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I. INTRODUCTION

This paper is essentially a continuation of two previous papersl’ 2 on the
subject of sum rules for the structure functions of forward current-hadron
scattering. (Hereafter, we shall refer to Refs. 1 and 2 as A and B, respectively.")
The principal concern of the preSent discussion will be the complete set of
current algebra constraints on the Regge and asymptotic fixed hadronic mass3
residues of the structure functions of inelastic (anti) neutrino nucleon scattering.
For the sake of completeness and continuity, we shall begin by briefly reviewing
the connection of the discussion here with that of A and B. ST

In A, we introduced4 a method which in principle permits the systematic
discussion of all equal~time current algebraic sum rules. ’However, there, for
convenience, we made a convei'gence assﬁmption about the states near
X = -q2f./2Mv =0, ~1. This assumption amounted to suppressing the possible
presence of leading5 Regge poles and asymptotic fixed hadronic mass states.
Of course, it is well known that such a suppression is of no effect insofar as
convergent scaling and fixed -q2 sum rules are concerned. For divergent sum
rules, such a suppression is understood to mean that the resulting expressions
are only formal and require some kind of 1:Jc'uncation6 in general. In B, we
showed that continuity in dynamics allows one to treat the states at x=0, ~1
systematically in the framework of A. By applying the resulting formalism to
the spin independent Schwinger term sumk rule, it was shown that the required
truncations of formal expressions occur naturally. Moreover, it was shown
that this formalism yields new surprising sum rules for the Regge and asymptotic
fixed hadronic mass limit residues. Only the isospin symmetric, spin inde-
pendent, 0-i aspect of current algebra was considered in this latter connection

in B. Here, as we have remarked above, we shall use the methods of A and B
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to discuss the entire set of residue sum rules following from equal-time
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We should point out that theoretical prejudice would suggest that the fixed

hadronic mass limit residues which will be under discussion are in fact trivial. k:

, <
However, for the most part, this will not concern us here. For definiteness 35
we shall presume a form for the behavior of the structure functions in the

[\

q- — o, uz_ = (p+q)2 fixed limit which is general enough that the extension of

our results to an arbitrary behavior will be immediate. The analogue of this

presume.
Let us also reniark that in the course of deriving our principal results
(the residue sum rules) we shall naturally obtain the truncated (when necessary)
versions of the conventional fixed -q2 and scaliﬁg sum rules (both spin independent
and spin dependent). The spin independent (untruncated) results are of course
well known whereas the (untruncated) spin dependent results are discussed in
A, 7 for example. We shall always record thesé (truncated) sum rules here
mainly in the interest of completeness.
It will be apparent in what follows that the residue sum rules presented
here are very restrictive insofar as the form of the residue functions is con- -
cerned. This fact alone makes these results very intéresting. They should
prove very useful theoretically in constraining the parameters of detailed
analytic models of forward current hadron scattering. However, the models
of current hadron scattering which have appeared to date have not been -
constructed in sufficient detail to permit their serious consideration in what

follows. A sufficiently detailed model is under investigation.




We shall not belabor the details of the method Which we shall employ in

rocedure is described in some
detail in B. Of course, a few details will always appear—in the interest of
compléteness .

The paper is organized as follows. In Section II, we briefly review the
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formalism developed in A and B. In Section III, we : alism t
all aspects of equal-time current algebra and obtain the complete set of residue

sum rules. For clarity, we only list in III those results associated with the

The remaining results are - -
relegated to Appendix II. Appendix I contains the forms we employ for the
various asymptotic limits of the structure functions. Section IV contains some.
concluding remarks and an explicit statement of our interpretation of current

algebra.

I. PRELIMINARIES
In this section we shall briefly review the method which we shall employ
to discuss residue sum rules. As stated in the Introduction, a detailed
description of this approach to sum rules may be found in B. We begin by setting
the notation.
We shall be chCernEd with the structure functions parametrizing fbrward

current-hadron scattering

current a + hadron @ — currentb + hadron 8
q Y 9 p

specializing always to the case where the hadron is a nucleon and the current is

the full V-A weak current Jﬁ = VZ- AZ‘ , with a = 1+i2. (We take Cabbibo

angle, 60, to be zero without loss of generality.) The corresponding hadronic

Sy 00




tensor Wﬁs will be written in the convention of paper A, ignoring the possibility

of time reversal violations:

wfﬁj == f d*y eiq'ym_,_sl[aﬁ (y),Jﬁw)] Ip, 8>

a4
Lis sq (%
- @8,%9,8) Vet (guv— 2 )Vs

‘ s.dqq’
_84aq /, _q4p p P V., etV vy
2 P2 WP "2 ) Ve 5 Vv
My q o q Mq

-84 i op
Mq2 (puqv+pvqu) V8 v €uvcrp s d Gr1

i [2 oo, L 00 68|
- M2 [q Cuvap S P T (quevcrpd "qveuopa) S ppq] Gy

i ¢ 0.6
“ =5 4y S5 = Y Suops) S PL Gy (2.1)

Mq H
where s is the nucleon spin, M the nucleon rest mass, and Wi’ V., and Gj are

functions only of q2 and v (we are suppressing U(3) labels).




