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ABSTRACT

A method for accommodating a large class of equality con-
straints that appear in multidimensional constrained optimization
and sampling problems is discussed. A recursive procedure is
developed for reducing the constraints on the full n-dimensional
space to similar constraints on progressively lower dimensional
subspaces. The technique can be spplied to multiply constrained

problems as long as eéch constraint can be cast in the general

form
n
F Z fi(xi) =const§nt
-1i=1
where {fi}g=l are arbitrary functions of the individual coordi-

nates and F is an invertible function.
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INTRODUCT ION

In many applications one is forced to deal with functions of many vari-
ables where.there exist non-linear relations among the variables. Often this
problem can be formulated in terms of a scalar function defined over a multi-
dimensional space, with the constraints defining a lower dimensional manifold
embedded in the space. TFrequently one is faced with optimizing or integrating
the function over the manifold.

‘The classical approach to the optimization problem with equality con-
stfaints is the method of Lagrange multipliers. For the case of m constraints
in an n-dimensional space, this technique converts the problem to one of
solving a set of m + n _non-~linear equations. The difficulties involved in
finding solutions to sets of simultaneous non-linear equétions limits the
applicability of this approach.l Another approach is to reduce the constrained
optimization problem to a sequence of unconstrained problems by the incorpo-
ration of penalty functions into the objective function.e, A third method
is to transform the independent veriables to coordinates that automatically
satisfy the constraints, leaving the objective function unchanged. When such
transformations can be found, this is generally preferable to the first two
methods. The transformation approach reduces the dimensionality of the prob-
iemip n - m, rather than increasing it to n + m, as is the case with Lagrange
multipliers. Furthermore, only one unconstrained optimization is necessary
rather than a series of them, as required by the incorporation of penalty
functions. Generally, these advantages result in increased stability and com-
putational efficiency. Very few generally applicable transformation techniques
have been developed, however, due to the difficulty of finding the appropriate

transformations for most problems.



For numerical integration over manifolds embedded 'in higher dimensional
spaces, one must choose function.evaluation points that lie on the manifold.

In general this is difficult, especially when a wniform distribution of sample
points is required. When possible, one can perform a transformation to the
manifold from the ﬁnit hypercube of corresponding dimension. For certain
applications, there have also been discovered specialized tricks¥* for random
sampling on manifolds embedded in higher dimensional spaces.

This report describes a procedure for obtaining reversible transfor-
mations from a large class of manifolds defined b& one or more equallty con- —
straints to the corresponding Euclidean space. :This method‘utilizes a re- | )
cursive procedure that converts the constraints on the full n-dimensional
space to similar constraints on progressively lower dimensional subspaces.

The problem 1s then reduced to applying the constraints on these low dimen-

sional subspaces, where they may often be dealt with directly.

*
See reference 3 for a large collection of these specialized techniques.



Single Equality Constraint

. Consider a constrained n-dimensional integration of the following form

)

- /n K n | . . .
j v (c) =J@=’ldxi 8 {C_ - lf[}i::l fi(xiﬂ}, . . (1.)

where the fi(Xi) are arbitrary functions of the individual'coordinates and F
is an invertible function. This 1s an integration over an n-1 dimensional
manifold defined by the equality constraint in the argument of the Dirac

§=function. Let

K ]
Gy = F[§=ifi(xi)J (g<n) (2a) -
n i
and Coge = F [i=k+lfi(xi)} : (2p)

then the RHS of egn. 1 can be re-expressed as

A
i
1

k
f §4c - F [F’l(ck) + F'l(cn_k)ﬂ 8 4y - F[LZ fi(Xi):l}
J i=1

. n
x 8 4C -F[Z f(X.):] ac,_ ac__. TT ax
n-k 1=kl i1 k " "n-k iz1 i

or

f av_(c ) = j\ acgac, . av(c) av . (c )

x 8 {cn -F [F'l(ck) + F‘l(cn_k)]}> (3)

where de(Ck) and an_k(Cn_k) are defined by eqn. (1).



The constrained n~-dimensional integration of eqn. 1 has been converted
in eqn. 3 to two similarly constrained integrations on k and n-k dimensions,
and a constrained two-dimensional integration. The procedure that led from

. . b 1 1 .
eqn. 1 to egn. 3 can now be analogously applied to de(Ck) and dvh-k(cn-k).

