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Abstract
The Pedersen analysis [1, 2] of the low-level rf feedback system assumes that
all bunches oscillate in phase what corresponds to the lowest coupled bunch mode.
This analysis is extended here to take into account all other coupled-bunch modes

what might be important for the strongly detuned cavities in large storage rings
such as PEP-II.

1 Introduction

The Pedersen analysis [1, 2] of the low-level rf feedback system gives a solid ground for
the design of the low-level rf feedback (FB) system and has been used for analysis and
modeling of the FB in PEP-II B-factory. The analysis assumes that all bunches oscillate
in phase what corresponds to the lowest coupled bunch mode. This analysis is extended
here to take into account all other coupled-bunch modes what might be important for the
strongly detuned cavities in large storage rings such as PEP-II.

For completeness and to define notations we, first, reproduce the basic definitions of
the steady-state parameters of the rf FB system. In the derivation of the beam response,
all coupled-bunch (CB) modes are taken into account and their effect is included in the
analysis of the FB stability.

2 Cavity voltage

A rf cavity can be described as an LC contour excited by the power from a klystron
and the beam current. Following P. Wilson [3] and G. Kraft [4], we describe the time
dependence of the cavity voltage V() by the equation
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Here w./27 is the fundamental frequency of the cavity, Qo and Ry are the quality
factor and shunt impedance of the cavity, and (), and R are the loaded Q-factor and
loaded shunt impedance, depending on the rf coupling parameter 3,

Qo Ry
Q=12 Ri=1 @)
The cavity is excited by the total current I;,, = I,4(t) — Ig(t), where I, and Ip are the
excitation current of the generator and the beam current, respectively.
Consider the rf cavity with the rf feedback system (FB). The FB loop is shown in Fig.
(1). The voltage on the cavity is generated by the generator current /, and the beam
current /5 and is defined by the cavity impedance Z,. as it is followed from Eq. (1):

Ve(w) = Zo(w)(Iy(w) = Ip(w)),

Figure 1: Schematic of the longitudinal rf FB system.

We use the time dependence of all quantities at the frequency w in the form e~
The input voltage on the amplifier is Vs, = V; — kV,, where V; is the setup voltage and
Kk is a real parameter of the attenuator, x ~ 107%. After the amplifier with the transfer



function T4, the input voltage to the klystron is Vi = TaVs. The output generator
current feeding the rf cavity is

Vik Ta
[g = — = —
Tx Tk
Substituting Eq. (4) into Eq. (3) we obtain

(V, = kV,). (4)

(G/R)Vi(w) = Rilp(w)

Velw) == 2iQr (=) + G
1) = o V() - ¢ ), )

Here we use notation G for the FB transfer function defined in terms of the electronic
gain H and the delay time 7, as

T )
G=r-2R, = Hellwwem, (6)
Tk

Parameters H and 7, are, approximately, independent of frequency. For PEP-II, H ~ 6
and 74 = 450 ns.

The FB stability requires that the poles of V.(w) as function of complex w have to be
in the lower half plane. In other words, for the FB stability, the imaginary part of zeros
of the denominator in Eq. (5) for V,(w) has to be negative. Result of the calculation for
the PEP-II coupling Srr = 3.6, Q@ = 6956.5, and delay time 7; = 450 ns is shown in Fig.
(2). The FB system is stable for H <~ 15. The actual limit is lower and is defined by
distortion of the cavity impedance at large H [5], see Fig. (3).

2.1 Steady-state conditions

Consider the 1f frequency w, = hwy, where wy/(27) is the revolution frequency, and h is
the harmonic number. We define quantities

n = (wg - wc}Td?

WC
14+ Hcospu'
(— Hsinp
1+ Hcospu

Ry
tany = (7)

Let us define the amplitudes and phases T

TF. Pedersen uses phases ¢r, ¢, and ¢, related to our ¢, ¢, and ¥: ¢r = —¢., T/2 — ¢ = bs,
¢z = "p
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Figure 2: Imaginary part of the poles of V,(w) as function of the FB gain H. The FB is
stable if imaginary part shown in the plot is negative.