We shall take a standard form for the equal-time commutation relations

of the octet currents Vz, AR,

2,
Ve, Vﬁ(y)]xozyo < [2Ee, Al =16° @ -9 1y, Vi) (2. 22)
Ve, ale) x oy, * A0 Vi oy, = 20 F D) B A0 2:2)

Ve, V’i.(y)]xozyo + [, ale) - X -T) fy, VIO +i0)" S)
(2. 20)

[Vlg(x), Al (y)]xo=yo + [Alg(x), vﬁ (yﬂ Xo=5’§ = 21 6%(% - ) £y, AT ) + 100 i k’z

(2. 2d)

50, Vﬁ(y)}xozyo +[afe, Aﬁ(y)]xo.,. 3y = 0 F ) [t Vo O

t T |
+ e, dy, Afl(y) + (gradient terms) (2. 2e)

—

k £ k . .3 —, m
[Vr(x)’ AS(Y)]XO=YO * [Ar(x)’ Vﬁ(y)]xowo =-26(x - y)[grsfldm Ay @)

+ erstd] /2 Vin(y)] + (gradient terms) (2. 26)

Here k, £, m are U(3) labels ranging from 0 to 8; r, s, and { are spatial indices
varying from 1to 3. The objects S and & are Schwinger terms.
The residue sum rules, like the more familiar fixed -q2 and scaling sum

rules, will be seen to follow from the familiar observation that, for Tf P =0,

[: dy — fd ye 1_0_1)-—3”<p,s~|[Jllj(y), JZ(O):”YO:OIp,S>
= G @9 2.9
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where Cig is clearly determined by (2.2). Specifically, isolating the kine-

matically independent parts of (2.3) yields in general identities of the form

fo dv I(q,p) = D 2.4)

where D is given by (2. 2) and I is a linear combination of structure functions ~f
with coefficients determined by (2.1) as functions of q,p. As in B, in what
follows, we shall augment (2.4) with the following assumptions:

1. Bjorken scaling in the form of (AI.1).

2. Regge and fixed hadronic mass limit behavior in the form (AI.2) = -

and (Al 3), respectively.
3. Continuity in dynamics.
4. Commutativity of x-integration and limbj in the region x < -1,

where the scaling limits vanish.

With these assumptions, it follows (see B, Eq. (2.10)) from (2.4) that

-2 S
-q “/2nM v I(q,.q,p)
= lim f dv lim I~ f & lim ————

X
7N — po—wo ~1 pO--»oo
2—2
2p-q /MM : :
04 2 H
+ 11m du
g 2M 2 =55 % ~
1+ Q._ZX'E.Z_M_
Po
-4 2, 2..2
q py/n"M |
0 9 R
+_f dq’ 2.5)

G -n"M?/q%)) oot

where H is the asymptotic v — ~o0, “2 = (p+ q)z—fixed form of I

I —H (2.6)

VY = 00

uz—ﬁxed
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and R is the Regge asymptotic form of pOI. Thus, for D constant, the leading
residue sum rules occur as the coefficients of p'(’; , ¥>0, in (2.5). The (truncated)
fixed -q’2 and scaling sum rules occur as the constant term (in PO) in equa-~
tions like (2.5), with the contributions of J=0 Regge poles and of terms constant 5 | .

in the limit (2.6) naturally included.

g

Our forms (AI. 1 and Al 2) for the Bjorken and Regge asymptotic behavior
of the structure functions are standard. The form (AL 3) for the fixed hadronic
mass limit is as suggested by the DGS spectral representation. 6 Let us again
point out that theoretical prejudice would suggest that the residue functions - - -
gi,’ o which characterize the fixed hadronic mass limit are in fact trivial. 6 To
repeat, this will not concern us here, | |

Having made thése preliminary remarks, we shall now turn to the complete

set of residue constraints.

III. RESIDUE SUM RULES

As we remarked above, in general residue sum rﬁles may be obtained
from each kinematically independent, statement of the form (2.4). We shall now
systematiéally discuss these results. Since the results are quite numerous,
many of the them have been‘relegated to Appendix II in the interest of clarity.
In this section we shall only list explicitly those residue sum rules which derive
from consideration of the familiar sum rules of Adler, 8 Gross-Llewellyn Smith, 9
and Bjorken10 in the context of the formalism of Section II.

