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ABSTRACT
We have investigated the structure of modified ﬁeld theories.

Higher derivatives are introduced into the Lagrangian in such a way
that the bare propagator becomes q“4 rather than q"z. A modification
of this type to the gluon propagator in a quark-gluon model gives the

- possibility of permanent quark binding. We find that such a model
has difficulties with unitarity and with infrared divergences when
treated in naive perturbation theory. If the problems associated with
going beyond perturbation theory can be overcome, these difficulties

may be eliminated.
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I. INTRODUCTION

Although the quark-parton model has had some impressive successes, 1
no particles which can be identified as the hadronic constituents have been
observed. One reaction to this frustrating situation has been to speculate
that the constituents are permanently bound into the observed hadrons and
cannot be separated by even arbitrarily Iarge energies. In this paper, we
will study some properties of an unconventional field theory model which is
designed to produce this kind of permanent binding. The model involves a
q"4 bare propagator for the gluon field. The static-limit potential associated
with this propagator rises linearly with the distance from a point source.
Other approaches to permanent binding have been discussed by Casher, Kogut,

and Susskind, 2 Wilson, 3 and Chodds, Jaffe, Johnson, Thorn, and Weisskopf. 4



Two Dimensional Quantum Electrodynamics

We can ease into the subject by briefly discussing two dimensional QED
which displays some of the properties in which we are interested. Although
this theory is trivial in the sense that it is in the equivalence class of free
fields, it has the advantage of being éompletely soluble.

The theory is formulated by writing down the Lagrangian for a spin 1/2
massless fermion interacting with a photon in the usual way. However, the
equations are interpreted in a space of one time and one space dimension.

5 The

This theory has been solved and discussed from several points of view.
most interesting discussion for our purposes has been given by Casher, Kogut,
and Susskind. ® They emphasized the novel permanent binding features of this
theory.

The work on this theory has demonstrated that the photon acquires a mass
and that the fermions cannot exist separately. At an intuitive level, the
impossibility of producing separated fermions can be understood from looking
at the Coulomb interaction in two dimensions. (In fact, in two dimensions,
the Coulomb interaction is everything since the space does not allow transverse
fields.) Gauss's Law is

2

25 6(t,0) = -ep(t,x)
ox



A solutiion for the source
~-ep(t, X) = 6(x)
is
¢ =1/21x]|
This shows that the potential of a point 4charge grows linearly with distance
from the charge. An infinite energy would be required to produce an asymp-
totically separated fermion pair.

Linearly Rising Potential in Four Dimensions

Returning now to four dimensional Minkowski space, we wonder whether
a linearly growing potential arises in any natural way. In fact, it does. The

function r solves
v2vZp = 81 6°(F
This Green's function equation could be expected to arise from the static limit
of the Poincare invariant field equation
o%p = . )

In momentum space, the propagator for this differential equation is k—4.

These considerations suggest the construction of a quantum field theory
in which the hadron constituents interact through the exchange of a gluon whose
field satisfies an equation such as Eq. (1). In constructing a realistic theory,
it is necessary to make a decision as to whether the gluon field should be
scalar, pseuddscalar, Abelian or non-Abelian gauge vector, ete. The bulk of
this paper will be involved with elucidating the structure of a quantum field
satisfying Eq. (1). In order to keep the discussion as simple as possible, we
have concentrated on the scalar case. However, in constructing a realistic

theory of quark binding, an Abelian vector or non-Abelian vector field will
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probably be needed. The scalar case has the disadvantage that like charges
attract. The Abelian vector case may be thought of as QED with the q"2
‘photon propagator replaced by q—4. Here we have likes repelling and oppo-
sites attracting as needed. By comparing with QED, we can see that the
theory will have improved ultraviolet beh‘;wior, which will relate favorably
to the Bjorken scaling phenomenon. The infrared behavior will be much worse
and will result in permanent quark binding if the heuristic arguments con-
cerning the potential can be carried through in a complete theory. A more
complicated ‘cheory6 involving colored quarks would employ a non-Abelian
vector glue.

This is not the first appearance of field theories involving higher deriva-
tives. For early work one should refer to the paper of Pais and Uhlenbeck. 7
Much more recently, Ken Kauffmann6 has independently discussed ideas very
similar to those appearing here. His work contains a cléar discussion of the
advantages of the non-Abelian vector gluon version. He emphasizes that the
self-coupling of the gluons in this theory could prevent the appearance of these
unusual particles in the scattering states. Another independent approach has
been developed by Stephen Blaha. 8 He modified the usual quantization proce-

dure to get a gluon propagator
1
P
k
rather than the' more conventional

N S
&2 + ie)?

propagator that we will be using.



Binding

We have seen that the classical potential that results from a field equation
such as Eq. (1) is linearly rising and suggests bermanent quark binding. It is
an open question whether or not this result will obtain in the quantum field
theory. As an indication of what may happen, we can consider the work of
Johnson9 and Wilson. 10

Johnson considered a field theory with a differential equation for the quark

field y of the form

0% + m%) =) = 160 p(x)
He observes that if the quark-quark matrix elements of I(x) are sufficiently
singular, permanent quark binding could result. Without going into the details
of his development, we will simply check our theory for the required type of
singularity.
In a simple scalar version of the theory the interaci;ion could be
B0 3%
and give
I(x) = $(x)
To get an expression for ¢ in terms of y, we can solve the gluon field equation
0%0% 6(x) = 9”0
to get
6 = 0,00+ [ a'y Dy ¥P)
in R
The crucial matrix element

<quark q |I(0) Iquark q'>



then contains the term
4 2 i(g-q")-
[ d*y Dy <als®@1g > &M@Y @

The retarded propagator satisfies

2

- 0%” Dp(x) = 5*x)

and is given by

-ik.x
1 4 e
D, (x) = —— fd k
R (2«)4' (k2 +ie k°)2

Expression 2 becomes

1 2
<qly~(0)lq'>
@7 +1ic Q%2

with
Q=q'-q

Since the imaginary part of the propagator goes like

c@)6'@)
the matrix element contains a singularity of the type that Johnson argued will
result in quark binding. A more detailed analysis of our model from this
approach would be worthwhile.
For another indication of whether or not the quantum field theory will
result in quark binding, we will consider the ideas of Wilson. Although the
specific mechanism he was interested in is not related to our model, his

I3

introductory discussion was more general. He discusses the matrix element

“ <0|T[ju(x) i, (0)] 10> (3)

from the Feynman path approach. After all gluon field configurations are

summed over, the contribution of a particular quark path to expression (3)



depends on

- exp —g2 f ast f ds'’ D W(X-x')] .
F

DF is the free propagator for an Abelian gauge field coupled with strength g
to the quarks. The integrals are over the4 quark path being considered. The
observation which he makes is that quark binding results from the important
distinction between the usual propagator

1
(x-x1)”

and the
n (X—x')2
which appears in two dimensional QED. As we will see later, the coordinate

-4 .
space counterpart of our q ~ propagator is

ﬁnx2

So, again, we are encouraged in the hope that a complete analysis of the type
of model we are interested in will show that permanent quark binding results.
Such a complete analysis is, as in any non-trivial field theory, very
difficult. In this paper , we will content ourselves with developing the formal
structure of the model. Attempts at results which go beyond the usual pertur-

bation approach to field theory will be left for later work. Section II is
concerned with the formal development of the quantum field theory. The

usual canonicai quantization prescription cannot be applied in a direct and
unambiguous way to theories with higher derivatives. The method we will use
seems to be equivalent to the old method of Peierls11 and (at least for the case
under consideration) to a method recently proposed by Durr. 12 An alternate

quantization method involving a dummy field rather than higher derivatives
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is discussed in the Appendix. Section III develops the interacting field and
perturbation theory. It is worth noting that simple interactions involve the
?ntroduction of a fundamental scale by way of the coupling constant. Section
IV contains our speculations on what may happen if one can transcend the

difficulties of going beyond perturbation theory.



II. FORMAL DEVELOPMENT

Euler-Lagrange Equations

)

In this section we will lay out the derivation of the Euler-Lagrange equa-
tions from a Lagrangian in which higher than first derivatives of the fields

appear. The fields which appear will be dénoted qbi(x).’ The usual notation

where
8. =2
Booaxt
will be used.l?’The Lagrangian will be a function of ¢i, au¢i’ auav¢i, ... . The
action is given by
A= 1dxe

The first thing to notice is that

auay qbi = aV 8“¢>i
so these quantities should not be varied independently. We now proceed with

the variation of A in the usual way. Using the relationships
5au¢i = 8“5 ¢i

69,0,6; = 8,9, 09,

partially integrating, and taking

0= 6y =09,60,=9,0,60;= ...

on the surface, we get

4 S5F
0= -0 — +
o M 5%‘7’1

X%
g 9 — .
uv 58,9,8;




We have taken care in restricting ourselves to the independent quantities

8“8V¢i with v <

-

In this context, when the Lagrangian contains a term such as 8“8V¢i]5J'W1, the

8

6auav¢1

of inelegance can be eliminated by observing that

variation -will give BTy p=v and 14 P Ghen p#v. This bit

YT 60 [F“Vi+(1-5“)FV“i]=aa i
T v<u pv v 1A

with the usual summation convention operating on the right-hand side. If we

then interpret

0

50 0 .

