaluated by
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where it is assumed the variation of F; is much slower than that of a.

Under approximations such as the radiation beam remains approximately Gaussian and the
betatron oscilation of the beam electrons is negligible on the time scale of the synchrotron
oscillation, the evolution of the radiation spot size r, follows the envelop equation [7],

I+ K?r, =0, (5)

where the optical focusing term K* can be written in terms of the refractive guiding “fiber
parameter” V with on-axis |as|, the average of sine and cosine of ¥, and the filling factor G(z)

=(1-/(14)* with f(z) = (ro/r.)?,
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Because refractive guiding dominates after the initial saturation, Re(n) = 1 and Im(n) << 1,
the “fiber parameter” V2 can be written as [5]
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We now consider the electrons’ ponderomotive motion with taper. The electrons trapped
into the “bucket” have their energies following the resonant condition [3],
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To keep the analysis tractable, we assume the beam electrons are monoenergetic and replace
<y(z)> in Egs. (4, 7) by y.(2).
Following the definition of the synchronous ponderomotive phase ¥, in Ref. [3], we have

@k, la D ®

From Eq. (2), | a,| varies with transverse coordinate r, thus ¥, depends on r. In general y,” < 0 and
W, (r,z) >0in a tapered FEL.

For a specific positive '¥,, only electrons of energy v, and phase W satisfying
Y <¥<VY,, (10)

will be trapped in the ponderomoitve “bucket”, where W, and ¥, are minimum and maximum
Y of the “bucket” boundary,

W, (rz)=z-Y(r,2),

cos\W,(r,z)+ ¥, (r,z)sin¥ (r,z) =cos\W,(r,z) + \W,(r,z)sin ¥ (r, z). (11)



Thus the fraction of electrons trapped in the “bucket” is
W, (r,2) - ¥, (r,2)

R(r.2)= 7

(12)

which is as well dependent on r.

The bucket height 8ypucietr/y indicates the available maximum o,/y of the trapped particles,
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In the case that 8Ypucket/Y is smaller than ,/y, the electron trapping fraction will be smaller.

From Egs. (9-13), the electrons at larger r have greater ¥, and lower F. Physically, the
coherent electron-radiation interaction and the corresponding ponderomotive potential are
weak at large r due to weak radiation field, and accordingly, the electrons at larger r always
detrap more rapidly than those at smaller r. Note that F,(r, z) = 0 when W ,(r, z) = /2. It imposes a
limitation for the available maximum r of the trapped electrons,
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Assuming the initial electron beam distribution has a Gaussian profile, we have
N, =
f(r)=—=5e"™, (15)
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where N, = ff(r)andr is the initial electron population.

To be consistent with the above formulation, once again, we use the ray equation
approximation, i.e., electrons’ trajectories are straight lines when they pass through the
undulator. Therefore the total electron trapped fraction can be obtained by averaging F(r, z) over

all r (Because there is no trapped particle beyond r,,,,, so one needs only to integrate r from 0 to

rmax):
1 rmax
F(z) = N jo F.(r,z) f (r)2zrdr, (16)
And similarly, <cos'¥'>, <sinW> are given by
<cosY¥, >(z)= NLJ';"‘” cos W, (r,z)F(r,z) f (r)2zrdr, (17)
<sin¥, >(z)= Nij'orm sinW, (r,z)F,(r,z) f (r)2zrdr. (18)

Now we consider an undulator with taper starting from the saturation location. In the
upstream exponential growth region the undulator parameters are constant, y, = constant = vy, V'
=0 and ¥, = 0. After the initial saturation, electrons can continuously lose energy in the form of
radiation by tapering the undulator parameters, a,(z) and/or k,(z), corresponding to a
decelerating “bucket” with v,/ < 0 and ¥, > 0. The evolution of ¥, from 0 to a positive value
implies a phase matching region, where electrons self-bunch and match their phases to the

ponderomotive potential right after the taper start-point. At saturation, Pg: = PPpeam, the



saturation length is estimated by [10]
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with p being the FEL parameter and P;, the input radiation power. And the normalized vector
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potential of the radiation field asos.: in @ helical undualtor can be evaluated by [8]
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with the approximation that the radiation spot size equals to the r,g that maximizes the
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saturation power (an additional 2% factor in denominator for the linearly polarized undulator).
Now one can estimate the values of y,, ‘¥, 50 and r, at saturation only with the input electron
and radiation beam parameters. For a given tapering of the undulator parameters let us say a,,(z)
and variation of electron beam radius r,(z), starting from the saturation location, Egs. (2-18) can
be integrated to yield the evolution of (as, rs, ¥, and F;) along the undulator system, without
resorting to any numerical simulation code.