We begin by considering the 0-0 aspect of (2.2), which is a convenient

starting point for the derivation of Adler's sum rule for Wz. We have from N
(2. 1) and (2.3)
2 2 2
o0 q - q - q, = 2q,p = I, p
o 30 e i 2 egr ) Wi g o G0 v -
0 0 q M M M
(3.1)




and

- 5
(o M) 2 ( qo) T P Qg
o v b, || M Po*x) t % 2/l M V3

vé;:#i[

2 2 3
q ( q > - q ( q ) - 9@ - 4 I ..
0 0 V-p 0 0 V-y 0 v-v_ 70 V-p 3 &
- Vv + —— |p v + v Vv =4g,'s *y
™M q2 5 sz 0T 3%/ Ve Mq2 7 "Mx '8 A%0 b
(3. 2)
where gy and g A are the vector and axial vector couplings, respectively.
(Remember, we have set 6c=0.) From (2.5) we obtain,for q2< 0,
o0 — >} r -
- 1 21 2..2~2.0,1, 4~0,0,2
f dVWV V' +'———-f du [_q Mg! H +q sV
0 2 |2 fixeq °M Ju(z) 1,0 2,0
L3220, 1,1,0]’7"’l _ 4g13 5.5)
4,0 5,0 qz-fixed vV
o 1) » —=\C! -2
( - [ . g
ds - v-v S-q q -V
o Co @) (-a%) +j;12 2[(8 C (8)+ w— C; a(s))( M)"' 2202,01(8) M
Js-q "
a2
/ 2
4 a M
4-1,0,2 , ~1,2,0 ~o,1,o"‘”l _
+——-f [qu quOz +g4 +2g5’a] 0 -
q -fixed
aecR (3.4)
00
2 2.,2~1,0,1 4~-1,0,2 , ~1,2,0 0,1,0 , =
fzdu [quly tag, . +g4,y +2g5,y] . 0,
o q~ -fixed
0<yd R (3.5)




420,0,2 , ,+1,1,0 2+1,1,1
[2qg70 * 290 “1E110

3

o0 -
Vv-v
fO & @V +V |,

ONS

T f
q—ﬁxed 2M U

I
4~0,0,2 . ~1,3,1 *021vvl -
ta815,0 *813,0 * %14 o] qz_ﬁxed"‘l*";A (3.6

. 2 o A\ ([
— 2 (sch ¥ @Bl L ))(-q) + f = [( o) - Ll + 2 C’Q;Z’Ol(s)) (—-—r———i\;q ,

a-1)M ’
o - P sl R
| 4 ( [ z)“ 2 - [ o2 o
| a4 Nsq ) M Gp-v o (Js-qC -
ot 2( (S)+012 oe(s)) M) 5 C13,0V W
! Ms
17 2], 45-1,0,2  ~0,1,0 _ 250,1,1  4--1,0,2 0,3 ~.1,21 i
+ ‘M" { d” [2q g7,a + Zgg,a -q gll o +q glz + g13 + 2g14 o ] 92 i
0 _ q" ~fixed
=0 , o0 € R 3.7
and
o -
2 4102 ~0,1,0 2~0,1,1 4~-1,0,2  ~0,3,1 ~-1,2,1
fdu[2qg +280°) -4’8 +qg”+g”+2g”] |
“g 7,7 9,y 11,y 12,y 13,y 14,y qz—fixed
=0 , 0<y ¢ R (3.8)
where the g; , are defined in Appendix I, R is the set of all leading contrib-
uting Regge trajectory intercepts, and we have introduced -
V=V 52 v v, 2
Gl a®=0{ UV (5) - 0(-s) & ZCa@) . 1722 (3.9

In obtaining (3. 3)-(3.8) we have used the standard inequality
max & < 1
as well as the result
1imbj [2XV V3 - vVS] =0

which follows from positivi’cy1 and the scaling behavior (AI, 1),
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The result (3. 3), taken together with the apparent validity of Adler's

famous resu1t8 for WZ’ implies that

. |
o[ 2. 9.2,0,1. 4.0,0,2.+2,2,0, .1,1
de“[‘qul,o TA8y ) 8y t 25

2

il

V-v ’
’0 ~ Y
] |, =0

q -fixed %.\a

b
(3. 10y’
We turn next to the i#j aspect of current algebra. Proceeding precisely as

above we have, for q2 <0,

aad?
2B+Y
dX FV+V f [ ) :O] l - o= zg‘ ]
_[ 4M 2 3.0 Potixed OV
(3.11)
l-c -
- 2 o0 vV
- + 2140.1
wirrpla sl Th [racinollg) o [T ™, -
’ Ko ’ q- -fixed
‘ o R (3. 12)
o0 Vv '
fzduz[ég’l’o] I 5 =0, O<yfR (3.13)
o 24 q -fixed.
1 4y
M +1,0,0 ,~1,0,0 2B+Y
f ax B0tV + f (g + 87 ) | =g
A 16 2 16,1 T817,1 Pofixed A
(3. 14)
D+ 1 2(15_05) NP ( ' 92> A1,0,0 . 21,0,0
vy Pl A PP\ C + M f ( + ) =0
Mfls,aB(l o, %5%). O+ e 4 C16,0®) " 2 8160 817, u |q2_ﬁxed
o eR (3. 15)
e Py -
A1,0,0 , 21,0,0
f du (g +85y . ) | =0 ,
”g 16,y 817y o2-fixed
o<y é{ituz (3.16)
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17 0=0 | (3. 17)
©0 o0 Vv
Py 1 1 1
- j(; dv G, lzf. d*"z‘f ds C16,0) - Ci7,0®
q -fixe 0 s—q2 s5—q =
%
- +v b
1 o+ 1\ 2 /‘°° dx ( 5 v
+2f16,0B(1’ 2) ), x PP ‘F17(X)>
1 © 9 1,0,0 2,0,01""" [0,0,0 1,0,0] ** . 2B+Y
* SN fzd” [M[gIG,O Meg16,0 817,0 ~M817,0 2 .. 28y
o : q~ -fixed
(3. 18)
Q-2 -
) — 2 o0 v+
1 [ . B (Js-g ) f 2[ 242,0,0 . ~0,0 0]
= ds C + du” |[M7gl2 " " g 2T l =0 ,
M qu 17, @ M “g 16, a | 17, 2-fixed