4259, FeAl a5 PPV
povti

The Euler-Lagrange equation becomes
0L 5 8L .59 0¥

- + ——
69, K 6au¢i hov 6audv¢1

0=

Conserved Currents

In order to keep the indices under control, we will restrict ourselves to
Lagrangians which contain at most second derivatives of the fields. The stress-

energy tensor is found by applying translation invariance in the usual way.

5L
59, ;

N 8. , VA v Ve
"‘P‘Laaa)\(p 8”0, 9; - (‘97\ 5oah¢)8¢i‘gﬂ°‘)

T (x) =

o T (x) = 0
[T

The momentum is .

P = [ xTH(x)

The subscript ¢ is for canonical.
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To study the effects of Lorentz invariance, consider a variation of the

fields |
5%, = (x*0B -xPo® +3°2F) o,

The change in & is found to be
5% =9 (gpﬁxa,f g BJ)+L B

LeB - 59 ap rap aB,
7 ot 6d¢ iy Oyt 6aa¢zu W ?

52 B 5 5% B
+5aa'¢'i"¢i“5aﬁ¢ a¢’+25aa¢aa¢ 2“‘aa$"a¢1

Since Lorentz invariance is assumed, we infer
o
L% =g

Translation invariance

5L 6% %
9 "g‘aqb 9,95 "0 9, 9,9, 6% 53 5,9, 9,9, 954

was used in deriving this expression for 62 . The equations of motion were

not used.

When the equations of motion are used to compute 6.7, we get
_ o0&  .of ‘ A ozﬁ _oZ
5% =0 | 2L ¢.-(a ————-—) b, + =50 0 59,
0 [ﬁdpdai i v 6c)p dV ¢i 56 0 q,')
The difference of these two expressions for §& is then

0B sy = XPB _  Bppt 8E @
AR = x TR - T (5a¢ avéaa ¢)Z ¢;

0% _( ~ap, a B _B.a\
+~—-————-6pav¢1< 3 <,‘bj+(gyd ~gho )qbi) .

Jlgaﬁ (x) is conserved

ae//paB =0
5 )
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and the angular momentum is

M*P = rd3x ul”gaﬁ(x)

Symmeterization of TV

We havé seen that

Uﬂgo‘ﬂ =x% TZB_ <P Tgo‘+ KPP

with
KPeB - _gpBe
Set
L L [KP“V - gHeY _K”P“]
s C 2p
and

A POB < B _ (Brpe
S S S

Since the difference between Ts and Tc is the divergence of a term which is
antisymmetric in p and u, TS and TC will give the same momentum. Similarly,
a little work will show that the difference between ,/lz’s and ./i{c is a term
which does not contribute to the angular momentum. Thus, TS and Jls can
be used to calculate P and M as well as Tc and ,/llc . It should be noted,

however, that the local commutators such as
[ 0, 6,00

are not the same for TS and Tc'

+

Now :

TV P H o BV PR 5 gPHY
S S [¢] C p
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When the explicit form of K is used to calculate the right-hand side of this
equation, we find an expression which is equal to L*Y . Since Lorentz invari-
ance required L to be zero, we conclude that Ts is the symmetric stress-

energy tensor.

Commutation Relations

In order to avoid as many complications as possible in understanding the
quantum mechanics of a field which has higher derivatives in the Lagrangian,

we begin with a simple case. Consider a scalar field ¢ with a Lagrangian
7= % (0°¢)(0°9)
The equation of motion is
%526 = 0

In order to quantize this theory, we will propose a simple expression for

[¢(=), o]

which has the general properties usually found in this commutator. The
crucial test will be confronted when the commutators of P and M with ¢ which
follow from this are evaluated.

Since we are dealing with a free field, we expect the commutator to be a
c-number which is Lorentz invariant and translation invariant. In addition, it
should be a solution to the field equation which is odd in (x~y) and which
vanishes for

(x-y)2 <0

We can satisfy these requirements by taking

m

[0, o] = -13 fd4k e(ko)ar(kz) o ik (x-Y)
(2m)
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To check that the commutator vanishes for (x—y)z <0, we can use its manifest

Poincare invariance to choose a frame where

-

y=0 and XO =0

Then

(60, %), 0] == [ d¥k @ 5'a) HER

(2m)
=0

So

[¢(X)s qb(Y)] =0 for (x..y)z <0
Since

Ko %) = -0
it is easy to verify
0% [p(x), $()] = 0 |
We should note at this point that we could have added to the commutator a
piece proportional to A(x-y) .13 However, since the Lagrangian tells us that ¢ is
dimensionless, this would require introducing a dimensional constant. This
seems unnatural.
For the well known singular functions of field theory, we will use the A
notation of Bjorken and Drell.13 For the singular functions associated with the

8282 operator, we will use a D notation. Thus,

[6(x), o) =1Dx-y) |,

+

and
D) = +__8_2_ A(X,mz)l 9
om m =0
_ i 5 fd4k (%) 5'(k2) ok X
(2m)

- 14 -



The important equal time commutators can now be calculated. From the
expression for D(x-y), we can prove a general relationship which is useful:

S+l

[o6 00, o 0w] = - o5 60, 7 000

To calculate an equal time commutator we proceed as follows:

-ik- (x-y) I
2
m-=

(b, o)) =~ —5 [k e o65-m?) e
27 0

om

~ 3 .
S J d k3 [{1+i Iﬁ!(xo—yo)} ek xy) g, c.]

) en Y 417
3 .—-D—-D —
= = _ -1 d’k +ik(x-y)
¢(t’ X),¢(t, y) - — e - C.C,
[ ] en’ Y 4IEP [ ]

=0

By the same method, we can get

6, %), o6 =[5 6. D, v - (7 , a(t, )| =0

[¢ W%, o6, 9] = 159

The stress energy tensor which results from the Lagrangian is
2\, oM 2 ‘ 1 a2 2
T = @°9) (" ¢) - (0 9)(3" 9) - 5" (0" 9)(0” 9)

The commutation relations give

(1471, 3, 98, 0)] = 1™ 6%@ %) 0"p(t, %)

so that
i[P“, qb(x)] = o)

- 15 -



A little work gives

i[MO‘B, q’o(x)] = *oPx - %

i[MaB, a”¢(x)] = (x%0 - 5% #Hp(x) + (e™e? -eMe%) 0" o)

etc. The cdnclusion is that the operators P and M are a representation of the
Poincare group which is carried by the field ¢. Thus, our quantization of the

field has passed a crucial test.

Particle Content

We now have a quantum field theory for the field ¢. In order to find out
what physical interpretation can be attached to the field, we will go over to
momentum space. As is usually done, we will look for the particle content of
the theory. The procedure will be to expand ¢ in momentum space and demand
that the commutation relations of the Fourier components be arranged to give
back the correct commutation relations in coordinate space.

The expansion of ¢ will be

b(x) = fd4k 6 (%) 5' () [qs(k) o X h.c.]
When the relation
k%610 = -5()
is used, it is easy to see that this expression for ¢ satisfies the field equation.
The k° integration is done by pulling out the mass derivative:
bx) = - =2 f a*k 0% sac-m?) [¢>(k) o X h.c.:H
©om

m =0

i

3

d 'k L7, L0 -ik-x
= Kk +ilkix ¢ok)te + h.c.
f4|T€|3[{X } }
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with ko = |k ]. We have defined

x (k) = o(k) - ¥(k)

If we assume that

[609. 60 = [p09, v = [0, 9700 = {6700, wTaer] = 0

we find that

3 314 - N
(69, $v]] =f4|dE,k|3 41;1?3{[x(k)+ilklxo¢(k), X -1 1y o]

—ik-x -ik!'.
e ik Xe ikl.y —h.c.}

The result we want is

3

_ d’k -1 ., ,, 0 O -ik- (x-y)
o), o )= | —= —s (|1 +ilkix -y )|e -c.c.p .
[ ] 41—1-{'3 (27T)3 {[ (x ] © }

It is effected by taking

909, T0e] = 0
009,47 0e)] = -;‘f);—g 5°(E-T)
 [peowfe) - %133 oS(K-T)
For later convenience, note that
[x09, 6T = - 4('5‘; )‘; SE-TY
[, 4Tn] = o
[e09.xa] = - 4EL Sk 1)

(2m)

- 17 -



At this point, the correct interpretation for the momentum space opera—
tors is not evident. It will be helpful to write P* in terms of these operators.

