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Abstract

In this paper we revisit the topological twisted sigma model with H-flux. We explicitly
expand and then twist the worldsheet Lagrangian for bi-Hermitian geometry. we show
that the resulting action consists of a BRST exact term and pullback terms, which only
depend on one of the two generalized complex structures and the B-field. We then discuss

the topological feature of the model.

1 Introduction

It is a very convenient and powerful approach to obtain topological field theories by twist-
ing supersymmetric field theory [1]. It was furthur shown that the N = (2,2) worldsheet
sigma model with the Kéahler target space admits A and B types of twisting [2]. However
the Kéahler condition is not crucial to perform the A and B twists. What is really needed

is to have N = (2,2) worldsheet supersymmetry so that U(1)y and U(1)4 exist.

From the viewpoint of the N = (2,2) worldsheet supersymmetry algebra the twists
are achieved by replacing the 2d Euclideanized spacetime rotation group U(1)g with the
diagonal subgroup of U(1)g x U(1)g, where U(1)g is either U(1)y or U(1)4 R-symmetry
in the N = (2,2) supersymmetry group.

In 1984 the most general geometric backgrounds for N = (2, 2) supersymmetric sigma
models was proposed by Gates, Hull, and Rocek [4]. The geometric backgrounds (a.k.a.
bi-Hermitian geometry) consists of a set of data (J,,J_,g,H). Ji are two different

integrable complex structures and the metric g is Hermitian with respect to either one
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of Ji. Moreover Jy are convariantly constant with respect to the torsional connections
I' + g7 'H, where H is a closed 3-form on the manifold. The manifold is apparently

non-Kéahler due to the presence of the torsions.

Bi-Hermitian geometry started to re-receive new attention after Hitchin introduced
the notion of generalized geometry [6] and Gualtieri furthur showed that the geometry
is equivalent to a pair of commuting (twisted) generalized complex ((T)GC for short)

structures on the manifold M, namely, the twisted generalized Kéahler structure [7].

Since the worldsheet theory with bi-Hermitian target has N = (2,2) supersymmetry,
we definitely can consider its topological twisted models. In [5] Kapustin and Li considered
such a topological model and showed that on the classical level the topological observables
in a given twisted model correspond to the Lie algebroid cohomologies associated with
one of the two twisted generalized complex structures. The same problem was also con-
sidered by many other authors from Hamiltonian approach or using Batalin-Vilkovisky
quantization [8] [9] [10].

Although it is definitely true that the twisted models for bi-Hermitian geometries are
topological, the explicit construction of the twisted Lagrangian is lacking. The difficulties
of such a calculation lie in that people are so accustomed to using complex geometry that
they feel relunctant to perform a calculation which needs to be done in the real coordinate
basis with projectors. A priori, we should be able to express the twisted Lagrangian for
the generalized geometry as some BRST exact piece plus certain pullback terms which

only depend on one of the twisted generalized complex structures.

By the end of the paper we will see that this is indeed true. However since the pullback
object is not closed it is not clear that the action is topological. This issue is made clear in
[15]. The paper is organized as follows. In Section 2 we first review the sigma models with
Riemannian and Kahler targets and discuss the properties of the twisted Lagrangian. In
Section 3 we present the computation of the twisted topological models for bi-Hermitian
geometries and express the twisted Lagrangian in the aforementioned way. In section 4 we
conclude, discuss the limitation of the twisted models, and mention some open questions.

Some basics and definitions of the generalized geometry will be presented in the appendix.



2 Topological sigma model with Kahler targets

We first recall some basic facts about the worldsheet sigma models with Riemannian
or Kéhler manifolds as targets. Throughout the whole paper lowercase English letters
a,b, c,... are indices for the real coordinates on the targets, while Greek letter u, v, o, ...
are those for holomorphic coordinates. (And of course fi,7,d,... for antiholomorphic
coordiantes.) Although it has been shown that the off-shell formalism exists even for the
bi-Hermitian geometry [11], we will only work in the on-shell supersymmetry formalism
to simplify the calculation.

