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Abstract - o .
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A transverse geometrical wake generated by a beam pass- x\, ¥—————————

ing through a smooth flat collimator with a gradually vary- ' T z

ing gap between the upper and lower walls is considered. m

Based on generalization of the approach recently developed

for a smooth circular taper [1] we reduce the electromagrigyre 1: Sketch of a smooth flat collimator. The collimator

netic problem of the impedance calculation to the solutiogytends fromy = —h toy = h in they direction. A heavy

of two much simpler static problems — a magnetostatic anghe shows the trajectory of a driving particle.
an electrostatic ones. The solution shows that in the limit

of not very large frequencies, the impedance increases with 2n
the ratioh/d whereh is the width andd is the distance - >
between the collimating jaws. Numerical results are pre- N
sented for the NLC Post Linac collimator. . 2b(2)
y
1 INTRODUCTION > =

In this paper we calculate the impedance of a flat smoo%_hI 2 C . fth li b |
collimator schematically shown in Fig. 1. The collimator gure 2: Cross section of the co 'mato.r y a plane-
: N . const and transverse currents flowing in the collimator

extends in they direction fromy = —htoy = h and is lls
bounded by perfectly conducting walls. The beam propa\\/yal '
gates in thez direction. The collimator upper and lower
walls are given by the equation= =b (z), whereb (z) is  of the test particley, y.
a smooth function such that(z) <« 1. Throughoutthis  The wake w corresponding to a purely imagi-
paper we assume thats b (z). nary transverse impedance (1) is(z,y,20,2) =

For a smoothly varying wall and not very highfr.equencyZ-CZm (z,y,20) 6 (). After the passage of the collima-
such thatkb® < I, wherek = w/c ~ o', andlis the (or the bunch will be deflected in the direction by an
length of the collimator, the energy loss of the beam d“&ngle Nrer/v, where N is the number of particles in
to the radiation in the collimator is small [1]. This resultsyye bunch,r. is the classical electron radius (for elec-
in the real part of the impedance being much smaller thag,n/positron beamy)y is the relativistic factor, and =
its imaginary part, and, in the first approximation, the real .1y, 7, /2, /75,
part can be neglected. In this approximation, the trans-
verse impedance is purely imaginary and does not depend
on the frequency. The latter allows us to simplify its calcu- 2 CALCULATION OF FIELDS
lation considering only the limiy — 0 [1]. In this limit, 21 Electrostatic Problem
the electric field can be found as a solution to electrostatic
equations, and magnetic field satisfies magnetostatic equsince we assume that> b (z), for the electrostatic prob-
tions with proper boundary conditions. For the electrostatiem we seth — oo and consider a collimator that extends
problem, one has to find the electric field of a charged wirinfinitely in 4y directions. One can show that the effect of
of unit charge density stretched along the beam trajectofinite & in the electrostatic problem is exponentially small
z = x0, y = 0. The magnetostatic problem requires find-and can be neglected.
ing the magnetic field generated by the same wire carrying Let ¢, denotes the electrostatic potential such fhat=
a unit current. After the electric and magnetic fields are-gy, /0. It satisfies the Poisson equation with the right
found, the transverse impedancerimirection can be cal- hand side representing a linear charge with a unit charge

culated using the following formula density,
;¥ Ape = —4m6 (x — 20) 0 (y) , )
Za (@, 00) = = / (Br — Hy) dz. D with the boundary conditionp|,_,,., = 0. Since the

— 00

boundaryb (z) is a slow varying function of its argument,
This impedance has a dimension of Ohm and depends onthe zero approximation, we can neglect the variation of
the location of the driving particle, and the coordinates the potentialp. in thez direction. This assumption reduces
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Eqg. (2)to analogous to the electric one by introducing the magnetic
“potential” ¢,,, such thatid,, = —d¢p,, /0. Note that the

Agypl® = =46 (w — 20) 6 (y) (3)  derivative in this equation is taken with respect to the loca-
tion of the driving particlery, rather than:. The potential

— 92 2 2 2 i
whereA, , = 9 /ax + 0 /ay » and the superscrifit satisfies the Poisson equation

indicates the zero approximation to the potential. The sol™
tion to Eq. (3) with the zero potential boundary condition

is A(io'rn =47 (.I‘ - $0) d (y) ) (8)
12wy 2 w(x+wo)
o0 — In sinh” 7y + 08" T . (4) With the boundary conditions
¢ sinh? 45(742) + sin? WZ;ZSO) o
In the next approximation, the potential will be given by 8—7:1 =0, ¢mly—sp =0 9)
0o = o + o wherep!" is afirst order correction that o=£b(2)
satisfies the following equation Again, invoking a perturbation theory, in the zero approx-
5 (0) imation which neglects the-dependence in the potential
1) 2 we have
Aaf,’y@é = 92,2 ° (5) Pms
: . Apypl® =476 (z — 20) 3 (y) - 10
with the boundary condltlorngl) b = 0. The so- iy Pm m0 (z = 20) 8 (y) (10)
lution to Eq. (5) can be found explicitly usin,géo) as a The first of the boundary conditions (9) in this approxima-
Green’s function, tion takes the form
Mz oo dpY
W (5, x0,2) = L de' | dy Ox =0 (1)
Pe » Y, To, - A Y x=1b
—b(2) —o0