The calculation is completely straightforward but rather tedious. The result

is

pt = (27r)3 f

< 3 N ’
TE 1 [o000700 + 0700909 - 12 ¢ 00 00)]
41k | i

The momentum space commutators are used in a simple way to verify that P

is self-adjoint. It is also easy to show that

i[P”,cp(k)] = i o)

and that
[P, 000 = 16 o + 8% 900

These are (as they must be) the correct expressions to give
i[P*, o) = 0# 009
The next step is to form linear combinations of ¢ (k) and (k) which have

commutation relations close to those with which we are familiar from conven-

tional theories. For this purpose, set

a=x¢+yy and a'=x"'¢ +y"
and calculate

[a,a'T] = (xy' + yx' +yy') [ZP, 4;‘]

: o, af] = @xy + 52 [1.]]

[a', a'T] - (' + 3% [ZP, ZPT]

It will be nice to have
l:a, a'TJ =0

~ 18 -



If y were zero, that would require x or y' to be zero. If x were zero, a would
be zero. If y' were zero, we would have
a o« af

Thus, we assume that y is not zero. We can then solve for x'

X'=-y'(1+r)
with
r= 2%
y
We now have
a=y[ro+y]
- al =y () ¢+ ]
La,a'T] =0

La, aT = y2(1+2r) [zp, sz]

a', a'T] = _y'2(1+ 2r) [zp, z/)T]
Taking
(L+2r) =0

is ruled out because that would give

a'c a
The choices

1+2r > 0
or ,

1+2r < 0
are equivalent. We take

1+2r >0

That gives
[a, aT] >0

- 19 -~



and

[a', a'TJ <0

Choosing a convenient normalization and renaming a and a' to a, anda , we

+
get
a, () = N[p(k) + ro(k)]
a_(k) = N[g(k) - (1+1)p(k)]
with
3 1/2
]
41%1° (1+2r)

These operators satisfy
(2,092, 6)] = [2_09,2_("] = [a,09,270c)] = 0
and
[a_l_(k),aT(k')] = 65(K-X"
la_09,2T 0] = -6°® W)
Other expressions which will be useful later are
a,-a_ = N(1+2r)¢

a+a_ = N(2y-0)

Y = 21\1[3 +a +1+]é (a ):|

11
¢ =N Tror @m2)

With a bit of work the momentum can be expressed in terms of a + anda_ .

op
ph - f B [a:[(k) a, () -al(a () + £ {a:[(k)_af(k)} {a +(k)—a_(k)}]

- 20 -



As usual we have dropped an infinite C-number. After studying this expres-

sion for P* for a moment,one can see that it will be useful to know that

[0 -2 00, alee) -afeen] =o,
o0 +2_00, alwn +alen] =,

3

fa,0+a_g0 , ale) -alee)] =20°@-1)

and most importantly
rt t f o0
[2109a,00 -awa_g0 . fale) -ale] fa e -a @] = o
The a +(k) operators have the same commutation relations as and appear in

the momentum in the way that is usual for destruction and creation operators.

We will choose a vacuum such that

a+(k) 10> = 0.

The operators a;r_(k) and a +(k) will then create and destroy particles of momen-
tum k in the usual way.
For the a_ operators, there are two choices:
(1) We interchange the roles of creation and destruction by defining
b :a:r and bT =a_ .
The vacuum is given the property
bk) 10> = 0.

The b operators satisfy

‘[b(k), bT(k“)] = 6%k - k') .

-21 -



The bT and b operators will then create and destroy particles in the usual way.

However, they appear in the momentum as

-

579 b
The theory then contains states with negative energy. Worse than that is the
appearance of aibT in the Hamiltonian. This shows that eigenstates of H will
have an infinite number of particles.
Rather than struggle with such difficulties, we prefer to deal with those
which arise from the second option:
(2) Here, we assume for the vacuum

a (k)|0>=0

The basis states of the theory are then

/N SRS SN TS DN TS PN
a,(k,) al(k;) alkk,) ° al(k,) o
Jnl! Jmll Jn2! \/mzl
It is important to note that states with an odd number of ' -" particles

have a negative norm. For instance

< aT(k')O IaT(k) 10> =<0 la_(k')af(k) 10>

<0 I[a_(k'), aT(k)]l 0>

_3(®-TY

Another important observation which can easily be verified is that

—alkna k) [ai(k)]m 10> = m[af(k)]m 10> 6°(F- &Y
The next step in our program will be to find the eigenstates of energy and
momentum. Since the energy and momentum operators are just (continuous)

sums of operators for each momentum, we can simplify matters by working

- 29 -



in the subspace corresponding to just one momentum k. We have
Pt = [ a0
with

09 = ¥ [af09 2,00 - af09 a_p0)

p°(k) = h(k) = By (k) + h'(k)

hy () = IE’I[af_(k) a, (k) - al(k) a_(k)]
n') = Bk [a10 - alw)[a, 00 - a_w)

We have already calculated commutators which show that

[p . h():] = [p’ hl] = [ho,hl-l =0
Now, since hO and h' commute and h0 and p are essentially the same,

our problem reduces to finding simultaneous eigenstates of h0 and h'. Since

(aTa -afa_)(aT)n(aT)mlw =@+m) (af P2l )™ 10>,

+ %4 +
all states
¥ n( T)m
(a +) \a_ 0>
are eigenstates of hO with non-negative energies. Linear combinations of

these which mix states with the same n+m are also eigenstates of h0°

hO ;i) ci<aI)N"i (ai)i|0> =N ll_{lé c; (aI)N"i (ai)i 0>

So much for the eigenstates of hO'
The next important observation is that h' leaves the subspace spanned by

the

{(a}:)N_l (aT)i 0> i=0,1,2,...,N, N fixed}

- 23 -



invariant. Attention is then restricted to this subspace. Because aI - af and

a -a commute
‘-l- -

(ai—aT)N|0>

is easily seen to be an eigenstate of h' with eigenvalue zero. Indeed

el 105 =L (Yo !

1+2r(1 i)(T T) (a,-a)l0>

=0

We will now show that there are no other eigenstates of h'. First, observe

that the states

(a}: - aT )N_i (aI+ af)i 10>

Also span the subspace characterized by a particular value of N. The commu-
tation relations are used to verify that these N+1 states are indeed linearly
independent. Since the subspace is N+1 dimensional they must span it. Next,

we verify by direct calculation that

h! <a_|T_— af)N_i {aT+ ai)i 0> = JEL 2i <aT— aT>N-(i-1) (aT+aT>i_1!0 >

+ 1+2r + - + -
i#0
For i equal zero, we have already shown that the right-hand side is zero. Now

congider the action of h' on an arbitrary state. Letting

li> = (aT-aT)N—i (aT+af)i 0>

+7 % +

we calculate

N 2[K| <
h* > = h! L cili> = Tror Zicili~1>
i=0 i=1

- 24 -



If this is to be equal to A]y>, we must have

- ?\cN= 0
_ 2]K]
Acno1”T Teor NOy
2l
Acy= ooy 20
_2]K]
ACy = Tror C1

If A is not zero, all the c's must be zero. If A is zero, only < is allowed to
be non~zero. This completes the demonstration.

Let's pause to review what we have discovered about the structure of the
state space. The theory contains positive and negative norm particles.
Because of the negative norm particles the state space is not a Hilbert space.
And because of this, although the Hamiltonian is self-adjoint, it cannot be
diagonalized. There is a subspace corresponding to each momentum. These
subspaces are composed of subspaces characterized by specifying the total
number of particles in a state. Within a subspace where all the states have
N particles, there is only one direction which is an eigenstate of the Hamiltonian.
For instance: corresponding to the momentum

k=0

there is a one dimensional subspace which is the constant multiples of the
vacuum. The vacuum is an eigenstate of H. For
N=1

there is a two dimensional space spanned by

aI(O)IO> and aT(O)lO>
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The direction
[a_:r_(O) - ai(O)] 10 >

i$ an eigenstate of H. This is continued for higher N in an obvious way.

-

Corresponding to some

K#0
There is no one dimensional subspace. The

N=1
subspace is spanned by

az(k) 10> and af(k) 10>
The state
[a_;r_(k) - ai(k)]|0>

is an eigenstate of H with energy IK1. Tl'le two particle subspace is spanned
by

alwalros . alwal@ios , ana alwalegies

The state
2
[aI(k) - aaf(k)] [0>

has energy 2 KI. Itis easy to continue this for higher numbers of particles.
It should be clear that the eigenstates of H all have positive energy.
Our final observation will be that, except for the vacuum, all these

v

eigenstates have zero norm:

(T T) OI(T T) lO>—<O|(a -a) (aT-aT)N|()>

—<OI(T T) (a+—a_)NI0>

For N#0.



Quantum Mechanics of a One Particle Subspace

Studying the quantum mechanics of a one particle subspace gives some

insight into the peculiarities of this theory. We have

_ T
11, 0> = a+|0>

aT10>

10, 1>

il

]

11> === (11,05 + 10, 1>)
2

2> = —= (11,0> - 10,1>)
J2

jan
I

1
H0+H

H'=E T—i%i_f (aI—af)(a+—a_)

H0l1>=EI1>

H012>=E12>

H'll>= ﬁgr 12>

H'|2>= 0
<1,0[1,0>=1
<0,110,1>= -1

<1]1> = <2]2>=0

<1l2> =1

Before solving the Schroedinger equation, it is important to note the form

of the completeness sum in a theory which contains negative metric particles.
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The more general form also applies to the usual theories.