The nonlinear sigma model with a Riemannian manifold M has natural (1,1) world-
sheet supersymmetric formalism. The model is governed by an embedding map ¢ : ¥ —

M where ¥ is a Riemann surface. The Lagrangian is

L= Qt/ d?z d*0 ga(®) D, P D_d° (2.1)
where
Dy = &% + i&i(% + %) (2.2)
P =+ 0T + 0 YL + 00T F° (2.3)
d*z = %dz Ndz (2.4)
Exapnding out (2.1) and then setting F* = I'é.y%¢° (the on-shell value of F*) we

have

1 .
L= [@e ( S0u00°0:00 + Soutt Dt
i 1
+ 50t D + 2 Rapeat LY 0% 07 (2:5)
where Dzy¢ = 0:9¢ + 17, O ¢® Y and Dy = 04 + T, 0,0 e .
If the target space is Kédhler the nonlinear sigma model will have an additional (1, 1)
supersymmetry, turning the theory into N = (2,2) sigma model [3]. The Lagrangian of

such a sigma model is written as

1 ]
L= 2t/d2,z ( igabang“@;gbb + g 0" Dot
+igp ! Dt + Ryt i 7)) (2.6)
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The detailed supersymmetry transformations are listed as follows [2].

ot = ie_y +ie Yt

SpF = ie_ Pl 4 ie ot

St = —e_D.¢" — i b T T

oYl = —e 0.0 — iE " Thu]

St = —, D¢ — i bt T

S = —e, D" — i Th 7 (2.7)

2.1 Kahler A model

An A-twist will turn ¢} and ¥ into sections of ®*(T1°X) and ®*(T%'X), denoted as
x* and x*. And ¢" and ¢ become sections of Q3" ® ®*(T%1X) and Q' ® &*(T°X),
denoted as ¥# and ¢%. In order to get the transformation laws we simply set e, =€_ =0

in (2.7). After A-twist the Lagrangian becomes

1 “ . v
L= 2t/d2z ( igab&z(b 85¢>b + igp, 08 Dsx"
+i9a Vs DX — Ryupuob5VEXX) (2.8)
The key fact as stated in [2] is that the Lagrangian can be recast into a very suggestive

form, which is a BRST exact term plus a pullback term depdending only on the Kahler

structure of the target space. Upon deriving this the equatoins of motion of ¢ are needed.

L=t / P2{Q V) +1 / B*(K) (2.9)

with Vi = g5 (V7 0:0" + 0.¢"%) and K = —ig,,dz"dz". From this expression we realize
that the Kéhler A model depends only on the cohomology class of K. [ ®*(K) also
depends on the homotopy class of the mapping ®, but in the path integral all the homotopy

classes will be summed over.

2.2 Kahler B model

We also recall some basics about the Kiahler B model which will be useful later. The

B twist will turn ¢/ into sections of ®*(T%'X), and " and 9" into sections of O’ ®
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O*(T%'X) and Q' @ &*(T%' X) respectively. The transformation can be written as

0t =0
dpf = dent
onf =06, =0
opt = —edoet (2.10)
where
=yt
0, = gﬂﬂ(,l?bi — ")
o=l (2.11)

After the B twisting the Lagrangian explicitly becomes

L= t/dzz ( gabaz¢a Z¢b + igﬂunﬁ(DZpg + szg)
+ 0, (Dzp% — D2pk) + Rupwp: 051" 00.9°7) (2.12)
which can be reexpressed as follows.

L= z’t/{Q, Vs} +tW (2.13)
where »

W= /E (=0.Dp" — %Rwap*‘ A p"n"059°") (2.14)
and the D operator is the exterior derivative on the worldsheet ¥ by using the pullback
of the Levi-Civita connection on M. The model is topological because it is independent
of the complex structure of the worldsheet and the Kahler structure of the target space.

However the model do depend on the complex structure, which can be seen from the
BRST variations of the fields.

