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Gauge Theories and Symmetry Breaking II.
1. Introduction
In the first part of this series a new approach was proposed for
renormalizing gauge theories with-spontaneous or explicit symmetry breaking.l

The models considered were based on the classical Lagrangian
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(1.1)
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v/V2 denotes the vacuum expectation value <> of the field ¢ . Hermitian

fields V¥ and X with vanishing expectation values are introduced by

(1.2) ¢ = J{f(""*“’*“y—) »

(1.3) <> = x> :

z, and z3 are normalization factors of the fields.

The non-linear part of (1.1) is invariant under gauge transformations
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up to a total divergence. It represents the minimal gauge invariant coupling

of a neutral vector meson field to a complex scalar field with quartic self-
interaction. The gauge invariance is explicitly broken by the term proportional
to ¢ + ¢* and remains spontaneously broken in thé‘limit § >0 , provided

v#0 . § is determined by (1.3) for given other parameters of the Lagrangian.



In particular, v =0 implies O = 0 ., Thus v measures the strength of
the symmetry breaking, whether spontaneous or explicit.

Ac;;rding to the discussion of Part I the models described by the
Lagrangian (1.1) may be classified as follows.,

(A) Goldstone type models, e=0 s g # d .

(1) Symmetric case of complex scalar field with quartic self-

interaction, v=0 =20,
(2) Goldstone model, v# 0 , S8 =0 .
(3) Explicitly broken Goldstone model, v # 0 , 6 # 0 .
(B) Higgs type models, e # 0 , g # 0 .

(1) Electrodynamics of model (Al), v =208 = m =0.

(2) Vectormeson dynamics of model (Al), v=06=0, m #0 .

(3) Higgs model, v#0 ,8=0,m =0.

(4) Pre-Higgs model, v#0 ,6 =0, m #0 .

(5) Explicitly broken pre-Higgs model, v # 0 , S # 0 , m_ #0 .
All models listed are meaningful in perturbation theory except for the
explicitly broken pre-Higgs model where the S-matrix is not unitary.

In this paper the new renormalization method will be presented in detail
for the explicitly broken models. These models do not involve zero mass
particles. The formulation of the spontaneously broken models, which require
an investigation of the infrared behavior, will be obtained in Part III by
taking the appropriate limits § ~0 and W > 0 .2’3

Two alternative methods of renormalizing gauge theories with symmetry
breaking have been developed by B. Lee and K. Symanzik.zh5 In Symanzik's
approach conventional renormalization techniques are applied to a Lagrangian

which is not manifestly gauge invariant, but with the coefficients correlated

such that the desired Ward identities hold, Without using a regularization



this program has been carried out by Becchi, Rouet and Stora for the Higgs

~model in the t' Hooft gauge and by Piguet for the pre-Higgs model in the
6,7,8

- -

Stﬁeckelberg gauge.

B. Lee's method is based on a gauge invariant Lagrangian, like (1.1).
The system is first reguiarized aﬁd quantized in a gauge invariant manner. It
is then shown that the regularization can be removed for the renormalized
Feynman amplitudes., In the treatment that follows we use B. Lee's method of
gauge invariant quantization but without introducing a regularization. Instead
we will deal directly with the unregularized, but properly renormalized
Feynman amplitudes in momentum space. To this end we modify the renormalization
scheme by including subtractions with respect to a subtraction parameter s.9
The connection to Symanzik's approach will be discussed in Section 6 using an
equivalence theorem of the type first considered by Rouet.lO

Though the symmetry may be badly broken in the mass spectrum, the theory
retains gauge invariant features to a remarkable extent. The most important
examples are the Ward identities., As was discussed in Part I these identities
are responsible for the unitarity of the S-matrix in the Higgs and the pre-
Higgs model. Other examples are some gauge invariant linear relations among
differential vertex operations which, for instance, imply a gauge invariant
form of the Callan-Symanzik equation. We will emphasize this aspect of the
theory by using a manifestly gauge invariant notation, whenever possible.

Section 2 summarizes the free field theory of the explicitly broken pre-
Higgs model, The normal product formalism in its conventional form is reviewed
in Section 3 and applied to the Higgs type models. It is seen that anomalies
occur in the current conservation law which destroy the unitarity of the
S-matrix for the pre-Higgs and the Higgs model. This fact calls for a modified

subtraction procedure which preserves the current conservation laws of the



classical theory. The new method is briefly explained for the explicitly
~ broken Goldstone model (Section 4) and then applied to the explicitly broken
pre-Higgs model (Section 5). The theory of differential vertex operations

is developed in Section 6. Finally an equivalence theorem is proved which

provides the connection to Symanzik's approach.

2. Free Field Theory of the Explicitly Broken Pre-Higgs Model.

The free Lagrangian of the explicitly broken pre-Higgs model is given by

Lio = %(9,. PP e BRI - A MWL
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with W= eV m = WM, + W .
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(2.2)
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We briefly state the properties of the free fields Aﬁo) , w(O) X(O) as

described by (2.1). w(O) is a free neutral scalar field of mass M which
RO (0)
!

commutes with . The particles associated with w(O) are

0) (0)

and ¥

and ¥

called O-mesons., The fields Aé do not commute with each other,

but may be written as linear combinations of commuting fields VU > By s and

11
P. > .
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A - V ‘{1‘-0\:‘- Y g + - “‘1—0\?’ ) gr\P.
(2.3) ) I |

X = -uf'["‘f++' #P" .

u

V" is a free neutral vector meson field of mass m (in the Proca gauge).

p, dis a free neutral scalar field describing particles of mass K which are

+

called m-mesons. p_ 1s a free field of neutral scalar ghosts of mass A



The masses K , A and the parameter u are given by
i
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The model is only meaningful if the mass squares K2 s Kz are real and non-

negative. The condition for this is

(MW\: —/u}),. = Lf at/‘:'wz .