- 1= ) In><nln><n]
n

The sum runs over some complete set of states which satisfy
<n'In> = +§__,
nn
For the special subspace we are now working in completeness becomes

1=11,0><1,0] -~ 10,1><0,1]
= ]1><2| + 12> <1]

To solve the Schroedinger equation we write
o @)> = al(t)!1>+ az(t)!2>

The Schroedinger equation

-g? () >=-1HIyp (1) >

gives
al = -i Eal
2a1 )
= -1k (a2+ T3or

The solution is

a,(t) = a,(0) e 1Bt

_ . 2 -iEt
az(t) = [az(O) ~iEt {757 al(O)] e

Here we begin to see that there are going to be difficulties associated

with giving the theory a physical interpretation. To begin with, there is an

ambiguity in identifying P2(t), the probability that the system will be in the
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state [2> at time t. Should we use

la,(0) 17
‘or
<2iy®>1% = la,®17 2

When

the system has simple behavior which suggests that we should take
P_(t) = la (t)l2
P

However, when al(O) is not zero, P2 grows like t2 and certainly cannot
be a probability. Faced with this, we may wonder just exactly what states or
combinations of states are actually physically relevant. This cannot be
answered in the noninteracting theory that we are using. At this point, we are

content to note that completeness guarantees that there is one combination of

amplitudes which is well behaved:

al (ha,(t) + a3 Ma ) = lay () 12 - lag 1) 2

a{ (0) az(O) + a; (0) al(O)

_ 2 2
= Ial,O(O)' - Iao,l(o)l

The discussion of interactions will determine whether or not this can be given
a physical interpretaition.
Remarks | ,
We will close this section with a couple of general remarks about theories

with negative metric particles. We would like to emphasize that there is nothing

inherently wrong with a theory which contains negative metric particles. The

- 929 =



norm of a state is not an observable quantity. Only transition probabilities
are obgervable. The only thing which is required is that the transition
probabilities be non-negative and that probability be conserved. Thus, it is
the form of the interactions which is important. For instance, there will be
no problems with a theory in which the S-matrix does not connect positive
and negative metric states. Gupta-Bleuler QED is a more complicated
example.

Finally, we will bring up a point which, although it is very simple, was
not mentioned in the discussions of negative metric theories that we encountered.
The point is that the diagonal matrix element'of an observable looses its
meaning as an expectation value when negative metric states are present.
The correct generalization is easily derived. Suppose there exists a complete
basis in which the self-adjoint observable A is diagonal.

Aln> = Anln> with <n|n'>=i6nn,
The probability to observe the value An in the state [y> is
P(An) = | <n|z/)>l2

The expected value of A is then

A= EAnl<nlzp>l2= T <pin> A <nlp>
n n

i

<yPlAln><nlyp>
n

<ylA (2 ln> <n|) Iy >
n
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If we define an operator n by

- nin> = <nin> [n>

?

‘'we get

S
1l

<plA Y <nln>in> <nln><nlp>
n

il

<yPlAnly> # <yPlAly>
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III. INTERACTIONS
In this section, we will investigate the properties of an interacting field
. theory with higher derivatives in the Lagrangian. Our purpose will be to
continue the formal development of the theory and to resolve the questions
which appeared in the discussion éf the free field.

Scattering from a Classical Current

As a means of easing into our subject, we will consider the scattering
of the field ¢ from a c-number source. If an interaction term

.f/;?I = e ¢(x) J(X)

is added to the free Lagrangian that we have already studied, the Euler-
Lagrange equation becomes
Fo? px) = e I(x) .
The source J(x) is a given C-number function. We will assume that its support
is restricted to a bounded region of space-time.
The field equation can be solved by introducing the Green's functions for

the differential operator 8282.

2.2 4 22 4

9%0"Dp(x) = 5" (x) 870D, (x) = 6 (%)
DR(X)=0 for x2<0 DA(X)=O for X2<0
Dg(x) =0 for 0 < x° D,(x) =0 for x%<0

These are related to the usual Green's functions by

o) 2
Dy = - =2 Agtxm?)] 2,
A, moA m =
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It is then easy to see that

- %W"%W?é?PNWAWﬂ&%
3 2
= Afx, m")
Bmz 'm2=0

= D(x)

When the in and out fields are introduced in the usual way
D1 = 63 - e [ a’y Dppxy) 3)
bt = 96 - e [d'y Dy I
we:find that
Boue® = 930 + ¢ [ d'y Dixy) I6)

As usual, ¢ is quantized by assuming it has the same equal time commu-
tation relations as the corresponding free field. By their definitions, we can
see that the in and out fields are free and that they have the same equal time
commutators as ¢. The in and out fields are then two copies of the free field
that we have studied in detail. In particular, they will have the momentum
space structure of the free field. The relationship between in and out fields

in momentum space is then

6 ot8) = 6y () + 271 € IX)

D ogt® = 9y + 27i e KK)
where
K = K
and

)
K(k) =k°—2- J(k)
ok° k%=X
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We will now use this solution to continue the discussion of the one particle
subspasce that we began in Section II. Suppose that the initial state is the in
vacuum {0 in> . By using the solution to the field equation, we can expand

the in vacuum in terms of out states. The result is

J0 in>= |0 out> <0 out{0 in>+ |1k out> _Iﬂj__-l-_2_1_') 2ri e J(k) <0 out|0 in>
2

+ [2k out> —?— 27i e [2K(k) - J(k)] <0 out|0 in>
2

The notation is

|1k out> = L a}: (k)+a:r (k)]lo out >
J2 | out out

|2kout>=—-1— ai (k)—ai (k)] |0 out >
“/_2 | out out

N

%12 (142r)

5 ql/2
e
4

The dots represent states of other momenta and more particles. This result

shows that the source can create both |1> and |2> type states. Therefore, the
problems that we touched on in Section II will not be avoided in any simple way.

In that discussion, we also brought up the possibility of attaching physical

significance only to the well behaved combination of amplitudes

<Pll><2lyp> + <Ppl2><1lp>
Let's explore this idea in ﬁlore detail. The motivation for this suggestion is
the need to find a interpretation of the theory which is consistent with the
In a Hilbert space of states, the conservation of

conservation of probability.

probability follows from the completeness relation for the in and out states.
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Consider

_ . 2
- PA—»B_ j<B out]A in>|

% PA—»B = }B: <A in|B out> <B outlA in>

Il

<A'inlA in>
=1

In the theory we are dealing with, it is

[1><2]+ [2><1]=11,0><1,0] - 10,1><0,1]
which appears in the completeness relation. If we could find a consistent inter-
pretation of this combination as a transition probability the conservation of
probability would follow. This, of course, cannot be done by fiat. One must
supply detailed physical arguments to show why

<¥11,0><1,0lp> and <3P 10,1><0,11Y>
are not separately observable. Even before doing that, though, it will be
necessary to show that

<Pll><2{p>+<Pl2><1lP>

is positive. Let us check this for the case of scattering from a c-number
source. We find that

<0inll out><2out|0in>+ <0 in|2 out> <1 out|0 in>

= @m2 2 N2(1+2r) (<0 outl0 in>12 X

with ‘

X(k) = I*(k) K(k) + K*() J(k) - %K) J(k)
Since the coefficient of X i‘s positive, we are interested in whether or not X is

positive. Using the definition of K, we find that
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To show that this need not be positive, we will construct a simple counter-
example. Suppose J(t, X) is a product of a function of t and a function of X.
‘Then J (ko,l—{) will also be a product
I, ) = T6°) 8{K)
This gives |
X = 18@) 12 [k" = A(ko)-A(koﬂ .
ok k=1k |
with
AES = 1TE 12 .
Now assume that the function of time is a good function. This implies that
A(ko) is a good function. In particular

lim AK%) =0

k%o

A little fiddling around shows that
X>0

implies

A(ko)»oo as k° — «
The conclusion is that for scattering from a c-number source, we cannot
guarantee that

<PIl><2[P>+<Pl2> <1 P>

is positive.

This does not bode well for our theory. Our next task will be to determine

whether or not similar unfortunate results are obtained in a fully interacting
theory.