This yields a further reduction of dimensionality for the constrained inte-
grations and the addition of two more two-dimensionel constrained integrations.
This dimension redﬁcing process can be continued until the constrained inte-
grations are of sufficiently low dimensionality to be handled directly.‘ Thus

eéqn. 3 provides a framework for deriving recursive procedures that utilize i
known solutions in lower dimensional cases to solve higher dimensional problems.
There is considerable flexibility in the degree by which the dimension-
ality can be reduced at each step, namely, any k in the range 1 <k < n-1
may be used. |

The number of these dimension feducing steps, and thus the ultimate re-
duction in the dimensionality of the constrained integration, is also arbitrary.
However, it is clear from egn. 3 that the largest reduction that can be achieved
is a series of n-1 two-dimensional constrained integrations.

We now illustrate how this recursive strategy can be implemented to solve
specific problems.

A. Solid Angle Transform (SAT)

This transformation meps the n-1 dimensional unit hypercube to the sur-
face of a sphere in n-dimensions. Such a surface can be defined by the equality

constraint

n

in- ()
i= :

- This constraint occurs 1n n-dimensional random direction sampling as well as

many constrained optimizétion problems.
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For this constraint, egn. 1 becomes
e
[ n D
av () =| Tl ax, o(x, —\] % ). (5)
J " i=1 i=1 ,

Applying eqn. 3 with k=2

J an(rn) =Jdrgdrn_2 dV2(r2) an_E(rn_a)

2 2
x 6(I‘n - \lrQ + Th-2 ).
Converting r2 and rn_2 to polar coordinates

= cos O, T

T, n-2 = ¢ sin ©
.and integrating over (, ve obtain
/2
= d J '
Jdvn(rn) T J ) dV2(:c'n cos 6) an_z(rn sin @). (6)
: 0

Now

- 42
dV2(rn cos 8) = deldx2 as(rn cos 6 - (X + xg )

Again using polar coordinates

X1=Rcoscp X2=R81ncp

and integrating over R
2n 1

de = Zﬁrn cos BJ dul

av,, (rn cos @) = x, cos © j‘
0

0



Substituting this into eqn. (6)

j‘dvn( rn)

cos 646 an_e(rn sin @)

]

H
L_—D )
O =

[o 1]

o

o
;_)
(o] 2

~
n

duy ¥, o(x 1)

il
¥
+4
8
o [
fol]
-
l—l
C__——.)
(@] | o

Note that
X. = r_ cos (sin-lu ) cos (2nu.)
1l n 2’ 1
. ) )
X, =1, cos (sin “2) sin (2:rp1)

Reapplying eqn. 3 to an_2 in eqn. 7 and proceeding as above

N 1 1 1 1

2 2

Jdvn(rn) = (?n) r, J dpy [ koA, j du3 J dy, an_u(rnueu)_L)
0 0 0 0

where

Lo
X T by cos(sin -uu) cos (ZnuB)

3

r i cos(sin—lpu) sin(21ru3).

Xy 2

Continuing this two at a time reduction m=[n/2—l]* times one obtains

1 1
m 2m [m z 2(m-1)
o 1=

L1

m
xav o (r,) 111“21)

*
[f] is the greatest integer less than or equal to f.

(7)

(8) .

(9)

(10)

(11)



If n is even, then n-2m = 2. In this case

so that eqn. 11 becomes

Apgy = ¥py oot (2T 4y

1 1
2 (n-2)/2
n/2 n-1 % n-21-1
(&) oy ! J Aoy J Aoy Moy (12)
i=1 i=1
0 |
or
1
n-1
o2/2 ri YT an, (13)
n i=1 :
P(2) . 0
Where:
nai_l = p'gi_l 1<i< n/2
L= eE 1<is<n/f2-1
oy = Fog =i= :
with
i-1 ;
- 1/(n-23), . =11 (n—2i)} )
X2i =Ty “23 ; cos |sin n2i s1n(2un2i_l)
L 5= |
(1 =i <nf2-1)
- (14)

(L <i<n/f2)

If n is odd, then n-2m = 3. In this case,

1

2 2. o
Vo = BTy 111—1 Fog diy .