aeR (3.19)

P 2P2A200 A000"17+v- _
v o Qi [Mg’, +g.n ) | l _—_0,0<ry¢@. ,(3‘20)
"Vﬂg ' 16,y 1,y © q2—fixed
Here, we have defined /
Gty vy py (M\®
Ci,a ®=Cj 4 © “fm,a('s') 6(s), 3,16 (3.21)
G 2 2 2 a-1 B
Gy(v,q7) = Gyv, 4% = 2 Cir oW (3.22)
AER ?
>+ D+ ‘
Fig = 6(1-x) F1lx) (3. 23)
and
L sty 9!'1-X} vty sy x271
3 Fl;.7 B F17 +a§@ f17’ o ";'OT' > (3.24)

where the fj o 2re given in (AL 8); and, B(p, 0) is the Eulerian integral of the

first kind.
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-In obtaining (3. 11)-(3. 20) we have invoked the standard Regge ideas™“ to

conclude that the relevant sets & of leading Regge singularities also satisfy

max <1 ,
- B
just as for the isospin antisymmetric cases discussed above. :
The apparent validity of the sum rule of Gross and Llewellyn Smith implies A
fz [11°J |2 ~ 0 (3. 25)
q" ~fixed
The polarization sum rules (3. 14) and (3. 18), with 6-16 0’ 617 0 and the
respective f;'s set to zZero, are recognized to be the familiar (formal) polariza-
tion results of Bjorken10 and Dicus, Jackiw, and Teplitz. 13
Considering finally the i=j and 0-i aspects of current algebra we obtain,
. for q2 <0, the results in Appendix II in addition to
' 50,0 I3
dxFVV )+- V”l = 2g (3.26)
2 2 .. \%
q -fixed
e : -1 _
- 2 0 - / 2 o v=y
1Vt B(l a,o‘gl)(—oﬁ) +f2 ds 770 (s) (—-—-———'Sl\‘,lq ) +Mf2 au? [gi’g; 0] I 0 =0
’ q o Ko ’ q -fixed
oeR (3.27) -
oo . v-v
fzduz[gi’o’o] | =0, o<yd{1lu= (3.28)
Ko a4 q“~fixed
. 2 '
3’6(q)— ?”’(’)’ (3.29) -

- 13 -




- % Ve X ~
w Y], +} foe 2O [OEE
q ~fixed q s-q 0
- ' 0 -y
1 .v-v -a, 1 2'},0,0,0] l =0
+ 2 zi3a% T3 J2 ¥ 830 2 .
a>0 a2 (] q -fixed
0
(3. 30)

o -2
[+ 0] - 2 cO '~ V=V .
fzdscg'Z(s) (__g_«ls{/{) +Mf2 duz[g'g’g;ﬂ =0, O<ae® (3.31)

o
" v-v
fz du? [g'3°;°’°] 0 , O<y d R (3.32)
Ko ’
where Xq 2 1,
~ M\%
Cl,oz(s) = Cl,oz(s) - 0(s) fl o (s) )
~ _ 2
03 O(s) - C3’ O(S) - 9("'8) C3,0(q ) - O(S) fs’o s
' - ' (3.33)
1 5-v _ B0 1 5w o
2Py = 6(l-x)—— > - fg,a X ,
a>0 2
| ~ 5 2. a-1 g2 2. -1
and W, =W, - C (q)v—-9<v+ )C @y v
37737 (&g 30 2Mx;] 3,0

Of course, (3.26) with él O=0 is Bjorken'slo sum rule for ]5‘1 and (3. 30)
is a properly truncated version of a formal sum rule for W3 first given by

Adler. 8

The reader will notice that throughout our discussion we have implicitly

taken the respective functions é?",)]?’ € to fall off as ”2 — « fast enough that,
? .
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for y>0,
[ d'uz abc (3.34)

converges faster than 1/P2; as P 0~ The DGS represen’cation6 taken

together with the absence of terms like

™, m>0

1

in the scaling limits for x— -1, for example, guarantees the validity of this

asSumption for i#1,16 whenever

a-b+-21-c30 | (3.35)

and for i=1,16 whenever

a—-b+-;-c"_>_ 2 (3. 36)