Perturbation Theory in the Heisenberg Picture

In this section, we will develop perturbation theory in the Heisenberg

picture for a sample interacting theory. The goal of the discussion will be to
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answer (within the context of perturbation theory) the questions about physical
interpretation which have come up in earlier sections. We have chosen to work
in the Heisenberg picture so that our results cannot be questioned on the basis
of certain technical difficulties which appear in the derivation of the Feynman
diagrams. They wﬂl be :discussed -later. |

Let i be an ordinary scalar field, and consider the Lagrangian
1.2,.2 1 2 3
=3 0%p0%¢ + 5 (8“¢8“¢—M zp)—eqbz/)
The field equations are
82 52 ¢=e z/)3
0%+ M%)y = o' ¢y
with
e! =-3e
Since our considerations will be restricted to the lowest order of perturbation

theory, we will not need to know the wave function renormalization or the mass

shift beyond zeroth order. It will simplify matters then to set

Z¢=Z¢=1 and 6M¢=6M¢=O

from the beginning. The in and out fields are then introduced in the usual way.

by, 0= 900 - e [ dly Dpeey) °)

out A
g, ()= () - e f dy AL () 9 ¥7(9)
out A

By applying the "full" energy-momentum operator fo these expressions we can

verify that the in and out fields are Heisenberg operators

i[P'“‘, 1 (x)] = o ()

out out
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out out

i[P“, Vin (x)} =y ®

-

From the properties of the Green's functions it follows that

2.2 _
0 a ¢in (X) - 0
out

(az+ Mz)z/)  ® =0
out

These results are, of course, nothing novel. As is usually done, we will give
the in and out fields the structure of the free fields that were studied in detail.
The states which are created and destroyed by these fields are identified with
the asymptotic scattering states.

The first part of our program will be to calculate the nature of the ¢
particles that can be created in the collision of two g particles with momenta
Py and Py- The state of the system is lplp2 in> which we will expand in

terms of the out states to order e. This state is
p,p in>=al ®,) al (p,) 10>
12 in¥1” Tin“2

The notation for the y field is

1
a, (p)= — A, (p)
o

in in
2w

o = ﬁp2+M‘2

1 4 2 12 o -ik-x
i, &) ————---—(Zw)i fd kok™M") 6(k )[Ain(k) e +H.C]
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Similar relationships hold for the out field. We then get

. -ip -ip
lplpzin>* 1 3/2fdx fdxe 1 1 2'%2
‘ 2+ WqWy (27r) (271’)

X *gxo d)m(xl)wm(xz) IO >
172

To order e the field equations give
b @y @+et [dYy Axy) oG9 )
in out y out out

When this approximation for z’bin is used and the integrals are carried out, we

find that

e' 27i d3k out( p- k)

¥ 2y W@y 4% 2 JE-T)% + M2
X [qsgut(k) o(IFT + JF-F) 2+ M2 E)
3] 00 8 (ET+(F-T) 4 20” fE> - ¢l ® 1o (%1 + (ﬁ-"}%’)2+M2-E)]|O>

with

lplp2 in> = lplpz out>+

P=py+D and E= wtw,

It is important to notice that even though |p in> contains |1> type

1P2
out states it is nevertheless an eigenstate of H. This can be verified by direct

calculation with

By Hout (or Hin)’ we mean the Hamiltonian that results from the Lagrangian
with the interaction term dropped. It is a sum of the free Hamiltonians for

each field,
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Now consider the final states

-

out out out

11pk out>——\/—_@ al (o) (Zzﬁ (k) -1 (k))10>

IZpk out> = j_g-{) T t(p) <¢> t(k)|0>

For simplicity the parameter r has been set to zero. The matrix elements

are
<1pk out|p,p, in>= 2(1267;)2 \/20—12)_2- 62“\1/12)1/4 \/_4_’_1_5_3 63@15—13')
X [5(11& WG -E) - 2%l o (F1+JF2rm? - E)]
«2pk outlplpz in> = - le’ L — (p+k P)

2(27r)2 \)wlwz ( +M )174 N4

5 (I'E’I +~)_§2+M2—E)

The two combinations which may have a physical interpretation are

. 2
|<2pk outlplp2 in>|
and

<P;P, in |2 pk out><1pk outlplpz in> + <P4Py in{1pk out> <2 pk outlplpz in>

The quantity

<1pk outlplpz in>| 2

+

is ruled out since we have not been able to define

i

6'(x) 6'(x)
The expressions for the interesting combinations are

2
! 1
- : L s'pH-p)si0)

4(21()4 wW3®s /-I-)-z 2 41Kl
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<P{P, ianpk out><1pk out!plp2 in> + <P{Py in}1pk out><2pk outlplp2 in>

2
S 1 L L %0 53(}@*+1'<’-T>’)6(|’12’1+J5’2+M2-E>

22m* W1¥2 /32;M2 4‘|T€|3
x [5(IT<'I+J5’2+M2-E> - 21K| av(lT{; +J§2+M2-E):|.

Although this last expression is unusual, it leads to a finite cross section when

e

integrated over the acceptance of the counters. We will show how this is done
when we discuss unitarity.

The next part of the program is to calculate the e2 contribution to the
scattering of two y particles to two § particles. In fact, we will only be
interested in the part of the amplitude which has an imaginary part. To order

2
e”, we have

35 = oy * €' [ @ty Alxp) @) o)
el fd4y1 AX-yy) f 4"y Dp017Y9) Vo) Yout )
v o [[dly) 8y 6o y) [ '3 22019 b2 Foutl) bourl82)
+ 0 [ty Ay 600D Vo) [ 8V 01 ) €002 Vo)

This is substituted into the expression for the initial state I_‘ppp2 in> in terms
of Yin that we used'before. The computations which follow are complicated and
boring. We recommend the exercise to anyone who doubts that Feynman

i

deserved the Nobel Prize for inventing the diagrammatic approach. The
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result is

e e
|' ' ' 2
x |6ee’ Dy(yy ~¥o) A_(71-Yg) + 4 D, (y1-,) AA(yl—yz)]
In this expression, the momenta of the outgoing 3 particles are P1 and Pz with
zeroth components Ql and 92. The subscript I on the matrix element indicates

that we have retained only the terms which contribute to the imaginary part in

the kinematic region for the scattering process. The new singular function is

9 2
D,(x) = - —% A(&,m)| ,
am m =0

In momentum space this becomes

. ie'2 1 4
<P1P2 outlplp2 in>, = ] (p1+p2-P1-P2)

I (277)5 N wlwzﬂlﬂz

26 (—pi-pg-—ko) ) ( [p 1+p 2+k]2 - m2> 0( pi+pg+ko) 6 ([p 1+p 2+k]2— Mz)

o [
X —— [ d’k
om® K2 ik e K2om?® - ik e "3

To prepare for the discussion of the conservation of probability, the zeroth

order contribution should be added on.
<P, P. out|p.p, in>,, = 63(—5 :))53(3 “P)+ 63@ -P,) 63(? -P,)+ <P, P, outlp,p, in>
172 12 U 171 2 72 172 2 71 172 172 I

i
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When this is used to calculate the transition probability to order ez, we find

g - , 2 _ .3 3 3~
|<P B, Sutippyin>y |~ = 28°(0)0°(0) 671 -Fy)?” @y- )

2
3—-> -— 3-—» — 3—-1- - 3—> —_— 4 'e' 1
+[5 D) 6 @, Pp) +6°®,-Py)o (p2—Pl)]5 0) == M
(2m)° Vo wytl 2y

with

9 4 . o 0.0 2 2 o) 2 .2
M = —3 fd k 2w [29 (—pl—pz—k ) 6<[p1+p2+k] -m ) ek ok -M")
om
0 2 2 2 .2
- €(-p]-p5K%)s ([ #py#K) ) 0% 50™-M )]
This expression for M results from observing that

— , L = 27 e(k°) 5 (k2-M2)

oMkl K2-MZ+ik%e

A change of variables
k= -k-py-Py
was also made in the second term. In the frame
P =p+p,=0
the k integration is easy. After differentiating with respect to m2, setting

m2 to zero and substituting back in to the formula for the probability we find

that R

f<P1P20ut|p1p2m>Ui = zr? (0)5°(0) 6°(P1~P) & (pz—]?z)

+ 253(0) 650 5° B,-B)) 6 BB

o2 1 1 PPaM

s’ “1%2 P Pl oM

+E3 (pl—Pl)(S (pZ—P2)+ ) (pl"‘ 2) 0 (pz_Pl)] 0 (0)
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with
2 2
- P = (p1+p2)
Now that the calculations are out of the way, we can think about the physi-

cal interpretation of the results. To simplify the notation, let P(P,p,k) stand

for whichever expression

A®P,p,k) = I<2pk outlplp2 in>l:2
or

SP,p,k) = <P{Py in |2 pk out> <1 pkout ]plp2 in>
+ <P4Pg in ] 1 pk out> <2 pkout lplp2 in>
might be used to represent the probability for production of ¢ particles. In

addition let

. 2
in>. |

E(P,Ple) = ]<P1P10ut]p1p2 U

The conservation of probability requires that
1= ) P(P-—n)
n
Assuming that this holds order by order in perturbation theory, a condition
on the quantities that we have calculated results.
52(0)8°(0)+6°(0) 6°(0) =—]2‘-fd3P1fd3P2 E(P,P,,P,) +fd3pfd3k P(P,p,k) -

The delta functions on the left-hand side arise from the normalization conven-
tions.
nin = <P{Py inlplp2 in>= Jlim lim <P']_PI2 inlplpz in>
P}—Py Py~ Py
= i i 3_‘_——7 3»_‘_’1 3_»____,.' 3= e
lm  lm [5 (P1-P}) 67 (Py-Py) + 0 (P1-PH)0 (Py-PY)

= 530y 6%0) + 6°(0) 6°(0)
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The factor of 1/2 appears to avoid the double counting of states when calcu-
lating atotal cross section that has identical particles in the final state.