3 Bi-Hermitian geometry and its topological twisted

models

As stated in the introduction the most general (2,2) nonlinear sigma model with H is

described in [4], which is also known as ”bi-Hermitian geometry.” We will simply quote
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the properties of the geometry, without any derivations of the requirements. With the

non-trivial B-field turned on, the worldsheet action is given by

L= Qt/ d?z d*0 (gap(P) + by () DO D_° (3.1)

The first set of (1, 1) supersymmetry is as usual while the additional (1,1) supersym-

metry transformations are given by two different complex structures

§'®" =ie, D, ®* + ie" D_@*
59" = ie2 D, ®"JY, +ie2 D_d’J, (3.2)
where J, and J_ are the complex structures seen by the left and right movers re-

spectively. Requiring (3.1) to be invariant under the transformations leads us to the

conditions:

Jlgle=g V&IL=0 (3.3)

where V* are the covariant derivatives with torsional connections I'y = I' & g7 'H. The
first condition implies that the metric is Hermitian with respect to the either one of the

complex structures Ji. And the second condition in (3.3) explicitly becomes
Jipe = Pdicbjld - Ficdt]izr (3.4)

Equation (3.4) will be used when we try to contruct the generalized A/B models in real
coordinate basis. Moreover the H field is of type (2,1) + (1,2) with respect to both
complex structures Ji. Expanding (3.1) out and then setting F* to its on-shell value we

have the following worldsheet action in component fields

P =T9000° = T2 ¢ (3.5)

L =2 / d2z(%(gab+bab)8z¢“ b + %gab(wi WY+ oh) (3.6)

i a (& Z a C 1 a C
+ §¢_az¢b¢_ (Fabc - Habc) + §w+ 2¢bw+ (Fabc + Habc) + 1R+abcdw+w2—¢—¢d_)
where R gpcq is the curvature of the torsional connection I'Y,..
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1 1
R:I:abcd = Rabcd + §(vdHabc - vcll[abd) + Z(deHebc - HscHebd) (37)

Since the theory is of (2, 2) type there exist two U(1) R-symmetries for the worldsheet
fermions, U(1)y and U(1)4 [5]. The topological A and B twists will shift the spins of the

fermions by the charges of U(1)y and U(1),4 respectively. The charge assignments are
worked out in [5] and [13].

Uy av(Piy) =—1 qv(P-y-) =1

Ub)a: qa(Pitpy) =-1 qv(Py-)=+1 (3.8)
with the following projectors defined for conveniences.

1 _
Po=g(14ils), Po=g(l—ils) (3.9)

Moreover the U(1) R-symmetry used in the topological twist needs to be non-anomalous.

The anomalies are computed by Atiyah-Singer index theorem and the conditions are

")
")

ULy er(TH) — e

)
)

U(l)AZ Cl(TiO)—i—Cl(

)
)

0
0

(3.10)

Using the language of generalized complex geometry we have two commuting twisted
generalized complex structures (J;, J2). Ji and Jo are endomorphisms on T'M & T*M,
which square to —1. Let E; and FEs be the i-eigenbundles of [J; and [J5. The conditions

can be repackaged into

(3.11)

The supersymmetry transformation laws can be derived from (3.2).

5i¢ =1y 5£¢ = fﬁﬁb = Jiy 53¢ = J 9
Sipy = —i0p Sy =F 024y =iJ, 0.9 02y =JF
Sl =—F 6L =—i0; S =—J, F 82 =iJ 0:¢ (3.12)
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We can then define the linear combinations of the supersymmetry generators.
Lo e A Lo e
Q4 = §(Q+ + ZQ+) Q= §(Q+ - ZQ+)
1 , ~ 1 ,
Q- = 5@ +iQ%) Q=@ -iQ) (3.13)

We then express the on-shell variation laws in the following forms

09" = Z'(€+(P+¢+)a + e (Propy)) +ile (Poyo )" + e (P-y-)")
oy = €+( 0.0)" — €4 (P10.¢)" Fibc5¢b¢i
+ iHy(ey (P+w+) + e (Pyyy) W — 2( P+ e ad)ch@bi?ﬂi
- = —e (P.0.¢)" — & (P-0.0)° ngcéﬁéb@bi
(

i (e (Popn)! + & (P ) )E — S(e-Poy+ & PL)H ye (3.14)

where €4 are the variation parameters of ().