Ve(t) =V cos(wyt + ¢.) = ;f/c "ol f e V= Ve e

Ip(t) = 214c cos(wgt + ¢ — ¢s) = ;fBei“gt + c.c.,, fB = 21, e’i(‘ﬁc’%),

I,(t) = ;fge_iWQt + c.c.,

Vi(t) = ;‘A/se_wﬁ +c.c. (8)

The common phase is arbitrary and we assume that fg is real.
In this notations and at w = wy, Eq. (5) takes the form

‘76 — ZH(wg>jt0t7

A H . . A

Ly = — Ve — Ip. 9
tot <Ry € B ()

The impedance Zy(w,) at the rf frequency is

Zi(wy) = Ry cos(1) ™. (10)

Hence, the detuning angle v is the angle between V. and the total current I,;.
A bunch crosses the cavity at the moments when Ip(¢) is maximum and sees the
accelerating voltage V.. = V cos(¢s). The synchronous phase ¢, therefore, is defined
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Figure 3: Real part of the impedance for several values of the FB gain H. The impedance
starts to grow at large H and can cause instability at the rf sidebands for detuned cavities.

by the energy loss per particle per turn due to synchrotron radiation Ugy and the HOM
losses Ugonr = Nye?k; proportional to the bunch population N and the total loss factor
Kk (except of the loss factor of the fundamental mode).

For the n.4, cavities in the ring,

ncavvcos Qbs - USR + UHOM' (11)

For the beam stability, the accelerating voltage has to have a negative slope, dV,../d¢, <
0. In this case, a particle having larger energy and shifted above the transition energy to
the tail of the bunch sees the accelerating voltage smaller than the equilibrium particle.
The derivative dV,../d¢sis taken for fixed parameters I,.,wy, we, K, 3, H, 74 and the setup
voltage V. Therefore, R;,Qr, Ry, and v are also constant, while ]‘70| and ¢, vary.
Taking derivative of V. given by the first of Egs. (9), we get

iV .~ do. . : do.
0‘l¢5’ = z|Vc|dzs + 21, Ry cos 1) ' (9s+¥) (J;S

The real and imaginary parts give two equations

-1), |Vi[=V. (12)

dp.  Ypucosthcos(y + ¢s)

dps 1+ Yicost) cos(v + ¢s)’
d| V.|
dos

R do,
— [V tan(w + 6.) 5o (13)

Here



Y  2I.R,

Yy=——""— Y, 14
T % Heosp' °F 1% (14)
The Robinson condition of stability takes the form
Y,
sin(¢,) > THsm(zm. (15)

Without FB, H = 0, it takes the standard form. Limitation on the beam current are
shown in Fig. (4). At a fixed voltage, the maximum current increases with the FB on.
However, as it was mentioned above, the maximum gain H is limited by the stability of
the rf sidebands, see Fig. (3).

LER, Hf b=6.0, x=13.6 V/pC
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Figure 4: For each rf voltage of the PEP-II LER, the beam currents corresponding to
Robinson criterion of stability are shown by dots. Upper plot: with the FB H, = 6.0,
bottom plot with the FB turned off, H, = 0.



2.2 Optimum conditions

The optimum conditions correspond to the minimum of reflected power

B - Rp(1+7)

Pp=—"_ |y, -2 12 16
Substituting
jg :‘A/C/Zc"i_fBa (17)
from Eq. (3), V, = |Vi|e~%¢, Iy = 21,/ (%% and using definition of Y7, we get
1 V.2 B—1
po= L 0 i cos bt iC— Vi (18)

P, is minimum if the imaginary part is zero. This defines the optimum detuning

Wg — We

C = 2QL = YL sin gbs, (19)
and the detuning angle v by Eq. (7).
The reflected power in the optimum
(L+A)Vel* 51 2
P. = -Y) sl 20
R I~ Yecosa (20)
is zero for fixed cavity voltage only at certain current, when
-1
Y}, cos ¢ = g—H (21)
Egs. (19),(17) give
I, = W—C’e_i‘bc (1+Y]
)= L 08 ). (22)
Rp

By definition, I 4 is real. Hence, ¢, in the optimum is zero.
Usually, the FB system operates to produce a given cavity voltage V. for a beam
current /5. Then Eq. (5) taken at w = w, defines the reference voltage V,

kVe
H
where p and ¢ are defined by Eq. (7).