(2.5)
In the limit W > O the mass squares approach the values
m2 = mi + w2 (vector meson)
2 .
K™ =20 (Goldstone particle )
2 2 .
AT = ctnb (ghost particle)
2 .
M (0-particle)
The propagators of Lagrangian (2.1) were given explicitly in Part I,
Eq. (30).

3. Failure of Conventional Quantization of the Pre-Higgs Model.

We consider the explicitly broken pre-Higgs model. As usual an indefinite
metric formulation is employed in order to quantize the Lagraﬁgian (1.1). 1In
general the S-matrix will not be unitary since the ghost particles of negative
probabilities participate in the interaction. No physical interpretation of
the model is possible then. In the limit & - 0 , however, the ghost particles

are expected to decouple from the rest of the system. The argument proceeds as



in electrodynamics. The ghost particles are described by the divergence BUAu
~ of the vector potential. In the classical theory the Lagrangian (1l.1l) implies

-

the field equation

m—— v »
3.1 2, F e LAYDAY + P AT = - 3k

of the vector meson field with

(3.2) 0”* = ;zle(ce*'pf“fe - ce(D'*GP)*)— (z,-1) &, F 7

cl

The current jg is partially conserved

(3.3) Pk be - =
3.3 gjkﬂﬁ_.a(cﬁ' ) se X

as a consequence of the classical field equation of ¢ . (3.1) and (3.3) yield
a
(3.4) -<D+ OLW\Q)@/‘LA'P = xSeX

as field equation of BUAu . In the limit & > O the divergences BUAu

becomes a free field,

(35 T (O ww ) D/«A’“ = 0 .

If one can establish that in the quantized theory the divergence BUAP is also

a free field the ghost particles do not interact and the S-matrix will be umnitary.~
Due to possible anomalies it is not easy to satisfy (3.3) and (3.4) in the

quantized theory. In this case the S-matrix cannot be expected to be unitary

in the limit & - 0 .: For an acceptable formulation of the ﬁodel we therefore

require that the current be partially conserved and represent the source of

the vector meson field., It will be seen in this section that conventional

quantization fails to meet these requirements. This result will motivate the

modified quantization procedure to be proposed in the following sections.



To simplify the notation we combine A

0o Y and X by a six-component

vector

66 As, Ay A AL As VAL X

For raising and lowering indices we use the metric tensor

(3.7) 300 = %44 = %gg =1 i %113%93..: %33 = -1
ik = 0 iF  gF k.

Latin indices run from 0 to 5 , while Greek indices run from 0 to 3.
Let Oz(x) denote monomials of dimension dﬁ in the fields and their
derivatives at the point =x . Time ordered functions involving fields and

normal products are constructed by the renormalized Gell-Mann Low expansions

<T —ET N%[ Oz("ﬂ)] > =
=< T ex‘a{Zqu [.,f::)z( )‘_(JE}T;FN%[O;O)( %i;‘\>"“m

Some or all of the 02 may be field components or linear combinationsyin which

(3.8)

case the symbol N has no effect. For the non-linear monomials we take
. norm .. . .
ap i dz . The superscript indicates that vacuum diagrams (disconnected

closed loops) should be omitted. The interaction Lagrangian is given by
(3.9) Loz = Lo - Lo

with the free Lagrangian (2.1). The superscript © indicates that free

5

fields pertaining to 1130 should be inserted.
The right side of (3.8) only involves free field expressions and is

defined in the following way. The expansion of the exponential leads to Green

functions

(3.10) <T N [Q (u. . e NS [Q:)(&mﬂ A‘:"(Va) S A‘:’n(\/ﬂ>



where the Qk are non-linear and 6j 2 dj . (3.10) represents a time ordered

Green function of the Wick products

-

(3.11) Q

and free field components. While the Wightman functions involving Wick products

(€:4)

(\Lk) k= 1 2 s W")

2 ) /

(3.11) are unique the time ordered functions are only defined up to contact
terms. The symbols NG ""VS serve to specify a unique choice of time
ordered functions, yet to be defined. As has been emphasized by Bogoliubov

the renormalization of the Gell-Mann Low formula rests upon a proper definition
of the time ordered functions of free fields and their Wick products. For
defining (3.10) one expands the formal expression with respect to Feynman
diagrams. To each diagram the renormalized contribution is constructed. The

number of subtractions used is specified by the degree

¥

which is assigned to each proper subdiagram Y of T

(3.12) S(¥Y = 4 - N_ + Z(g-4)
J

. N is the number of

external lines.

For formulating the equations of motion we introduce the effective Lagrangian

(3.13) IGFF = ie&\'—o + IQH’-I o.fe.ﬂio = N,’[zc,p_o] R Ie.ﬁf-z" Nq[fcﬂ.t]-

The equations of motion may be derived from the following renormalized versions

7

of Wick's theorem

. L.,
(3.14) <T9A (\X> <T A‘°’H>

(o) (c)
(3.15) L eis o e o $X
<T Al AT 00 XD = i<T A ) S AT

with the functional derivative -§$z§7 and -g% denoting the Euler derivative
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C) O "o

(3.16) <2 _

b 2 A

. Moreover, the shorthand notations

SN [Mu)] SMLY
= = = Mt
v D) = Lo, SN0 o
? o M 7 " oM
.18 —_— M - s = —_——
Gas N.Iml = N, [@-%] . Sou) N.Iml=N._, [9(9945)
were used in (3.14~15). Applying the identities (3.14-15) to the expansions
> ) P of. ..
(3.8) of <T __1}%0 (x)X> and <TAs (%) _I%Fg__a (x)X > we obtain
v -
(3.19) DL e . X
T G%ett W X = L _=
4 oa. xy X 7 < T AT

(3.20)

