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Abstract

In this paper we study various cosmological solutions for a D3/D7 system directly from

M-theory with fluxes and M2-branes. In M-theory, these solutions exist only if we in-

corporate higher derivative corrections from the curvatures as well as G-fluxes. We take

these corrections into account and study a number of toy cosmologies, including one with

a novel background for the D3/D7 system whose supergravity solution can be completely

determined. Our new background preserves all the good properties of the original model

and opens up avenues to investigate cosmological effects from wrapped branes and brane-

antibrane annihilation, to name a few. We also discuss in some detail semilocal defects

with higher global symmetries, for example exceptional ones, that occur in a slightly differ-

ent regime of our D3/D7 model. We show that the D3/D7 system does have the required

ingredients to realise these configurations as non-topological solitons of the theory. These

constructions also allow us to give a physical meaning to the existence of certain underlying

homogeneous quaternionic Kähler manifolds.
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1. Introduction

One of the most intriguing results of the recent spectacular advances in observational

cosmology is the strong evidence for at least two periods of accelerated expansion in the

history of our universe. The second, presently ongoing, of these two periods is commonly

attributed to a tiny positive cosmological constant, or some similar form of dark energy.

The other, much earlier, phase of accelerated expansion refers to some period well before

Big Bang Nucleosynthesis and is commonly known as inflation [1],[2],[3]. Inflation is usually

modelled by a scalar field, the inflaton, which is slowly rolling down a sufficiently flat

potential that dominates the energy density during that epoch. A phase of early universe

inflation not only solves several longstanding cosmological problems such as the horizon,

flatness or potential monopole problems, but also provides a natural mechanism for the

generation of density perturbations. The resulting predictions for the anisotropies of the

cosmic microwave background (CMB) have been nicely confirmed by recent experiments

such as the Wilkinson microwave anisotropy probe (WMAP) [4].

In view of this observational evidence, it is now tempting to include inflation in the

list of desirable properties any fundamental theory of our world should be able to explain
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or at least reproduce. String theory aspires to be such a fundamental theory, and should

therefore be confronted with this evidence. Embedding inflationary models in string theory

touches upon several problems:

(i) Time-dependence: Describing cosmological spacetimes in string theory in general means

dealing with time-dependent backgrounds, which are necessarily non-supersymmetric and

hence, harder to control.

(ii) Acceleration: Reproducing accelerating spacetimes from string compactifications is

particularly non-trivial.

(iii) Identification of the inflaton: The inflaton should be identified with a (possibly effec-

tive) scalar field in string theory. The moduli in string compactifications naturally provide

scalar fields, but a priori, it is not clear, which, if any, of these moduli fields should be

identified with the inflaton.

(iv) Moduli stabilization: If one direction of the moduli space is identified with the inflaton,

the scalar potential along this direction should be sufficiently flat, whereas all the other

directions should be stabilized with sufficiently large masses in order not to interfere with

the slow-roll of the inflaton. This is in general an issue of fine-tuning.

(v) End of inflation: If the inflaton is a modulus, how can the end of inflation and reheating

be understood geometrically? Are there any unwanted relics after inflation, and if so, what

is their stringy origin?

As for problem (ii), no-go theorems against accelerating spacetimes have been proven

for compactifications of classical 10D or 11D supergravity on smooth, compact and time-

independent internal spaces [5]. By relaxing any of the highlighted assumptions, this no-go

theorem might possibly be circumvented. For example, allowing for a time-dependent

hyperbolic internal space [6] or a time-dependent flux compactification [7], [8], [9], [10],

[11] opens up the possibility of having transient periods of inflation. These solutions are

in fact related to S-branes [12]. Such transient periods of accelerated expansion might

be marginally compatible with the present acceleration [13], but they are far too short to

describe the required 50 - 60 efolds of early universe inflation [8],[7], [14].

From the effective 4D point of view, this is related to the fact that the volume modulus

generically enters the scalar potentials of string compactifications in terms of an exponential

factor with a coefficient that makes the potential too steep for slow-roll inflation. There

are essentially two ways around this problem: Either there are additional, non-classical

contributions to the scalar potential that could lead to a sufficiently flat regime [15], or the
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volume modulus should be fixed during inflation altogether. In the latter case, the inflaton

has to be another scalar field.

This latter possibility is entertained in “brane inflation” models [16], where the inflaton

is identified with an open string modulus that describes the relative position or orientation

of a D-brane with respect to another (system of) D-brane(s). A necessary ingredient of

these models is that the brane configuration breaks supersymmetry so that the branes

attract and move towards one another. In brane/anti-brane systems [17], supersymmetry

is not just mildly broken, and the interaction potential would be too steep if the branes

were too close to one another. It was pointed out in [18], [19] that the finite size of a

compact space puts limits on the possible interbrane distance, and hence, the possible

flatness of the brane/anti-brane potential that are in general incompatible with slow roll

inflation. This problem has been solved by putting the anti-brane in a warped throat

region [19], [20].

Another way to get reasonably flat brane interaction potentials is to consider brane

configurations that break supersymmetry more gently than brane/anti-brane pairs. Exam-

ples for such configurations include intersecting branes with a small relative angle [21], [22]

or branes with small supersymmetry breaking worldvolume fluxes. The prime example

for the latter possibility is provided by the D3/D7 system with non-primitive fluxes on

the worldvolume of the D7 brane [23],[22]. Classically the interaction potential between

the D3 and the D7 brane is completely flat, but one-loop corrections due to the broken

supersymmetry induce a logarithmic slope. An explicit realization of this model in a con-

crete string compactification was given in [23], where the compact space was chosen to be

K3 × T 2/ZZ2. This background was chosen because it is non-trivial, but still well under

theoretical control with a well understood F-theory description. The effective low energy

theory in four dimensions is given by a hybrid D-term [24] (or, more generally, “P-term”

[25]) inflation model.

As we will frequently refer to various aspects of this hybrid inflation model, let us

briefly recall its basic features for later reference. There are three different pictures we

will sometimes use for this model. The first is the original picture of hybrid inflation [26],

which can be viewed as the “core” of these hybrid inflation models in the sense that it

only uses the minimal field content and does not refer to any underlying more fundamental

theory. The second picture is the supergravity P-term action of [25], where hybrid inflation

is related to N = 2 supergravity. The third picture derives from the stringy analysis of
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the D3/D7 inflationary model [23],[22], [27]. The original picture of Linde [26] is based on

the following potential written in terms of two scalar fields, φ and ψ:

V (φ, ψ) =
1

4λ
(M2 − λψ2)2 +

m2

2
φ2 +

g2

2
φ2ψ2, (1.1)

where M,m, λ and g have been defined in [26]. In this model, φ is the inflaton which is

slowly rolling down its potential, while ψ is temporarily trapped in its false vacuum with

ψ = 0. When φ reaches a critical value, ψ becomes tachyonic, and the “waterfall” stage

begins, where ψ quickly relaxes to its true vacuum state, thereby ending inflation.

This construction can be embedded in the slightly less minimal P-term model devel-

oped by Kallosh and Linde [25]. It is basically an N = 2 supergravity potential with FI

terms 1, and has the following potential:

V (Φ±, S) = 2g2
1

(

|S|2(|Φ+|2 + |Φ−|2) +

∣

∣

∣

∣

Φ+Φ− − ζ+
2

∣

∣

∣

∣

2
)

+
g2
1

2
(|Φ+|2−|Φ−|2−ζ3)2, (1.2)

where S is the scalar in an N = 2 vector multiplet and (Φ+,Φ−) form the scalars of an

N = 2 hypermultiplet. In terms of N = 1 language Φ+ and Φ− form the scalars of two

chiral multiplets. The coupling constant is denoted by g1 and (ζ±, ζ3) form a triplet of FI

terms [25].

The third and final picture which we will use derives from the D3/D7 inflationary

model [23]. The potential is written in terms of the BI and CS terms of the D3 as well as

the D7 branes [27] and is given by

V (S, χ) = co

∫

K3

F− ∧ ∗F− + 2(g2
3 + g̃2

3)|S|2|χ|2 +
g2
3 + g̃2

3

2
(χ†σAχ)2, (1.3)

where σA are the Pauli matrices, g3 denotes the coupling of the D3 brane, and g̃3 is the

effective four-dimensional coupling of the D7 branes. We have also normalised the action

in such a way that the kinetic term of S is simply |∂S|2. The coefficient co is related

to the volume of the internal space and the seven-brane coupling constant. In writing

this potential, we have ignored the degrees of freedom that determine the center-of-mass

motion of the system.