Vilwg) = e {1 —iC + He + Ye'™}, (23)



3 Analysis of small perturbations

The steady-state cavity voltage VO (t) = 1% ®s! 4 ¢c. is the sum of voltages induced
by the setup voltage V.(*), the voltage V.(8) induced by the beam current I, and of the
FB V(FB),

cav

VO=vl _y(B) _y(FB) (24)

cav cav cav

If there is a beam perturbation 61z, the setup voltage V.(*) do not change, but the
cavity voltage and the total current change.

Following F. Pedersen [1], we write the small variations of the voltage and the total
current around the steady-state as

SVL(t) = ;Vce—iwgtw) bec, U®#) = ult] — ioft),
ST (t) = ;ftote—wJ[t] fec, J(t) = alt) —ib(L). (25)

where the slow functions of time U(t) and J(t) are split in the real and imaginary
parts.

V. and I, are related by Eq. (9), V., = ZH(wg)ftot. Eq. (25) gives for Fourier
harmonics

1 1
We(w) = §VCU_(w —wy) + §VC*U+(w +wy), Ui(w)=u(w)Eid(w),
1. 1. .
6[150,5((4)) = iftotj,(w — wg) + §I:0tj+(w + wg)a Ji(u)) = a(w) + Zb(u)), (26)

where U(w) = u(w) — i®(w), J(w) = a(w) — ib(w), u(—w) = u*(w), ¢(—w) = ¢*(w),
a(—w) = a*(w), b(—w) = b*(w) and the star indicates complex conjugation.

The perturbation 61, (w) = 61, — dIp causes 0V.(w) = Z.(w)él;1(w). Because, the
reference voltage V; is fixed, then §Vs = —kZ.0l;, see Fig.(1). The variation 6V
propagates giving 0Vx = T40Vs and 01, = 6V /Tk. Hence,

(1+ anézc(w)) 5Ty () = —0T(w). (27)
Sluale) = =24 o1uo),
We(w) = —Zp(w)dlp(w) = Zo(w)d Lo (w). (28)



Combining Eq. (26) and the second Eq. (28) produces the first set of F. Pedersen’s
relations

u(w) = Gy (@)aw) — iG- ()W),
G_(w)a(w) + Gy (W)b(w), (29)

sy
£
I

where

2

Note that GiL(—w) = £G4 (w).
The beam dynamics relates 0V, to d/g(w) and, through the first Eq. (28), to 01;y.
This is considered in the next section.

3.1 Beam dynamics

Let us consider a train of n;, ultra-relativistic bunches in the ring with the circumference
2nR = Ty = 2mc/wy. For the frequencies within the bandwidth of the FB system,
bunches can be considered as point-like macro-particles. In an equilibrium, the center of
the n-th bunch is at the distance s,, = (n — 1)s; from the head of the train. The position
of the bunch in the ring s,, is

sn(t) = c(t —to) — (n = 1), + Gu(t) (31)

where ¢ is velocity of light, ty = const, and (,, > 0 means the displacement of the
bunch center to the head of the train. (,(t) describes the synchrotron oscillations. The
amplitude of oscillations may be itself a slow function of time. The constant longitudinal
offset of the bunches in the train is included in t,.

On the k-th turn, the n-th bunch centroid arrives to an rf cavity located at s = 0 in
the ring at the moment ¢, = kT + o + (n — 1)sp/c.

The beam current exciting a cavity located at s = 0 around the ring is

Ip(t IchTD Z Z de(t —to) — (n— 1)sp + Gu(t) + kcTy] =
n=1k=—oo
LacTo Z/ % i exp|—iw(t —to — (n — 1)ﬁ Cnc(t) )] (32)
n=1 k=—o00

c
Using the identity

> expl—ikwTy] = = > dlw — kwo), (33)

k=—00 0 k=—o00



Eq. (32) in the linear over ¢ approximation can be written in the form

= [dc Z Z explikwo(t — to — (n — 1) )] (1+ Z]ﬁ:ogn(t)) (34)

Ty n=1k=—c0

We assume the uniform fill of bunches, wys,/c = 27 /ny, expanding (,(t) over the
coupled-bunch eigen modes X/ with amplitudes A, (t), A7 (t) = A_,(t), p=0,1,..,n5—1,

ny—1

Z A, )XE XP = i hu/m, (35)