0



Inserting this into eqn. 11 and following the procedures used for the even

case, we once again obtain egn. 13, with the transformation

n-3
2 1/(n-23)
Xn n ”23 (2nn-2-l)
5=1
n-3 / )
2 1/(n-2j
1= | ™ ];1 Mo (Myep - ni—e)l/g sin(2l, ;)
i-1  1/(n-23) ) (s (15) —_
%05 = |7y 1N n2j cos [?in lnzil/(n 21{] sin(2ﬁn21_l) -
1 <i<(n-3)/2
Xpjq = ¥py oot (21T ) 1< i < (n-1)/2 .

Equations 14 and 15 represent a transformation from the (n-1) dimensional
unit hypercube to the surface of ah n-dimensional sphere of radius r - The
n, (1 <i <n-1) are the hypercube variables, while the X, (1<1i<n) are
the constrained variables on the n-dimensional space. From eqn. 13 we see
that the Jacobian of this transformation,

r(3)

in avconstant, namely the well known expression for the surface area of an
n-dimensional sphere of radius T It is a volume preserving one to one onto
transformation. The inverse transformation can easily be obtained'by solving
equations 1% or 15 for the 7's in terms of the X-coordinates.

In deriving this transformation, we applied eqn. 3 to our constraint

(egqn. 4) using k=2. As discussed above, this choice of k is not unique.

-8 -



Choosing k=1 and following the same procedure would have led to the standard
i
n-dimensional spherical polar coordinate representation as the transfor-

mation. .This transformation has the Jacobian

n-1 %2 pe1ed
Jn(rn) =T TT sin Py -
i=1
In order to obtain a constant Jacobian, the following additional transfor-

mation must be performed

2 .
L . n-i-1 —_—
sin odo -

= (1 <i<n-2) (17) ]

B(3h, 1/2)

8 = 2x nn—l

.Thus using kﬁl for this problem has the advantage that we need not consider
special cases for even and odd dimensionality. If volume preservation is de-
sired, however, eqn. 17 must be solved numerically for P in terms of ﬂi.
Choosing different values of k for this problem corresponds to the decom-
position of the n-dimensional sphere into lower-dimensional spheres in

5

various ways, as discussed by Shelupsky.

B. Power Product Transform (PPT)
For a second example of a single equality constraint, we consider one of

" the form

n .
M x =¢ (18)

0=sX s
i

where Pn and the 75 are arbitrary constants. Although this constraint does



not appear to conform to the type of constraint in eqn. 1, it can be readily

cast into this form:

loo) n- )
n . . \
Jdvn(Pn) = J ]ll aX; 8 | P -exp- {Z 7ilogXiJ{ . (19)
0 _

Li=1

Using k=1 in eqn. 3, we have

= - d
J an(Pn) javl(Pl) an_l(Pn_l) 6(Pn PkPn_k) R{dPn_k- (20)
and 7_
1-y
® ) Ti
1 1 1
j dvl(Pl) _J ax, 5(P1 - X ) = ;1 P (21)
0
1
. 71
with Xl = Pl » Ve £ 0. For the trivial case 7y = 0, we take

Xl = Pl' In what follows we assume the 7i are non-zero.

Substituting egn. 21 into eqn. 20, and integrating over Pn—l

1-27;
1 7 P
.- 1
av () =2 | ap av__, ( _£> (22)
1 P

Repeating this procedure n-1 times, one obtains

1-27y., . 1y
1 @ i‘n-l ¥ = l P A\ __7__2
dv (P ) = — iTT agpp 1 l nl n
i=1 t mrE
: i=1 ~ /

- 10 -
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with

1
73
X, =P, 1<i<n-1
1 1
i
Xn = Pn \ 7n
n-1 !
I p,
i=1 +
Therefore
1-mn
®
-1
P n 2
an(Pn) ="n B (7i,7n) an,
n i=1 0
5 7i
(=1
where
[ 1 (ry =7,)
( ) = <
(5 7i)7n = Eylyn (7 # 7 )
Lyn-yi 1 n
and
' A
. log My (ry =7, |
Xi = ﬁ 7n > 1<
! 7,
!L’ni n 1 (71 # 7n) .
1 71
Y. n-1 -7
x = p 2 OT7T x. ® .
n n 4o T

(23)

(24)

The infinite range of the independent variables can be compressed to the in-

terval (O,1) using standard techniques.6 It can be easily verified from

- 11 -



eqn. 24 that the X, satisfy the comstraint (egn. 18), and that the constant

v Jacobian for this volume preserving transformation is given by eqn. 23.