1 Strictly speaking, the N = 2 supersymmetry is broken to N = 1 by the coupling to su-

pergravity due to the presence of the Fayet-Iliopoulos terms. Only in the rigid limit of global

supersymmetry, the full N = 2 supersymmetry is restored.
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A detailed comparison between (1.2) and (1.3) can be found in [27], so we can be brief

here. If we take the FI terms in (1.2) as (ζ±, ζ3) = (0, ζ3), then ζ3 can be identified with

F−. The precise identification is

co

∫

K3

F− ∧ ∗F− → g2
1ζ

2
3 , S → S, χ1 → Φ+, χ2 → Φ−, g2

3 + g̃2
3 → g2

1 . (1.4)

From the above identifications, it is now easy to write the gauge fluxes F− in terms

of the variables of [25]. We can use any of the harmonic (1, 1) forms Ωi (i = 1...h1,1) on

the K3 manifold to represent the gauge flux as

F− =

h11
∑

i=1

ci Ωi, such that

∫

K3

Ωi ∧ ∗Ωj = δij . (1.5)

Written in terms of the harmonic forms one can easily show that the ci form a surface

in an h11 dimensional space. The equation for the surface can be written in terms of the

variables of [25] and is explicitly given as

c21 + c22 + .....+ c2h11
= c−1

o g2
1 ζ

2
3 . (1.6)

Taking the ci to be real, the above equation basically defines a surface Sh11−1, with radius

r ≡ c
− 1

2
o g1 ζ3. Therefore, one simple solution for the gauge flux would be to take the radius

of Sh11−1 as the antiselfdual flux, i.e F− = r. With this choice, the two models (1.2) and

(1.3) can be easily identified.

To compare (1.3) (or (1.2)) with (1.1), one should first identify which fields in (1.2) be-

come tachyonic. The mass of the hypers is given by m2
hyper = g2

1 |S|2±g1ζ3, which becomes

tachyonic when |S| < |S|c, where |S|c =
√

ζ3
g1
,. It is now easy to make the comparison

with (1.1). The mass of the scalar field ψ is given by m2
ψ = −M2 + g2φ2. This becomes

tachyonic when φ < φc, with φc = M
g . Therefore, one sees that |S| is related to φ while

|χ| is related to ψ. The coupling constant and the FI terms of the D3/D7 system are then

related to g and M of [26] respectively. This concludes our little review of hybrid inflation

in the context of the D3/D7 inflationary model2. As we have seen, a certain supergravity

2 We should briefly mention yet another model that also shows hybrid inflation. This is the

model studied by Guth-Randall-Soljacic [28], which in some regions, show properties identical to

the original hybrid inflationary model [26]. The potential for inflationary behavior in this model

is given by V (φ, ψ) = M4cos2
(

ψ
f

)

+ 1
2
m2φ2 + g2

4φ
2ψ2, where the coefficients are explained in [28].

A detailed comparison between this model and (1.1) has already appeared in [29] so the readers

can pick up details from there. We should simply point out that in the region ψ < f this model

and (1.1) are more or less identical.
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variant of the hybrid inflation potential arises naturally in the D3/D7 system with non-

selfdual fluxes on the D7-brane worldvolume. The nice feature of this model is that the

dominant contribution to the vacuum energy derives from a D-term in the supergravity

potential. This circumvents the well-known eta-problem of supergravity models of inflation

that are based on F-terms. In F-term inflation, the appearance of the Kähler potential

in an exponential factor of any F-term potential in supergravity generically leads to the

problematic relation, η ∼ 1, where η is the second slow-roll parameter, η = M2
PV

′′/V

[30], [31]. Unfortunately, the currently known methods for volume stabilization are based

on F-term potentials from non-perturbative superpotentials [32]. Thus, in general, even

if the primary inflationary potential is a D-term potential, the supergravity eta-problem

reenters through the back door via volume stabilization. This can be avoided if the Kähler

potential posesses an inflaton shift symmetry [33], [34] (see also [35]). Interestingly, it was

shown in [34] that, at tree level, the D3/D7 model on K3 × T 2/ZZ2 precisely has such an

inflaton shift symmetry, which is related to the continuous isometries of the two-torus.

This inflaton shift symmetry is broken by one-loop corrections, already at the field theory

level, and these one-loop corrections are precisely needed to slightly lift the classically flat

direction of the inflaton potential. However, as pointed out in [36], the stringy one-loop

corrections [37] also violate the shift symmetry in a manner that the eta problem generi-

cally reappears. On the other hand, it can in general be removed by a modest (∼ 10−2)

fine-tuning of the fluxes or other parameters [36]. The necessity of such a modest fine

tuning (which might not be such a big problem after all, as the models with sufficient

efolds of inflation are “rewarded” by a much larger amounts of the spacetime they fill out)

seems to be a generic feature of all stringy models of inflation, whether they are based on

closed or open string moduli [36]. In retrospect, this does not seem very surprising, as the

very idea of all but one modulus having large masses while the remaining one gives rise to

a comparatively flat potential does not, intuitively, look like a very generic situation. It is

nevertheless interesting to explore how deeply hidden such fine-tunings can be in different

models, and the D3/D7 model is certainly one of the models in which this is least obvious.

Leaving this issue of modest and probably not too worrysome fine-tuning aside for a

moment, it is worth emphasizing that the brane inflation models have generally been stud-

ied in a way that is technically different from that of the models of transient accelerating

cosmologies in [6], [7], [8], [9], [10], [11]. More precisely, whereas in those papers the whole

system is studied from a genuinely 10D or 11D point of view, the brane inflation models re-

cover inflating four-dimensional spacetimes from an effective four-dimensional action that
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derives from an, a priori static, string compactification in which quantum effects and non-

perturbative objects such as branes also play a role. This usage of effective field theories

is sometimes criticized [38], among other things, because the 4D effective actions are often

derived from compactifications on static backgrounds, which are, in general, not related by

small perturbations to the time-dependent cosmological solutions they are ultimately used

for. This would not be an issue if one were dealing with a consistent truncation instead

of a mere low-energy effective action. 3 It should be emphasized, however, that so far

there hasn’t been any clear evidence either that the usage of 4D effective field theory is

inappropriate in this context.

Another issue of many brane inflationary models is that they tend to produce cosmic

strings or other defects at the end of inflation. The energy density contributed by such

defects should of course be small enough so as not to upset the successful predictions of

inflation such as the CMB power spectrum. On the other hand, these defects can often be

identified with inherently stringy objects such as the fundamental string itself or various

types of (possibly wrapped) D-branes. This opens up an exciting possibility that, provided

the abundance and energy density of such objects turn out to be in the right ballpark, one

could study genuinely stringy objects by direct observations “at the sky”. For more details

on the recent work on this subject, see, e.g., [42].

In this paper, we turn our attention to some of the aspects of D3/D7 brane inflation

that have to do with the higher-dimensional and stringy nature of this scenario. More

precisely, we make a first step towards the uplift of the full time-dependent 4D cosmology

of the D3/D7 scenario to the full higher-dimensional spacetime picture. The purpose of this

exercise is to better understand how precisely the no-go theorems of [5] are circumvented,

and which effects are the most dominant. A successful uplift would also help to get some

better insight into the validity of 4D effective field theory actions in this context. Doing

this directly, however, would obviously require dealing with the seven-branes, three-branes,

3 For a consistent truncation, any solution of the lower-dimensional theory can, by definition,

be uplifted to a valid solution of the higher-dimensional theory, but for a mere effective low-energy

theory, this need not necesarily be true. A particularly nice illustration of the power of consistent

truncations is provided by 5D, N = 8 gauged supergravity [39], [40], which is believed to be a

consistent truncation of the compactification of IIB supergravity on the five-sphere to the lowest

lying Kaluza-Klein modes. Because of this, domain wall solutions of this five-dimensional theory

are guaranteed to have a well-defined up-lift to ten dimensions [41].
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different types of fluxes and non-perturbative effects directly in IIB string theory or F-

theory. This is clearly a highly non-trivial problem, and we will therefore use the slightly

simpler uplift to the eleven-dimensional M-theory4. This has the advantage in that the

seven-branes (including the the non-perturbative ones that might result from orientifold

planes) dissolve into background geometry. More precisely, they enter as singularities of

the torus fibration of the eightfold, which as a whole, however, becomes a smooth eight-

dimensional manifold. Furthermore, in the M-theory picture one has to deal with only one

type of flux, namely that of the four-form field strength. Still, a complete uplift of the

D3/D7-scenario represents a challenging problem, and in this first part, we limit ourselves

to setting up and identifying all the necessary ingredients as well as to the study of various

toy cosmologies. A more refined treatment is postponed to a later publication [44]. One of

the main results in the present paper is that accelerating spacetimes in this scenario seem

to require the inclusion of the higher derivative terms of the M-theory action and that the

assumption of a single time-dependent warp factor for the internal manifold is probably

too simplistic.

One of the drawbacks of the manifold K3 × T 2/ZZ2 is that its metric is not explic-

itly known, except in the orbifold limit of the K3. We will therefore also construct a

non-trivial background whose metric can be explicitly written down. This background

is a compactified version of a non-Calabi-Yau deformed conifold and has a well-defined

F-theory description in terms of a Calabi-Yau fourfold5. This background also has a non-

trivial three-cycle around which D3-branes can wrap. Such three-cycles are absent in the

K3 × T 2/ZZ2 background and allow for certain charged massive black hole configurations.

The excitation of such black holes during or after inflation are generally expected to be

negligible, and in general, this is confirmed by our considerations. This, however, is not

necessarily true for cosmic strings. In [27], a mechanism has been proposed by which the

production rate can be sufficiently suppressed. In this mechanism, one replaces the single

D7-brane of the D3/D7 scenario by a stack of two or more coincident D7-branes. This

results in an additional (approximately) global symmetry, and the resulting cosmic strings

4 Recently cosmological models directly from M-theory were also studied in [43]. However the

emphasis of these models were to get four-dimensional cosmology without any brane inflation from

M-theory. Thus our analysis is completely different from [43].
5 Notice that this is different from the Klebanov-Strassler model [45] in the sense that it is

compact, non-supersymmetric, non-Kähler and, as we will show later, has seven branes.
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are the so-called semilocal strings [46], [47] instead of the conventional Abrikosov-Nielsen-

Olesen (ANO) strings [48], which have a much lower formation rate [49], [46], [50]. In this

paper, we take the non-perturbative effects of F-theory seriously and consider the possi-

bility that the non-perturbative exceptional symmetries of certain F-theory configurations

can give rise to semilocal strings based on exceptional symmetries. The possibility of such

semilocal strings was entertained in [51], but no explicit field theory realization of such

strings is known to exist so far. Here we will provide a construction of these defects as

non-topological solitons on the D3 brane.

