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ABSTRACT

In this, the first of three papers, we present the essential features of a
treatment of the U(1)-Higgs model based upon a regulator free, momentum
space subtraction scheme. The principle new results which follow from this
approach are: (1) the fields of the theory satisfy their classical equations
of motion, (2) the source of the vector meson field, j”(x), is a finite, conserved
current, (3) the Higgs theory passes ""smoothly'" over to a Goldstone boson
theory when the yector meson coupling constant (e) is set equal to zero,

(4) the conserved current is gauge invariant and can be used as an interpolating
field for the stable one particle states of the theory, (5) one can define a
generalized Higgs model wherein only part of the vector meson mass comes
from spontaneous breakdown; this theory has the features of the usual Higgs
model, is ghost free but it keeps its Goldstone boson.

This paper is devoted to stating precisely what can be proven and to
establishing the relationship of our treatment to classical field theory ideas
on the one hand and other quantum field theoretic treatments on the other.
Further details concerning the techniques adopted and proofs that various

limiting procedures are well-defined are given in parts II and III.



INTRODUCTION

Some time has passed since the flurry of activity concerning Weinberg-
Higgs—fibble type models for weak and electromagnetic interaction first began.
While many of the original hopes that these theories could provide easy answers
to heretofore unsolVed problems show no immediate signs of being realized, it
is by no means true that they have lost their appeal. On the contrary, there
seems to be every reason to suppose that one has just begun to understand the
relevance of these ideas to the phenomenology of hadron physics and to the
physics of weak and electroﬁagnetic interactions.

With the interesting work of t'Hooft and Veltman, Lee and Zinn-Justin, 1
and others, it is clear that a first pass at clarifying the essentials of how these
theories work has been made. As in any first attempt, however, loose ends
remain., In addition, much of what is simple about the structure of these theories
has been obscured by the tremendous amount of purely technical detail which had
to be handled in the discussion of their renormalization., For this reason, this
series of papers is meant to serve a dual purpose. First, we wish to tie off
loose ends for the Abelian Higgs model. Second, we wish to present a formal
procedure, different from those used in previous discussions, to simplfy the
task of extracting a physical understanding of the structure of the renormalized
field theory and of seeing how, if at all, things differ from one's naive notions.

The principle new results to be proven in the three papers of this series are:

(1) The fields of the theory satisfy the naive equations of motion
which follow from the tisual classical arguments applied to the Higgs Lagrangian.

(2) The current, j“ (x), which appears as the source of the vector meson

field in the equations of motion is both finite and conserved.




(3) I one takes the limit in which the vector meson coupling constant, e,
is set equal to zero, the Green's functions of the theory pass over to those of
‘a Goldstone boson theory (defined by taking the e = 0 limit of the Higgs
Lagrangian), and

(4) In this same limit, the current, -Elz—j”(x); passes over to the correspond-
ing conserved current of the Goldstone theory.

(5) The fact that the fields satisfy simple equations of motion and the
source of the vector meson field is a fihite conserved current, is equivalent to
the Ward identities first discussed for the abelian Higgs model by
Lee. 2

(6) In the abelian Higgs theory the conserved current, jp‘ (x), is gauge in-
variant and can be used as an interpolating field for the stable physical one-
particle states of the theory. (This fact make is possible for one to give a
reasonably detailed discussion of this theory in terms of a positive metric
Hilbert space and generalized unitary relations among the currents. This use-
ful property of (%j”(x)) survives the limit e — 0 and yields a field theoretic
discussion of the underlying Goldstone bosoh theory which is a precise parallel
of phenomenological discussions.)3

(7) One can generalize the usual abelian Higgs model to a theory wherein
only part of the vector meson mass comes from the spontaneous breakdown of
U(1) symmetry. In this model, as in the Higgs model, the naive equations of
motion and current conservation guarantee the absence of ghosts in physical on-

shell amplitudes; what is new is that the Goldstone boson of the theory persists.

A careful study of how this pre-Higgs model passes over to a true Higgs model
(i.e. one in which the Goldstone boson decouples from the theory) is extremely

instructive.



The simplest way to obtain these results is to adopt a scheme for defining
renormalized Green's functions which avoids the need for cumbersome ultraviolet
reguldrization techniques. At present we are only aware of two approaches which
are available for this purpose. The first is the extremely promising dimensional
regularization scheme of t'Hooft and Veltmam.4 - While this scheme is very ap-
pealing, as presently formulated it would make giving.a satisfactory discussion
of points (1)-(7) quite difficult. The second technique, the one we adopt, is a
generalized version of the momentum space subtraction procedure for Feynman
integrals introduced by one of the authors.5 One important virtue of this scheme
is that it separates the question of whether one has a finite, Lorentz invariant
set of Feynman amplitudes, from the problem of proving field equations and
symmetry properties.6 Another appealmg feature of this method, especially from
the point of view of understanding the physical basis of the procedure involved,
is that the proofs of equations of motion, etc. - simply parallel the discussion of
the classical Lagrangian field theory.

Our goal is to make these papers as accessible as possible to those readers
unfamiliar with the momentum space subtraction procedure which we use and the
way one uses it to derive equations of motion, etec. For this reason the first
paper of this series states exactly what can be proven, explains — by example —
most of the subtle points which arise, and indicates by a study of specific
Feynman graphs how these problems are overcome. The second paper of this
series is devoted to a complete specification of that subtraction procedure which
is most convenient foxl' giving mathematical proofs, and to a discussion of the
derivation of equations of motion, etc. for, what we shall refer to as, the ex-
plicitly broken pre-Higgs model. Finally, paper three is devoted to a discussion
of various limiting cases of the general model and to a discussion of the unitarity

structure of the theory.



To set the stage for the more. formal discussions of paﬁers II and III, we
proceed in several steps. In Section I of this paper we begin by discussing a
generalized version of the classical Higgs model and its various limits. Next,
for the sake of completeness, we devote Section II to a review of the Feynman
rules for such a theory. Section III is devoted to giving a precise statement of
the important theorems which we shall prove, and a discussion of how these
theorems are related to previous results; in particular we show how to derive
the familiar forms of the Ward identities. Finally we conclude this section
by indicating how one can discuss the ghosts of the theory and whether or not
they contribute to on shell physical amplitudes.

Finally, with the general discussions of Sections I-III behind us, we try —
in Sections IV and V — a loose but essentially correct discussion of the way
one defines the momentum space subtraction procedure and uses it to prove

equations of motion, etc.



I. Classical Foundations

There are two main reasons for beginning with a discussion of the classical
version of a generalized Abelian Higgs model. The first is to insure that those
readers who are unfamiliar with spontaneous symmetry-breaking and its role in
gauge theories will find our treatment essentially self-contained. A more funda-
mental reason is that there is a close parallel between the classical equations
of motion and the field equations in renormalized perturbation theory, expressed
in terms of normal products; thus, many of the classical results obtained in this
section will be applicable, with only minor modifications to the quantized version

of the model.