After carrying out the Py and P, integrals the conservation condition becomes

2

0= s%0) & - — = P+M fd fdkP(P p, k)
4@2m° “1%2 p? pZ_Mm?

This equation shows that we are in trouble already. The first term is
positive which, if the condition is satisfied, requires the second term to be
negative. However, the second term is supposed to be a transition proba-
bility, which should be positive. Whether the sign of the first term can be
changed by higher orders of perturbation theory or by other forms for the
interaction is not known. Since A(P,p,k) is positive, it cannot possibly
satisfy the condition, and there is no point in integrating it.

The integration of S(P,p, k) is a bit tricky so we will indicate how it is
done. The vector delta function is used to do the p integration :'md the k inte-

gration is switched to polar coordinates.

e 1 J» dkd® 1

giamt wiwgJ K ET 2

fd3pfd3k S(P, p, k) = - 6°(0)

5 (k + JEE)2+MP —E\) [5 (k+ JEm) 2+ M2 —E) -2k6‘<k+~/('l3_T{)2+M2- E)]

The first term is of the usual type and produces a §(0) to go with 63(0). The

second term presents us with the problem of defining an integral of the form

1= [ ax 109 0(e(x) 0'€(¥)
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We use the following method:

-

1= fdx f(x) a%[% 8(g(x)) 6(g(x))]‘
1 d
= é de f(x)——-g'(x) = [6(g(x)? 5()))

_% _f dx 6(g(x)) 6(g(x)) a%——(_;gf'}((x)

i

-3 50) [ oE6N g 50y

i

0 (X—XO) d £(x)

1
-300 [ a 871 & g'(9

Il

With this the k integrations can be done (most easily in the P=0 frame). The
result is
2

2 .2

3 3 4 ! 1 1 P +M
[ [a s,p.00 = 0*0) 2= 25 5 5
42m)° “1¥2 P° PM

As expected this satisfies the condition but has the wrong sign for a probability.
The conclusion of this section is, then, that the theory we are using does
not allow the usual sort of probability interpretation. To show that this unfor-
tunate result holds for all orders of perturbation theory and in all theories with
higher derivatives in the Lagrangian will require much theoretical labor.

Diagrammatic Approach

In this section, we will discuss the derivation of the Feynman rules for
the sample the day we have been working with, We do not intend to present a
complete detailed derivation. Rather, we will follow through the treatment in
Bjorken and Drellwand supbly the charges that are necessary for the theory

we have.
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The first step is the derivation of the reduction formulas. Recall that

' the one particle states are created by operating on the vacuum.

n

11k in> =-§f—2— (sz)iTn(k) + ol (k)) (0>

12k in> =-J_1?T2- ¢;fn(k)10>

Again we have set r to zero. Recall that the expansion of the field is
_ 4 2 o -ik-x
. (%) = fd k 6'(k%) (k) [¢>in(k) e + H.C.]
Operating with 82, we find a simple result
920, (%) = fd4k 5(%) 6(°) [q>. ) e X p, c.]
in in
which can be inverted in the usual way to get a formulia for ¢in(k)

i 3. ik 2
¢ K = E—;}—g— f a’x e' Xﬁ;)a . (¥

To get the formula for 2y(k) - ¢ (k), we combine and operate until we get
2 2 .2 &k -k x
(48 -2t 9 -30 >¢. (x)=f——-—[{2zp(k)-q>(k)}e +H.C.]
0 0 in 2 (%]

which inverts to

i 3. ik X< 2 2 2
2P(k) - oK) = 2 | d’xe 9. |405 ~2t0,07 -30" | ¢, (X)
(217)3 f 0 [ 0 0 ] in

In reducing an in particle of type |1> from the initial state, we find a

formula like '

-i 3. -ik'x = [,.2 9 9
(2103 fd X e ‘ ao [480—2‘6808 -30 ] <Al[X¢in(X) ‘¢out(X)X]IB>

which we can write as

1 ( lim - lim) L deX oKXy [482—2t8 az-saz] AIT[pE) X]IB> .
0490 =29
Jz (27

t—eow t—-w
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This expression reveals the first difficulty with the derivation. The limits
may not exist and the asymptotic condition may not be satisfied due to bad

behax?ior at large t. We will simply hope for the best and proceed. The
standard manipulations then reduce this to

atx X2 1402 Cotn 0% - 30%|<AIT [6(x) X]IB>
m)f [o -3 <amioenx

fd 3+2t80) 923 <A|T[¢(x)X]|B>
21r)

For the |2> particle the corresponding result is

fd e KX 5292 A IT[0(x)X]IB>
szm

When all of the in and out particles have been reduced into the time ordered

product, our attention is shifted to the tau functions
TE Xy e-) = <0|T[¢(xl) P(x,) - -] !0>

The perturbation expansion for the tau functions is developed by infro-

ducing the U matrix which has the property
-1
$(x) = UT (1) ¢, (x) U

with similar expressions for ¢, ¢, ¢ , ¥, and §. The derivation of the

properties of U proceeds smoothly. It is convenient to introduce the operator
U, t) = ugt) UL

No problems are e1'1countered in obtaining the usual expression for U(t,t') in

terms of the time order products of the interaction Hamiltonian. The next

step is to use the U matrix to write the tau functions in terms of the in fields.
_ -1
’T(X1X2 ce xn) =<0|T [U (tl) ¢in(x1) U(tl, tz) Pin (xz) - U(tn)] [0>

= tlnil <«0lU” (t)T[U(t t) &, () Ultyrt) 9, (%5) -+ Ul -t):|U(—t)I0>.
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The U operators outside of the time-ordered product are handled by showing
that -

im U@)10>= 2 10>
+
t—>:beo

The second technical difficulty is encountered when we attempt to verify this
condition. Following Bjorken and Drell, we consider an in state which con-

tains a ¢ particle of momentum p plus anything else @. Observe that

<ap 1n|U(t)lO>— — fd x P a <a|<I) U@ 10> . 4)
J2 (27r)

The operator & is

2 .0, .2 ‘2) 2
(480—2x aoa ~30 qbin(x) or a¢m(x)

depending upon whether the state contains a |1> or 2> type particle. Using

the properties of U, calculate

<aplU® 10> =
J2 (21r)

fd x eP X 3, <a1U() d(x) U L(x )U(t)|0>

N i
N2 (27

= <a|U(x)) [ PxeP ¥ 3, @(x)] v ) UGy 10>

f a°x e <oz|[fJ(xo) a(x) UL (x°) Ut
Jz 2m°

+ U a(x) U710 U(t)] 10>
Set x =t and let t—-«. The first term will contain the quantities
<a U(-)[ 243, (0) - &, @] 10>
or

<a[U(-») ¢, (p) 10>
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which are zero. A little manipulation shows that the matrix element in the

second term is

-,

lim <o l[—i H(t), &, (¢, ?{)]U(t) 10>

t——» ~— 00
with

Hit) = -, .9.)
z/)3

in

= ° ¢in
If the original ¢ particle was a |1> type, q)in contains qu and the commutator
is not zero. The only way around this that we can see is to say that HI(t) should

be interpreted to contain an adiabatic switching factor

e—€|tl

To understand this better,we can use lowest order perturbation theory to
calculate the matrix element in Eq. (4 ) directly.
lim <alpin|U@)10>= lim lim <o« lp inlU,t')10>
t-—-»—OO t-—>—°0t7—>_00

L
~ilim lim <alpin] dt1 HI(tl) [0>
t?

t—»—oo t' — OO

it

t
=-ielim Ilim fdtl fd3x-——1——§
J2 (2m)

t-—-» —00 t' ——00 tt

/2
x [2—1{?—] (1-211F 1t ) e'P'%
4|p |

X <o ZIJS(X)I0>

It

< | zp3(x) 10> ~ eiq'X >
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The resulting integral will be of the form

t ., 0, 0 L =
f‘dtlf @’ (1-21 [P1t,) !PTt o 1PF )X
t!

t ., 0 O
—_— — C +
= 2n°6° [+ ) (1—2p°——-ao) a, @O )
- 1
op /vt p =lpl

Without a convergence factor, this integral is not defined if we infend to take
the limit t'— - followed by t —~~. This shows again the need for the

adiabatic switching factor in H,. Including this factor will modify the integral

I
in Eq. (5) to

., 0 O
o 8 t [€+1(p +q )]1:1
1-2p ——3) at, e
op t!

p°=pl

with t' and t going to minus infinity this is certainly zero. The conclusion is
that this part of the derivation of the Feynman rules requires that HI be
interpreted with an adiabatic switching factor.