1.1. Organization of the paper

The organization of this paper is as follows: In sec. 2 we set up the basic picture

to study cosmological solutions for the D3/D7 system. We do not assume any particular

embedding, but, a priori, allow all possible backgrounds for the branes to propagate. Our

strategy here will be to study the system directly from M-theory, where the D3 branes

will become M2 branes and the fluxes will become G-fluxes. In sec. 2.1 the background

equations of motion, given by the Einstein and flux equations, are spelled out completely.

We provide some of the possible quantum terms at this stage. Later on we will specify

more quantum terms as the given set of terms would not suffice. In that section we also

specify the criteria to obtain accelerating cosmologies, such as de Sitter spacetimes.

The full analysis of the background equations is worked out in sec. 2.2. We start

with a very generic ansatz for the background metric that would allow three warp factors:

one for the 2+1 dimensional spacetime and two for the internal manifold. The internal

manifold for our case will be a complex fourfold which is a torus fibration over a six

dimensional base, with possibly different warp factors along the fiber and along the six

dimensional base. We will discuss how the curvature tensors etc should be written with

three warp factors. Because of the large number of components of the Einstein tensor,

the equations naturally get very involved. To simplify the subsequent analysis we consider

only the two warp factor cases here in detail and discuss the three warp factor case only

briefly. Taking two warp factors simplifies things a little bit but is sufficiently interesting.

In section 2.2 many of the interesting effects that will form the basis of our subsequent

analyis are pointed out: supersymmetry breaking by non-primitive fluxes and the resulting

motion of the M2 branes because of this, the constraint coming from anomaly equations

and the corresponding warp factor dependence, an analysis of every component of the

Einstein tensor, as well as the effects coming from membrane and quantum terms and
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some surprising simplifications that would happen if some special relations are considered

for the warp factors.

We then give many toy examples in sec 3. In most of these examples, we take some

limit of the background fluxes, the size of the fourfold and the membrane velocities so that

we can have some control over the quantum corrections. In this section we also point out

the relevance of higher derivative terms that are in addition to the quantum terms that we

took into account in sec. 2. These higher derivative terms (for G-fluxes and curvatures)

are necessary to overcome the no-go theorem for warped compactification on a compact

manifold [5].

In sec. 3.1 we take very small internal G-fluxes on an essentially non-compact fourfold

with a slowly moving membrane. This way, one can study a background by ignoring the

quantum corrections (without violating the no-go theorem).

In sec. 3.2 we consider a little more elaborate analysis by taking arbitrary fluxes. We

find solutions only when higher derivative terms in G-fluxes (and possibly the curvatures)

are incorporated here. Our solutions are thus valid to some order in quantum corrections.

When the G-fluxes are not very large, and the fourfold is sufficiently big, the quantum

effects may be kept under control without destabilising the solution.

In all the earlier examples above, we gave cosmological solutions for which the fourfold

had time independent warp factors. In sec. 3.3 we give yet another cosmological solution in

type IIB theory with two warp factors, but this time take both of them as time dependent.

We again provide the complete background (up to the possible approximations that we

consider), which turns out to be a radiation-dominated cosmology in four dimensions. In

this context, we also briefly discuss some interesting questions on the interpretation and

validity of cosmological solutions to supergravity in the presence of higher derivative terms.

In all the previous examples, it was difficult to generate an accelerating cosmology. In

sec. 3.4, we come back to the three warp factor case. With three warp factors, a de-Sitter

type cosmological solution in type IIB might, in principle, be possible. We show that the

higher derivative terms in G-fluxes may not be a big problem for this case.

In all the above cases, the internal fourfold was kept completely arbitrary. In sec.

3.5 we consider a new background that is different from the originally considered K3 ×
IP1 background of [23]. Just as the K3 × IP1 background, the new background allows

D3 branes and also D7 branes along with G-fluxes. There is also a detailed F-theory

description of this manifold in terms of a Weierstrass equation that we specify completely.

To derive this background, we use the trick of geometric transition that was developed
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for the supersymmetric case in [52],[53]. The background that we eventually get is a

non-supersymmetric and non-Kähler compact manifold that has some resemblance to the

deformed conifold in some regime. Globally the manifold is quite different from a Calabi-

Yau deformed conifold, and allows three cycles as well as four-cycles. We show that

metric of the manifold can be completely determined and present the precise unwarped

metric. This should be contrasted with the K3 × IP1 background whose metric can only

be determined when the K3 is at its orbifold point.

In sec. 3.6 and 3.7 we use some of the geometric properties of the manifold to

study consequences on four dimensional cosmology from branes wrapped on cycles of the

manifold. In sec. 3.6 we discuss wrapped D3 branes and study four dimensional non-

supersymmetric black holes. We show that these non-supersymmetric black holes in type

IIB theory can be mapped to a string inside a deformed brane-box configuration again in

type IIB theory. We show that the deformation of the brane box appears from a BNS

field that seems to originate from the non-Kähler nature of the underlying six dimensional

manifold. We also show that it might be possible to study the full supergravity background

for the black hole using the brane-box/geometry correspondence.

In sec. 3.7 we study cosmological effects from brane-antibranes annihilations. We

discuss many interesting effects here: separation of brane-antibranes due to the inflationary

expansion and the resulting production of black holes, brane-antibranes annihilating to

smaller branes and the resulting production of defects including black holes, etc.

In sec. 4, we classify all the possible solutions that one could, in principle, get by using

our ansatz. We show that with two warp factors one could get de-Sitter cosmologies in type

IIB theory at most if the warp factors are all time-dependent. With three warp factors,

we show that it might, a priori, be possible to get a de-Sitter space with a completely

time-independent internal warp factor. We discuss possible consequences from moduli

stabilization and interpret some of the recent advances in cosmological studies using our

scenario.

In sec. 5 we use the results of sec. 3 and 4 to study primordial black holes in the D3/D7

system. In sec. 4 we showed that a de-Sitter kind of background might possibly exist using

three warp factors in M-theory. In sec. 3.5, we gave the explicit metric for a particular

internal space. We combine these observations and the results coming from wrapped

branes and brane-antibranes annihilations to study possible primordial black holes. We

argue that if the background can create copious numbers of brane-antibrane pairs, then

one could possibly relate this to primordial black hole production in this set-up. In general,
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the number of such black holes, however, turns out to be almost negligible, and therefore

it does not pose any cosmological problem. We use our earlier techniques to compare black

hole formation in two different scenario: the original K3 × IP1 background and the new

background that we derived in section 3.5. The former case gives zero productivity rates

and the latter gives very small productivity rates (i.e., they are exponentially suppressed).

In sec. 6 we go to a different regime of our D3/D7 model. This regime need not

necessarily correspond to an inflationary one. Here we combine the background that we

derived in sec. 3.5 with the F-theory picture to study semilocal defects on the D3 brane(s).

We show that our model is rich enough to give us semilocal defects with almost all allowed

global symmetries, including exceptional ones. Earlier studies of such defects were done

at a group theoretical level in [51], where it was conjectured that defects with exceptional

global symmetries should also exist. Here we show that our model might realize them

as non-topological solitons of the theory. Another interesting output of this analysis is a

physical way to see the classification of homogeneous quaternionic Kähler manifolds directly

from F-theory. This classification was done in the mathematical literature long ago [54],

[55], and completed in [56]. Here we see their relevance to the existence of semilocal defects

in the D3/D7 system.

This concludes the list of topics that we study in this paper. A more detailed dis-

cussion of cosmological solutions that are accelerating (possibly including de-Sitter type

spacetimes) is left for the sequel to this paper [44].

2. Cosmological solutions from the D3/D7 system

In this section, we study cosmological solutions for the D3/D7 system from the full higher-

dimensional viewpoint of ten- or eleven-dimensional string- or M-theory. In the earlier pa-

pers [23],[27], this higher-dimensional viewpoint was only partially addressed, and the focus

was instead more on the derivation of a four-dimensional effective action that describes

the dynamics from a four-dimensional point of view. More precisely, it was shown that

the presence of non-primitive fluxes on the world volume of D7-branes that are wrapped

on a K3 manifold in a K3 × IP1 space would cause a D3-brane to move towards these

D7-branes. The corresponding 4D effective theory was identified with a hybrid D-term

(or, more generally, P-term) inflationary model, where the inflaton field, S, corresponds to

the D3/D7 interbrane distance and the scalar field, |χ|, whose condensation ends inflation,

can be identified with a D3-D7 string mode that becomes tachyonic at a critical value of
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the D3/D7 interbrane distance. In order to study the full uplift of this scenario to ten or

eleven dimensions, one now has to consider the following important points:

• A possible time dependence of the internal space.