<-r7‘°\§"?a%f WXy = i <TAmEDS

or,in operator form,

gﬁa - ?_.@E_“L:O

These relations represent renormalized forms of the equations of motion. For

H

(3.21)

the field operators ¢ and AU the equations

Cler e « DL r Yo
29 0 TR T° ., BaAl

follow. Explicitly the field equation of the potential becomes

v >
(3.23) —, FI o+ LAY WA e - 3!*
F= Ng[&:ﬁ] ’ :

with the classical current given by (3.2). According to our requirements the

(3.22) CP = O

current - defined as the source of the vector field - should be partially

conserved, One finds

34 = ANLALT = Ne[945] -
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= te N[ DDt - D7D "]
= e N[ ¢ Hs | 5" Hee
(3.24) _ 9% D¢

(¥=p)

, 28
=

The second term in the last line is of the desired form, but the first term
fails to vanish despite the field equations (3.22). Instead we get
szn, ﬁeﬁ“- Vv ( ’Dﬁ |- N [’Af‘e]
+ 3 3
QCP
l/_ ( ] N fafcﬂ >
Yo 3

Substituting this and the hermitian conjugate expression into (3.24) we find

Nole g

(3.25)

an anomaly for the divergence of the current which destroys current conservation
in the limit ¢ > 0 .

The quantization prescription (3.8) is not unique. The interaction Lagrangian
contains various terms of dimension less than four. In (338) the degree four
was assigned to all vertices, thus causing oversubtractions for many diagrams.
However, assigning minimal degree to each term of the interaction Lagrangian
would not resolve the difficulty. Experimenting with various possibilities

we found as only remedy to include terms of the type

a0 N1 - NIV N - N D ‘

where the coefficients do not vanish in zero order of e . With suitable
degree assignments for the other terms it is indeed possible to meet all
requirements. Since the coefficients of (3.26) do not vanish in zero order
another problem appears, however. In every order of e one would have to sum
an infinite number of Feynman integrals. In momentum space the sums involve
geometric series which have to be integrated over outside their domain of

convergence. This is certainly not satisfactory, In Section 5 a modified
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procedure will be proposed which specifies the subtractions in closed form
7 for every order of e .

An‘élternative method of renormalizing models with spontaneously broken
symmetry is known from Symanzik's work on the O-model which has been extended

2,12 In this approach one abandons the formal

to the Higgs model.by B. Lee,.
gauge symmetry and includes all possible interaction terms of dimension less or
equal to four permitted by the true symmetries of the theory. The coefficients
of the interaction terms have to be correlated in such a way that the current

is partially conserved. 1In Section 6 such a formulation will be given and

shown to be equivalent to the manifestly gauge invariant treatment.

4, Gauge Invariance Quantization of the Explicitly Broken Goldstone Model.
We first explain the modified subtraction procedure for the simpler case

of the Goldstone type models with the classical Lagrangian-

G L= 800 - e -, g (€5P) = aed)

We introduce a dependence on a new parameter s by setting

(4.2) }*: - ’lm—- sw’™ , %= Bis)
(4.3) P= E (b rsv ¢ iX)
with

(4.4) ¥y = <> = o ot =1 .

S is a polynomial in‘ s with 6(0) = 0 of which only the value &(1) at
s = 1 is relevant. Though eventually s will be set equal to one we need
the theory in the full interval 0 < s <1 for formulating the subtraction
procedure. The parameter n 1is restricted to a permissible range, but is

otherwise arbitrary. It can be proved that the Green functions of the model do
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not depend on the value of N . Apart from s and 7N the independent
parameters of the model will be the coupling constant g and the masses M,
2y and z, are

chosen independent of s . Suitable renormalization conditions at s = 1

M Aassociated with the fields ¢ or X respectively. LU,

determine S(l) s W, zi and ZZ- as power series in g with coefficients

depending on M , 4, and TN , but independent of s .
The free Lagrangian‘limo is defined by the bilinear part of the full

Lagrangian (4.1) with the coefficients replaced by their zero order values, i.e.,

4.5) Ocho = _‘i ar«(/'éﬂq() + ‘—5_3,;\(—8’\7( - -‘,-_MK%;"‘P - &/u.(s)’- )(_1.
with

(4.6) MLS’)1= L:m (Vf-—s"w" + 3%"3"v°)

9->0

2 ,
(4.7) Mmis) = 2w ( yL‘_ w4 8"“ s“’vz)

?—50
Since N , w , g , v are independent of s we may express M(s) , U(s) by

their values M , W at s =1 ,

“.8) MUY = Y, + (M- )
pors o v S (el

n(o) denotes the zero order value of 1 .
Since we need the theory in the range 0 < s <1 we impose the consistency

condition

[ i N
(4.9) My 2 O , sy 2 o

As long as M > 0 , U > 0 the model is not expected to suffer from infrared
problems. One should therefore avoid vanishing mass values in the range

0 <s £1 by imposing the stronger condition
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(4.10) MY >o r > o ‘b Myo, wvo

>

This mestricts the permissible values of 0 by

2
(4‘11) Vl(o) > O »
A possible choice of h(O) conéistent with this is

(4.12) 7(0) = /L .