No further problems are encountered in completing the derivation of the
Feynman rules. The only work which is left for us to do is to examine the
properties of the propagator

<0|T [(bin(x) ¢>in(x')] |0>
For this discussion the designation ''in'" on the fields will not be indicated.
Using the momentum space commutation relations, the time-ordered

product is easily calculated. Since it is formed from

<01 p(x) p(x") 10> and <0lp(x') dp(x)10>

i
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we begin by looking at

3 3 .
<0TH(x) d(x") 10> = ‘Lkg ik; <0([{X(1<)+1|T{f t¢(k)}e“1k’X+H.c.]
41k | 41k |

. [{x(k') + ilK'| t'gb(k')}e‘ik"x' +H.C.] [0>

5 3 i e
= ikg [X(k)+1|k|t¢(k) XT(k' llk'lt'(i)T(k‘]e_lk'Xe'Hk X
41k ik

Working out the commutators and using the resulting delta function to do the

k' integration gives

<01 ¢(x) p(x') 10> = f [1+1]k| t-th] e ~ik- (x-x')
(2”) 4R

To get <01 ¢(x1) $(x) 10> simply interchange x and x'. After observing that

<01d(x) p(x') 10> = 8::12 A_I_(x—x',mz)l

mzéO
It is no problem to show that

<0 1T[px) d(x")]10> = 82 iAF(x—x',mz)l )
om m-=

fd K e ~ike(x-x")___ 1
k +1€)

This shows that the time ordered product solves the differential equation

(27F)

8202 <01 T[p(x) px] 10> = i6% (xxr)

»

By direct calculation one can verify that

i

8282
4(27)

5 2n(-x2+i€) = 164(x)
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Thus the propagator in coordinate space is

- <OIT[pE) ¢ExH]I0>= L 5 Qn<-[x_x‘]2+ie)+ C {6)
4(2m)
where C is a (perhaps infinite) constant.

Equation (6 ) should be interpreted with soﬁxe care. Considered as an
ordinary integral the k integration diverges at k=0. (This is the same behavior
that is found for the photon propagator two-dimensional QED.) Considered as
a distribution the result depends on the method used to regulate the integral.
It is also interesting to note that although the left-hand side of Eq. (6 ) is
formally scale invariant the right-hand side is not.

As an alternate way to calculate the propagator we can do a (trivial)

spectral sum
<01¢p(x) ¢p(x") 10> = fdgk <0 (%) [! 1k > <2k + | 2k><1k l] o(x") 10>

A typical matrix element is

<0]¢p(x)11k> = <01 ¢(0) e-1P-x| 1k>
= <0I¢(O)e_1Ht| k> el €%
Recall that
- t
H HO +H
and
H—
| fa, - o
Using
"HI1K> = Kl 11k>
and
- _ 2K
Hllk> = T1or 12 k>
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and

- H'|2k> = 0
Wé find
1) [ 1k> = <Ol¢(‘0)[l 1k> - 1t%’-§—r—' I2k>] o ikex

This and similar results for the other matrix elements combine to give
. _ 3, -ik-(x-x')
<01px) px)10>= [dke [<01¢(0)[I k> <2k | + 12k><1k []$(0) 10>

- 5= 11K (<01 9(0) 12k> <2k $(0) 10>] )

When the definitions of the states and the momentum space commutation rela-

tions are used to calculate

1 N

<019(0) I 1k> = —_

@n° J2

<019(0) (2> = - — - (Lt2r)
(2m” W2
Eq. (7) becomes
3. .
O1p(®) $(x') 10> = ~— Lk e K X0 1R -]
en’ Y 4%

as before.
We now turn to the relationship of the time ordered product to the normal

ordered product. As usual,¢ can be decomposed according to

(]5 o (P("') + ¢)(")
with i

oM xy10>=0

<0|¢(-)(x) =0
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Using';v the definition of the normal ordered product we find that
S e = 06 66 - [0, 0]
= :19(x) ¢(x'): - <0[¢(x) ¢(x') 10>
since the commutator is a C-number. With the corresponding expression for
¢(x') ¢(x) and the observation that
19 (x) P(x7): = 19 (x') p(x):
we obtain
T[p(x) $(x)] = :6(x) p(x): + <0IT[p(x) p(x"]10> . ®)
With the properties of time ordered product known, we can return to the
derivation of the Feynman rules. Equation ( 8) allows us to prove Wick's
theorem. The rest of the derivation presents no difficulties. The usual rules
are modified by replacing the momentum space scalar propagator l/k2 by 1/k4.
The other modification results from the form of the reduction formulas. The
differential operator which serves to remove the external line propagators is
becomes 8282 for |2> type states and —(3+2t80)8282 for |1> type states. As
an example, we will recalculate the matrix element
<pkllp 1Po>

Use of the reduction formulas gives

. 1/2 3]1/2
s i i 1 (27)
<pk1 outlplp2 in> = —[ 3/] [Zwlzwzzwp] [8 = 3]

Len®? e
f 014x1 fd4x2 f d'x, f d*x,
x e_ipl'xl e-ipz'X2 eip.X3 eik.X4 (3+2t0,) azai (82+M2)1(82+M2)2(82+M2)3
x <OIT [ptxy)p xg) Uiy 9] 10> ©)
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In lowest order the tau function is
gy = e [y oIty ) vy () tasg) 63,520 0) 0 10>

. 4 . . .
= ~ie 3! fd y 1AF(X1—y) 1AF(x2—y) 1AF(X3—y) <0 lT[¢in(x4) qbin(y)] 10>
Inserting this in Eq. (9‘), letting the differential operators act, and carrying

17 X9 and Xq integrals we find that

1/2 3
. . -9 1 1
<pk 1 outlpp, in>= -ie 3! &) 8 l:zw 2w,2w :I 3 [(21) 3]
1772 p (2m)~ L8 Ik} (10)

out the x

~i(p,+P,-P)* Y L.
X f dlye L2 f d*x oiF X(3+2x080)64(x =
After the x integral is done, the y integral we are left with is
-i(p,+pP,-P)'y N N
fd4ye 15207 1 o1 R1y°) = @en® 63(3+K-P)

x [6 (IT{l + \/§2+M2—E) - 2K 6'(|T{| - «/32+M2—E)]

When this is substituted in Eq. (10) the same expression that we obtained in
the Heisenberg picture is reproduced.

Infrared Problems

As we have already seen, the l/k4 propagator presents some infrared
difficulties. From a general point of view, this} is a good feature which may
lead to quark binding. However, in terms of perturbation theory calculations,
it is a disaster. The radiative correlations to scattering processed cannot be
rendered infrared finite as can be done in QED. To give an idea of what can
happen we will calculate the order e2 contribution to the fermion self-energy
in the abelian vector meson version of the theory. By this we mean a theory
like QED except that the l/k2 photon propagator is replaced by 1/k4. We

choose this model so that comparison with the familiar results of QED will be
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facilitated. The coupling constant e then has units of mass. The gauge
properties are not affected. It is interesting to note that because of this the
" Ward identity is also not affected.
' The self-energy insertion is
Z(p)z _—_i%‘ fd4k 1 , ,yu k+m 'Yu
Ar (k +ie€) (p- k)

We will regulate this in the infrared by using the propagator

1

(k2—7\2+ie)2

A little y-algebra gives

sm = Z(p)l - nle fd K = k“n (11)
p=m 47r (k }\+1€) -2k'p

After parametrizing the denominators, shifting the origin in k-space, and

doing the k integral, Eq. (11) becomes

x3+ 1
om = -~ mf f f dX 6(1-x 17 %9 —x3)
[x3m +(1—x3)7x -i(1 x3) e]
These integrals are elementary. The result is
1.2
1+k-=k
ém = Zn;-lr iz 1-2 _—2 larctan 2=k arctan -——;15-——-]
m 4k - k2 Jak - k2 Jk - k2

with
re A
- 2
m

If this expression is carefuliy expanded in the k — 0 limit we find
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In normal QED, 6m depends on the ultraviolet cutoff but not on the photon mass.
. A mgss shift which depends strongly on A suggests that the observed fermion

- mass will depend on the size of the room in which it is measured. This
should serve to illustrate the infrared problems in perturbation theory. If,

in the full theory, the fermions were permanently bound into charge zero

particles this infrared divergence would presumably be mitigated.
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IV. SPECULATIONS

The presentation of our results is now complete. However, the task of
,.elucidating the structure of our model is by no means complete. We will
conclude the thesis by speculating on the sort of interesting possibilities that
might be established in a more ambitious analyéis. |

The development that we have carried out so far will be referred to as
naive perturbation theory. We have seen that it has some problems. The
conservation of probability is violated by the production of negative metric
states. In a finite order, the quark pole will not be eliminated, and the quarks
will not be permanently bound. The radiative corrections are infrared diver-
gent at the one loop level. (Presumably, this is related to the idea that the
quarks actually cannot be asymptotically separated.) These problems are
serious. They indicate a need to go beyond the unimaginative confines of naive
perturbation theory.