A. General Pre-Higgs Lagrangian

Our starting point is the theory of a complex scalar field coupled to a massive

vector field. The Lagrangian density is of the form
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Imposing boundary conditions such that a localized source produces outgoing
(incoming) waves for large positive (negative) times, we may convert Eq. (3)

into the following set of coupled integral equations;
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and the inhomogeneous terms are linear combinations of free fields:
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The expression for AM(X) in Eq. (4) may be simplified somewhat by noting

that the current j# is conserved: i.e.,
oty =o0. (N

(This is a straightforward consequence of the field equations.) Hence the third

equation in (4) becomes
_ ! o2 |

so that the scattered waves contain no scalar mode of mass moafa.. Equation (8)
tells us that the field SIJA“ propagates freely and can be suppressed entirely by
appropriate choice of initial conditions. The decoupling of the field BMA“ is an
essential feature of the model which persists in the quantum version, where it
is crucial to the elimination of negative-metric "ghosts' from the theory.

It is interesting to observe that the dynamical trivality of the scalar mode

of mass mO\f % is reflected in a symmetry property of the field equations (3).



The latter are invariant under the restricted gauge transformations,
A — A +0 A
7 b

P — Qe (9)
where

2 _

(0O + amo) A =0

In the quantum version of the model, it will be natural to consider as observable

only those fields which are invariant under these gauge transformations (or under

a more general class).

B. Perturbative Solutions to the Field Equations

In order to try and obtain some feeling for the nature of the solutions to the
field equations (Eq. (3)) we observe that for positive values of az and mg, Eqgs.
(4) and (8) may be solved iteratively to arbitrary finite order in e. The result-
ing expansions hopefully provide asymptotic series for the fields for sufficiently
small 'e'(no claim is made about the convergence of the iteration scheme). Since
the expansion parameter only multiplies terms of second, or higher, degree in
the fields, and since the Green's function AF( £) is well behaved asymptotically,
the perturbative (''scattering'') corrections to small amplitude, freely propagating
waves will be appropriately small, and will remain so for all times.

For negative 'at2 (the pre-Higgs model), a ,Satisfactory iteration of (4) is not
possible, thanks to the exponential growth of solutions of the homogeneous fields
equations and the expo{aential growth of the Green's function for large times, since
in this case — small departures from the propagation will not remain small
asymptotically. To understand why a perturbative solution about ¥(x) = x(x) =

= A“(x) = 0 cannot work in this case, it is convenient to consider the limiting

-9 -



case (Goldstone model) e — 0, he2 — g #0. The essential point is that one
expects a "small vibration" to be stable if one is expanding about a solution,
Yx) = P(x) and x(x) = % (¥) which is a minimum of the potential energy,
V(p, x) = %g(d)z + x2)2 + %— az(zp2 + x2). Clearly, for the case % 0 the
solution (3, x) = 0 is such a minimum; however, for a2 <0 it is easy to check
that (J, ;) =0 is a relative maximum of the function V(y, x). Since no small-
vibration expansion about a relative maximum of potential energy can be expected
to be stable, it is no surprise that in our attempt to make such an expansion we
encounter exponential asymptotic growth of the resulting solutions.

Itisa simpie matter to show that the ti'ue minima of the potential function
form a one-parameter family (Y9 X ¢) such that ng + Xg = l g—ﬁl s l.e.,

(¥p» X o) = f(cost, sinf) where £ = l%l , and so it should be possible to

formulate a stable small-vibration theory of the model by setting ® = Y+ f,

i

Py = X and expanding the solution abouty = x = A# 0. It is not obvious

that this should work for general values of the coupling constant, but let us try

it anyhow. With these substitutionS'Eqs. (3) become
(O +2hwd) 9(x) = MO - w = ef
ox( -wo k) = 3 m? = m2 + w?

2 1 v -
(0 +m) A +(1- 59 0"A + Wy = I )

where
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- he(3zp2 + x2) + e wA“A“
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With the same choice of boundary conditions as before, Egs. (3) may be con-

verted into the following integral equations:

W0 = Y0 + 1 [dy Ap(x-y; 28 WD) I(9)

W =X ¢ [ ay agx - y5 0 m? 3 @) - woks ()
0

iw_ - v am> =l
g J 8 Agx - yiomg) (w3 @) - 243 ()

) 3 BV 9 p
A = A - 1 fay (gw - —”—mz) Ap(x - y; ) 37 (y)

iw 2 v
+ gt [dye, Apx-yi 0) (m” I (5 - wd” T, (5)
m._m
0
i . 2 _aV
-5 J v o, agx - yi amd) w3 () - 875, ()
0

(11)
where z,DO, X and AOu are solutions of the respective homogeneous differential

equations. Defining

= v M
Pp = Xo T ol 9,80
0
o A M
To = auAO
= w_ 1 v
Vou = Ay 5 0 * 7 8,0"A, (12)

m am

it is easy to see from the differential equations that zpo, as well as these
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linear combinations, are free fields: i.e.,

(Q +2hw2)z/)0 =
Opg =0
(0 +oein(2))70'=0

(O +m2)VOu =0 (13)

Due to the relation,
oty = wJ , 14
“(X) X(X) (14)

- a straightforwafd consequence of the field equations, the last two of Eqgs. (11)

assume the simpler form,

X0 = X + 1 [dy Agex -y 0) T ()
{ 9,2, 2. v
A0 = Ay -1y (gu,, . —*‘i——mz) Ag(x -y m’) 3 ()

W [ ayoapx-vi0 T o). (15)

m

Note that once again the scattered waves contain no ghosts of mass moﬁ and the
scalar field ayA“ satisfies a free-field equation. As in the case a220, the
essential triviality of the ghost oscillations is linked to the invariance of the

equations of motion under the gauge transformations of Eq. (9) where

1

J2

D= @t ixt o) (16)
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C. Currents, Gauge Invariance and Special Limits of the Model

In the quantized version of the pre-Higgs model, it will be essential to con-
sider As observable only those quantities which in some sense are free of ghosts.
One criterion for composite fields, formed from products of the basic fields ¢,

x and A“ and their derivatives, to be ghost-free will turn out to be invariance
under the gauge transformations defined by Eqs. (9) and (6), without the free-
field restriction on A. Perhaps the most important of these composite fields is
the original current j“, as given by Eq. (3), which is obviously gauge invariant

and related to the current JH defined in Eq. (10) by,

i =J”+w2A“—w8

" Xo (17)

U
To check explicitly that the classical j“ has no asymptotic ghost oscillations, we
note that in Eq. (10) the mass mOJ—a scalar mode can enter only in the zeroth-
order contribution to WZA# - W a“x . But

_ W2A -wao

2
uXO=WV - —5 9 Py (18)

Ou o 2 pu

so that we have only a mass-m vector mode and a mass-0 scalar "mode'", but no
scalar oscillations of mass m, Ja.
Note that in the weak-coupling limit, e — 0, —‘g - f, j“ goes over continu-

ously into the conserved current of the Goldstone model,

1
= — x0 ¥p-va x - £0 x,
e T X9 ¥ ¥ OX uX

and from (15) and (18) it is clear that only the massless Goldstone mode survives

in the asymptotic behavior of the limiting current for large times. In the quantized

version of the theory this corresponds to the possibility of using the current as an
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interpolating field for the Goldstone particles, a matter of considerable impor-
tance in the structural analysis of this and related models.