• The noncompact 3+1 dimensional space as approximately a de-Sitter space.

• Moduli stabilization, at least, for the static case. This also includes radius stabilization

so as to avoid the Dine-Seiberg runaway problem [57].

To account for the first point, we have to allow an ansatz that could have time dependent

warp factors. However, having a time dependent warp factor would in general mean that

the dynamics that depends on the volume of the internal spaces will now acquire a time

dependence as well. This aspect can be used to put some strong constraints on the warp

factors of the internal manifold.

The second point is the aspect which we would like to concentrate on the most.

When the D3-brane starts moving towards the D7-branes, the initial background would

approximately be a de Sitter space. In the 4D field theory, this corresponds to the slow-roll

stage, where |χ| is trapped in its false minimum, and the inflaton field, S, is slowly rolling

down its potential. At a critical point, S = Sc, when the D3 is very close to the D7-branes,

|χ| becomes tachyonic and starts the waterfall stage where it quickly rolls down from its

false vacuum to the final supersymmetric minimum, thereby ending inflation.

This picture is simpler and maybe a bit more transparent when viewed from M-theory.

For the backgrounds we consider, this would be an M-theory compactification on a fourfold

with G-fluxes. The initial condition is fixed by choosing G-fluxes that are not primitive.

The final state of primitive G-fluxes (which in the language of inflation would be the final

state after the waterfall stage) is obtained from the contributions of G-fluxes that are

localized at the singularities of the fourfold (see [27] for details).

The third issue, the moduli stabilization, is by far the most difficult one, as there is no

known model in which all moduli are stabilized (see also [58]). It is known that switching

on fluxes can stabilize all complex structure moduli [59],[60], [61] at tree level. The Kähler

moduli, including the radial modulus, on the other hand, are not stabilized by such fluxes.

The first example, where the radial modulus was shown to be stabilized, was the heterotic

compactification on a non-Kähler manifold [62]. For the type IIB case, it was realized that

non-perturbative effects can stabilize the radial modulus [32]. For the other Kähler moduli,

the proposal seems to be that a mixture of perturbative and non-perturbative effects can

fix all the Kähler moduli [63] (see also [64] for the problems related to models with one

Kähler modulus).
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But this is not all. In type IIB (or in the heterotic string) there are the vector bundle

moduli. In type IIB they appear from the D7-branes, and they satisfy the Donaldson-

Uhlenbeck-Yau equations. In M-theory, they would appear from the moduli of the G-

fluxes that are localized at the orbifold singularities. It was shown in [65] that near these

singularities, the G-fluxes decompose as a product of two two-form fluxes, one of them

being a normalizable (1,1) form. Combining this with the primitivity condition of the

G-fluxes, one reproduces precisely the DUY equations [65].

In any case, none of the above papers has managed to give a model with all moduli

fixed at phenomenologically useful values, although an attempt has been made (for the

heterotic case) in [66]. Therefore, the first step would be to fix all the moduli at least for

the static case. We will briefly discuss the issue of moduli fixation later in sec. 4. First let

us try to understand the basic cosmology of these models.

2.1. Basic cosmology of the model

Let us start with some standard ingredients from cosmology (see e.g. [67] [68] [69]).

Homogeneous and isotropic cosmological scenarios in d + 1 dimensional spacetimes are

based on Friedmann-Lemaitre-Robertson-Walker (FLRW) type metrics. A spatially flat 6

(d+ 1)-dimensional FLRW line element has the form

ds2 = −dτ2 + a2(τ)dxidxi. (2.1)

The sign of the Hubble parameter, H ≡ ȧ
a , determines whether the universe is expanding

(H > 0) or contracting (H < 0). An expanding universe is accelerating if äa is positive and

decelerating if ä
a

is negative. During inflation, we have, by definition,

H > 0,
ä

a
> 0. (2.2)

Note that, for the proper evaluation of H and ä
a , (2.1) should be the (d+ 1)-dimensional

Einstein frame metric. (2.1) is conformally flat and can be written in terms of conformal

time, t ≡ x0, as

ds2 = η2(t)
(

−dt2 + dxidxi
)

= η2(t) ηµνdx
µdxν , (2.3)

where t and η(t) are defined by

η2(t)dt2 = dτ2, η2(t(τ)) = a(τ)2. (2.4)

6 For simplicitly, we restrict ourselves to spatially flat cosmologies.
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Eq. (2.4) implies ηdt = ±dτ , and using this, one derives

H ≡ 1

a
· da
dτ

= ± 1

η2
· dη
dt

1

a
· d

2a

dτ2
=

1

η2
· d

2log |η|
dt2

(2.5)

In other words, H can always be chosen positive by choosing the appropriate sign (which

just reflects the invariance of the Einstein equations under time reversal), but the sign of

the acceleration parameter ä
a is independent of this choice and given by the sign of d

2log |η|
dt2 .

An important special case, we will also encounter in some of our models below, is a simple

power law behavior of the form

η(t) = ctγ (2.6)

with some, possibly fractional, power γ. It is easy to see from (2.5) that an expanding

universe is accelerating precisely if

γ < 0 =⇒ ä

a
> 0 (2.7)

with a de Sitter space corresponding to the special case γ = −1.

In this section we are interested in uplifting accelerating spacetimes of the above type

to compactifications of string or M-theory, having in mind a precise higher-dimensional

realization of the D3/D7-brane inflationary scenario of type IIB string theory containing

higher derivative terms in the effective action.

Note that from a four-dimensional point of view, one could ask questions on the

possible kinds of effective matter field configurations that give rise to such cosmological

solutions. For instance, a perfect fluid with equation of state p = wρ gives rise to a time-

scaling a(τ) ∼ τ [2/3(1+w)] for the scale factor in (2.1) (see e.g. [67] [68]), with the energy

density scaling as ρ ∼ a(τ)−3(1+w). In particular, this means w = −1 is a negative pressure

fluid corresponding to a cosmological constant. Note also w = +1 corresponding to p = ρ

has been argued for as the “stiffest” equation of state [70]. In this light, it is conceivable

that some of the cosmological solutions obtained from the higher dimensional lift naively

exhibit exotic behaviour from the point of view of standard four-dimensional cosmology.

Care must be used on the interpretation and validity of an effective four dimensional

description of the cosmology as opposed to the full higher dimensional description (as we

will discuss in Sec. (3.3)).

15



The construction of cosmological scenarios from higher dimensional theories has been

addressed in many earlier papers [71], [72]. The basic idea followed in these papers [71]

is to consider a compactification of a (1 + d+D)-dimensional theory and study the time

dependent warped metric. The metric ansätze that have mostly been considered in the

literature are of the form 7

gMN =









−1 0 0

0 e2Ãδij 0

0 0 e2B̃gmn(y)









, (2.8)

where xi, xj = 1, ..., d and ym, yn = d+1, ..., D, and the warp factors Ã and B̃ have usually

been assumed to be functions of cosmological time τ only. In this paper, we choose to work

with the conformal time t ≡ x0 and, in general, also allow for a y-dependence of the warp

factors, i.e., we will use ansätze of the form

ds2 = e2A(y,t)

(

−dx2
0 +

d
∑

i=1

dxidx
i

)

+ e2B(y,t)gmn(y) dy
mdyn (2.9)

where gmn(y) is still not been specified, and A(y, t) and B(y, t) are the new warp factors

that we shall use throughout (unless mentioned otherwise). In this form there is, an

overall conformal factor in front of the (d + 1)-dimensional part of spacetime. The total

spacetime dimension, (1 + d+D), will either equal 10 or 11. For the special case of only

time-dependent warp factors,

A(y, t) ≡ A(t), B(y, t) ≡ B(t), (2.10)

the non-vanishing components of the Ricci tensor for the metric ansatz (2.9) are given by

R00 = −dÄ−D(B̈ + Ḃ2 − ȦḂ) (2.11)

7 More general cases with different time-dependent warp factors for different factors of the

internal space are of course also possible and have also been considered in various papers. We will

return to this more general case with several internal warp factors in Section 2.2. In the present

subsection, we limit ourselves to the simplest possible case with only one internal warp factor, in

order to illustrate the basic features of these models with the minimal amount of complexity.
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where the dots are used to represent derivatives with respect to x0, and

Rij =
[

Ä+DȦḂ + (d− 1)Ȧ2
]

δij

Rmn = R(g)
mn + e2(B−A)

[

B̈ + (d− 1)ȦḂ +DḂ2
]

gmn,
(2.12)

where R
(g)
mn is the Ricci tensor for the unwarped internal metric. Using R = RMNg

MN ,

it is straightforward to work out the Einstein tensor GMN ≡ RMN − 1
2
gMN R from the

above equations and to equate it to the energy momentum tensor TMN . Using the ansatz

(2.9), the curvature scalar is given by

R = e−2BR(g) + 2e−2A

[

DB̈ + dÄ+
1

2
D(1 +D)Ḃ2 +D(d− 1)ȦḂ +

1

2
d(d− 1)Ȧ2

]

(2.13)

where R(g) is the curvature scalar for the unwarped internal metric. For a Ricci flat internal

manifold, the curvature scalar will only have contributions from the warp factors A and

B. For the analysis above we took the warp factors to be time-dependent only. In general,

they will be functions of ym and t, and the Ricci tensors will get additional contributions,

which we will display later. For the purpose of this paper, we will assume that the time-

and ym-dependences of the warp factors A and B factorize in the following way:

A(y, t) =
1

2
[log f(y) + log p(t)] , B(y, t) =

1

2
[log k(y) + log h(t)] . (2.14)

The factorization of A(y, t) obviously separates out a (d + 1)-dimensional FLRW metric

written in conformal time as in (2.3), and is therefore desirable. It is also easy to see that

in the case of a supersymmetric compactification, the time independence, p(t) = h(t) = 1,

brings the warp factors in the form given in [73]. Another argument in favor of (2.14)

can be given for the case where h(t) = 1. In this case, as we will discuss in the next

section, there is an anomaly condition that is consistent iff the metric ansatz is of the

form (2.14). For non-trivial h(t), the choice of the warp factors (2.14) can isolate the

time dependences from all the background equations of motion, as will become clear soon.