We will begin the discussion with some general remarks about the charge
operator in the Abelian vector gluon version of the model that was introduced

at the end of the last section. The "electromagnetic field" now satisfies a

higher order field equation
azav FY = eft

F* is constructed from the vector potential in the usual way

F =0 A -0A
7 TR T

In the Lorentz gauge :

aMA“ =0 ,
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the field equation becomes

azazA‘“ = ej“

This reveals a field equation of the type (although now for the vector case) that
we have studied in detail.
If Gauss' law

82?7'- §= ep

is integrated to get the charge in a volume V with surface S, we find
Q =fdc‘r‘- 2E (12)
v .
S
This is to be compared with the usual result
QV_—.dea.E : (13)

In QED, vacuum polarization effects do not alter the q_2 behavior of the photon
propagator at small q2. The exchange of these massless quanta gives an
electric field which falls as r—z. A finite contribution to Eq. (13) results even
as the surface is moved to infinity.

In the same way, if the vector propagator in the model maintains its q"4

behavior, we will have

—_— — 2-——>

E~T/r |, VE~_17/1‘3

A finite contribution to Eq. (12) will result. On the other hand, if the electric
field goes to zero as r goes to infinity, there will be no contribution to Eq. (12)
as the surface is expanded to;inﬁnity. We then have Q=0, and we must con-
clude that only neutral states are allowed. However, the bare quarks are
charged. As a consequence the physical states must be in the

¥ 10>
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channel and not in the

z,b+|0>

-

channel. (y is the field for the spin-1/2 quark.) This is just what we mean
by permanent quark binding. As a reflection of this, the single particle pole

he

prets

n
ii

[

uar

Now, the long-range structure of the '"electric field'" comes from the q_4
singularity in the gluon propagator. It arises from the exchange of the unusual
massless gluons we studied in Sections II and ITI. If the vacuum polarization
modifies the q2 — 0 behavior of the propagator to q—2 or some even weaker
singularity, E will go to zero at infinity é.nd the quarks will be bound.

Now that we have focused on the importance of the vacuum polarization
insertion, we will discuss various possibilities for its behavior. The first
important point is that the Abelian vector version of our model has the same
structure of coupled integral equations for the Green's functioné as QED except

that the expression for the vector propagator is

_gu y

D' (@)=
et qz[q2+eg H(qz)]

+ gauge terms .

When we restrict our attention to perturbation theory, there are two
initially reasonable looking possibilities. In naive perturbation theory, we

assume that we can begin the perturbation expansion with the initial estimates

+

2
| . —
SF‘( as g —m

+

Euy Z3 2
D' = —HL_ 2 4 gauge terms as q° — 0

F[LV q4
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Problems arise immediately when the one loop contribution to H(qz) is
calculgted. This is the same as the usual QED calculation. II0) is found to

be an infinite constant. The basic structure of our D!, is then modified to q~2

F
and we see that the initial q—4 guess was a poor one. Naive perturbation
theory will be useful only if an infinite class of graphs can be summed.

Another perturbation theory possibility is to renormalize the integral

equations in the usual way and to assume the structure

! — —
SF Jom 28 p—m
(14)
~ &,
D'F“V — —%— as qg — 0
q
The renormalized expression for the gluon propagator is
~ T
1 = -
D v 5 5 5 5 + gauge terms
F q |z 34 +e” I{q")
The structure of Eq. (14) requires of Z 3
2 2
23e0 o) = e II(0) = 1 . (15)

However, when we use this structure to calculate the one loop contribution to
II(0) we find again that it is an infinite constant. Equation (15) then demands
that
e =0

Thus, if the renormalized theory is to be finite, it must be free. This possi-
bility does not appear to be ‘productive either.

A need to go beyond this sort of unimaginative perturbation theory is
indicated. All indications are that the vector propagator will not maintain the

q_4 behavior. This means that the quarks will be permanently bound. This
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should be reflected in our estimate for the quark propagator. In particular it
should not have the (8 —m)—1 single particle pole. We do not know what struc-
ture would be more appropriate as an initial estimate in a more sophisticated
perturbatioﬁ theory. For the vacuum polarization which determines the vector
propagator structure, we ilave already commented that H(qz) ~ q2 as q2 -0
seems unlikely. When the quark propagator is modified, H(qz) — constant
might be consistent. This would give a long-range "electric' field falling like
r—2 and quark binding as discussed. Another interesting possibility would be
that H(q2) would develop a pole as it does in two-dimensional QED. The result
of that would be a gluon propagator with no singularity at q2 — 0 and only a
short-range interaction remaining.

It is worth noting that these changes could serve to cure the unitarity
problems of naive perturbation theory. If, for instance, the vacuum polari-
zation modified the gluon propagator to q—z, a standard positive;metric particle

content would result.
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APPENDIX

Asawe have seen, the field equation
8262 p=4d

follows from a Lagrangian

z=1@%0)0%) -39 . (16)

This theory has been quantized in a natural way. The free case
=0
was completely solved in Chapter II.
It is interesting to note that the same results can be obtained by intro-
ducing an auxiliary field rather than higher derivatives into the Lagrangian.
Consider

1

B ‘ 122
g~+au¢>1a“¢2--2-m "% 901 - 1

If the canonical quantization method is used, we find

m=2L =g,
6q>1
and
A4 .
TFZE—(S_'- = ¢1
¢2

We then require that

[’ﬁ(t,;), ﬁl’lét??)] = [¢;2(t,§), (pl(t,}’)] _ —163(—}?_5’)
| (18)

with all other commutators zero.
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The Euler-Lagrange equations are
1
m
i _ 2
0 ¢1 =-m q§2
They imply that
8282¢> =mdJ
1
The Hamiltonian density is
H = T oyt 7r2q52 -z
which becomes
-GG 4T To+imleZsl
H= 919yt VP - Vo tgm gy 190y

199 2

Commuting with ¢>1 we find
2

iFf(t,?i), ¢1<t,§’>] = 6,7 6°(X-7)
2 2

as required. This method is, thus, an alternate formalism for obtaining a
field equation of the type in which we are interested.
It is easy to show that this theory is equivalent to the one which begins

with the Lagrangian in Eq. (16) and which we discussed in Chapter II.

Introduce
_ 1
' o= = qbl . (19)
We then have
¢;=m¢ ,
1 .2
¢2 - = .I—Il- 9 ¢ ’
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and

- 8%9%¢ = J
The Lagrangian in Eq. (17) becomes

1 .,.2 . .,.2
Z=5(0 ¢)(© ¢)-JI¢

Substituting in the commutation relations Eq. (18), we find that ¢ as given by
Eq. (19) satisfies the same commutation relations as the ¢ of Eq. (16) which
was discussed in Chapter II. The fact that the methods which start from

Eq. (16) and Eq. (17) give the same results suggests that we are doing things

correctly.

Acknowledgment

We would like to thank S. J. Brodsky and K. Kauffmann for helpful

discussions.

- 66 -



10.

11.

12.

13.

14.

15.

REFERENCES
R. P. Feynman, Summary Talk given at International Conference on
N;ltrino Physics and Astrophysics, Philadelphia, April 1974,
A. Casher, J. Kogut, and L. Susskind, Phys. Rev. Letters 31, 792
(1973). ‘
K. Wilson, Cornell preprint CNLS-262 (February 1974).
A. Chodos, R. Jaffe, K. Johnson, C. Thorn, and V. Weisskopf, Phys.
Rev. D9, 3471 (1974).
J. Schwinger, Phys. Rev. 128, 2425 (1962);
L. 8. Brown, Nuovo Cimento 29, 617 (1963);
J. H. Lowenstein and J. A. Swieca, Ann. Phys. 68, 172 (1971);
A. Casher, J. Kogut and L. Susskind, Phys. Rev. Letters 31, 792 (1973);
J. F. Willensen, SLAC Report No. SLAC-PUB-1397 (March 1974).
K. Kauffmann, Cal Tech preprint (June 1974).
A, Pais and G. E. Uhlenbeck, Phys. Rev. 79, 145 (1950).
S. Blaha, Cornell preprint (July 1974).
K. Johnson, Phys. Rev. D 6, 1101 (1972);
C. M. Bender, J. E. Mandula and G. S. Guralnik, Phys. Rév. Letters
32, 1467 (1974).
K. Wilson, Cornell preprint CNLS-262 (February 1974).

K. Nishijima, Fields and Particles (W. A. Benjamin, Inc., New York,

1969), p. 39.
H. P. Durr, Max~-Planck-Institut preprint (November 1973).

We will use the notation of Bjorken and Drell, Relativistic Quantum Fields

(McGraw-Hill, New York, 1965).
The commutation relations can be used to verify that Tgp. is self-adjoint.

Ref. 13, Chapters 16 and 17.

- 67 -