Inmthe limit of vanishing "photon'' mass, m, — 0, the pre-Higgs current j“
goes over continuously into the conserved current of the Higgs model. As is
evident from (15) énd (18), it is the zero-mass Ihode, the remnant of the Goldstone
mode, which disappears in this limit, with a mass-w vector mode surviving in
the asymptotic waves. Correspondingly, if one takes the m, — 0 limit of the
quantized pre-Higgs model, one finds that the zero-mass particles of the latter
decouple, with the conserved current becoming a suitable interpolating field for

mass-w particles of spin one in the limiting theory. This aspect of the so-called

Higgs phenomenon will be discussed at some length in Part III of our study.

- 14 -



II. Some Preliminary Remarks

In the preceding section we studied the classical theory of a massive vector
field Mteracting with a self-coupled scalar field. Our purpose in this section is
to lay the foundations for extending the discussion to the corresponding quantum
field theory. We shall assume throughout that the reader is familiar with ordinary
perturbation theory, the mechanics of Feynman graphs and the general spirit of
the Dyson-Salam program for renormalizing Feynman amplitudes in momentum
space. We shall not assume a familiarity with the extension of these ideas to
a full, regulator-free, momentum-space renormalization procedure. The latter
will be sketched, with instructive examples, in the course of this article, and
the reader interested in further details is referred to Ref. 15.

The general point of view which motivates the discussion to follow is that
the perturbative approach to quéntum field theory amounts to a set of rules for
constructing finjte Feynman amplitudes (Green's functions). These rules are
usually presented in two stages: one first specifies a procedure for assigning a
Feynman integrand to each Feynman diagram, and then one gives a prescription
for modifying this integrand so as to guarantee the integrability of the resulting
expression. One is then left with the task of showing that the theory so defined
has the equations of motion, covariance properties and symmetries which one
anticipated at the outset on the basis of the given Lagrangian (whose role here is
merely as a formal device for specifying Feynman rules).

The classical Lagrangian of the pre-Higgs model is given by Eq. (1) with
the substitution ¢ 1 = v+ f, ¢>2 = y. Working the Lagrangian out in terms of

AM’ ¥, x and setting

a2 = —hw2

-15-



we obtain (up to constant forms)

&L = SZO+ QI
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The Feynman rules for the Green's functions are conveniently summarized by
the Gell-Mann Low expansion, and there is a close connection between the for-
mal specifications of Feynman rules and the classical perturbation theory de-
scribed in Section I. The free fields to be inserted into the Gell-Mann Low
formula are those associated with the unperturbed Lagrangian. < 0 Eq. (19),

and will obey the homogeneous versions of the field equations in Eq. (10).

Their propagators will be precisely the classical Green's functions which appear

in the integral equations of Eq. (11). Specifically, in their momentum space

form is,
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where we have adoped the shorthand notation

- N iniXi
| <T T.l(pl) Tu(pu) T™y)> = Je <T71(x1) 'Tu(Xu) T(Y) > . (21)

The poles of these propagators correspond to the particles of the theory: so we

2 2 .
have a vector meson of mass m = m, + W, a scalar particle ¢ of mass

M =, /2hw2, a scalar particle 7 of vanishing mass, and a scalar ghost particle
of mass m, \/c; , which must be quantized with indefinite metric due to the sign

of the residue in Eq. (20).

A. Some Necessary Modifications of our Lagrangian

With the Lagrangian given in Eq. (19) the formal Gell-Mann Low expansion
leads to ultraviolet as well as infrared divergencies. Ultraviolet divergencies
are eliminated by making subtractions for the Feynman integrals in momentum
space (see Section 1V, the complete rules will be given in part I). For resolv-
ing the infrared problem we first modify the Lagrangian such that all particles
acquire a non-vanishing mass. To this end we add to the Lagrangian an explicit
symmetry breaking term

2w
e

[z Y (22)

- as well as a gauge invariant contribution of the form

2
B -c)p*p =

I
[\

2

|
1

= % (uz -c) (zp2 + y  + 2 g— Y) + constant term (23)

where c is chosen to enforce the vanishing of the vacuum expectation value of
. The model so obtained will be called the explicitly broken pre-Higgs model.
Its Green's functions are free of ultraviolet and infrared divergencies. Even-

tually the limits u — 0 (pre-Higgs model), ¢ — 0 (Landau gauge) and m — 0 (Higgs
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model) will be taken. That the Green's function remain finite in these limits
will bf shown in Part III.

Since the subtractions will be made at zero external momenta there is no
guarantee that the full propagators continue to h_ave poles at the same values of
p2 for which the unpertlirbed propégators are singular. For unstable particles, such
as the ¢ in the pre-Higgs model, the propagator poles must of course move into
the complex plane. For the stable particles of the pre-Higgs or Higgs model,
however, we want the mass parameters of the free Lagrangian to be the exact
values of the physical masses. Moreover, the Green's functions should be

normalized in a convenient manner. For these reasons, it is necessary to

introduce renormalized fields and parameters by means of the substitutions

1/2 -2
P zZg P o Za0 h— Z,2q z3h
1/2 -1/2 -1/2
22 X e — Z3 e m — Z3 m
1/2 1/2 -1/2
AIJL Zg AM Wz izt W (24)

For u # 0 the renormalization factors z are power series in e with finite coeffi-

cients; moreover, we find w useful to make the substitutions
2
W — SW, c—sc

The parameter s will only be used for formulating the subtraction scheme and
eventually's'will be set equal to one. The renormalization constants z and ¢
are assumed to be independent of s. Since s = 0 corresponds to exact symmetry
the parameter s measures the strength of the symmetry breaking. With the

substitutions of Eq. (24), and the insertion of the additional terms of Egs. (22)

- 18 -



and (23), the Lagrangian of the explicitly broken pre-Higgs model becomes

&= L, F FHY
4 i
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Explicitly in terms of A“, ¥ and y we have

Z

530 + QI

308, - 0,40 047 0"+ E e o b - L o a0
-swAply + 2 a,00"y + %aux oFx - 3w+ 2ns*wh) ¥ - 1 4%
—% z'lhe2(¢2+ Xz)z - zlehswzp(zp2+ XZ) - (z1 - 1)h32w2¢2
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+ % o s%(y? +x 2 25 Y) -%(z3 -1 (8,4, -8,4) Chr N1

(26)

Adopting this notation the field equation for the vector field Ali' following

from the classical Lagrangian of Eq. (26), now becomes

2

IR W TN Bo_ M
9, FF" - 5 0% AY - myak = (27

cl
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with the classical current given by

= iez,(p* Do -o(DFo)H - (z;-no FHY

]

Zo© {‘x‘a-pzp— e—lsw oM X + eA“(¢2_+ XZ) + 2eswA“z,b + szsz“}
+(zg-1 " O - a"a”)AV . (28)

Note, that now when p # 0 the classical current is only partially conserved,

8ujga= wPswy . (29)

