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ABSTRACT 

The Gribov-Lipatov reciprocity relation z’W,(w) = - 

shown to be valid in a scaling bootstrap model under certain assumptions. 
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Recently, Gribov and Lipatovl have calculated the structure functions 

of deep inelastic electroproduction and annihilation in a pseudoscalar - and 

vector - gluon model. One of their results is that, in a leading logarithmic 

approximation, the annihilation and electroproduction structure functions are 

directly related in their physical regions by the reciprocity relations 

W,(w2) = ;wl ($ -g”) 

vW2(w,q2) = - A- u3 vw2($ -q2) - 

The possibility of such relations is of great interest both experimentally 

and theoretically as it provides a connection between otherwise distinct physical 

situations. 

Parisi has shown that the reciprocity relations also hold in a h 44 theory 

with negative coupling constant, and Ferrara, Gatto and Parisi 
3 state that the 

reciprocity relations follow directly from group-theoretical considerations 

employing the conformal group for any renormalizable theory. 

Unfortunately, renormalizable theories as y5, yp, G4, etc., violate 

Bjorken scaling. This raises the question if the reciprocity relations as sug- 

gested by renormalizable theories may still be valid in scaling models (such 

as superrenormalizable theories) which are of particular interest4. It is the 

aim of this note to show that the reciprocity relations can be obtained in a 

recently proposed bootstrap mode15. In this model, scaling follows directly 

from the assumption of (charge) current algebra. 

(1) 

(2) 
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We shall restrict our discussion on the structure function “W2. For 

pion targets vW2 is given by (the generalization to include Regge cuts is 

straightforward) 

vwm(w) = 3 *(I) c JIL 1 
r) y mw i 
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where I labels the isospin in the t-channel (6 (O) = 2, 6(2) = - 1) and D,(I)(O) 

is the denominator function of the (elastic) VT~T scattering amplitude at t = 0. 

A.s is easily seen, vW2 is analytic except for a cut along the negative real axis 

(i. e. , - 00 < w I 0) so that it can be analytically continued to the physical 

region of the annihilation channel (i. e. , 0 ,S w 5 1). In the following we shall 

only report on the case where the annihilation structure function is an 

analytic continuation in w of the inelastic scattering function, i. e. 

vW2(w) = vW2(o) . 

Generally, this need not be true as will be discussed in a subsequent paper. 

However, if Eq. (4) does not hold, the reciprocity relations (I), (2) are not 

expected to be valid since they are due to the very same property of the 

electroproduction structure functions themselves as we shall see. This allows 

us to separate the discussion of the reciprocity relations from the continuation 

program. 

(4) 
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Now, let us assume that 

D (‘)(O) 
Q 

= D(I) 
-Q-l(‘) 

’ 

(5) 

in the right half-plane Re Q 1 - 2. Then vW2 can be rewritten in the form6 

(6) 
-2+iw 

s 

de ,1-l + /Q-2 

-2-im simrQ D(I)(o) -’ @ - -w) 
Q 

Ii 

which explicitly satisfies 

vW2(o) = - 3 vw2(i) . 

This is still valid if DQ(I)(O) involves branch points. In that case terms like 

1 
2ni 

dQ 
s imrQ 

wQ-1 Disc 1 [ 1 D (I)(O) 
- (W---W) 

Q 

have to be included in the square brackets of Eq. (6) corresponding to various 

Regge cuts. 

It is evident that D,(I)(O) will be symmetric under Q - -Q - 1 if this is 

the case for the pion partial-wave amplitude’ fQ@(t). For relativistic Coulomb 

scattering (the only case which has been solved in a closed form with this 

(7) 

(8) 
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(1) respect) it has been shown that fQ (t) obeys this symmetry. 8 In the general 

case we write the pion scattering amplitude in the form (omitting isospin 

and signature indices) 

1 + i* 

A(s,t=O) = - & s l 

1 -iw 

By employing the Froissart-Gribov definition of the partial-wave amplitude 

+1 -1 
fQ(t) = 4 J 

-1 
dz ~~(2) A(s, t) - sinnQ i J -co 

dzQQ(--z)A(s,t) , 

(9) 

(10) 

Eq. (9) leads to the following expression for fQ(0): 

l+ im fQ(“) = & J fh (0) dh(2h ‘1) (Q-h)(Q+ h + 1j , ReQ > 1 - (11) 
1 -im 

It should be remarked that the Froissart-Gribov projection (10) is only justified 

upon the assumption of a Mandelstam representation for A(s, t) which we shall 

postulate here. Now assume that f,(O) is analytic in the right half-plane 

Re h I -2 except for isolated poles. Eq. (11) can then be written 

(2ai+ ‘)Pj, 
-2+im fQ(o) = c 1 

ai:- 
(Q-(“i)(Q+ai’l) ‘2Ri -2-ice / 

fh (0) 
dh(2h + ‘) (Q-h)(Q+h + 1) 

(12) 

so that fQ(0) = fmQ- l(O) is explicitly fulfilled for Re Q 1 -2. This is even true 

in the more general situation where fh has branch points. In that case the 
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background integral in Eq. (12) will enclose a number of branch cuts but allows 

the same conclusion. 

We conclude that the reciprocity relation (7) holds if the pion scattering 

amplitude can be described in terms of Regge poles and branch cuts down to 

Re Q 2 - 2 which seems not to be an unreasonable assumption. 

I would like to thank R. Blankenbecler and M. Schmidt for valuable 

comments and S. D. Drell for his kind hospitality extended to me at SLAC. 
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