It is worth mentioning that the presented model is based on ray equation approximation
rather than being derived strictly from the Maxwell equation. It well descries the evolution of the
radiation field within ry,., given by Eq. (13), which is more or less 3r,g, while not considering the
radiation propagating outside this region. Moreover, the ray equation approximation implies the
model applies only for the tapered FEL with betatron oscilation of the beam electrons slow
compared with the synchrotron oscillation of trapped electrons.

I1l. VERIFICATION OF THE PHYSICAL MODEL

The proposed model is verified by comparing with the numerical simulations of the GENESIS
code [10] for a TW, hard X-ray FEL with L, = 120 m tapered and linearly polarized undulator. The
input electron and radiation beam parameters are listed in Table I. With a preset quadratic
undulator parameter tapering, scanning the taper ratio & = 1-a,(L,)/a,(2o) and beam radius r;,
(constant through the undulator) by using of the GENESIS time-steady simulation, results in a
maximum power of 2.2 TW with £=0.12 and constant beam radius r, = 15 um, as shown in Fig. 1.
For this optimal case, we count the radiation power within r = 3r,, F; as well as the on-axis |as]|
and r; by fitting a Gaussian to the radiation field data, and plot them in Fig. 2 as black solid lines.
The radiation reaches saturation at z = 20 m, with a5 = 5.1x10°®. The short length (~ 7 m) right
after saturation is the phase matching region, along with high trapping fraction but slow growth
in on-axis |as|. Subsequently, a fraction of electrons are trapped in the ponderomotive “bucket”
and continuously lose energy in the form of radiation of wavelength A,, resulting in further
increasing in |as| which, at the same time, leads to a decrease in refractive guiding, and in turn,
causes an increase in r; and slows down the |a;| growth. From Eq. (9), a less rapid increasing | as|
produces an increased ¥, and reduced r.x for trapped electrons, and thus a decrease in the
electron trapping fraction. When the “fiber parameter” V2 falls to about 1 [5, 8], on-axis |as|
reaches its maximum value, and then decreases due to the weakened optical guiding. In addition,
it is found that the energy spread of the trapped electron, c,/y, remains more or less p, 0.0011,
which is much less than the relative reduction ratio of the resonant energy y,= 0.1. Thus the
assumption of monoenergetic beam electrons is a good approximation for the realistic



circumstance in such a long tapered FEL. The transverse betatron oscillation period in z, Lg =
nyrbz/axln = 60 m, five times the synchrotron oscillation period [3] Ls = Ay [(1+a,2)/| asol/aw]l/z/z =
12 m. The ray equation approximation is approximately satisfied.

TABLE |. Main parameters for a TW, 120 m long FEL with tapered and linearly polarized undulator

Parameters Value Unit
Energy 13.64 GeV
Current 4000 Ampere
Normalized emittances &,/ &y, 0.3/0.3 pm-rad
E-beam pulse length (FWHM) 10 fs
Normalized undulator parameter a,q 2.3832
Undulator period A,, 3.2 cm
Radiation wavelength A, 1.5 Angstrom
Peak radiation input power 5 MW
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Fig. 1. Contour plot of radiation power with respect to taper ratio & = 1-a,(L,)/a,(20) and beam
radius r,, obtained by GENESIS time-steady simulations. The taper starts around the initial
saturation point.

We have L= 16.1 m and ag st = 6.4x10°° from Egs. (19, 20), and y, =y, ¥, =0, rs=ry and
F:= 1 by assuming the taper starts from the initial saturation point. With these parameters, the
iterations of Egs. (2-18) with step of 3.2 cm (while keeping constant ¥, = 0 and F,= 1 in first two
Rayleigh lengths right after the initial saturation to represent the phase matching region)
gualitatively reproduce the GENESIS time-steady simulation results (see dashed lines in Fig. 2).