The BRST operators for the generalized A and B models can be taken as:

Qu=Q++Q_, Qp=Q++Q-_. (3.15)

Before the topological twists we have the worldsheet fermions P v, Py, P_1)_,
and P_1_. These fermions are sections of certain bundles. For instance P, 1), is a section
of K'/2® ®*(T%"' X) where K is the canonical line bundle of the worldsheet (the bundle
of (1,0) form.) and T is the (0, 1) part of the tangent bundle with respect to J,. After

performing topological A-twist, the spins of the fermions will be changed as follows.

(Pypy)* = x* e D(@(T1°X))

(Poyy)" = x2 el ® o* (T X))

Py ) = M er@d oo (T2°X))

(P_p_)* = A e (" (TV' X)) (3.16)

On the other hand the B-twist case can be obtained similarly. For completeness we
list the sections in the generalized B-model with the BRST charge Qp = Q4 + Q_.



(Pe)® = X2 €T ® *(T1°X))

(Pyypy)* = X" € D(@(TY'X))

Py ) = M erQd oo (T°X))

(P_p_)* = N\ eD(® (T X)) (3.17)

3.1 Generalized A model

We will use the generalized A-model as our first explicit example. The BRST variation
of the fields can be written down by setting the variation of Q, and Q_ in (3.14) to be

zZero.

{Qa, 0= X"+ X

{Qa,x"} = —ilLXx°
{Qa, X} = —il2, X"\
{Qa,x2} = =L (X" + A8
—(Py0.0)" + iP{HpX"X:
{Qa, X} = —il2 (X" + X)L
—(P_0,¢)* — i P JHINP NS (3.18)

After the twisting the Lagrangian becomes:

1
L =2t / d2z(§(gab + bab)az¢aaé¢b + igab(XZaEXb + )‘gaz)\b) (319)
+ z.(1—‘abc - Habc)XgaZ¢bXC + 7;(Fabc + Habc))\gangb)\c + R+abchaXZ)\§)‘d)

We mimic the V4 operator in Kéhler A model (2.9) by virtue of the projectors.
Va = gar(X2(P40:0)" + \2(P-0:0)") (3.20)

The BRST variations of (P,0:¢)° and (P_0.4)" will involve the derivatives of the
complex structures and can be re-expressed in terms of 'y and the projectors (3.9) by
using (3.4) and Jy = —i(Py — Py).



{Qa, (PL09)"} = OX" + (PLON)" + ST9..(Pr — Poh(x© + X9)0¢°

2
1 _
ST+ X)(P06 — P0G
{Qa (P06} = 0N + (P0x)" — 5T (P — P +X)05F
+ %rb_cd(xc LAY (P96 — Pag)t  (3.21)

Here the 0 operator could be either 0, or J;. Performing the BRST variations to V'
by using (3.18) and (3.21) we obtain

{Qa,Va} = iga((Pr0:0)" (P10:0)" + (P-0:¢)"(P-0.0)") + gap(x20:x" + A20.\")
_I'(Pabc + Habc)thlaEQSbXC + (Fabc - Habc))\gangb)‘c (322)

The curvature term will be recovered if we use the equations of motion for y, and A;.
To visualize that the model only depends on one of the generalized complex structure one

can use the following identities.

9(Pas Py = S0+ Sglas ) = 59() + (-,
o(Par, Po) = 2() = Sgla) = 59() = sl (3.23)

The scalar term in (3.22) becomes
9ab((P10:0)"(P10:0)" + (P-0:0)"(P-0:0)") = 20a0:¢"0:¢" — iwat0:0"0:"  (3.24)

where @ = £ (w, 4+ w_) which appear in J, in (A.2).
Comparing the twisted action (3.19) and (3.22) we obtain the following suggestive

equation, modulo the equations of motion for y, and As.