Hence, the assumed factorization (2.14) is highly desirable.

Obviously, a non-trivial h(t) would mean that the internal manifold has some time

dependence. As mentioned earlier, there would then in general be a subtle issue in defining

the concept of moduli stabilization (especially the volume modulus). We will come back
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to this point later. Instead, let us first recall another important consequence of such a

non-trivial time-dependence. Given (2.14) in (2.9), the metric simplifies to

ds2 = f(y)p(t) ηµνdx
µdxν + k(y)h(t) gmn(y)dy

mdyn. (2.15)

If (2.15) is in the (1+d+D)-dimensional Einstein frame, then the (1+d+D)-dimensional

Einstein-Hilbert action can be integrated over the D compact dimensions to reduce to an

action in (1 + d) spacetime dimensions of the form

K

∫

dd+1x h
D
2

√

−det(gµν) R
(d+1) + ..... (2.16)

where R(d+1) is the curvature scalar of the metric gµν ≡ p(t)ηµν in (d+1) dimensions, and

K is an integral over the internal D dimensions. The dotted terms denote the action for

various fields that come from dimensional reduction of the Einstein term. In the notations

used in (2.15), K is given explictly by:

K =

∫

dDy f
d+1

2 k
D
2

√

det(gmn). (2.17)

K can always be absorbed by an overall rescaling of the coordinates xµ and is irrelevant

for the signs of H and ä
a
. The occurence of h

D
2 in (2.16), however, has to be properly

taken care of by switching to the (d+ 1)-dimensional Einstein frame metric,

gEµν = h
D

d−1 gµν = h
D

d−1 p(t) ηµν =⇒ η2(t) = h
D

d−1 p(t), (2.18)

where η2(t) is now the proper scale factor of the proper (1+d)-dimensional Einstein frame

metric (2.3). Furthermore, when the higher dimensional action has dilaton factors with

the Einstein term, the metric in lower dimension will also pick up dilaton dependences.

Combining (2.18) with the dilaton factors will reproduce the right Einstein frame metric

for our case. However, for most of the analysis in this paper, the dilaton will in fact be

zero, and therefore we can ignore the dilaton dependences altogether. In case the functions

p(t) and h(t) are simple powers,

p(t) = atα, h(t) = btβ, (2.19)

we have η2(t) = c2t2γ = c2tα+ βD
d−1 , and hence,

βD

d− 1
+ α < 0 =⇒ ä

a
> 0 (2.20)
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will be our condition for an accelerating universe. We shall use this in sec. 3 and 4 when

we study some toy cosmologies in lower dimensions.

In the following, we will naturally be interested in the 3 + 1 dimensional cosmol-

ogy which corresponds to a compactification of the type IIB theory to four spacetime

dimensions. As we will see, however, the uplift to M-theory turns out to provide some

simplifications and requires some different values for d and D. Furthermore, we will allow

for a fairly general time dependence of the internal manifold. This is partially also moti-

vated by the uplift to M-theory, where the internal manifold generically may have a time

dependence even if the IIB internal manifold is completely static8.

So far, we have only concentrated on the metric, which we have treated in a way

general enough to encompass all string theories as well as eleven-dimensional M-theory.

However, to study promising cosmological models, one needs to switch on fluxes too. In

M-theory, the only available fluxes are fluxes from the three form potential C. In type IIB,

by contrast, one can have variety of fluxes: the RR and NS three forms, HNS and HRR,

as well as the five form, F5, so unlike the metric, the flux part should be analyzed case by

case. In this paper, our basic model corresponds to the D3/D7 system of type IIB string

theory on a six dimensional manifold with HNS and HRR fluxes switched on.

There are, however, different approaches how this model can be studied. For example,

one can study the cosmology of this model directly in type IIB theory. Alternatively, one

can lift the whole configuration to M-theory and study the cosmology from there. The

latter approach doesn’t mean that one takes d = 3 and D = 7. In fact, the lift to M-

theory described in [23] corresponds to d = 2 and D = 8. This would mirror the type

IIB dynamics with d = 3 and D = 6. The M-theory approach has some clear advantages

over the type IIB case. In M-theory all the D7-branes and O7-planes become pure orbifold

singularities of a torus fibration. The type IIB fluxes, on the other hand become G-fluxes

in M-theory. In M-theory, one would therefore have to concentrate only on the dynamics

of a complex fourfold with G-fluxes9. M-theory on such a fourfold with G-fluxes has been

8 Other scenarios in which the internal manifold is time-dependent by construction include [6]

or the models of [74] or the racetrack inflation model of [15] where the inflaton is actually the

volume modulus. In a slightly different vein, time dependent seven dimensional internal manifold

that is used to study four-dimensional cosmologies is recently been addressed in [43].
9 One might worry by the fact whether type eleven dimensional supergravity remains a good

description when the fiber torus becomes very small. As we discuss soon, we will consider various

higher derivative corrections that depend on the curvatures and fluxes in M-theory. Since the

fiber can be made conformally flat over a large region of a six dimensional base, the quantum

corrections coming from torus size can be controlled.
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well studied starting with [73], [60]. In [73], it was noted that, if we allow an ansatz (2.9)

for the metric with d = 2 and D = 8, then the allowed form of the G-flux would be

G = ∂m e3D dym ∧ dxµ ∧ dxν ∧ dxρ +
1

4!
∂[α Cnpq] dx

α ∧ dyn ∧ dyp ∧ dyq (2.21)

where D(t, ym) is another warp factor10, xα ≡ (x0, ym), and Cnpq is the three form com-

pletely in the internal space. One might wonder whether one could have a simple config-

uration where this flux is switched off. It turns out, however, that if one does not allow

any M2 branes, then we cannot have vanishing three form for a compact fourfold [73], [75]

as there would otherwise be an uncancelled anomaly from the non-trivial Euler number of

the fourfold. For the non-compact case, this is no longer true. This also means that in

type IIB we necessarily need the internal three form(s) (as we plan to keep only a small

countable number of D3 branes). Another important point is that supersymmetry would

require the internal G-fluxes to be primitive [73]. On the other hand, if we do not require

supersymmetry, then the G-fluxes (2.21) are not constrained by primitivity. This will be

clear soon when we discuss the background equations of motion.

With this in mind, we now consider the low energy limit in eleven dimensions with

leading quantum corrections and an M2 brane (i.e the membrane) source term. This is

the direct lift of the type IIB background to M-theory. As is well known, the precise map

of the type IIB data to M-theory are11

• The threefold of type IIB becomes a fourfold in M-theory. The fourfold has non-zero

Euler number because the torus fibration is non-trivial.

• The NS and RR fluxes of type IIB will simply become G-fluxes in M-theory. These

G-fluxes are spread over the full fourfold.

• The seven-branes and orientifold seven-planes all become singularities of the T 2 fibration

of the fourfold, i.e., the T 2-fiber degenerates over the six dimensional base. Note, however,

that the total fourfold itself is a smooth eight-dimensional manifold.

10 In this form, the ansatz is slightly different from the one chosen by [73] in the static and

supersymmetric case. More precisely, we made the simplest extension to the non-supersymmetric

case, namely, the fields C012 and Cmnp are now allowed to be functions of (ym, t) instead of

just ym, as in the supersymmetric case. A more generic ansatze in which we switch on other

components like Cµmn or Cµνm probably could also be entertained but we will not do so here.
11 Some aspect of this was discussed earlier in [76]. One of the author (KD) would also like

to thank C. Herdeiro and S. Hirano with whom related investigation of these backgrounds were

performed without taking quantum corrections into account.
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• The seven-brane gauge fluxes become localised G-fluxes in M-theory. These localised

fluxes appear at the singularities of the T 2-fibration only and have zero expectation values

away from the singularities [65].

• The D3-brane will become an M2 brane in M-theory. The cosmology of the model will

therefore consist of M2 brane(s) moving towards orbifold singularities of the torus fibration

of the fourfold. Supersymmetry is broken by choosing non-primitive G-fluxes.