With this the s-dependence (4.8) becomes

S

(4.13) MY = 5 e @MY P e
Let OQ(X) denote monomials of the field components
(4.14) 8. = Y |, B =X

and their derivatives at the point x . The dimension of OQ is denoted by

dz . We will now set up a perturbative expansion for the time ordered functions

(4.15) < TT)\/%[OQ(XI)] >

of normal products Naz[oz(xz)] with a, > d2 . Some of the O’Q may be
linear,in which case the normal product symbol has no effect. The time

ordered functions (4.15) are comstructed by

o TN [0l > = KT e[ N, 120 TJ—N%KO;"’WB%
cfcel’. = (fco. - fqo

The symbol TS indicates a special time ordering which we are going to define

wo

now. The expansion of (4.16) leads to expressions of the form

(o> (o) by (o) Av (0)
417) ST [<™ ] .o [
@1 T8 -5 ) N [ M) - Na [ ] >
where we have distinguished the single field components from the non-linear

monomials Mj . These time ordered functions of free fields and their products

are defined by making subtractions not only for the external momenta, but also
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with respect to the parameter s .13 For each diagram contributing to (4.17)
the unrenormalized Feynman integral is written in the usual way, but with the
s-dependént masses M(s) , HU(s) wused in the propagators. In the case of a
primitive divergent diagram (with external lines amputated) the integrand

RT of the corresponding renormalized integral

(4.18) f&kl v Ak QP(Y’x \°m)k1 v k)

is obtained from the unrenormalized integrand IF by

, A N 4 o D
@iy Re= (- T ) I

The degree d({I') of [ is given by (3.12). tgér) is the operation of
taking the Taylor series to order d(I') in pj and s . In general, RF

is given by the forest formula

w20 R.o= S Z = (-t S NI (L)

T U weu Py Sy

where the sum is over all forests (families of non-trivial non-overlapping,
proper subdiagrams of T ). IF(U) is the unsubtracted integrand of the
Feynman integral in which for each 1line of Y € U , not belonging to a sub-
diagram Y' € U of Y , the external momenta and the variable s are inserted

as dummy variables ij and sY s, respectively. SY is the substitution

operator which transforms from variables pY' ’ sY' of a subdiagram Y' of
Y to the variables appropriate to Y .

It can be shown that the renormalized integrals (4.18) constructed
according to these rules are absolutely convergent for € > 0 and approach
14

tempered distributions in the limit € > 0 .

For s—dependent normal products we will use the convention

w2 N [P(s,2)] = ﬁ_33 No__j[\:?(z)]
1= e
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if

(4.77) P, 2y = Z s PL*\

J_b

-

No change of notation is made for s~independent normal products. (4.21)

satisfies the general rules

(4.23) N&["( EJ: xMa[?] (o é-independen;)
weny N LR+T1- NIRRT «N.LR]

(4.25) %J\L[P] = Nwﬂ[gﬁ(‘)]
w2 s N [P1 = N [<P]

We will also use the shorthands (3.17) for the fields Yy and ¥ . With

*
(4.23-26) similar relations follow for ¢ and ¢ y in particular

o ONLIPY [q, J o GN Pl [CP*QP
9

(4.27)

q‘)

The equations of motion following from (4.16) will be found to be associated

with the effective Lagrangian

(4.28) ‘feg (¢,2) = N‘i [ fq(,s,z\]
The analogue of (3.14) also holds for the madified time ordered functions,

(o) gx
(4.29) <T gf"’” ° (s, X > = 2= ;>

Q-g(o)
X - T_TN&J_[oju, %]

ic)

This implies the identity

) Nevwm S- 4
(4.30) <T )\/ [af =, x)] X” ‘ <_I—s %é:)(x)> )
sz

with the abbreviation

wm Exoexpdi [N[Terenla)
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On the left side of (4.30) some terms occur with a power of s assigned to

the vertex with coordinate x . For such terms the new subtraction rules imply

-

way STSEN, [&° Ma] X O3 ™= s "< ENL[MTaX g
.= S<TN¢L\,[M(")‘]X> .

Using definition (4.21) we find

@39 KT E N "Ml X757 = < TN Ls"™Ma ] X

With this Eq. (4.30) becomes

(4.34) <T 22 ()X>_

2 T3 “gg (x)>
Similarly,
$ X
$‘§l<x)> y

oFf L
(4.35) < TT, 0 ag"“ D X> = i < TS

2

In operator form the equations of motion become

(4.36) 9_____.f”f' = 0 OLere = .
ng / ! agk

For the original field ¢ we obtain
*:1E,Tt?eJ#L

L
(4.37) ¢ 3?—= o} , T QCP*

With these results a partial conservation law may easily be derived for the

<
=0,
current

(4.38) jf‘.-_-‘ vz, N, L & P9 - Cp’c)rcp*]

The divergence of the current becomes

fl

vz N L O - ¢ O]
f\) [QP’afoo - cf*giﬂ__] r X

(4.39) 'B/* 3"\
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(4.,27) and (4.37) imply

(4 40) N [G?.afc.e — <p Qia] Cr'@)fu—é
Hence the current is partially conserved,

in agreement with the classical result. The corresponding Ward identities are
3 < TH XS - S<KTxwX >
F <TY X

T S 1~
< T‘[ ‘f*(ﬂm - CP"‘)gcpm] X” .

With the modified subtraction procedure it is thus possible to reproduce the

(4.41)

classical conservation laws. In the following section the method will be
extended to the explicitly broken Higgs model.

We finally discuss two equivalence theorems. For the proof we refer to
Section 6,Where the corresponding theorems will be treated for the explicitly
broken pre-Higgs model.

According to the first theorem the Green functions do not depend on 0
provided the same normalization conditions are imposed. Therefore, a special
value of N may be used, without loss of generality. A convenient choice
consistent with (4.12) is n = U .

The second theorem states that there exists an equivalent Lagrangian of the

form
| q
(4.42) Ioa = 'Z‘_QJM} ,
J“=

where the Mj denote the monomials

(4.43) LT I Al > 4 S P S VA A
WL, W T, T, WX e, b, Q07X
This Lagrangian does not involve a subtraction parameter s . The time ordered

N,~product of

functions are constructed in the conventional way by taking the 4
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of the interaction Lagrangian in the Gell-Mann Low expansion. This formulation
represents Symanzik's method of renormalizing the explicitly broken Goldstone
: 5

model.” = While the Lagrangian is not manifestly gauge invariant, the coefficients

are correlated in such a way that the Ward identities hold in the desired form.