For all other cases, we make this assumption for convenience; it is trivial to
relax,
We should also point out that in truncating the residues as in (3.27), we

are taking, without loss of content, for example,

MO!
Cl,a(s) — —07 > s (3.37)
8 — n=0

with { =f1 o This assures the appropriate convergence of the integrals over

the C,

i,a’

This completes our derivation of residue sum rules. The results pre-
sented above, taken together with those listed in Appendix II, represent a

complete discussion of such constraints.
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1V, DISCUSSION
The analysis in III may be taken to represent a strict interpretation of

equal time current algebra sum rules. To connect with the work of previous

-

:-rg‘ ;‘g,& it

authors, we see that we must set the c’ontributi,ons of the gi’ a's to zero, even
after subtracting the Regge contvributions.. Although theoretical prejudice would
suggest that the gi’ a's are all indeed trivial, we see that the residue sum rules
would clearly suggest otherwise in many cases. As we have pointed out above,

the correctness of the famous sum rules such as Adier's for W, may be inter-

2

preted as implying the triviality of intégrals‘ over the respective 8 o Of
?

6

course, this is well known.
Throughout our discussion, we have for the most part only isolated the

nonvanishing functions of (PO, m) in the vicinity of («,«) in the current algebra

identities. However, in principle, ali independent functions of these variables

may be so isolated. Specifically, the current algebra identity, for E.‘E)*:O,

0
f &wI=D |, @.4)
0
where D is a number, and takes the form , as PO -
Y = .
%:I‘,)/PO+I" logPO—D (4.1) -

where the FY and I'' are independent of P,. (Weare using (AL 1), (AL 2),

and (AI 3).) Thus, we may conclude

r,=D , (4. 22)
r''=0 |, ' (4. 2b)
T =0 , v£0 . (4. 2¢)
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Equation (4. 2a) is the (truncated) fixed-qz-scaling sum rule associated with
(2.4). The results (4.2b) and (4.2¢) are residue constraints. In the text
above, we have only discussed the cagses I'* = 0 and I"V =0 for y > 0. The

results for v < 0 would in general yield relations involving the derivatives

a o}
.5;;_;#‘,-% 2% "4

of the structure functions and, therefore, would often times require additional
.dynamical assumptions. For this reason, we have not discussed such cons-
straints here, although they would be straightforward to consider. Indeed, at
several points in III above we have already implioitly assumed (for convenience)
the structure functions to befdlfferenttable in q2 almost everywhere S
The development presented here clearly prov1des a basis for confrontmg
all aspects of equal-time current algebra with experiment, since it has
naturally given truncated (finite) versions of all conventional divergent
formal sum rules. Perhaps the prediction of our analysis which is easiest to
check experimentally is the constancy in q2 of. the re51dues Cg g and 01161}0
for q2 < 0. Unfortunately, there appear to be no candidates for the implied
trajectories. In view of the work of previous authors, in comparing the
truncated fixed—q2 and scaling sum rules presented here with experiment, one
should clearly interpret any violations as evidence against the trivially of all
gi, o’ _ -
We end by re-emphasizing that the residue constramts discussed here,
specialized to situations where the constant S 11m1t res1dues are “
trivial, are very restrictive insofar as the form of the Regge residues is |
concerned. To repeat, it is this fact that gives the results in III immediate
applicability, even though they are experimentally somewhat intractable. The

analytic models presently in the literature have not been constructed with

such restrictions in mind and, in general, are not to be examined seriously
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in this context. However, clearly, any detailed model of inelastic scattering
satisfying equal-time current algebra and assumptions (1)-(4) in I above will

be subject to these restrictions. Such detailed models are under investigation.
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APPENDIX I: ASYMPTOTIC FORMS OF THE STRUCTURE FUNCTIONS
In this appendix we shall for convenience list the forms we shall employ
for the Bjorken, Regge and ﬁxed-[.tz, v — - limits of the structure functlons
For brev1ty, we shall occasionally refer to the latter of these limits as the
constant S-limit. 6 We list first the scaling behavior, which is well known: In

the 11mb .

M(W,,G,) —~ (F,F )

V(Wo, W3, V1, Vg, Vi Vs Vg G Gp) — (Fy, Fy, By Fg, F F

r°y 6’8’ 37T 11’F

F

12° F140 FigsFr9)

(v /M)(W4, Vo) = (Fy, Fp, Flo) | (AL 1a) -

For convenience, we also take each structure function T to have a Bjorken

expansion of the form

T — Et(x)v (AL 1b)
11mb n=0
Let us note that (Al 1a) deviates slightly from the convention of paper (A) for
F16’ che, on.