The solution to this problem valid in the limit>> b (z) is

) _1n {16 (Smhz YL cos? M)
It is easy to show that the integral ovgrin Eq. (6) con- " 4b (2) 4b (z)

verges on a scale of the ordergf| ~ b which, by assump- . 9 TY . o m(x—x) wh 5
tion, is much smaller than the half width of the collimator < { Sith” 7 () T smt — ) T b(2) (12)
h. This observation justifies the limit — oo assumed

3290(60) 0
X5 (2,1 2030 (2)) ol (,y — ¢/, 250 (2)) . (6)

above. This function satisfies Egs. (10) and (11), and is exponen-
tially small aty = +h, ¢m|,_y, ~ exp(—mh/4b). For
2.2 Magnetostatic Problem any practical purposes, the second of the boundary condi-

eq'pns (9) can be considered as satisfied as sodn:astb.
Note that the presence of the second term on the right hand
side of Eq. (12) does not allow us to consider the limit

A specific feature of the magnetostatic problem is that ev
thoughh > b (z), one cannot st — oo and consider an
infinitely wide collimator. As we will see below, the con- . :

tribution of the magnetic field into impedance has a terrﬁ — oo in the magnetostatic problem.o L

that is directly proportional to the width of the collimator N the next approximationp,,, = o) + o), where
h, and hence diverges in the limit — oco. The physi- o'y satisfies

cal mechanism of this divergence is related to the currents a achgg)
generated in the walls of the collimator due to the variation Ay yory) = — 922 (13)

of the image charges. This current flows around the colli-
mator cross section, as shown in Fig. 2, and generates tHewever, the boundary condition for the functiqa[i) dif-
magnetic fieldd, which turns out to be proportionaltoa  fers from the zero approximation (9), because the nor-
It follows from the Maxwell equations that thecompo- mal to the walln in the first approximation is equal to

nent of the magnetic field7,,, of an infinitely thin current n = (£1,0, —?%’), yielding the boundary condition
wire between perfectly conducting walls satisfies the fol-

i ' (1) (0)
lowing equation Oom () dpm

AH, =478 (x — x0) 4 (y), (7 O w=+b 0z =+b

(14)

with the Neumann boundary condition at the upper an@he solution of the inhomogeneous equation (13) with the
lower walls, aHy/8n|w:ib(z) = 0, and the Dirichlet Neumann boundary condition (14) can be explicitly ex-
boundary conditior{,, = 0 at the lateral wallg = +h. It  pressed in terms of the Green’s functipi£> [2] similar

is convenient to formulate the magnetic problem in a wayo Eq. (6). The result can be found in Ref. ([3]).



3 IMPEDANCE
The impedance is given by Eq. (1),

_— (0) ) 0) )
Zw _ _2 / (8303 + (990@ _ a(Pm _ Ogom ) ds.

c ox or Oxg Oxg

Figure 3: Schematic of the NLC collimator.

Note that from Egs. (4) and (12) it follows that

¢ [0z = 03 [ 0o, (16)

which means that the zero order terms do not contribute &d the width of the collimato = 0.7 cm. The applica-
the impedance. This fact can be easily explained by th&tlity condition of the theory developed in the previous sec-
in the zero order theory the geometry of the collimator relions require the functioh (z) to be smooth together with
duces to the rectangular pipe of a constant cross section i first two derivatives. Strictly speaking, this requirement

which the wake of an ultrarelativistic beam is known to b&loes not hold for the profile shown in Fig. 3 whef¢z)
zero. In the first approximation we have, is not continuous at the entrance and the exit of the taper.

In our calculations we assumed that in reality the angles
x° x° 00D 5o of the collimator will be rounded in such a way that the
/ (E, — H,)dz = — / ( ge _ Zom )dz. (17)

X

3 smoothness condition is satisfied.
o The integrals (20) for this collimator are equdl; =

0.08 cm™! and I, = 0.48 cm~2, which gives the trans-
Near the axis whem, zo < b one can expand the gen- verse impedance near the axis,
eral expressions for the impedance and carry out the in-

— 00 — 00

tegration overy. Omitting lengthy analytical calculations —ImZ; = 6.3 x 10> Ohm/m. (22)
that were performed with the use of computer program
Mathematica [4] we present here the result. We limit our 5 ACKNOWLEDGMENT
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Zy = 1 (Az + Bxg), (18)
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4 NLC-TYPE COLLIMATOR

We apply the results obtained above to collimators consid-
ered in the design of the Next Linear Collider [6]. The ge-
ometry of a typical collimator is shown in Fig. 3 with the
following parametersh = 0.5 cm,g = 0.1 cm,l = 40 cm,