5. Gauge Invariant Quantization of the Explicitly Broken Pre~Higgs Model.
In this section the modified subtraction procedure will be extended to
the explicitly broken pre-Higgs model. As for the Goldstone model, we introduce

an s-dependence of the Lagrangian (1.1) by making the substitutions
(5.1) /A:*: ‘Zl— ™ ) S= Ss) ,
(5.2) ~ Pz L (dasv+ X)) ,
with

<v> = x> =0 ot ==l
Instead of g , v, and & we introduce parameters h , w , and ¢ through
(5.3) v= W o, = <h , = zhws ce |

§(s) is a polynomial in s with &(0) = O’ of which only the values &(1l) is
relevant. The parameter TN is arbitrary within a certain range which will be
determined by consistency requirements. It will be proved in Section 6 that
the Green functions do not depend on n .

The symmetry breaking parameters s and w vary within

(5.4) 0 & <€ 1 , 0 £ W < o0 .
The dependence on s 1is needed only for the formulation of the subtraction
procedure. Eventually s 1s set equal to one.

The charge e will be used as expansion parameter of perturbation theory.

The unperturbed Lagrangian is given by the bilinear part of the Lagrangian with
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the coefficients taken in zero order. At s = 1 we obtain the free Lagrangian

(2.1) with n
. W\a-: zQi'M- ( m, + Z,_Wa-)
e-»0
= 4 o u:a”"«t—z.b\w%\
(5.5) M e-J:; (\(
MY i (-t w3,
e—=>o

Apart from the coupling constant e we choose n2 s uz ’ m2 s Py W, hy

and o as independent parameters. The vector meson mass m and the O-mass
M then become

e ~* ™~ L EN
(5.6) WMoT W + W 5 M :/A—A- 2hw y

using ﬂim zj =4 which will be implied by the normalization conditions.

The theory is still strictly invariant under the substitution

-7 A/«"’ - A/~ X— -xX |

Accordingly, Green functions involving an odd number of AU_ and x~fields

2

vanish identically.

We now state five normalization conditions which are imposed at s = 1 :

() [1,(0) = 0
() Re Tf;(w“) = 0
5.8 (3 Re T, (M)=0
) o> = 0
&) T (o) = © ,
where the functions Il are related to the corresponding vertex functions by
(see Part I, Section III C)
rlA= “‘:(\’1’ V"“'TT.A)
(5.9)
Tee = 2 ( - MT = TTw)

~

Ve ¢ (\'Jq’—rz—_lfx) .
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These normalization conditions uniquely determine the parameters c¢ , Zy s Zy s
Zy s and 0(l) as power series in e with finite coefficients, independent
of s .™An exact value of &(1) will be derived from the normalization conditions
(4) and (5) making use of the Ward identities.
Our normalization conditions provide the correct mass adjustments for the
stable particles of the Higgs and the pre-Higgs model, There is no reason
to adjust the mass parameters for P # 0 since the model lacks a reasonable
physical interpretation. Condition (5) guarantees that the x-propagator has
a pole at the vanishing T-mass for U >0 , m # 0 . Apart from the free
ghost particle there are no other stable particles in the pre~Higgs model.
In the limit B =0 , m > 0 the transverse photon mass is adjusted by (2),
and the O-mass is adjusted by (3), provided the stability condition M < 2w holds.
We next determine the s-dependent free Lagrangian;tzgo . Taking zero
order coefficients in the bilinear part Of;fcﬂ we find (2.1) with the

s~dependent parameters

(5.10) miey = w, 4+ sw” wis) = sw

) ’

and M(s) , u(s) given by (4.5-6). The masses M(s) and u(s) may be

expressed by (4.7-8) in terms of their values M and U at s =1 . We

demand that for M , m , W>-0 the s-dependent masses M(s) , m(s) , u(s) , -

~A(s) be positive in the entire interval 0 < s < 1 . This requirement can

be met by choosing an n with

(5.11) VZM =

and making M sufficiently small such that (2.5) is valid in 0 < s £ 1 for
the s-dependent parameters. With (5.11) the s-dependence of M(s) and u(s)

becomes
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MY = /u:"+ Si(Mz—/:') = /“'1.4!- 25" hw™
()" /&-1' .

A possible choice for n 1is

(5.12)

i

n = wu .
Let 02 denote monomials of dimension cl/Q in the field components and
their derivatives, Time ordered functions invelving normal products N [02]
a
L

(5.13) LT T;T- Na"z, [ O‘.(Kg)]> = <T; e,x\)gi_fN,‘ [f:_:_;tzﬂ h}T;Nﬂ[Df{m yoi
ﬁce—; = cfca - f““ :

As for the Goldstone model the free field Green functions with the time ordering
TS are defined-by making additional subtractions with respect to the parameter
s which occurs in the Feynman denominators, as well as some interaction terms.
The Feynman propagators and the interaction Lagrangian will be given explicitly
at the end of this section. .

As in the case of the Goldstone model equations of motion follow from the

expansion (5.13). For the time ordered functions we have

[

(5.14) <T 'a-fes"—c— (%) X > = <—l—- § X

—
QAJ‘ SAS“‘ 2_‘;’::0).-."5'

H

(5.15)
A C §X
< TAL(X) m—:—%(x)x> ¢ LT Al(,x) "g'-’z\-:—m7

and for the field operators

(5.16) L _ 4
DA ’

Here the effective Lagrangian is

(5-17) fbﬂ; (S) )() = Mq[fc&(g’xyl *

The equation of motion for the potential AU becomes

Ak?—é—gﬁz’o .
‘3A3
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Gam  SQFST 4 LFYAT 4w AN = T

with the current

- -

(SM.19) /:)l" = (Z.e N3 [CP-X Drtq, _ CP(DA?)*“‘ - (13_ 1) @9 F'}“V .