We list next the presumed Regge asymptotic behavior, which is, of course,

also familiar. In the Regge limit we have the standard forms -

W, - X Cla(q)v ,  i=1,4
oz>0
2. -2
W, — > ¢, (@D
a>0 2,
2, a-1
W.— 3> C. (¢9)v i=3,5
1 a0 1,
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2, a-1 ' .
v, ~ > Ci+6,a(q ) v i=3,5,7
a>0
. 2, oa-=2 .
v, — > Ci+6,oz(q ) v i=1,6,8
a>0

Gy~ L Cpg @) »*

2, a-1 -
Gy ~ 2. Cisig, of@) ¥ k=2,4
a>0

In the fixed hadronic mass, y — - limit, we first define®

2
W, - ;gl’y(u ) w1

AR N 7o R L i=2,3
R
¥
-~ 2 ’)/-2 P
Wi ~— Azgi,"y(” ) vl i=4,5
Y
2 v-1 .
V. - g, =1,3,5,6,8
j ‘:,-:g3+6,v(“ i !

2 Y -2
v, ~— Egls,'y(“ ) vl
Y
2 Y
G, —~ ?gw’y(ﬂ ) vl

2 y-1 _
Gy —~ Vzg15+k,'y(” ) vl k=2,4
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For the derivation of the sum rules it is then convenient to introduce the functions

{éil;\l B2 »=q 2)} defined by
- m -2n :
P, q Aa .
070 Z g (”2) v IB(k,K) — EP gﬂ m, n 2 _;2) ke
\/1 +q_+&2-_M_ 0 , 3
P0
(AL 4)
where B(k,\) is taken from (Al 2):
A, k=1,16 | -
B (k,M = A-1, k=2,»3, 7,9,11,12,14, 17,19 (AL 5)
A-2, k=4,5,613

d,(x,d,p;) defined by

2 Mme
a0 (4

a-1
2 M
G, 0@ — 4 4 (’E) ,

(1 M /P )1/2 ?PV Al m,n

T, Pg) = [‘X (X /P )1/2] o

We shall also use on some occasions the functions Ag'iﬂ’ M0 gefined by

ﬁ m,n
08iy ):P ! (AL 6)

In (AL 3) we are taking q.p=0 and > q2, and v are all on the q'(')'-branch of

Of course, we are presuming that (AI.4) and (AI. 6) make sense.

Finally, it is also convenient to introduce as q2 —00

(AL 7)
i=1,3,9,11, 16, 17, 19
i=2,7,12, 14

(AL 8)
i=5,13
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APPENDIX II: CURRENT ALGEBRA RESIDUE CONSTRAINTS

In this appendix we list the complement of the residue contraints presented

in Section III of the text.

From the i-j aspect of (2.2) we have, for q2 < 0,

0

. .
v . 5%/[_/ R I:g;l,IO,O_MZg’,?l,lo,O] u—vl \
0 q -fixed MZ i ’ g~ -fixed
0 .
1 _ 8
dx v-v _
- / = F7 = 0 | (AIL 1)

« (+ e}
;—V 1 2 - A _1 0 O 2" +1 0 O ___-
/ dv VG 2 .. + oM / [g’lz ’1’ - M g'12,1’ ] v vl ,
’ o e wyo ’ q*-fixed
0

dx v-v _
—/ | ?Flz =0 (AIL. 2)

9 i,a M ,a » 3)
q
2 v-v 2, 2 (a-1)/2
. 5 7 (@ (e
(@-1)M ’
(=e] .
2 {2,-1,0,0 ~1,0,01p-p _
+M/ * [gi’a _Mzgi,a |2, =0,
2 q -fixed
o ,
QEeR i=7,12 (AILL 3)
2 [~1,0,0 ~1,0,0] v- . ,
/ du [g.}y —M2g7y ]VVIZ =0, 0<vé{jumr (AIL4)
2 ’ ? q“-fixed
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e ‘ —
au’ [g'l‘zl"”" -Mzg"{l"”"]”‘”l s =0, 0<v4{lluz  (@Am5)
J 2 24 : q -fixed

2,y
o)
1 0 : _ I »
7= 1 . 21*0,1,0]l7-
2 dfol”(x) + 55 di [g'l’l ’1] v V] 9 =4gA3 (AIL 6)
0 “2 d q“-fixed
0

(-]
+/ du? [g'lol’l’o]”"’, g =0, xe® (AILT)
2 o & q“-fixed

Ho
m ——
/ du” [g,ol,ll,o] e =0, o<y f{}uz (AL 8)
Y 2 =
2 q -fixed
Ho
where
.. (6)=C.. (5) - 6(s)¢ /—M-)a | (AIL 9)
11, 11,a 11,0 s ' ’

~ M>oz-1

_ 2 -
CLa=Co® - 0690 @)-00f ,(F) , i=7,12 (AL 10)