To study this in detail, we need the full action in M-theory. The action will consist

of three pieces: a bulk term, Sbulk, a quantum correction term, Squantum, and finally a

membrane source term, SM2. The action is then given as the sum of these three pieces:

S = Sbulk + Squantum + SM2. (2.22)

The individual pieces are:

Sbulk =
1

2κ2

∫

d11x
√−g

[

R − 1

48
G2

]

− 1

12κ2

∫

C ∧G ∧G, (2.23)

where we have defined G = dC, with C being the usual three form of M-theory, and

κ2 ≡ 8πG
(11)
N . This is the bosonic part of the classical eleven-dimensional supergravity

action. It is clear that this is not enough, as we require quantum corrections to the

system, otherwise we cannot put fluxes or branes in this scenario (see [73], [75] for more

details). The leading quantum correction to the action can be written as:

Squantum = b1T2

∫

d11x
√−g

[

J0 −
1

2
E8

]

− T2

∫

C ∧X8, (2.24)

where the expressions for J0, E8 and X8 were already given in [73], [23]12. The coefficient

12 Although not required for this paper, the definition of J0, X8 and E8 are:

J0 = 3 · 28
(

RMNPQRKNPSR
TUK

M RSTUQ +
1

2
RMNPQRKSPQR

TUR
M RSTUN

)

E8 =
1

6
ǫABCN1...N8ǫABCM1...M8

RM1M2

N1N2
RM3M4

N3N4
RM5M6

N5N6
RM7M8

N7N8

X8 =
1

3 · 29 · π4

[

tr R4 − 1

4
(tr R2)2

]

.

Thus, E8 is the eleven dimensional generalization of the Euler integrand. Furthermore, the epsilon

symbol appearing here is a tensor and not a tensor density. Therefore, with all its indices upper,

this would be proportional to 1√
−g while with all its indices lower, it will be proportional to

√−g. This will be crucial later when we have to extract the warp factor dependences of various

components.

21



T2 is the membrane tension. For our case, T2 =
(

2π2

κ2

)
1
3

, and b1 is a constant number

given explicitly as b1 = (2π)−43−22−13. The M2 brane action is now given by:

SM2 = −T2

2

∫

d3σ
√−γ

[

γµν ∂µX
M∂νX

NgMN − 1 +
1

3
ǫµνρ∂µX

M∂νX
N∂ρX

PCMNP

]

,

(2.25)

where XM are the embedding coordinates of the membrane (recall that the membrane is

along the 2+1 dimensional spacetime, and therefore is a point on the fourfold). The world-

volume metric γµν , µ, ν = 0, 1, 2 is simply the pull-back of gMN , the spacetime metric. Due

to the last term, the motion of this M2 brane is obviously influenced by the background

G-fluxes. The geodesic motion of the M2 brane

⊓⊔XP + γµν∂µX
M∂νX

NΓPMN = ro, (2.26)

where ⊓⊔ is the Laplacian operator and

ro ≡
1

3!
ǫµνρ∂µX

M∂νX
N∂ρX

QGPMNQ, (2.27)

is the standard one when ro = 0. In that case ΓPMN would be the standard Christoffel

symbols. However because of the background G-fluxes, this is not the case and ro becomes

non-zero will then govern the motion of the M2 brane in this scenario.

The background field equations consist of two sets of equations:

RMN − 1

2
gMNR = TMN : Einstein Equation

d ∗G =
1

2
G ∧G+ 2κ2(T2X8 + ∗J) : G − flux Equation

(2.28)

The energy-momentum tensor appearing in the Einstein equation has three pieces. The

first is the standard contribution from G-fluxes, given by:

TMN
G =

1

12

[

GMPQRGNPQR − 1

8
gMNGPQRSGPQRS

]

. (2.29)

The second contribution comes from the quantum corrections. This is also easy to work

out, and is given by

TMN
Q =

b1κ
2T2√−g

∂

∂gMN

[√−g(2J0 −E8)
]

, (2.30)
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where all the quantities have been defined earlier. The third, and final, contribution to the

energy-momentum tensor comes from the membrane term. Since the membrane is localised

at a point on the fourfold, we would require delta funtions to describe its position. The

membrane term is given explicitly by

TMN
B = −κ

2T2√−g

∫

d3σ
√−γγµν∂µXM∂νX

N δ11(x−X), (2.31)

where we used δ11(x−X) to denote the position of the M2 brane on the fourfold. Since

we expect the membrane to be moving, these delta functions will themselves be time

dependent via δ11(x−X(t)). We will discuss the implications of this when we study the

solutions explictly.

The second equation in (2.28) is the equation for G-fluxes. This can be written in terms

of components as

DM (GMPQR) = ǫPQRM1....M8

[

1

2 · (4!)2
GM1...M4

GM5...M8
+

2κ2T2

8!
(X8)M1....M8

]

+
2κ2T2√−g

∫

d3σ
√−γ ǫµνρ∂µXP∂νX

Q∂ρX
R δ11(x−X)

(2.32)

where the last term is the definition of J 13 that we used in (2.28), and DM is the covariant

derivative. Furthermore, in addition to (2.32), there would be the Bianchi identity for the

G-fluxes14.

It is worth mentioning that spacetime metrics of the form (2.3) , (2.9) are necessarily

only applicable in an effective supergravity description, which can potentially break down

in some regions. For instance, singularities in the warp factors A(t), B(t) can potentially

develop at specific locations in the time t-coordinate, where one must necessarily resort to

a more microscopic description. Obvious locations for such singularities are the endpoints

of the time t-interval where such a spacetime metric is treated as valid: e.g. we expect

a breakdown towards the end of the slow-roll phase when the D3-brane makes contact

with the 7-branes, signalling the dominance of possible stretched open string tachyonic

modes (in the Type II description). But also noteworthy is the potential breakdown of

13 J should not be confused with the quantity J0.
14 The equations that we presented here will get further corrected by higher derivative terms,

which are in addition to the quantum terms that we mentioned here. The necessity of these terms

will become clear when we will try to construct explicit solutions to these equations.
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the above solutions when (in the M-theory lift) the M2-brane is far from any singularities

of the fourfold, since the higher derivative terms in the M-theory lift are likely to be less

important here and the M2-brane only senses the local approximately trivial local geometry

of the fourfold. Thus the gravity solutions we will find in what follows are necessarily to

be understood within these regimes of validity and this will in fact be borne out in the

specifics below.

2.2. Analysis of the background equations of motion

Having set up the equations, it is now time to consider a little more realistic model. We

have already mentioned several general features of the lift of the D3/D7 system to M-

theory. For the particular choice of K3 × T 2/ZZ2 (or, more generally, K3 × IP1 if one is

away from the orientifold limit) as the six-dimensional compact space in type IIB theory

with D3- and D7-branes, this lift to M-theory was made more explicit in [23]. There it was

argued that the M-theory compactification will be on an eight-dimensional manifold which

is K3×K3. The fluxes in the D3/D7 system that are responsible to break supersymmetry

in the Coulomb phase become G-fluxes in M-theory. The D7-brane that is wrapped on the

base K3 and is a point on the IP1 simply disappears in M-theory and is absorbed in the

other K3. Recall that a K3 manifold is a non-trivial T 2 fibration over a IP1 base. This IP1

is the same IP1 on which our D7-brane in the IIB picture is a point. The axion-dilaton,

which is seeded by the D7-brane(s), becomes the complex structure of the T 2-fiber and

degenerates precisely at the loci of the seven-branes on the IP1. This way, we can account

for the complicated brane system of the type IIB framework by using a simple (smooth)

compact manifold. The D3-brane, as we already mentioned, becomes an M2 brane.

This is of course only one out of many possible backgrounds. In sec. 3.5 we will also

discuss another consistent background with D3/D7-branes that allows for certain black

hole configurations from wrapped branes. The M-theory lift of this is another fourfold

and will be discussed in section 3.5. The manifold K3×K3 has b3 = 0 whereas the other

background has a non-vanishing third Betti number b3 ≥ 1. Both of these backgrounds

have explicit F-theory descriptions and therefore they are consistent static (and hence

supersymmetric) supergravity solutions, that may even be quantum-mechanically exact.

The time dependent case, on the other hand, is a slightly more tricky issue. The reason

is that the warp factors will not only depend on time t, but also on the internal coordinates

ym. The metric ansatze that we want to consider for this case will be slightly more generic
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than (2.9) in the sense that we will allow for three warp factors A = A(t, ym), B = B(t, ym)

and C(t, ym), i.e

ds2 = e2A ηµν dx
µdxν + e2B gmn dy

mdyn + e2C |dz|2, (2.33)

µ, ν = 0...2, m,n = 4...9, and dz = dx3 + τdx11. Here, dz is the coordinate of the fiber

torus with complex structure τ , and the coordinates of the fourfold are: y4,5...9, x3, x11,

where x3 comes from T-dualizing the third coordinate in the IIB picture and that x11 is the

M-theory circle. The Ricci tensors will now depend on both the time and the space indices.

The unwarped metric gmn is a function of ym only and will be taken to be independent

of time t. Similarly, τ will depend on ym only. In other words, the only time-dependence

is assumed to come from the warp factors A,B and C. The case where some components

of the unwarped metric themselves are time-dependent, is equivalent to having a different

ansatz for the metric (than the one that we made above in (2.33)) where also more time-

dependent warp factors for the internal space could exist (for example three or more warp

factors for the internal space). Of course such an even more general ansatz cannot be ruled

out and a detailed discussion will be presented in the sequel to this paper.