The derivation (3.24) of the partial conservation law now goes through since

oo N [e2] - ¢ DLLd . 9D .
R4 R

Therefore,

(5.21) ,a/ujrk = eng

The current thus satisfies the two basic requirements that it is partially

conserved and represents the source of the potential (with the uncorrected

mass m ). The divergence of (5.18) yields

(5.22) 1 (0O+ xwe) @rAﬁ + e X = 0,

Hence SuAp becomes a free field in the limit § -~ 0 .
We next discuss the corresponding Ward identities. For the potential the

explicit form of (5.14) is

X
(5.23) T [ D F ) + ——3"9 A'tx) +un A &H-Q ‘*]X> = KT A (P

For the current follow the Ward identities

(5.24) Dr<’;‘/yu,X>= e% <TXHOX > +a<Tﬁ<x)X>‘,

where

Y |
SC‘O*(M C‘etl)gcf(x) ¥

Taking the divergence of (5.23) we find the Ward identities

<<:"1- :;??x\q)( :>

%
(5.25) Aoy = P o)

5:20) LT Fe XD

with
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(5.27) F= L(0+uxwm) @fA’“ + e X
and %\ S
Tz D rieFX— -ie ¥
. - J(’” SA"(X) & )%(P*(\‘) & S CP(X)

The special case where X contains only one field A]J or ¥ has important
consequences. Then the Ward identities (5.26) are

<TFO AN = L’B,,%(x—y)

(5.28) | (s=1)
LT Fo) Xy> = -iw §0-y)
using condition (4) of (5.8). This implies
oo = —E (e aewd)
(5.29) am Wl oz xwm, (s=1)

_.FL r;;' + LW r;nc e S(1)

for the vertex functions. At p = 0 the second equation implies

(5.30) sy = % (o) :
Therefore,
(5.31) S(1) = P"V_e‘." .

Since the s-dependence of § does not enter the subtraction rules we may

arbitrarily set

W
(5.32) §(s) = /J:LSZ

*

Substituting this and (5.1-3), (5.12) into (l.1l) we obtain the explicit form

of the Lagrangian which was given in Part I, Eq. (26).
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6. Differential Vertex Operations and Equivalence Theorems.

The Lagrangian of the explicitly broken pre-Higgs model can further be

' generaltzed by substituting
2 I a 2 2> 2. M
6.1) A w, AI“A —> 4},;[5 wE + (1-)T] ArA

for the mass term of the vector meson field, For T > 0 the consistency

condition
B s
Lwm, + (-sT7 4+ s*wT > o0
is satisfied in the interval 0 <s <1 . At s =1 the value m of the

free vector mesons remains

m = \Im2’+w"’ .

With this generalization the Lagrangian depends on two arbitrary parameters

N and T . In this section the Green's functions will be shown to be

independent of N or T wusing the method of differential vertex operations.15

For the purpose of studying the differential vertex operations we write the

effective Lagrangian, generalized by (6.1), in the form

Lese = (mi-vIN, [, 1 + ce N, [A] -7 N, [A]
(6.2) + Tt Nq [AJ - 2, qu*s] - x1 f\/q [f{(«]

+ zqu’[Ag] - ‘Z‘k ’\lq[)(b] - eI/Lf',SW"P
e A= L SAAT Ao ede S AL LAN
AR A SGHY, A (DY
A, = () - st

(6.3)

Let & be a parameter on which the coefficients of the Lagrangian depend.
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The time ordered functions G = <TX> may be differentiated with respect to £ by

P& | ., DL
(§'4)*®§ = L |de g; G , Lue= N, LL.]

The notation on the right side is symbolic, indicating that the integral
' . ’ . ) “{x)
Jae < 2
\ ’a ?‘8
should be formed with the differentiations ST acting on the coefficients
of the monomials in AM , Y and ¥x .

Other useful relations are the counting identities which follow from

the equations of motion (5.15) with j = k
‘:;;EQF‘

N;
6.5y < 'T'A)m RK>= ¢ Zg(x-)’jk3<TX>
. k=

A

for
s N,

(6.6) X = TU TI /-\-,(){;Q :
3=* k=1t

Integration over x yields the counting identity

dE e ]
(6.7) - N. = ¢ . e¢f YA () ] G
N; G f&x[AJ(x) A, (x) + ,»AJ 20.A)

Vertex functions may be obtained by Symanzik's functional methods. The vertex
functions T = <T®PFP  of the field products (6.5) are determined from a
generating functional T{KO,...,KS} which is related to the generating
functional Gconq{ 0,...,J5} of the connected time ordered functions by the
Legendre transform

Mkl &9 Iy - j_eh x’Zj';,(z)k"u.)

K= =+ %_C’um{:r}
o [% $;:£;(x) *

(6.8)

Moreover, the relation

(6.9) 1-—1 { NS[MD‘\']} K} = GC—“‘"-{N%[M(%)], U—}



-27-

holds between the generating functional D{NS[M(X)],K;} of <TN6[M(X)]X>PrOP

and the genrating functional Gconn{NS[M(x)] ,.IJ' of the connected functions

<TN6[M(X5]X>C0nn . For the vertex functions the differentiations formulae (6.4)

and the counting identities (6.5) take the form

(6.10) ?—"" = ‘f&\tf@-—-———;&“ > } T
°% G- e’

(6.11) . ' E ) A }
N. = { dx A (x) et (x D A ixy 2 (0 r-'
Jr1 j { J‘ /DA) V¥ /) @G%ADX VL .

 The subscript NL indicates that the non-linear part of the expression should
be taken by dropping all terms linear in the fields Au , ¥, and X .