L :z't/dzz {QA,VA}+t/<I>*(—zw) +t/<1>*(b) (3.25)

Apparently the action of the generalized A model depends on one of the generalized
complex structures [J, and the pullback of the spacetime b field. The topological feature

of the action will be made clear in the next section.
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3.2 Generalized B model

The generalized B model has the field contents as listed in (3.17). By projecting out ey
in (3.14) the BRST variations for these fields are similarly obtained.

{QBv (ba} = X+ A

{Qu, X"} = =T
{Qp, A} = —il% XX
{Qp. X2 = =il (" + X)x¢
—(Py0.0)" + P2 HiX"X:
{Qp, A2} = —il% (X" + A")A2
—(P_0,¢)" — iP* ;HEN XS (3.26)

with Qp = Q; + Q_. Comparing (3.18) and (3.26) we can see that the A and B model
variantion laws are simply exchanged if we substitute J, by —J,. In generalized B model

the operator in the BRST exact term is given by
Vi = gap(X2(P10:0)" + A2(P-0.0)") (3.27)

The variations of (PLd¢)? are given by

(@5 (P200)'} = (Pa(0x +0N)) — T (e = PullxC + X)00°
ST XN (Pe0) — Padg) (329

Note that P,y = x and P_\ = X. Again the 9 could be either d, or 9z.
The Lagrangian after the twisting is given by

L =2t / dzz(%(gab + bay)0.0%0:0" + igab(X‘;ﬁgxb + Xg@z)\b) (3.29)
+ z.(1—‘abc - Habc)XgaZQSch + z.(1—‘abc + Habc))\(z}angb)\c + R-i—abchaXI;)‘c)\g)

In order to determine the pullback term we compute {Q, Vg}.

{@B,VB} = igab((P+az¢)a(P+az¢)b + (P—az¢)a(P—az¢)b) + gab(XgaZXb + )‘gaz)‘b)
+<Fabc + Habc)XzaE¢bXC + (Fabc - Habc>>\;az¢b>\c (330)
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In deriving this we have used the equations of motion of the fermionic fields. Note that
(3.22) and (3.30) are almost the same except for the scalar kinetic terms. This will result
in the different GCS dependence. Namely,

L:zt/d% {QB,VB}+t/q>*(¢5w)+t/q>*(b) (3.31)

where dw = %(er — w_) appearing in J; (A.2). Contrary to the generalized A model,
the generalized B model depends on [J;. At first sight the results (3.25) (3.31) seem nice
and confirm our original guess. A second thought, however, reveals the issue that neither
of b —iw and b + 0w is closed. The consequence of this is that under small coordinate
repaprametrization the variation of the pullback will be nonvanishing and proportional to
H [16]. One way to solve this issue is to appeal to the GCG [15]. Working in generalized
B model, we assume the pure spinor (§); associated with TGC structure J; can be put

into the following form:

®n = exp(b+ () (3.32)
—B=bTFiws — 7+ (3.33)

where df = 0 and the multiplication in the exponential is the wedge product. A direct

but lengthy computation shows, in generalized B model,

. 1 1 o
L= zt/dQ,z {QpB, V5 + §7+abxz05¢b — iv_ab)\gﬁngb} —l—t/<1> (8) (3.34)

We refer the interested readers to [15] for more details about this construction. Al-
ternatively one could simply say that without this construction the model is topological
in the sense that the worldsheet metric is irrelevant and the puckback term only depends

on the homotopy class of the embedding.

4 Conclusion and Discussion

In this paper we study the topological twisted models with H-flux. We explicitly expand
the N = (2,2) worldsheet action with bi-Hermitian target spaces and twist the action.
We found that the generalized twisted models have many similar features to the Kahler

twisted models. For example, the action can always be written as a sum of a BRST exact
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term and some pullback terms, from which the geometric dependence of the topological
models can be read off. The generalized A/B model depends only on one of the twisted

generalized complex structures Jo/ Ji.