The above ansatz with three warp factors can be understood as a special case of the

two warp factor case (2.9) if the internal, unwarped metric is allowed to depend on time

as well. More precisely, defining ya,b = x3, x11, we can rewrite the warp factors as

e2C |dz|2 = e2B gab dy
adyb, (2.34)

which is nothing more than saying that gab is time independent. Using the above relation,

physics with two warp factors A,B in (2.9) and three warp factors A,B,C in (2.33) will

be exactly the same. An alternative way to say this would be to observe that as long as

C = B + log
√
g33, and ∂0C = ∂0B (2.35)

there is no difference between (2.9) and (2.33). The difference comes when the time

evolution of C and B are not the same. In that case the theory will have three different

warp factors. This will happen, for example, when g33 itself is time-dependent (which is

equivalent to saying that we have a different warped torus fiber). More generic discussion

will be presented below.

When the internal manifold is a flat torus i.e when gmn = δmn with a square fiber

two-torus, and the warp factors only depend on the internal space coordinates, the Ricci
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tensors (with two warp factors) have been worked out in [77]. For the generic case of

an additional time dependence (and with three warp factors) the Ricci tensor along the

non-compact spacetime directions is given by:

Rµν = −ηµνe2A−2B [⊓⊔A+ 3∂mA∂
mA+ 4∂mA∂

mB + 2∂mA∂
mC] +Rµν , (2.36)

where Rµν = R00, Rij, (i, j = 1, 2) are more complicated than the ones that we derived

earlier in (2.11) and (2.12), respectively, due to the presence of the third warp factor. They

are now given by

Rij =
[

Ä+ 6ȦḂ + Ȧ2 + 2ȦĊ
]

δij

R00 = −2Ä− 6(B̈ + Ḃ2 − ȦḂ) − 2(C̈ + Ċ2 − ȦĊ).
(2.37)

The Ricci tensor along the m,n directions will likewise pick up both time and space

derivatives and is given by

Rmn = 3
[

2∂(mA∂n)B − ∂mA∂nA− gmn∂kA∂
kB
]

+ 4
[

∂mB∂nB − gmn∂kB∂
kB
]

+

− 3D(m∂n)A− 2D(m∂n)C + 2
[

2∂(mC∂n)B − ∂mC∂nC − gmn∂kC∂
kB
]

+

− 4D(m∂n)B − gmn⊓⊔B +R(g)
mn + e2(B−A)

[

B̈ + ȦḂ + 6Ḃ2 + 2ĊḂ
]

gmn

(2.38)

where R
(g)
mn is the “unwarped” Ricci tensor of the six dimensional base of the fourfold and

Dm is the covariant derivative with respect to the unwarped internal metric gmn. An easy

check of the above relations is to plug in

gmn = δmn, τ = i, Ȧ = Ḃ = Ċ = 0, B = C (2.39)

assuming that the warp factors depend only on the internal coordinates, which reproduces

the Ricci tensors of [77] with two warp factors. In addition to the above set of components,

there are now also components of the Ricci tensor that do not appear when the warp factors

are independent of time or when we have two warp factors as in (2.9). These are the Ricci

tensors R0m and Rab. They are given by

R0m = 7Ḃ∂mA+ 2Ḃ∂mC + 2Ċ∂mA− 2Ċ∂mC − 2∂mȦ− 5∂mḂ − 2∂mĊ

Rab = −δabe2(C−B) [⊓⊔C + 3∂mC∂
mA+ 4∂mC∂

mB + 2∂mC∂
mC] +

+ e2(C−A)
[

C̈ + ȦĊ + 6ĊḂ + 2Ċ2
]

(2.40)
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where we have taken τ = i to evaluate Rab. Its easy to generalize to arbitrary complex

structures. One notes that the R0m components will not be visible for the case when we

take the warp factors to be independent of ym but dependent on time t. Similarly, if there

are only two warp factors, the terms Ḃ∂mC − Ċ∂mC in R0m would cancel when B = C.

Therefore such terms are only visible for more than two warp factors. With four warp

factors there would likewise be even more terms. The Ricci scalar is now easy to evaluate

from the tensors given above. It is given explicitly by

R = − e−2B [10⊓⊔B + 6⊓⊔A+ 2⊓⊔C + 20∂mB∂
mB] − 3e−2B [4∂mA∂

mA+ 6∂mA∂
mB] +

− 2e−2B [3∂mC∂
mC + 8∂mB∂

mC + 6∂mA∂
mC] + e−2B R(g)+

+ 2e−2A
[

6B̈ + 2Ä+ 2C̈ + 21Ḃ2 + 6ȦḂ + 12ĊḂ + 2ȦĊ + Ȧ2 + 3Ċ2
]

(2.41)

where R(g) is the Ricci scalar of the six dimensional base with metric gmn. Since the fiber

torus is a square one, it does not degenerate in local neighborhoods and therefore has

vanishing curvature. This also means that the seven-branes are kept far away. Again, this

is not the most generic picture, but it is simple enough to illustrate the basic structure.

Let us now come to the G-fluxes. We have decomposed the spacetime coordinates

as xM = [xµ, ym, ya]. The G-fluxes would consequently have to be divided along those

directions because of the different warp factors. The G-fluxes are non-trivial functions of

the fourfold coordinates as well as time, just as the warp factors. As a simple special case,

we will, in sec. 3.1, consider in greater detail warp factors that depend only on time t. But

before we come to this special case, let us first take a general look at the most generic case.

For that it is convenient to write everything in terms of unwarped metric and unwarped

fields. From the ansatz (2.33), we can easily see that the warped and the unwarped fields

are related as follows:

G012m → G012m e−6A−2B , G012a → G012a e−6A−2C , det g → e6A+12B+4C det g

G0mnp → G0mnp e−2A−6B , G0mna → G0mna e−2A−4B−2C , G0mab → G0mab e−2A−2B−4C

Gmnpq → Gmnpq e−8B , Gmnpa → Gmnpa e−6B−2C , Gmnab → Gmnab e−4B−4C

(2.42)

where the unwarped fields are on the right. We will also concentrate on the case where

the world volume coordinates σ0,1,2 are identified with x0,1,2. The embedding coordinates

ym and ya, however, are no longer constants, as we expect the M2 brane to move on the

fourfold. Thus,

γµν = e2Aηµν + e2B ∂µy
m ∂νy

n gmn + e2C ∂µz ∂ν z̄, (2.43)

27



where we have isolated the unwarped metric components.

We remind the reader that the M-theory solution is only to mimic the real type IIB

solution that we are really interested in. From the choice of the metric (2.33) in M-

theory, the type IIB metric can be easily worked out. For our case, let us define a vector

x =

(

x3

x11

)

, which is the fiber coordinate, and denote the corresponding metric of the

fiber torus as gt. With these definitions, one has

e2C |dz|2 ≡ e2C̃ dx⊤gt dx =⇒ C = C̃ + log
√

tr (gtσ1), τ =
tr (gtσ4) + i

√

det gt

tr (gtσ1)
,

(2.44)

where σi are the Chan-Paton matrices (see for example eq. (3.24) of [78])15. Observe also

that (2.44) is more generic than (2.34) and (2.35) as it is written in terms of non-trivial

complex structure i.e the fiber torus is not a square one. Furthermore, writing the metric

in terms of warp factor C̃ instead of C has the advantage that C̃ = B will be the case of

two warp factors. We will eventually work out the two warp factor case in detail later.

For the present purpose, it will be instructive to write the type IIB metric we get from

M-theory with three warp factors (2.33). This type IIB metric turns out to be:

ds2 = e2A+C |τ |
(

−dx2
0 + dx2

1 + dx2
2

)

+
e−3C |τ |
(Im τ)2

dx2
3 + e2B+C |τ | gmn dymdyn, (2.45)

which tells us that the metric of the internal space in M-theory could in principle be time

dependent even when the internal metric in IIB string theory is not. Both the axion and

the dilaton field for this background will in general not vanish as we have not removed all

singularities far away. In fact the axion-dilaton is generated by the non-trivial complex

structure of the fiber torus as

ϕ = φ̃+ ie−φ =
τ

|τ |2 , (2.46)

which tells that that for a square torus, τ = i, there would be no axionic field. In addition

to this, the G-fluxes can allow NS fluxes in Type IIB theory, and this would break su-

persymmetry. Thus (2.45) will be the expected metric that we would get here, and along

with the M-theory G-fluxes (2.21) − which will give us the non-primitive threeforms −
will specify the full background.

From the type IIB metric (2.45) we observe something interesting. The metric along

the x0,1,2 directions, in general, behaves differently from the metric along the x3 direction.

15 In this language det gt = tr (gtσ1) · tr (gtσ3) − tr (gtσ2) · tr (gtσ4).
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The difference comes from the three different warp factors that we have allowed for the

M-theory metric. We can therefore have the following four scenarios:

(1) A,B = arbitrary, C = B + log
√

tr (gtσ1)

(2) A+ 2C + 2 log Im τ = 0, C = B + log
√

tr (gtσ1)

(3) A,B,C = arbitrary

(4) A+ 2C + 2 log Im τ = 0, B = arbitrary.

(2.47)

The first two are basically two warp factor cases, and the next two are genuine three

warp factor cases. The first and the third case arise when we study the cosmology of the

model without taking all quantum corrections into account. The second case, will tell us

that we have a 3+1 dimensional space that has an overall warp factor of e−3C |τ |
(Im τ)2 . As

will be clear soon, this case is an exact solution for the supersymmetric background. All

the background equations show miraculous cancellations when we apply this condition.