1
NG

Now we can use the 1dent1ty

Z exp|—ikwo(n — 1)sp/c] = ny, Z Ok pry» (36)

p——OO
and

np

Z(Xs) —ikwo(n—1)sp/c __ \/— Z 5k sy (37)

n=1 p=—00

where 9, = 1 for ¢ = k and 9, ;, = 0 otherwise.
Eq. (32) is transformed to

Is(t) =T 3. et (1 ¢
p=—00 \/_

Here harmonics p = +h/n; corresponds to the steady-state beam current. Hence,

> (pry + ) A (t)etrt i) (38)

weto = (¢s — o). (39)

All other harmonics are separated in frequency by nywy and can be ignored for the
analysis of the low-level FB with the bandwidth limited to few revolution harmonics.
The perturbation of the beam current is given by the second term in Eq. (38),

Mgew pn +n pnb+u w
(t) =i oo DS (e TR A ) (40)

The Fourier harmonics for the optimum ¢. = 0 are

Ic —+ pn u
6[3 d wg Z Z pnB :U’ —i(—— b+ ¢sA [w + (pnb —+ /L)Cdo] (41)

10



3.2 Synchrotron motion

The synchrotron oscillations are defined by the rf voltage and the longitudinal wake W (t).
The later produces two effects: it changes the synchrotron frequency and generates bunch
coupling.

Consider equation of motion for the n-th bunch in the linear approximation over ¢,
taking into account the wake and the perturbation of the rf voltage 0V.(t),

CGult)

QCEN ey

w; oCn Ot — trn oVL(t) +

dt? OC k;@ k ( E ) ( )

() S 3 Wt — ) (Coltom) — Gt} (12)
k'=—oc0 m=1

Here Ny and F are the bunch population and the beam energy, respectively, « is the
momentum compaction factor, and w?/27 is the zero-current synchrotron frequency. The
longitudinal wake per turn is defined to be zero for ¢ < 0, and the prime in W'[t| means
derivative over t. The longitudinal impedance Z(w) is the Fourier component of the wake
W t] analytic in the upper half plane of w.

It is well known [7], that for equidistant bunches and §V. = 0, expansion Eq. (35) in
the orthogonal modes X# reduces Eq. (42) to independent equations for the constant in
time amplitudes A,. The same is true for a slow perturbation dV,(t) # 0 giving equations
for the amplitudes A, (¢) slowly varying in time.

The Fourier harmonics A, (w),

- / dw/(2m) A, (w)e ! (43)

satisfy equations

(WQO - WQ) Au(w) = Gyu(w), (44)

where

/ dte 3 ZX“ 5[t — tn] {— (O‘C?“v)avc(tw

k=—o00 n=1

aNbe

Z Z W tkn tk’,m]<<m(tk’,m) - Cn(tk,n))} (45)

k'=—o0co m=1

Substituting Fourier expansion for 6V (t), for the wake, and ((7'), we can carry out
integration over t. That gives

11



QUCEN Wy

wmE )\/n_b Z (SVC[W + (pnb — :U')WO] e*i(i’nb*#)woto
m

p=—00

G(w) =~

—1
L aNyne? . wo o T

—i(— ) (57 3 X Awlw = (0 P — (i — o] €10 pte
pp'=—00 =0
[(w — prpwo — pwo) Z(w — (pry + p)wo) — p'mpwoZ (p'npwy)].- (46)

The amplitude A, (w) # 0 for low frequencies, |w| << nywp. Therefore, we can drop
all terms with p’ # p. The impedance dependent diagonal term g/ = p can be combined
with the term W?,o in the LHS of Eq. (44) redefining the synchrotron frequency of the
mode f,

2 _ 2 2
Whs = Ws0 + (Sws,u

L aNynpe? . wo

2, = i) (oo
> [(w + prpwo — pwo) Z(w + (pry, — p)wo) — prywoZ (prswo)| (47)

Eq. (46) takes the form

QCEN W 0 o
Gulw) = —(—5 F WV o OVelw + (pmy — pr)ug] e Fremnts
T e
—0w?, Y Aplw — (1 — p)wo] e~ Wm0, (48)

W #p
The last sum (proportional to the synchrotron tune shift 5w§7 ,.) is zero for amplitudes
A, independent of time. For slow dependence on time it produces coupling of the ampli-
tudes A,. Usually, however, dw;, is small, dw,, << wsp, and we can neglect coupling.
In this case,

QCEN W

5 | Wis > SViw + (pry — pr)wo] e Promilwoto - (49)

p=—00

Gu(w) = —(
Eq. (44) defines A,(w) in terms of Fourier harmonics of the perturbation 6V (w),