Although it is very powerful to construct interesting examples of topological field
theories by "twisting” the spins of the fields, some topological constraints for anomaly
cancellations always come with it. Recently people have tried to construct the topological
models for generalized geometries by using Batalin-Vilkovisky formalism to get around
this limitation[12].

Another advantage of the twisted models is that it makes explicit the studying the
mirror symmetry, in this case, of the non-Kéhler spaces. The lacking of the non-Kéhler
examples, however, is a long-standing problem along this direction. Although the ”gen-
eralized Kéhler” examples provided in [14] are not twisted by H-field, it would still be
very interesting to study the topological models for those geometries. Another interesting
problem is to generalize the usual Kéahler quotients to obtain explicit bi-Hermitian exam-

ples. We would like to visit these problems in the future.

Acknowledgments: Thanks go to Alessandro Tomasiello for very useful conversa-
tions and Anton Kapustin for commemts. We would also like to thank all the staff,
organizers, speakers, and participants of Strings 2006, where the project was first ini-
tiated, for hospitality and the free food. WYC received support from the DOE under
contract DE-AC03-76SF00515.

After the first version of the paper appeared on Arxiv, we received valuable comments
from Roberto Zucchini, who had been working on the same problem and went even further
than we did. We are grateful to him for kindly pointing out many mistakes in our previous

version.

A Appendix: Generalized complex geometry

In the appendix we give a short summary of the definitions of (twisted) generalized com-
plex structure (GC or TGC for short). Let M be an even dimensional manifold and H

be a closed 3-form on M. The twisted Dorfman backet o is defined as a binary operation
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on the sections of TM & T*M.

(X@Qo(Yan =[X,Y]® (Lxn—yd( +yixH) (A1)
where X, Y € I'(T'M) and ¢,n € I'(T*M). The bundle TM @& T*M has a metric h with
(n,n) signature defined by an inner product for the sections in TM @& T*M.

A TGC-structure on M is an endomorphism J on T'M & T*M such that

(1) J*= -1

(3) The i-eigenbundle of 7 is closed (or involutive) with respect to the twisted Dorfman
bracket. This condition is equivalent to an integrability condition for the (T)GC-structure.

Setting H = 0 the word "twisted” is dropped everywhere and we will get the defini-

tions for Dorfman brackets and GC-structures.

(Twisted) generalized Kéhler structure consists of two commuting (T)GC-structures
J1 and J5 such that G = — 717> is a positive definite metric on TM & T*M.

A (twisted) generalized Kéhler structure is physically relevant because it has been
shown that the structure is equivalent to the bi-Hermitian geometry [7]. The two (twisted)
commuting generalized complex structures [J; and J> can be expressed in terms of the

data of the bi-Hermitian geometry, namely, (J4,J_, g, H).

[T —a (8T -8
jl_(aw —jt>’ j2_<@ —5Jt) (42)

where
71 1 1 1 -1
Jzi(J++J—)7 625((4‘)4_ + w_ ), W:§(W++w_)’
1 1 1
5J:§(J+_J_), a:§(w;1_w_1)’ 5(,‘}:5(0)4_—(4)_). (A 3)
wi () = g(Jz,) (A.4)

The H is preserved by J. in the sense that the following constraints are satisfied and

moreover it is of (2,1) + (1,2) type with respect to both J..
H(X,Y,Z) = H(J.X, .Y, Z) + H(J.X,Y, J.Z) + H(X, J.Y, J.Z) (A.5)
H(JLX, JLY, J.Z) = H(J.X,Y, Z) + H(X, J.Y, Z) + H(X,Y, J.Z) (A.6)
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The following identity is useful in deriving equations.

H(X,)Y,Z) = Fdwi(J+ X, J.Y, L Z) (A7)
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