The differential vertex operations are defined by

(6.12) | Aj \—' - ¢ f«lx Mq [A) (*)—}NL r‘

with a symbolic notation on the right side, as in (6.3). Explicitly we

have (at s = 1) .
A..-= —i—_fdx N, [AA] e A, = .gzj‘&, N, Lk oo
A= E [N o Ay [N DA

A f‘n N6 FM e A= £ f&xT\)q[@,‘A")i](x)

(6.13)

X ° —_— R~ .
Ag= 'f-fi" N;.f [q&{/ I 4+ B,,QCD’*)Q + 2 A (¥ Q,AP) _
+ ef'A/«A" (N’/""g-)(j').](g) +2w Nﬂe&&pﬂk- ,y?)‘" ] +w N (AN T

A, = —fzja(x ;e}Nq [T T + dew N[ v e ]o0 & 4™ N, [+ 10 } \

We next derive a'gauge invariant relation between the normal products
N2[¢*¢] and N4[¢*¢} . Relations between normal products of different
degrees may easily be generalized to Lagrangians involving a subtraction parameter
s . For a monomial M in the basic fields of dimension d £ b and any integer

a > b we have
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6.14) <T N[MD]X> = <T N [M@X>
+ 205<TN@,[MJ(S;Z)]X> )

(6.15) Nb[;M(!‘] = M“{M('*‘] + Z © N. ‘:M-J Ls,'z\] .

The sum extends over all monomials M, of s. and the basic fields with

dimension d satisfying

d is defined by assigning the dimension one to each factor s , A.j » and

BU . Moreover, due to the discrete symmetries of ;f;ff , we need consider

only those monomials Mﬁ(s,z) satisfying

v, (M) v, (M)
-t @t

v, (1) v, ()
D I A

where vl(Mj)z number of ¥ factors + number of Au factors in Mj

vz(Mj):.number of P factors <+ number of s factors in N%

with Vi(M), i=1, 2, defined analogously. Throughout this section the
factors of X are required to be linear in the basic fields,

. Let Q be a polynomial in s and the basic fields with each term of
dimension d < b . As a consequence of (6.13) Nb[Q] may be expressed by the
normal products of degree a > b . Thus there exists a polynomial P of s

and the basic fields with

616 <TNI[Qe=]X) = <TNIPEa] XD

and
(6.17) N LeT = NP1

Each term of P has a dimension d < a . Combining (6.16) with the Ward

identities (5.34) we obtain
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< T p(i){ NL[Q(S,%\} - No.[ptg.’é\] } X > =

= T i NL[@NQ“’»E)] - N&[@"P“)z‘-]k X7 .
If Q “is such that "F(x)Q(s,z) = 0, then by (6.17)

(6.19) TN [FeoPs=)]X > =0

for any product X of basic fields. Due to the linear independence of the

0

\

(5.18)

Green functions of Na[M] for the various field monomials,we obtain

(6.20) g[x) P(s,'z;) = O

The equation €F(x)R(s,z) = 0 is a necessary and sufficient condition for the
\invariance of a field polynomial R under the gauge transformations (1.4).
Therefore, to any gauge invariant normal product Nb[Q] there is a normal
product Na[P] of degree a » b which is identical in the sense of (6.16-17).

Applying this result to the case

we find

(6.21) P= Zbi loj,&j + \ODAC,

J:O
(for the definition of the /('j see (6.2)) with vanishing coefficients

(6.22) b = l:)q = 0 . -

A

for the non-invariant terms .,42 and /‘\’4 . Thus
TN [FP 2] X> =
- T <T N LA, 2] X >+ b OL<TN A 63X,
e’

Integrating over 2z and passing to the vertex functions we obtain the linear

(6.23)

relation

a |
(6.24) Aol—'r-z‘f‘jAjl—' with , =1, = 0

=1



-30-

for the differential vertex operations (6.12).

We next consider the expression
(6.25) QO = LAA"
=

which is not gauge invariant. Nevertheless an identity similar to (6.22)

y

can be found,since the linearity of
(6.26) Qo = ’%‘A’*

allows to write (6.17) in the form

i

(6.27) o

T Fooo { L+ N. [AfA”(a\] - I\Lf [ P(s,zf_\} X
< T NIF] 1A - Pe]X > .

This implies

(6.28) gﬁ,‘){ Pis=2y - J,;ArA"(—e)§ = O .

Hence P idis of the form

(6.29) P= 1(AA + R

7

with R being a gauge invariant polynomial. We thus arrive at the linear

relation

<T N, [A A ] X > = 2 <y <T N, [A Lsz\])(>
(caz 1, Cy=0) + CD:<TN4[A1($’Z)]X>

For the differential vertex operation Aoo we obtain the identity

(6.30)

.

b :
(6.31) AN Zi-ti Aj " (t,=1, t,= 0)
J*

We now discuss two equivalence theorems. The first theorem states that
. ; . 2 2 . ,
Lagrangians with different values of n and T  are equivalent provided the

same normalization conditions (5.8) are imposed. Condition (5) is satisfied
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by (5.31). The parameters 2, = C s 2y 5 2, 5 2y are uniquely determined as

functions of ﬂz, T2 by the first four normalization conditions
) - H - ~
6.32) C..= ) o : : =
( ) C'J \"I (%%2')2“-!23"19 v »e')/‘_)w%;w) k)”‘) (s 1)
(e . " ()} T -
where ™ - T:A(O) ' r N_ Re & "1* (w")

M= Re:0hw) | M= <¥>
(6.33) 5wt ’

C,a;'—w: Caz-wo C, = Ci= O -

) )

It suffices to show that the vertex functions of the fields do not depend on

n2 ’ Tz . To this end we form

0 > 2 22, AT

= + =
CL koo 92, O ’Dt[' (s=1)
(6.34
3 / ~t
?l | = 90 °Z, |, 20
> kzo 2%, BT™ DT .
Here