Ay(w) = —(2CTery TS 5 ffpmy — e e P, (50)

27r[w§u — w?]

p=—00

The coefficient can be written in terms of w;y,

QCeN gy w?,OCTO

( E ):(wchsin(@))'

(51)

12



3.3 Beam transfer function

In the optimum, ¢. = 0 and V, = V.*. Substituting Eq. (50) in Eq. (41) we get for 015 (w)
expression

s s (p+p")ny
I DS 15 (B, o,
6 B(W) V Sln(¢5 p=—00 p/—foo ’ w p V w + (p + p )anO] ' 7 (5 )
where
prp + Wiy
olw,p| = E : 53
2] m ( h )%2,,“ — [w+ (pry + p)wo)? (53)

Let us define 615(¢) in terms of the slow functions k,(t) = ap(t) — ibg(t) similarly to
Eq. (25),

i )
0(t) = ?Be_wgt/-@b[t] + c.c. (54)
The Fourier harmonics
I b
0y (w) = ok (w—wy) + ?/@r(w + wy), (55)
where
ki(w) =ap(w) £ibg(w). (56)
Neglecting components £ (+2w,), we get from Eq. (55)
2
ko(w) = —0lp(w+w,y), ki(w)= 7 M p(w—wy). (57)
B
Substituting here Eq. (52), using Eq. (26) and
‘7c RL —id
- = — € v S, 58
Py (58)
we get
(p+p")n i
Ao () = 28111 b & ZZ olw + wy, ple” CTETOTO{U[w + (p + P )]
+ U4 |w + zwg + (p+p )nbwo]}
(p+p
4 ) = =gy 2 ol g ple RV~ 20+ (ot ]
sin gbs
+Uslw+ (p+p )nbwo]}. (59)

13



Because Fourier harmonics of the slow functions Uy (w) are not zero only at low w, we
can simplify Eq. (59) retaining only the main terms in the sum over p':

7

h-(w) =  2sin ¢, > olw + wg pH{U-(w)e™ + Uy (w)e' },
Rw) = =3 sijl 5 2ol = wg, PHU-[w]e ™ + U [wle™}. (60)

In the sum >, o[w £ wy,p] we can retain terms with small denominators. In this
approximation,

Z olw+ wgﬁp] = Fox(w), (61)
P
where
1 Wy e I w?,
=—-——5 1= 1+~ 5 . 62
O:I:(W) ng,u 2 + 9 #;nb( h) wiu _ [w _ ,UWU]Q ( )

Let us substitute ri(w) = ap(w) £ ibg(w) and the definition Uy, (w) = u(w) £ i®(w).
Eq. (60) takes the form

en(w) = ibalw) = T (o) cos(6.) - B(w)sin(6.)}
ap(w) + ibg(w) = _siir(j;bs {u(w) cos(¢s) — ®(w) sin(gy)}. (63)

With the accuracy of the terms of the order of p/h, 0, (w) = 0_(w) = o(w). Then,
ap(w) =0 and
bo(w) = o(w) [~uw) cot(6,) + D(w)]. (64

The phase-to-phase beam transfer function is Ty defined as bp(w) = TpyP(w).
Therefore, Tpy = o(w) or

1 W2 1 el w3
Tpy =~~~ 20 . 65
BY 2w?, —w? * 2 u=§:nb w?, — [w— pwol? (65)

The first term here is the Pedersen’s beam transfer function. The sum defines contri-
bution of the p # 0 CB modes.

14



3.4 Dispersion equation

The perturbation of the total current is related to d/z(w) by Eq. (28),

0ipt(w) = —R(w)dIg(w), (66)

where R(w) = Zy(w)/Z.(w). Eq. (66) gives after substitution of Eq. (26) and Eq.
(55)

jtotJ—(w — W) + j:ot*]-ir(w +wy) = _R(W)[jB“—(w —wy) + fg"@-(w + wg)]- (67)

Because Ji(w) and k4 (w) are Fourier harmonics of the slow functions, Eq. (67) can
be separated in two for w ~ Fwy:

Ip .,
Fo(w),  Ji(w) = —R(w — wy)(52) ks (). (68)
tot tot
From Eq. (9), Ly = ‘A/C/ZH(wg). Eq. (8) gives I = 2I,.¢'*. Therefore, using the
definition of Y7,