From the 0-i aspect of current algebra we have the results in B and, in

addition,

w —
/ dy Wg e
0

L]
1 2 {22%,-1,0,1 % 0,1,0 ;—v’
* oM /zd“ [q €21 T &%) ] 2

Ko

o ~fixed
(AILL 11)
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q Vs’—qz
a-1
9 2 0n2. 2 Dep .2 ]
22 (o am?) 2 ol (g .
k)
1 221 2%-1,0,1. *,0,1,0|7-p
* 5N dﬂqg”’+g'_”]. l =0, aeR,
2M /2 [ 2,0 5"°4 qz—ﬁxed
Ko
(AIL 12)
0 .
2 2 1 1 0 1 '0’1’0 vV-v —
/zdﬂ [q g2y 5.y ] =0, 0<vdap, (AL 13)
Ho
where
Cy ,6) =C, () - 662/2-8)C, @) . and
2, 2,a 2% 7 »
1 (a-1)/2
- ¢la) = dp B 1 (ALL 14)
0 (o -2) ;
' Dy -
f110 0 (AIL 15)
[ T+ ~v+v
1
j Ay 5o(aV, +2x Vg +V, - V)| & fixea /dx
0

+ L
T oM

,——o__q

2. : i 2\ i
['52‘ (2Cq (8) + Cyp o) +%4—09,a(s) +’sl'014 o(s)]( iz)

+ Mo
S

y+y
(Cq1,o(6) +Cyg 0<s»]

[ee]

2 -1,1,2, 5-1,1,2] , 20,0,0, 20,2,1 40,2, 1
* M/zd”{ q[2g70 +g120]“’g9,o *811,0 8130
J, O
0

]

Do

L

2 gy 0o, (AIL 16)
q -lIixe )

’1’
4,0

~=~1
+g1
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where -

v X) _
1 ~p+y, ., _ 11 1 o4 _~a-1
x Fun @ =00%) ——+ 3 S 77, ;
o 2
: J— a-2 13
* o> | ' 2
1 A
/ X ds{[ 2 (8C7,oE) + Cpp 400 +M 9,a® *3 Cl4 a(s) S
q :
A
+ Mo s o, @) (Lse
8 1l,a 13,a M
0 .
2 | 2o -1.1,2  2-1,1,2] 20,0,0 . ~0,2,1 . ~0,2,1
+/2d” ['q [2g7a | +g12’,a’] 89,0 *811,0 T813,0
Ho
SO i e [ ) =0, O<aec® (AIL 17)
i q" -fixed
* " v+y
-1,1,2 , 5-1,1,2, . 20,0,0 , 20,2,1 . ~0,2,1 ~-1,1,1
a®] -oag; +g ) * 8y e e 814 ] ' =0,
/ 2 7,y 12,7 9,7y 11,y T B13,y TEB14 P-tixed
. |
0< v¢R, | (AIL 18)
o0 =}
MV, [v+y oM 2(°1,1,1  2°1,-1,1 *1,1,1 uw, gy
/d”—-—-—G fixed 2/2‘1”[3“70 BRIt g14:,0] 0 7
0 v q -fix By q -fixed
(AIL 19)

where 05 is the Schwinger term defined in Eq. (59) of paper A, for example,

-]

1,1,1 2 1,-1, 1 Ty
* [gw -aey5, - gfilv’l] "y =0, o<y, @amzo)
“2 ? ? q“-fixed

~ 95 -




fv+v

19,0 = 0 ‘ (AIL 21)
~—+ . . _ V+V
A P [L Clgg- 35— C
Jo q~-fixed o 59 8 K s 19,0
00 /'f,-l;'l'v 0 '
19 1 2[2~ 0,01 =~ 02105+
+ dX + b= b ’ - s v v .
. oM /2 du [q £17,0 g'19:0 } l2 =02
0 Ko q“-fixed
o (AL 22)
¥ 91_8_ 2 v+ s -2
M /2 s [q Cin,a-6-¢ )C19,oz] red
q :
0
2] 22,0,0,1  ~0,2,1] v+ -
+ 1 Us Vo _optYess _
jz w [q £17,a ng,a] |2f, =0, (AIL23)
Fo ‘ q -fixed
[=e]
2 [,2 5,0,0,1 20,21 v+
[2 i [q 17,y 7 Big,y ] ’2 =0, 0<ygR (AIL24)
auo q ~-fixed .
where
22 azegg 17,0 ’ (AIL 25)
and
- F1'7+v )
Lgvive x) -39 1 v _-a-1
m —
e =Y -V x
[ota), [ Goa [P s
0 q . o= .
0 ’ ;
1 wvv -~a M 9 [~1.-1.01"7
+ ), ——f X = du [g’ ,] , -0 ALL 27
a>0 q2® 16,270 "2 "[2 16,0 -tived ( )
0
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A=0 , (AIL 28)

where A is the Schwinger term defined in Eq. (74) of paper (A), for example,

© o-2 . )
J‘ 2 v-p .
Dy s=-¢ ) , 2 2(~1, -1, 0 _ .
/2 ds Cl6 oz(s)( i +M ‘/‘2 du g16 o l 9 0, A