Solving the "free field" equations appropriate to %, as given in Eq. (26) we

0
find the propagators are

i

<TPy(p) $o(0)> = 22 2netul e 10

. 2 2 . 2.2
i(p —ozmo)—lasw

<TX B xo0) > =

2 .
Dy(p” + i0)
_ " QSWp
<T A, (P) x o(0) > =
O 70 Do(p2+i0)
~ p P - PP, ol -l
<TAy,P) A (0) > = ‘<gu" E2V) 2 12 2 - 55 (p2 £l
H p p -my-sw + i0 P Do(p + 10)
(30)
where
2 2 2 .2 .2 2 2,2 2 22 2
Doy = -x) (P - A) = (p -p) (P -amy) +ausw (31)
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The masses k and A are given by

2
X = %(a m0+u2) - % \/(amg+ﬂz)2 - 401#2(111?) + SZWZ)

A = 1o mg_+ uly o+ —;- J@ mg rud? - 4qu2(mg + s2wh) (32)

Consideration of the results reveals that free Lagrangian QO describes the
following kinds of particles;
ot s2w? (three degrees of freedom),

(ii) a scalar y-particle of mass M = J [J,2 + 2hszw2 R

(iii) a scalar y -particles of mass ,

: 2
(i) a vector meson of mass m = J m

and (iv) a scalar ghost of particle of mass A.
(The decomposition of A Ou and y 0 with respect to conventional free fields will
be given in Part II, Section 2.) In the limit u— 0 the mass k approaches zero

and the y -particle becomes the Goldstone particle of the pre-Higgs model.

B. Specification of Feynman Rules

The renormalized time ordered functions are constructed from the Gell-

Mann Low expansion

norm

. Jaz 20 a) X

<TX> = Fin<TX(0 e (33)

with the interaction Lagrangian of Eq. (26), where X denotes an arbitrary product

of field operators,
n, n n, ,
X = I Aix;) I ¢x) I x(z). (34)
G A S S

X( 0 and < §0) to signify the corresponding expres-

We have adopted the notation
sions with the free fields are to be inserted. In the usual way the time ordered

functions on the right-hand side of Eq. (33) are to be expanded as a sim of products

-21 -



of free propagators, each corresponding to a Feynman diagram. The super-
script morm' indicates that contributions of diagrams having disconnected parts
with n& external lines should not be included. 'Fin' denotes the finite part which
one is to take for each Feynman integral, as discussed in Section IV. Finally,
the parameters zi, z, and zq are chosen to guarantee the desired mass and
normalization conditions.

According to the Feynman rules following from Egs. (33) and (34), all

Green's functions,

nA nz'[) nx
<T T A (x) O #(x) I x(z)> =0
=1 M1 W X
(nA+ n, = odd), (35)

for which the total number of A“— and y -fields is odd, vanish. This property

reflects an exact symmetry of the theory under the substitution.

A —-A | - - . 3
" u X X (36)

The current of the quantized theory is defined through its Green's functions

which are constructed by the:Gell-Mann Low expansion

. 0
1[dz Q(I) (z) _norm

<Tj*x®) X> = Fin< Tj(c?l)“ xx0 ¢ (37)

where jgi)“ denotes the classical current (Eq. (28)) with the free field operators

inserted. For the precise definition of the finite part indicated in Eq. (37) we
refer again to the more detailed discussion in Section IV. The current given by

Eq. (37) will be denoted as

B "
ro= N3[]cl
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where the symbol N3 stands for normal product of degree 3. The matrix ele-
ments of the current between incoming and outgoing states are obtained from
mGree'r? s functions of the form indicated in Eq. (37) by applying the reduction for-

mulae to the field operators. It should be noted that only those fields associated

with stable particles contribute to the asymptotic limits.

C. Remarks About the Goldstone Limit of This Model

The Lagrangian of the explicitly broken Goldstone model is obtained from
Eq. (26) by taking the limit e — 0, % — f ,and h1/2e — g. In this

limit it is convenient to use the xy -mass u, the y-mass M, related to f and

g by
2 2
fg = —M—.‘Z—i , (38)

as independent variables. With these parameters the Lagrangian of the expli-
citfly broken Goldstone model becomes

2 2

& = Box M_-p 2«
Zq 3" chp + 2z 2 s 9*o
2 2
-z g0 )’ WP 8% oro
_ 1 .
¢ = —=(y+ ix + sf) , (39)

J2
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or explic itly

& =
$0+QI
1 1 1,2 2 .2
o= 5o, voku e To x ok - pulesfart-uh) ¥
1 2 2
-3 KX
1 2.2, 2 M2 - 2 2. 2
= -5 28 Wy - ozg\[T s+ X

2 2
M-t 202
-z - 1) T 70 Gz, -1 (9, 00k va x ok y)

2 2
+ ;21_CS2<¢2+XZ+2\/__LM 2' sgalzIJ) , (40)

and the classical current is,

- - 2
i = izyo* ofo = 2, xoly - MoE ggh a¥y . (41)

The free propagators for this case are,

i
p? - u? - s2(M® - 4P + 10

<TYg(p) ¥o(0)> =

- i
<TYXNP) X o(0) > = —5—F5—
0 0 P - ;.LZ + i0

The Green's functions of the fields and the current are constructed from
the Gell-Mann-Low expansion with the interaction Lagrangian, QI, given in

Eq. (41), however in this limit the symbol X of Eqs. (33) and (34). stands for

general expressions of the form,

X nH‘p x ) nl)—(l (z)) (42)
k= E o X
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This completes our preliminary remarks concerning the specification of
the pre-Higgs Lagrangian. In the next section we turn to the statement of

important general results.
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III. Statement of General Results

Most of the salient features of the explicitly broken Higgs model and its
variousTlimiting cases are consequences of two fundamental equations relating
the Green functions of the basic fields to those of the current jH' The derivation
of these relations will be discussed briefly in Section V, with a systematic treat-

ment postponed until Part II.

A. Important Equations

The first of these key equations is the equation of motion for the vector

potential:

<T[aVF’“’(x) - a“_aVAV(x) - mg A“(x)]X>

= <Tif) X> - 1), 6(xx)6" <T I A (x) I ¥(x) Mx(z)>
2n: o py j;én“ijxkz'”'

(4%

Here X denotes an arbitrary expression of the form

nA nzp nx
X= T A &) T 9 I x(z)

=1 7 k=1 =1
Applying a reduction formula to obtain matrix elements between incoming and
outgoing states, we may transform Eq. (43) into the following operator field
equation:

2
- m

s Al = , (44)

o FHY _ 1 gty AV
124 e} 14

This is identical to the classical equation of motion derived via the variational

principle from the Lagrangian of Eq. (40).
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The second important equation is the Ward-Takahashi identity for the

current's Green functions, namely:

-

8;:<Tj’u(x)X> = 4% <Ty(x) X>
Sie ) B(x-y) <Tx(y) MA (x) I () I x(z,)>
Lx: n LA A .