Ip

J_(w) = —R(w+ wy)

Iy _ v, ,
= T (w,)e. 69
22— 2 zy(w) (69

Substitute Eq. (60) for k4 (w) and use definition of Ji, Uy of Eq. (26). That gives
a(w) and (w) in terms of u(w) and ®(w):

b(w) = K [u(w)cot(¢s) — S(w)], (70)

where

Y, , ,
K. = ﬁ [£R(w + wy) Za(wy) o (w)e'” + R(w — wy) Zi(wy)o— (w)e” ). (71)
L
Combining Eq. (70) and Eq. (66), we obtain the homogeneous system of two linear
equations. The nontrivial solution exists if the determinant of the system is equal to zero
what gives the dispersion equation for w,

YL

I L
TSR, sin(6y)

[R(w + )4 (@) Zolioy + ] — R(w = w,))o— (@) Zofw — w,]} = 0. (72)
In terms of the Laplace variable s = —iw, Eq. (72) takes the form

15



YL

I L
TR, sin(oy)

[R(s — it0,)rs () Zels — iwg) — R(s + iw,))or_(5) Zls + iy} = 0. (73)
Here R(s) = Zu(s)/Z:(s), Zu(s) is equal to Z.(s) if H =0, and

2 1 np—1 2

L wio H Wso
=__¢ - 1+ 2 s
o+ (s) 2wk + 2 T3 “;nb< h)wiu + (s + ipwp)?
o, o,
Zn(s) = Ri| [,(74)

s + iw. + 0, (1 + He~(stiwe)ma) Tz iwe + 0,(1 + He=(s7iwe)7a)

where 0, = w./(2Q1).
If only a single coupled-bunch mode p = 0 is taken into account, then o_(w) = 04 (w)
what is the same as the Pedersen’s beam transfer function B(s) = w?,/(w?, + s?).

4 Analysis of stability

The dispersion equation Eq. (72) generalize Pedersen’s result including all CB mode. The
system is stable if all eigenvalues w have negative imaginary parts. In terms of s = —iw,
the growth rate I', = Re[s].

As an example, we analyze stability of the LER of PEP-II B-factory. The main
parameters of the system are given in Table 1. Harmonic number h = 2n,;. The optimum
calculated steady-state parameters are given in Table 2.

Table 1: Parameters of the LER PEP-II.
Neav 6.
fry MHz 476.
Ve/cavity | MeV 0.85
R, MOhm | 3.5
Qo 3.010%
Ulpss MeVr 0.77
Iy Amp 2.25
Np 1010 5.8
Sp m 1.24
ny 1658

The growth rate was calculated by solving numerically the dispersion equation Eq.

(72), (73) using MATHEMATICA.
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Table 2: The steady-state parameters.

1G] 3.909
Y/(145) 3.774
QL 6111.
Ry MOhm | 0.712
Os degree | 80.96
(0 degree | 74.95
fs kHz 4.5

(We — wy)/wo 1.064
T4 ns 450

Figs. (5-7) show results of calculations. Fig. (5) gives results with only x = 0 mode
taken into account for several values of the gain H. The upper pane gives the growth
rate I' with the FB off (H = 0) and for single mode taken into account (psme: = 0). The
result in this case is exactly the same as given by the Pedersen dispersion equation. The
next panes show how the growth rate is modified with the increasing gain. The threshold
of instability increases with H and instability is completely suppressed at H = 6. Fig.
(6) shows effect of one additional mode i, = 1 taken into account for H = 0, H = 3,
and H = 6. The instability starts from the zero current as it is suppose to do for the
coupled-bunch case. Fig. (7) gives similar result for four CB modes taken into account
Mmaz = 3. In all cases the delay time of the FB is 75 = 450 ns.

5 Conclusion

F. Pedersen analysis gives the foundation for the design of the low-level rf feedback sys-
tem. In his analysis the beam response is described by the beam transfer function which
takes into account the single m = 0 CB mode. We generalize this analysis defining in
Egs. (72),(73) the dispersion equation taking into account all CB modes. The growth rate
for the PEP-II was calculated by solving dispersion equation numerically using MATH-
EMATICA with a single m = 0 CB mode (4 = 0) and with several CB modes. The
difference of the results shows effect of the unstable CB modes.
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