The success of the proposed model is also reflected in the transverse distribution of the
electron beam and radiation field. As shown in Fig. 3, the transverse variation of the average



ponderomotive phase <¥> = <0 + ¢> (0 is the electron phase relative to a plane wave) obtained
by the GENESIS time-steady simulation, shows the same tendency as that revealed by the

physical model, i.e. electrons at larger r have greater V..
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Fig. 2. Radiation power within r = 3r,, (top left), rs (top right) and on-axis |a,| (bottom left) by
fitting a Gaussian to the radiation field data and F; (bottom right) along the undulator, obtained

by GENESIS time-steady simulation (solid lines) and the proposed physical model (dashed lines).
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Fig. 3. Transverse distribution of |as|, normalized trapped electron number and ¥ atz=50 m,
obtained by GENESIS time-steady simulation (solid lines) and the proposed physical model
(dashed lines).

IV. IMPROVING OPTICAL GUIDING WITH VARIED TRANSVERSE FOCUSING

In the exponential growth region, gain guiding minimizes diffraction effects and generally
strong external focusing on the electron beam will minimize the gain length. However, in the
tapered region well beyond initial saturation, gain guiding becomes much weaker and the
radiation spot size starts to increase, it can require transverse focusing different from that in the
exponential growth region. The presented model enables us to analyze the contribution of
varying electron beam radius to the radiation output.

In the case of a gradually increased beam radius r,(z), the filling factor G(z) and focusing



term K2(z) in Egs. (5, 6) will be smaller, leading to larger radiation spot size r,(z) compared to the
case of a constant r,. The extracted energy from the electron beam is of a certain value, from Eq.
(4), the on-axis | as| will be smaller, causing larger on-axis W, and lower F;(r=0). So if it is decided
to increase r,(z), the increment should be small enough to avoid significant detrapping. On the
other hand, a larger ry(z) results in an increase in rma (see Eq.(13)), yielding flatter transverse
distribution of |a,| and W¥,. Electrons at large r will be trapped deeper inside the ponderomotive
“bucket”, which helps to avoid rapid detrapping for these electrons as subsequently the W,
increases more rapidly associated with the slow-down in |a;| growth.

In contrast, squeezing r,(z) causes smaller ry(z) and rmay, as well as more rapid detrapping for
the electrons at large r. However, it maintains high enough electron density neighboring the axis
with dwindling trapped electrons’ population and thus efficient optical guiding around axis,
leading to more rapid growth in radiation on-axis |as|and less rapid increase in on-axis ‘¥,
compared to the case of a constant r,.

To test the contribution of a varied r,, we start to decrease r, from the 30 m location by
linearly increasing quadupole strengths. Figs. 4 and 5 show the resulting on-axis |as|, r; and F; in
comparison with the constant r, case, obtained by the GENESIS time-steady simulation and the
physical model, respectively. Both approaches predict higher on-axis |as| and smaller r, at the
end of the undulator with a varied r,.

Figure 6 shows the evolution of the total radiation power along the undulator for the cases
with and without variation in r,. With a varied r,, GENESIS time-steady simulation predicts an
increase in radiation power by a factor of 15%. When taking into account the time-dependent
effects, the SASE components originating from shot noise on the electron beam can excite
sideband instability in the tapered region [3, 11] and limit the available maximum radiation power.
Even though, squeezing r;, in this case helps to produce more radiation power at the end of the
undulator (2.16 vs. 1.96 TW) or reach the same radiation power within a shorter undulator length
(92 vs. 95 m for 1.5 TW), compared to the case of a constant r,.
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Fig. 4. On-axis | as|, rs and F;with constant (black lines) and varied (red lines) r,, obtained by

GENESIS time-steady simulation. The oscillation in r,, is due to imperfect optical matching.



20— 60
18—
= T 40
£ 5
o2 5 =" 20
0 0
0 20 40 60 80 100120 0 20 40 60 80 100120
z (m) z (m)
10
3r 1
;m
- 2
m -
'g w” 05
& 1
o

0 0
0 20 40 60 80100120 0 20 40 60 80 100120
z (m) z (m)
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time-dependent conditions (dashed lines).

V. CONLUSION
By use of the ray equation approximation, we have built a physical model for the FEL physics
in a tapered FEL, which has a remarkable success in predicting the behavior of the electron and
radiation beam with variable undualtor parameters and varied electron beam radius (transverse
focusing). Both the physical model and GENESIS numerical simulations show that a reasonable
variation in the electron beam radius after the initial saturation can help to improve the optical
guiding, electron trapping efficiency as well as the radiation output. In the TW FEL studied here

for illustration, the radiation power increase is about 15%.
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