. W
+ ie ; 5(x ~ zn) <TEb(zn) + e] IiIA“i(Xj) 11;[ z,b(yk)ignx(zﬂ) > (44)

Once again applying the reduction formula, we obtain the law of partial current

conservation in operator form,

: 2
8“3u = UWY . (45}

It is significant that Egs. (44) and (45) would follow in precisely the same
form from naive application of the formal equations of moti@n.and equal-time
commutation relation. Equation (45) is just the partial conservation law for the
classical current, and the terms involving delta-functions in Eq. (44) corres-
pond to the equal-time commutators which one usually finds as a result of com-
muting the time derivatives with the time ordering. (Our derivation in Part I
will not make use of these naive manipulations, which cannot be justified in
perturbation theory. Actually the T-product used here represents a renormalized
version of the  T*-product for which differentiations always commute with
time-ordering. I our way of deriving Eq. (44), covariant contact terms arise
directly from the Feﬁmm rules and are not due to the differentiation of step

functions.)
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Taking the divergence of Eq. (43) and inserting Eq. (44), we obtain

é <T(O +amg)8“Au(x) X> + u2w<Tx(x)X>

i

i d S(x-x)<T O A (x) I ¥y,) I x(z)>
En':“n,x’n g KTk K .

-+

ie Sx-y)<Tx(y) I A (x) I ¥y ) IIx(z)>
.; n n j “j ]k#n k 9 £

w
ieE :6<x -z <T[4)(z ) + —] A (x) I yy,) O x(z)> (46)
- n n e i “j L k 00 4
which may be interpreted either as the equation of motion of the ghost-particle
field, auA“ , or as the Ward-Takahashi identity corresponding to localized gauge
transformations of the second kind.
In its role as field equation, Eq. (46) leads, via the reduction formula, to

the operator relation

1 ) 2 2
=0 Tam0)8“Au+pwx =0 | (47)

thus SHA’u becomes a free field in the limit y — 0. Note that in this limit the
ghost particles do not interact with the physical particles of the pre-Higgs model,

and this should make possible the construction of a unitary S-matrix.

B. Connections to Other Formalisms

The consequences of Eq. (46) as a Ward-Takahashi identity are most con-
veniently expressed in terms of the vertex functions rather than the full Green

functions. To do this, we first rewrite Eq. (46) in terms of the generating
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functional for connected Green functions:

-+ (D +ozm(2)) ok 8G ok (v + wik(x)
¢ s TM(x) K
r 14w 5? r e [J"’(x) 05 ) zp ] | (48)
83" (x) C5IT(x) - 6 3¥(x)
where
—— ——— s
N ? n a a n

G[JO,'"J5] = 2_, L :1, j J(;) . J(;‘) <T I A (x) >conndx1---dxn

n=1 alu..an 1 n j:l ] ]

(49)
The generating functional for vertex functions
z : Z : n a,
s e 0 1 e s s 1 prOp : .00
{}{ K] n! /Ka (xp) K, (%) <T I A (Xj) > dx +edy
LI ) 1 n ]__1
(50)

is then introduced by means of the Legendre transformation,

r[KOI?] .. - i/dx Z P K, (%) (51)

=G J . ®
b=0
where
S J (%)
and hence
. oT
J (%) —-I-(—"‘( 3

Eq. (48) thus becomes :

2 2
-;—(D +am0) 8“Ku(x) +au wKx(x)

_ 5T 5T . 5T 6T
= -1 [au sA,m GKX(X)] - le [Kx(x) K0 Ky &) 5% (x)]

(52)



which yields via functional differentiation an infinite set of identities relating

the vertex functions. For u =0 and m, = 0, this coincides with the Ward-

0
“ Taka‘}“lashi identity employed by B. Lee in the Higgs model .2 Note that as usual
the vertex functions with more than two arguments are given by sums over

proper (one-particle irreducible) diagrams.

C. Some Simple Consequences of These Identities

For the sake of completeness we now include a discussion of how one can
use Eqs.(48) and (52) to obtain information about the full propagators of the

theory which are related to the two point vertex functions by

5
a a
D %% Ggm = - o (53)
c=0
where
- ipx X S
Gab(p) fdxe <T Aa 5 Ab 5 >
rab N j ipx a x Lb X _prop
(p = dxe <TA 3 A -F> (54)

Eq. (53) may be simplified considerably with the aid of Lorentz invariance, the

discrete symmetry (eq. (36)) and the relations
G = G p(-p) TpaP = Top(-p) (56)

From these considerations it follows that the mixed two-point functions

involving only one ¢ field vanish, and that we



may write the remaining ones in the form

PP PP
- G,,m = (gw - —?—”) GXA(pz) + —’;fz'i G‘I;A(pz)
p, D P D
L@ = <g“.V - ~’=‘———p2”>I‘XA(p2) + —Lpz” I‘kA(Dz)
_ _ - 2
Gy (@ = G, 5(p) G5,(P) = B, Gy, (P)
B - - 2
L ® = Ts® = ~Tp @0 = p,T, ()
G, (P = G, (p?) Gec(p) = G _(pD)
44 zl)zl)( ’ 55 X X
T, = T, (p9) Ter(p) = T _ (09 (57)
44 Yt 55 XX

and in addition, it is useful to separate out the "trivial" part of the two-point

vertex functions by introducing

Ty a9 = - ip° - m” - m,(p?)
Ty 05 = -wreh
L0 = 167 - M7 - 1, (0%) (58)

In terms of the functions of p2, Eq. (53) becomes

L 2 L 2
TaA JoUT,, Gaa VUG,
=-1
2 2
- T T -Jp° G G
Vo Ay XX P Ay XX
T T __ _ , (59)
TpoaGaa=-1 PMGW" 1.



which may be inverted to yield

T _ T -1 _ ~1
RV CYVVARE Gy = ~ Ty
al al aI‘L
GL = - _KX_ s G _ A , G - _ AA
AA D XX D : XX D
_ L 2 2
D= a(ly, I, +P rAx) (60)

The Ward-Takahashi identity, Eq. (50), gives two identities among the
two-point vertex functions. With the aid of Egs. (57) and (58) these may be

written
L ,2 i 2 _ i 2 2
PAA(p) - 1w rAx(p) - - o (p —amo)
2

2 2
- 1 = 6
p°ry (09 - 1w I (8% =0 (61)

or alternatively

L _ _ i 2 2, ., ..2
I"AA- a(p amo)+1wl"
2 2
T = i(pT - (62
ox (P k) (62)

The implications of the Ward-Takahashi identity for the two-point Green
functions may now be obtained by inserting Eq. (62) in Eq. (60). One then

obtains the following general form for the propagators of the explicitly broken
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Higgs model:

. ) 2 2
G (0) = i i s B (cie) 0T - )
Hy guu 2 _ _ 2 2 D
P p -m L (P") P
cawl
G = -
“x(p) P, D
2 i
GyP) = 35— 5
W po- M - 1)
9 i(p2 - am(z)) - iasz‘
G = 6
vy P D (63)
where

2 2 2 2 2 2 2 2
D = [p(p —am0)+au W]I‘—u(p —amo)

In the limit 4 — 0 the propagators assume the form

“ _ _BP, » . (PP o
Ly (P Y 2 5 3 2 3 3 3
D p” -m" - T,(p) p p” -am,
QWD
G® = - 53 5
p(p -oamy
2 i
G (p) =
¢¢ pz_Mz_Hzp(pz)
2 i iOth
Coy®) = T - T3 3 (64)
P I(p) p(p -amy