Multiple Equality Constraints

The technique discussed in the previous section can be extendedfto the
problem of several simultaneous equality constreints. Consider a multiply

constrained n-dimensional integration of the form

n . e
(1) (m) q o j S
Javn(cn, Lo O )~ = J\Hldxi El 5 cl(la) -7, gﬂfé(l.j) (x,) (25)

(3)

where m is the number of simultaneous constraints and the FB and fi are as
defined for eqn. 1. This represents an integration over an n-m dimensional
manifold embedded in the n-dimensional space . Proceeding as for the case of @

single equality constraint; one obtains in analogy to eqn. 3

Vﬁ(Cfl:,L)...,Cflm)) =\h'|='ldcl({j)dcﬁi '
| (26)
x 8¢ -7, (7] COI P (c{313

(1) 4(m)

K, " Ok

(1) | gm)y

X de(C nk, " *Cn-k

yav,_,(c

As before, eqgn. 26 provides a framework for derlving recursive procedures
that utilize known solutions in lower dimensional cases to solve higher di-~
mensional problems. Here one has thé same flexibility in the degree by which
the dimensionality can be reduced at each step (L<k < n-1), and the largest
reduction that can be achieved is n-m two-dimensional constrained inte-

grations. In this case, however, owing to the increased number of constraints,

- 12 -



it is considerably more difficult to obtain the lower dimensional solutions.

We illustrate the application of eqn. 26 with a single example.

c. Intersection of Sphere and Ellipse Transform (ISET)

Consider the integral over an n-2 dimensional manifold defined by the

intersection of the surfaces of an n-dimensional sphere and ellipse,

n J'n o in 2
) = dx, - ; - X, .
av, (r P ) Hl ; 8lr izi x{ |6 \P, _;Lzl(olel) (27)

=1

For n=2, one has the result

av,, (r2, P2) = 2 2 (28)

.

where the conditions

02 < Pg < 2
2 -y 1
r
2

are required for the sphere and ellipse to intersect. ?The transformation

in this case Ttecomes

| -~ e

(2
_ haa 2\ 2 2\
Xl = + I'2 \l:‘_g_ a2 / Ql - 02//
x /
‘ ’ (29)
(/2 ?) o2 2\
X =% \j o -~ 2 lo, =
2 2\ = /\\1 2/)
2

- 13 -
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Then, using k=2 in eqn. 26, one obtains

T Bp
‘[dvn(rn’Pn) =k dvn-z(rn-E’Pn-z)‘,Pz 5\ > fz’
2 -« o - 2
> 2) 13
N2 T2

x § (rn - jrg-;_;i;a) 8 (Pn - ‘Pg + fﬁ;é)

dP, dP
n-

x dr drn_2 5 o

2

Transforming to polar coordinates

T, = §p COs 6 P2 = {, cos 8,

rn_2 = gl sin el Pn-2= g2 sin 92

and integrating over gl andﬂce, one obtains

(30)

1l
' av P dp-d
av_(r ,P ) = 16r°F° n-g{Tabyr Pobp) diydn
n"- n n nn ’ 5 - P2 5 .
0 ] ]
F(1-45) - 2 (o - F(1eity)

2 2 2 2
rn(l-ul) rn(l-ul)

This represents a recursion relation for eliminating the ﬁonstraints two
dimensions at a time until, ultimately, one is left with sn n-2 dimensional
unconstrained integration in By eoe B o0 The resulting transformation from
the p's to the x's are analogous to eqn. 29.

Note that, unlike the single constraint case, the n-2 p's are not in-
dependent but are pairwise correlated. In general, with m constraints the

. integration variables are m-wise correlated.

- 14 -
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