S denotes the derivative with respect to one of the independent

2 1
variables 1N, T% e , uz s mi s W , 0, O, -%E is the derivative with

respect to one of the variables Zos Z) 3 Zy s Zgos n2 s T2 s u2 s mi s W oy

h , 0, if considered as independent parameters of the Lagrangian.,

Using

?'T 2T -

’D'Zf: ’A‘V ’ nTt™ (A"—Aw)‘ ) (e=1)
(6.35) l /

o _ [ I .o 20 .

cr-~ e Sl ?)z‘:-l‘A"F, 3e. D6, e A
and (6.23)’We can eliminate ,ng in (6.34). Therefore

on

N 2 o el 2 ClN (s=1)
(6.36) _ = - —_— = R, — ]

oy” %o “9Ze 0 oo % CEN

The normalization conditions (6.32) imply
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(6.37) 0O = w\ - - A a'r.(i) O~= r‘(n Zj. k alrl(j) (s=1)
e ALICEN ) T k=0 VB, 7
" Since the functional determinant of (6.32) does not vanish we have Ak = Bk = 0
and -§£§ =-§£§ = 0 didentically. This completes the proof.
n T

The second theorem concerns the equivalence of the gauge invariant
quantization to Symanzik's approach which was used in B. Lee's work on the
Higgs model. For the purpose of this discussion we denote the Lagrangian (1.1),
(5.1-3) of the explicitly broken pre-Higgs model by :tla' The theorem states

that a Lagrangian

i /] n
(6.38) f q = I(_’ & + ICQI

<
equivalent to ﬁd exists which does not involve a subtraction parameter § .
The Green functions are constructed as usual with the N4—product applied to

the interaction Lagrangian ?iYI . For the proof we construct a family of

Lagrangians

(6.39) Lo = Z M, + le Z'tkﬂ Qe

1 k=i
where Mj denotes the monomials in the fields AU s U, X and derivatives
of dimension less or equal to four. le denotes the field monomials of
dimension less or equal to 4 -~ k., All monomials are supposed to be even in
Ap » X » Moreover, monomials are omitted which can linearly be-expressed by
others up to a total divergences. The rules of the preceding sections for
constructing time ordered functions are generalized to the s-dependent Lagrangians
(6.39) accordingly. It will be shown that the coefficients of (6.39) can be
chosen such that the family consists of equivalent Lagrangians including the

/

original Lagrangian étlg of explicitly broken pre-Higgs model and a Lagrangian

it il
(6.40) L, = = M
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fl

where all tkl

(6.41) tﬁ

-

0 . The effective Lagrangian corresponding to (6.39) is

= oy M,[Mﬂ - % <" %tka Nu-i [QL{L] .

We extend (5.17) to a complete and independent set

i

G e e TPl ta)

of normalization conditions which uniquely determine the coefficients wu, as
power series in the coupling constants for any Lagrangian (6.39) with given

ey We restrict the family (6.39) by imposing

(6.43) c‘j’ = r'mLu.‘.) t,) (s=1)

—pn!
! denote the values of cj for the original Lagrangian 1fc&'

where the Cj
Differentiating the vertex functions I with respect to tkl we obtain
(6.44) o | Z@_’_l'_" ?f’_’- + cAl

T 1 ewy ot CATTE

Primed derivatives refer to uj s tkl as set of independent variables.

With the identities (6.13) we get

o4
(6.45) g"{j = Z ‘Akl - T

X} 4 ]
and )
8(—'(3‘ § falrﬂl))
(6.46) 0= —— = Z= Au,' Y
At ., J ! j

from (6.43). Since the functional determinant of (6.42) does not vanish’we

9
have Akl j = 0 and sii— = 0 identically. This completes the proof of
? ‘ %

the theorem.

We finally give formulae for the derivatives of vertex functions with

respect to the independent variables e , uz s mi s W, h

, 00, setting
n=u,T=mn and s =1 . These relations, along with the identities

(6.23), (6.31) will be used in Part III. Since the terms N4ij] of the
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effective Lagrangian (6.1) only involve coefficients depending on e , s and

w we have

.ﬁﬁégj = ‘9 ot ?9W¢: D2,
(6.47)
A 2 AL, + 2Zx A -~ 2= A )r-
YTt 2 s K

for the parameters

<™ ‘ -
? = l~ ) Mo 2 L\ ’ ol

For the derivatives of I with respect to e and w we find

) De- OBz A .
(6.48) - \‘\(2214—2.,(;)5:1) _ VAI’ e A” '§ w , (s=1)
o _ ¢ N e ‘
W3So OF ‘i (2hw=, +CW%:_,)A° ¥ vA }' r ,

where '

/ v ! 2§]E;§§— ijfegp \

= = (xy + C

= f&x& 9"(’ x) ch’* x\}NL ol ,

(6.49)

Al = %J&x Nq[Aﬁ’ (DY - AL D”CP]N‘- IS"=1 ’

A' and A" may be eliminated by combining these relations with the counting

3
identities for N, = jzo Nj s Nw + NX =N, + N, . From (6.11) we get .
"
hJATﬂ‘z (71“4:2£\a_ - 22, £:¥3|"— 32-41544 A & Zﬁ; ) rﬂ
(6.50) ’
(Nge N )T = {lace - 2hw™2 ) Ay - 274, + 22, Ae-

Combining these equations with (6.48) we find
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N,.» e " YWow T —«e.(c,re,a-a +wd 5;).&.0 + 2WmM, A &

M 32 OB L 22)
LeTR c2r)as mza - A et

N,.V‘l—V,c—-wé-,; = e (2¢ + w%ﬁ;)Ac - Q—/:Aa +.Z%¢As.-1\'\41A

(s = 1) .
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