Note that Guv’ G and GXX all have poles at p2 = m2 with residues coinciding

BX 0
with their unperturbed values. This is not surprising, since we have already

seen that such poles correspond to non-interacting ghosts.
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The expressions given in Eq. (64) are not complete without a specification
of normalization conditions for II A(pz), a lp(pz) and I‘(pz). These emerge most
‘natu-rzlly from a discussion of thg pre-Higgs mass spectrum based on Eq. (64).
Most importantly G, G and G should all have poles at p2 = 0, corres-

pv’ Tpy XX _

ponding to the scalar y particle (Goldstone boson). These will clearly be pre-
sent, provided that IIA(O) and I'(0) are finite and independent of e. In order to
fulfill the latter requirements, we choose as one of the defining normalization

conditions of the model (already for u # 0)

I,(0) = 0 (65)

Since in perturbation theory the vector propagator does not develop a singularity
p.p
at p2 =0 (if u#0), the coefficient of —%—V in the expression

p .
for Gpw in Eq. (63) should vanish at p2 = 0, hence we hav

o) = 1+ w2 I, (0) (66)
Thus , imposing Eq. (65) automatically entails

oy = 1. ‘ _ ’ (67)

As Eqgs. (66) and (67) remain valid in the p — 0 limit, they fix the (finite) residues
of the Goldstone poles of Guv and GX X in the pre-Higgs model.7

The x is the only stable (physical) particle in the pre-Higgs model. The
massive spin-one vector boson and spin-zero ¥ particle of the unperturbed
theory become unstat;le in the interacting theory, with the vector boson decaying
into an odd number and the ¢ decaying into an even number of y's. The insta-
bility of these particles is accompanied, via the usual unitarity arguments, by

non-zero imaginary parts of IIA(pz) and 11 zp(pz) for positive p2. Thus Guv and
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G - will not have simple poles at p2 = m2 and p2 = M2, respectively (except in
zeroth order). In a non-perturbative formulation of the model, one might expect
uto finga pole off the real axis on an'unphysical" sheet of each of the II functions,
corresponding physically to a resonance in the scattering amplitudes for particles.

To pin down the positions of these i‘esonances, cne may specify the points at

which the real parts of HA and II s vanish to all orders:

2 _
ReHA(w) =0

Re H¢(M2) =0 (68)

In imposing (Eq. (68)) we have in mind, of course, the eventual Higgs limit,

m, — 0, in which the vector boson, and perhaps the ¢y, become stable, with

0
respective masses w and M.

To see how the normalization conditions Eq. (65), and (68), as well as the
vanishing of <y> to all orders, determine the counterterms (zj -1, j=1,2,3
and c in the effective Lagrangian of the explicitly broken Higgs model, let us

write each of the quantities < y¢> , II A(pz) and II zl)(pz) as a sum of a trivial

part, from diagrams with at least one loop:

M%) = (7, - DW - (zg - DD + N,

M) = (2, - DM - (2, - 0% - ¢ + 01, (69)
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From (Eq. (69)) and the normalization conditions, it follows that

- ¢ = ~-hew T

N
|
ey
|

= - [ZhRe M(0) + hewT + ReHd)(Mz)]

_2 ~
-1 = -w " 1,(0)

|
—
|

= w2 Re (IL,(w") - 11, (0)) (70)

which may be solved recursively to arbitrary order in perturbation theory.

It is interesting to observe that although the Green functions normalized
as in Egs. (65) and (68) approach finite limits when p — 0,8 the renormalization
counterferms diverge logarithmically in that limit, This is of course the motiva~
tion for introducing the explicitly broken Higgs model, which in itself is of little
interest, but which allows us to take as our starting point a wgll defined effective

Lagrangian.

D. Some Observations Concerning the Higgs Limit of This Model

Turning now to the Higgs limit, we note that the pre-Higgs Green functions
will not in general approach finite limits when m, — 0 tends to zero. In particu-
lar, the double-pole term of GX X’ which is already preseﬁt in zeroth order,
develops a logarithmic divergence concentrated at p = 0. 18 One way of re-
solving this problem is to restrict oneself to Landau gauge, @ = 0, before pass-
ing to the limit m

0~ 0. Then the double pole will be absent and the Higgs limit

can be shown to exist. The two-point functions will then assume the form
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given by B. Lee,9 namely;

PP .
G<p>=(g ~f"’) —
1% uv p2 p2 _ W2 _ HA(DZ)
G, (@) = 0
2 i
G, (p) =
W oo - M - %

i
S S (71)
XX p? pp?)

with the normalization conditions

M (0) = M,(w") = Re HZ/)(Mz) =0
To) = 1 . (72)

Note that zero-mass po}les are still present in the Landau-gauge propagators
of the Higgs model. Thesé correspond to positive- and negative-metric ghosts
which do not participate in physical processes. With the decoupling of the
Zero-mass :x particle, the spin-one vector boson becomes stable, and our
normalization condition on HA(pz) fixes a pole in le at p2 = Wz. If in addition
m < 2w, the spin-zero ¥ particle also becomes stable, in which case sz’)zl) has a
pole at p2 = MZ,

Actually, it is notyy necessary to resort to Landau gauge in order to extract
the physical content of the Higgs model. As will be shown in Part III, all physical

S-matrix elements of both the pre-Higgs and Higgs models may be expressed,

via reduction formulas, in terms of the gauge-invariant Green functions of the
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conserved current, j#. The gauge invariance and unitarity of the S-matrix
then follow easily from the corresponding properties of these Green functions.
"In addition, the latter provide one possible specification of the observable off-

mass-shell content of the theory. These ideas will be explored more fully in

Part I11.
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IV. Subtraction Rules for the Explicitly Broken Goldstone and Pre-Higgs Models

The purpose of the remainder of this paper is to provide the background for
the disclissions in Parts II. Of course, it is not possible to include all the details
of the renormalization procedure and derivation of field equations in this brief
account, but fortunately a knowledge of the fine points is not a prerequisite for
understanding the key features.

The first point we wish to make is that conventional methods of renormaliza-
tion fail for the Lagrangian of Eq. (40) as it stands, because — as will be shown
in Part II — the application of Bogoliubov's prescription 10 for defining regularized
Green's functions in its standard form leads to anoﬁalies in the equation of partial
current conservapion. As a consequence, the current of the Higgs and pre-Higgs
model will not be conserved in the limit “2 ~ 0, and so the S-matrix becomes
non-unitary since the ghost particles do not decouple from the system.