~-fixed <
q , (I 4 %,
O0<a eR (AII. 29)
f16,0=C g : ATI. 30
16,0 = ~C16,00@ | (AIL. 30)
Wherex0_>_1, i - o
o 2, «w 2 2
_G1 - Gl = oez>0 ClG,Ol(q Yv© - O +q /ZMXO) ClG,O(q') 5 (AIL 31)
FV 14
v-v - 16 1 v-y _~a-1
% g = 00 * Z 2 f16, 0 * , (AIL. 32)
and
¢ = 2 - .
C16,0) = C1g,0(8) - 8(-8) Cyg (@) - () £y 5 (AIL 33)
" v-v 2 r%
; - g2 22(102A102)_
W *Ve-Ve)la ~om |, * [q 87,1 T819.1
‘ q -fixed 2
0 m
0
Y=y -
~0,1,1 ~0,1,1 ~-1,0,1
111 ~812 1 ~814 ] l =0 (AIL 34)
11,1 ~813,1 14,1 C-fixed
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o o~-3 o -
2 3 - ([ 3
sla. s __ vv(s-g) v-v(s—g)
/ 5 |5 Cp 00+ Ci2. 4 - 2 Cl4 o) ™ = (Cy1#Cyg) ™M
b |
a-3
| 2 ‘ v-v k]
2 ( 2 z) 2 2 2]
A —— 2M a) |C +C -C &
+ 2= (g% $(a) [7,(1(«1) 12,0@) = Cpy ol@) :
/ g 1oz+g 1,0,2)_{*;0,1,1_éo,1,1_é-1,o,1:|v-u, :
K 7, 12, o 11, 13, o 14, a q2-fixed
O<aemr _ (AIL 35)
00 ; Vb .
2lq2(5-1:0,2,5-1,0,2\ %0,1,1 ~0,1,1 ~-1,0,1]""
du[*l(g +g ) g -8 -8 ] ’ =0,| 0<vd =z J{1},
/2 T7,v 12,y 11,y 13,y 14,y q f1xed
Ho
(AIL 36)
1 o0
Dev. dx J-v , 1 / 2[ 1,0,1,~-1,0,1
/md” (V1*+Ve) Iz . "/‘ *F1a toam | W q(*‘%'"71 *81901 )
0 q ~fixed 0 J .2
Ho
Vv
~.1,2,1
+ g7l ] [ =0 (AIL 37)
14,1 q2-fixed . N
) Vv ' -3 -
2 2 2 2 v=y
_q__( ) s-q" % («/s-q) _4M° ( 2 2)
/(;2 [s o®+Cpp o) +3-T e g a-1 \°7,a@)+Cyy ,@)
-1 | l-a
s’/ 2+ £ wPB(1a, 25L) (o)) 2
cO - -
oM @l @(aml 01,571,012 1,2,1”‘”, ~0 QR
L2 q g7 a *t819'a €14, 0 Lofixed g
(AIL 38)
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2|,2(2-1,0,1_ ~-1,0,1 ~_1s 1]V
du [q (g +g >+g ’ ] l =0, 0<y¢ {1juge(ar. 39)
‘[2 7,y 12,y 14,y qz-fixe d
0

%) - : 1 00

Vv ‘ vy . 1 2 2-1,0,1,20,1,0 ’7"’l .3
/d”vl 2 +.2/dXF9 tom | [q 87,1 *891 ] 2 .. T4,
0 q -fixed 0 2 -

0

U

. bl

i

(AIL. 40)

[ 2 Z\3 2\*~ g 9.‘:1
ds [iq&z €7, o® (_le\.a ) o (—Mg—> -4‘% oy @) (@) (-a?/2m? ) ?

~1)
2 ’ | (a
q -
1o « Y
7 -1 292 2°2-1,0,1,%0,1,0 _
+ va v B(l-oz,-oi-—> (-97) + du [q g *T+g 2 ] _ l =0,
9, 2 _ /5 7, 9, a .q2~fixed
Ho
aER (AIL 41)

N vy,
duz[qz 5L 0L g0, 1,0] P =0, 0<y</{}UR  (amag
2 Y 24 q“-fixed |

0

| - 2\-1 % v-p
ds v-p (N S-q 0,1,1,~0,1,1 -
. Sl 17, a(s)+c o) ( M ) *[2 ok [gw o *81, oz] | 2 0,

. q" -fixed
q Ko
o €ER (AIL. 43) -
21~0,1, 1 ~0,1,1 vy ‘
du [g +g.2 ] ’ =0, O<yd R (AIL 44)
/ 17,y 19,y qz-ﬁxed
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where

C = 2 X3 2
Ci,a® =G 4(8) - 0(a"/2-5) Z C; 4@, i=7,12

~ _ 2 2 . B
C1,a® =C; o8) - 0(a7/2-9) Ci,a@), 1=712,14 -
~ e i
Cg, of8) = Cg (8 - 6(s) fg,a-(?) (AIL 45)

ol

M a~1
“14,a = C14,0® - 0(s) f14,a('é‘)
and ¢(a) is defined in (AIl. 14).
The results listed in this appendix, taken together with those listed in

Section III, represent a complete discussion of current algebra residue sum

rules.
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