Two alternative methods are presently available for resolving this difficulty.
One possibility is to include in the Lagrangian addi’cionai counter terms which are
non-linear and not invariant under the gauge transformations of Eq. (9) and (16).
The coefficients of the Lagrangian must then be correlated in such a way that the
field equations and the Ward identities continue to hold. If one does this, it is
then possible to apply Bogoliubov's method without modification. This discussion
was first carried through by Symanzik 11 for the Goldstone model and applied to
the Higgs model by B. Lee.,12

In the second method the subtraction scheme is modified while the Lagrangian
is not changed, and so it is possible to maintain the gauge invariance of the hon—
linear part of the Lagrangian. This gauge invariant renormalization method was
used by B. Lee in his treatment of the Goldstone model13 and later extended by

B. Lee and Zinn—JustinM to non-Abelian models with spontaneous symmetry breaking.
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In the present work the second method of gauge invariant quantization is
developed without introducing the regularization which was essential for B. Lee's13
treatment. Instead we employ Dyson's technique of making subtractions in mo-
mentum space in order to extract the finite part of a Feynman integral. We will,
however, change the subtraction scheme signiﬁcéntly by including subtractions
with respect to the symmetry breaking parameters. Already the examples given
in Ref. 15 suggest how to modify the subtraction terms by inserting the propaga-
tors of the fully symmetric theory. In the general case the situation is more
involved. In order to remove linear or quadratic divergencies in a consistent

manner one must also allow for first and second order symmetry breaking in some

of the subtraction terms.

A. A Heuristic Approach

In order to motivate the modified subtraction procedure, it is worthwhile to
describe first a somewhat artificial formulation of the explicitly broken pre-Higgs
model, in which both e and w are treated as perturbation parameters. (For
the corresponding formulation of the explicitly broken Goldstone modelll7 one uses
g and M2 - uz as expansion parameters.) The Green's functions in this approach
may be calculated to arbitrary order in each of the two parameters by means of

the Gell-Mann-Low expansion, with the unperturbed theory defined by

- _1 LI S BN WP R BT
2, $ T v g moa Al - oo oAk e paty
1 1 2 2 2 |
+§auxa"x - 5 pS T+ x) (73)

for the explicitly broken pre-Higgs model and
= 1 1 1 2,2 .2
L, = 5 auzpa“zp + 5 auxa”x -5 HTEt xS (74)
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for the explicitly broken Goldstone model. The interaction Lagrangian is given by

I

£ _ = ¥ - QO, with the same as in (Eq. (26)) or Eq. (39) respectively.
“ S!ippose that

/dk-l' L dl;m Ir(k1° sk Pyt tPy; S) : (75)
is the unrenormalized integral associated with some one-particle irreducible
Feynman diagram I'. The degree (or superficial divergence) of T is defined to
be

&«T) = 4-n - Z (4 -dp, (76)
veTl

where n is the number of external lines of T', the summation is over all vertices

of I', and d_, is the canonical dimension of the product of fields associated with

\%

the vertex V. The expression for d(I') can be simplified somewhat by noting that
' 4-d -
each term in QI of dV contains a factor S V, so that

dI) = 4-n-v (17

where v is the overall power of s in II"

For a primitive diagram (i.e., a one-particle irreducible diagram all of
whose proper subdiagrams have negative degree) I" with negative degree, the
Feynman integral is convergent without subtractions. For d(I) > 0, the finite

part is defined as the integral of

= d(I)
R, = <1-t L >I(k"'k i Py°°'Ds; S) (78)
T pl pn 1 m 1 n s=1
d(I) . .
where tp Coep denotes the Taylor expansion to order d(I') in P,"" Py about
1 n

- 41 -



p, = 12 R 0. For non-primitive diagrams, a subtraction must be made
corresponding to each set of non-overlapping subdiagrams of non-negative degree.
For the*precise formulation of the general finite-part prescription, based on
Bogoliubov's combinatorial technique, the reader is referred to Ref.45 . The
resulting renormalized Feynman integrals may be shown to be convergent by an
application of Weinberg's power counting theorem

Thus far, the parameter 's' has been used only as an aid in calculating d(T).

It assumes a more important role if we exploit the commutation property of the

Taylor operator,

d . n n d-n
tx flx) =xt  fx (79)

to rewrite RI‘ for primitive T as,

4-n
R =(1—t )I(k"'k ; PLtccpL; S) s (80)
T Py" " PS8 R | m’ 1 n s=1 -
where t4—n g s now a joint Taylor series in 'p_-+-p ' and 's' about p, = s = 0.
pln . .pn . 1 n — J

Observe that we now have a uniform subtraction degree which depends only on the

number of external lines of a diagram, as in simpler renormalizable models.

In the alternative version of these models in which one uses go as defined
in Egs. (73) and (74) the subtraction prescriptions of Egs. (78) and (80) are entirely
equivalent and it is purely a matter of taste which one adopts. If, on the other
-hand, one applies these definitions of the renormalized Feynman integral to our
version of the theory, vﬁth ZO as given in Eq. (26), one finds that the two ex-
pressions are not equivalent: it is obvious that the 's'-dependent free propagators
will be treated differently in the two subtraction formulas. At this point we will

merely note that if one wishes to use the manifestly symmetrical form of the
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Lagrangian for the theory then it is the prescription in Eq. (80) which leads to a

conserved current, and thence to the Ward-Takahashi identities of Section IiI,

7 whereasthe prescription of Eq. (78) inevitably produces a non-conserved current.

We therefore adopt Eq. (80) as the definition of our renormalized integral. (The

proof of convergence of the resulting integrals requires a generalization of that

given in Ref. 5 , but this can be done in a straightforward manner. 16
Formally, our version of the explicitly broken pre-Higgs model, including

the correct subtraction scheme, may be obtained by defining R, as in Egs. (76)

r

and (78) and then for each diagram I’ summing over all diagrams which differ

from it only by the insertion — in all possible ways — of the vertices

T 2_2 i) H 2.2 2
¢ = - -
0s s"w A“A swA”B X - hs"w™ ¢

pOji—

This correspondence is not a rigorous one, however, since the sums, which
involve only geometric series, are not convergent for all ranges of the
integration variables kl’ kZ' .. km

We conclude this section with some simple examples of the subtraction pro-

cedure sketched above.

B. Explicitly Broken Goldstone Model

Example 1  (Fig. 1)

2
Ip = —yy
' w-n?-kf 0 & -u? a0
R = (1-t I, (k,p)
Ty p, s Ty s=1
= gz 1 - 14“..,__]
(-2 -pP+i0) &2 -p2vi0) (&% -pPein)?
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Example 2 (Fig. 2)

2

Ip = 7 T T 575 73

T (-B%-p" - s - p% +10) &% - p° - 8% - ) + 10)

2 1 1

R.=g -

Ty [((p “1)2 - M2+ i0) (k% - M? + i0) &2 - u2 + i0)2 ]
C. Explicitly Broken Pre-Higgs Model
Example 1 (Fig. 3)
I = he2

Ty k2% onw?st + 10
R =(1—t2 ) Ik, p, s)

Ty ps” T s=1

= hez( 1 o 2hw> )
k% % - 2hw? + i0 k2 - 4% 440 &2 - 4%+ i0)
Example 2 (Fig. 4)
' k2 - gm?2 —awzs2

I, = (zehw’s" 53 532 N 5% 53

2 [(p—k) -u -2hw's +10):][(k -u- +1i0) (k —am0+i0)+ap. W
R =(1—t2")1 k,p, s)

I‘2 P, s ]."2 s=1

9 k2 —a(mg+w2) 1
= (2ehw) -

2, . 2 2.2
(k2 47 - 2wl 10) @3- 5+ 10) (P~ 2Zri0) (P -4
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- Example 3 (Fig. 5)

I = Shews
s 12 4% _2hw?s®+ 0
3 w
R = (1-t° )I =3% g
Ty p,s" Tg | oy e 1"1

D. Remarks About the Limits “2 — O and m) =~ 0

We conclude this section with some comments on the examples given for the

explicitly broken pre-Higgs model. The tadpole diagram 1‘3 contributes a term

3i dk
c, = — R, (k)
3 e [ ent Ty

to the counterterm ¢ of the Lagrangian defined in Eq. (26). Note ‘that the contri-

butions of I‘1 and I‘2 to Il X are both logarithmically divergent when yu — 0, thanks
to the subtraction terms with the denominators (k2 - u2)2. The same is true of
the contribution of the trivial diagram with coefficient ic3e. Nevertheless, the

sum over these three terms,

Z icge + f dk4 er(k) + /—QKZ er (ks p)

(27m) (2m)

2 dk 1 : ’
(2ehw) /
2m* [((p-—k)z ~u? - 2nw? + i0)(k2 -k 2 + 10)

2.2 2
) 1 . aw +HA -amo)

U2-p® —2hw? + 100 —p2 +10)  ((p-k)2-p>-2hwori 0) (k2 -k

24 10) (k2 22+i0) ]
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is finite in the limit, illustrating the sort of cancellations which enable the full

self-energy part to be finite. In the Higgs limit, m  — 0, the combination of the

0

first tWo terms in Z approaches a finite limit,

Z =(2hew)2/ qk4 5 ( 212 -5 )
Higgs (2m)~ k" +i0 \(p-k)"-2hw" +i0 k™ -2hw"+i0

The third term, on the other hand, acquires a logarithmic divergence (as K2—> 0,

S

2 . . . : s
A — 0) except in Landau gauge (« = 0), where it vanishes. As discussed in

Section III, this behavior is typical of the m  — 0 limit of the pre-Higgs Green's

0
function.
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V. Normal Products and Field Equations; A Few Brief Remarks

The subtraction procedure outlined in the preceding section may be readily
adaptec; to the definition of finite Green functions of a normal product, N 5[Q] ,
where Q is a formal product of basic fields and their derivatives, with the degree
0 is an integer at léast as large as the canonical aimension 'di of Q. Sucha
Green's function is given formally by a GeII—Ma,nn—Low expansion in which each

Feynman diagram contains a distinguished vertex VQ corresponding to the normal

product. The finite-part prescription for a primitive diagram I" then assumes the

form
_ o(I)
R = (1-t 277 )1 (81)
r p1 pnS I1s=1
where
4-n if VQ g T
(TI) =
§-n if V. € T

Q

with a corresponding modification of the rules for non-primitive diagrams.
Some of the most frequently encountered normal products in this (or any)

model are those associated with the amputation of an external line (free propagator),

5

RN ) pov ;
<T Aa(x) IJI Aaj(xj) > = ol dyGab(x—y) <T Ab(y) 1'; Aaj(x].) > (82)

where sz is the free two~-point function whose inverse is obtained by applying the

Euler derivative to 3’0. Hence

n 820 n
<T Ab(y) 1'; Aaj(xj) > = -i<T G—X;-(y) ITJ[ Aaj(xj)> (83)
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where

A, 04, a@¥a)

On the ofher hand, the amputated function may also be expressed as a linear
combination of normal products by considering tﬁe various types of interaction
vertices at which the amputated propagator terminates. Suppose that a line
originating at an external vertex of type 'a' ends at a vertex corresponding to a

term in & 1 proportional to

N
Py) = I 97 A (), (84)
i=1 i

where 8(1) is a kith order differential operator; then, in particular, one of the
factors of P(y), say the jth, with aj =b, is contracted to form 8;]) sz(x—y),
leaving the remainder of the diagram with a distinguished vertex corresponding
to the field product with M - 1 factors,
m .
Piy) = 1 o)

1

(85)

To arrive at the contribution to the amputated diagram as defined implicitly in

(82), we integrate by parts, so that
006 (x-y) — G2 (xy)
y “ab ab\* ™Y

k., .. m )
P(y) — P(y) = (-1 a0 1 DA (3
i j i# A,
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Summing over all possible contractions with the factors of P(y) yields

_ 8P
. 6baP3(y) - 5A (Y) (86)
J J a
Computation of the number of subtractions for subgraphs containing the
special vertex is easy, since for the original Green function each interaction
vertex is assigned a degreé equal to its dimension (once the s factors have been

commuted through). Hence the contribution to the amputated function of diagrams

in which the distinguished vertex is of type P(y) is proportional to

7 [———BP m
<TN, _ - (y)] ImA_ (x)> (87)
dp 1 aAb i :11i i
where m
d = M+ Z k. .
o) i

In case the external vertex is not contracted with any interaction vertex, but
rather directly withthe kth external vertex, the contribution to the amputated

function is obviously given by

S(y-x) II A_(x) . (88)
Kok

Summing over all possibilities, we obtain

TA® | 1A x) TN[SQI ]n
< y X)> =1« = N T A (x)>
PRy ey %4 j 3
n
. |
+ Za §(y-x)<T 1T A (x)> ©(89)
=1 by YR ST o T
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where N without a subscript denotes the normal product with minimal degree

assignment. Comparison of (89) with (83) then yields the field equations

- N
52 N 2 :
<TN [~8—r (y)] 11 Aa.(kj)> =1 6ba oy - xn) <T .II Aa.(xj) >
b n 172 B

173 n=1
' ‘ (90)
Apart from the normal-product symbol and the delta-function terms, these are
precisely the classical equations of motion discussed in Section II. In the case of
the vector field, Eq. (90) may be written explicitly as

1

v % 2 2
-<T [23 avF“ x - a“av A"(x) - (mg + z,W )A“(x):‘ X >

= <T zzN [exauzp - wa‘“x + ezA“(zp2+x2)+2wA”zp](x)X>

. E u
+ i §7 S(x-x)<T II A (x)II ¥y,) I x(z,)> (91)
= M " RS
Shifting < T (zzsz” - (z3 - 1) GVF”V) X > to the righthand side then gives Eq.
(43).
The same sort of graphical arguments used to establish Eq. (90) may be

applied to obtain field equations of the type

—_— N
¥
<TN [Aa gzg] (x) 1'; Aaj(Xj)>

N
= i Z 6, 6y-x) <TA (x) II A (x)> - (92)
=1 bak *k a Kk i 2"

Such equations are crucial to establishing the fundamental Ward-Takahashi identity
of the current of Eq. (44). For further details the reader is referred to Part II

of this article.
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FIGURE CAPTIONS

Fig. 1 This diagram is a typical contribution to the y-x four-point function.
Throughout, dashed lines represent y -y propagators and solid lines

represent Y-y propagators.
Fig. 2 Another contribution to the y -four point function.

Fig. 3 A typical self energy correction to the x -y propagator which would

not exist in the unmodified subtraction scheme.
Fig. 4 Another self energy correction.

Fig. 5 A i -tadpole graph, this would also vanish in the unmodified subtraction

scheme.
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