Whether this condition persists for the time dependent case is still not clear. This case

might arise when we take the full quantum corrections into account. We will provide some

evidence for this in this paper. A more detailed analysis will be left for the sequel to this

paper. The fourth case, with a special relation between A and C, is much less constrained

than case 2. It has an advantage over case 2 from the fact that this might keep the internal

six manifold in type IIB to be time-independent. On the other hand, an increase in number

of warp factors makes the analysis of background equations of motion much more difficult.

Furthermore, it is also not clear whether the simple ansatz for the G-flux with two warp

factors (2.21) can carry over to the three warp factors case. In this paper, therefore, we

will be mostly concerned with two warp factors, although we will perform some analysis

with three warp factors also. For the two warp factor cases, it would simplify quite a bit

if we also move the seven-branes far away and only study the motion of the D3-brane(s)

in a non-primitive background. This means that the axion vanishes, i.e., we consider the

fiber torus to have a metric gt = diag [g33 g11,11]. For this approximation, the type IIB

metric will become:

ds2 = e2A+B√g11,11
(

−dx2
0 + dx2

1 + dx2
2

)

+
e−3B

g33
√
g11,11

dx2
3 + e3B

√
g11,11 gmn dy

mdyn

(2.48)
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with an almost vanishing axion-dilaton16. Note that for constant metric components of

the T 2 fiber of the fourfold, the second condition of (2.47) will become A ≈ −2B. This

simplification will have some important consequences as we will soon see.

Let us first study the background G-fluxes. The equations of motion for the G-fluxes

are given by (2.32). To study them, we will allow the following non-trivial components of

G-fluxes

G012m, G0mnp, Gmnpq (2.49)

where, by a slight abuse of notation, m,n denote all the coordinates of the internal space17.

Using the scaling relations given in (2.42) and the first condition of (2.47), the equation

governing the component Gmnpq is given by

∂0

(

eA+2BG0mnq
)

= Dp
[

e3A(Gmnpq − (∗G)mnpq)
]

− 2κ2T2

8!
ǫmnpa1...a8(X8)a1...a8

(2.50)

where a1...a8 = 0, 1, 2... and therefore involve coordinates outside the fourfold18 that are

essentially conformally flat. Therefore they have vanishing curvature tensors. Now since

X8 term is measured w.r.t. to the curvatures, this can be made arbitrarily small and we

can ignore it completely. On the other hand, when X8 has all the components inside the

fourfold, this will no longer be the case because of non-trivial curvatures, and then X8 will

contribute.

The covariant derivatives and the Hodge star in (2.50) are all measured with respect

to the unwarped metric. We now observe a few interesting details from the above equation.

The first is that the coefficient of G0mnq is eA+2B . Using our simplifying second condition

16 The dilaton, or e−φ, is given by Im τ (2.46). If we choose the fiber components such that

g11,11 ≈ g33, then the dilaton can also be made very small.
17 These are the coordinates of the fourfold and hence m,n = 4...9, 3, 11 unless mentioned

otherwise. When we go to type IIB, m,n = 4...9. It should always be clear from the context

whether we mean a fourfold or a six dimensional base. Similarly the metric gmn, Ricci-scalar R(g)

etc. are either fourfold or six-manifold data depending on whether we are in M-theory or type

IIB.
18 We have kept X8 as a function of the warped metric, as we are not very concerned about its

scaling behavior with respect to the warp factors A,B in this paper. Everything else is written

in terms of the unwarped metric. Furthermore, the identity
∫

X8 = − 1
4!(2π)4

χ with χ being the

Euler number of the fourfold, continues to hold because the warp factors are all globally defined

variables and therefore do not affect the integral.
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of (2.47) for a square torus, this would simply go away. And therefore (2.50) will be an

equation for ∂0G
0mnq. The second observation is that, for the case when the warp factors

and the G-fluxes are independent of time t, the fluxes satisfy the self-duality condition

Gmnpq = (∗G)mnpq (2.51)

which is exactly the primitivity condition. As is known from [73], having primitivity

is equivalent to having supersymmetry. Therefore (2.50) tells us how we could break

supersymmetry: a small deviation from primitivity (2.51) will break supersymmetry for

our case. We therefore define

Gmnpq − (∗G)mnpq = e−3Aγmnpq, (2.52)

as our condition for breaking supersymmetry. The quantity γ would therefore determine

the scale of susy breaking here. The above consideration actually imposes the following

two conditions on the G-flux components G0mnq:

DmG
0mnq = 0, ∂0G

0mnq = Dpγ
mnpq. (2.53)

The first condition implies covariant constancy of G0mnq, and the second implies susy

breaking by G-fluxes. Thus, choosing a covariantly constant function on the fourfold

will give the spatial part of G0mnq. The temporal part of G0mnq, i.e the susy breaking

parameter γ, on the other hand can be related to the other components of the G-fluxes,

the warp factors as well as the membrane velocities. The precise relation can be worked

out with some effort and is given by:

e−6BGmnpqG0npq +
12κ2T2e

−6B

√−g

∫

d3σ ẏm δ11(x−X)+6e−6B∂0∂
me6B−Gm = 0 (2.54)

where we have defined Gm ≡ γmnpqG0npq . We have also taken D = −2B in (2.21). The

equation (2.54) can be used to relate the membrane velocities to the warp factors, when γ

and Gmnpq are known. Therefore, to determine the membrane velocities, we need to know

the warp factors completely as they are again intertwined with G-fluxes. The equation for

the warp factor can be determined from (2.32) by taking the equation of motion for the

component G012m, as:

−⊓⊔e6B =
1

2 · 4!
Gmnpq(∗G)mnpq +

2κ2T2√−g

[

δ8(y − Y ) +
X8

8!

]

. (2.55)
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Integrating the above equation reproduces the anomaly relation for the fourfold, implying

that we can only put fluxes on a compact fourfold if we also consider quantum corrections.

For the non-compact fourfold, this poses no problem of course.

So far, we have found that the component G0mnq can be determined by knowing the

susy breaking function γ. The other component G012m = ∂me
3D will be known from the

solution of (2.55) and the metric gmn once we specify the relation between D and B. From

the relation (2.52) it is clear that once we determine the Hodge operator ∗ we can use (2.52)

to fix the value of Gmnpq . The equations that relate the metric components gmn with the

fluxes and warp factors are the Einstein equations (2.28). These are very complicated

second order equations, and therefore let us tackle them component by component. We

start with the 00 component: G00 = T00. The generic form of G00 is given by:

G00 = e2(A−B)

[

d(2 −D)∂mA∂
mB − d(1 + d)

2
∂mA∂

mA− (D − 2)(D − 1)

2
∂mB∂

mB+

− d ⊓⊔A+
R(g)

2
− (D − 1)⊓⊔B

]

+
d(d− 1)

2
Ȧ2 +

D(D − 1)

2
Ḃ2 +DdȦḂ

(2.56)

where d = 2 and D = 8. The scalar curvature of the fourfold is given by R(g). The Einstein

equation will become

e2(A−B)

[

R(g)

2
− 12∂mA∂

mB − 21

4
∂mA∂

mA− 21∂mB∂
mB − 2 ⊓⊔A− 7 ⊓⊔B

]

+ Ȧ2+

+ 28Ḃ2 + 16ȦḂ =
e−6B

4!
G0mnpG

0mnp + e2A−8B

(

1

4 · 4!
GmnpqG

mnpq +

− κ2T2e
−A

√−g

∫

d3σ
√−γ γ00 δ11(x−X)

)

+
κ2b1T2e

−3A−8B

2
√−g

∂

∂A

[√−g(2Jo −E8)e
f
]

(2.57)

where b1 is a constant defined earlier, f ≡ a1A+ a2B where a1,2 are constants that can be

determined from the metric components and γ00 is a non-trivial function of the membrane

velocities. The term 21
4
∂mA∂

mA in (2.57) comes from the contribution of the energy

momentum tensor G012mG
012m, and the last term in (2.57) comes from quantum correc-

tions. If we define Eq ≡ √−g(2J0 − E8)e
f , then the quantum corrections to the energy

momentum tensor fall into the following three categories:

T1 =
∂Eq
∂A

, T2 =
∂Eq
∂B

, [T3]mn =
∂Eq
∂gmn

. (2.58)
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Therefore even for gmn = δmn, there would be contributions from the quantum corrections

coming from the warp factors A and B. For the specific choice of our metric, all the Ti are

non-zero.

Let us now analyze the equation (2.57). We can plug in the values of G0mnp and

Gmnpq which we determined earlier. The equation (2.57) therefore intertwines A,B, ẏm

and gmn, where ẏm enters through the defination of γ and γ00 given earlier in (2.43). The

scalar curvature is of course zero for a Ricci flat fourfold. Observe also that we haven’t

yet imposed the relation A = −2B on the above equation. Before we do that, we can

re-arrange this equation a little bit by using the warp factor equation (2.55). The warp

factor equation is written in terms of ⊓⊔e6B on the LHS. In terms of A and B, the LHS of

(2.55) can be replaced by

⊓⊔e6B ↔ −3 Dm
(

e6B∂mA
)

(2.59)

with the RHS of (2.55) unchanged. Plugging (2.59) into (2.55), we can add the equations

(2.57) and (2.55) in the following way:

2
[

eqn (2.57)
]

− e2A−8B
[

eqn (2.55)
]

, (2.60)

so that the final equation for our background will become:

e2(A−B)

[

R(g) − 42

(

∂mA∂
mB +

1

4
∂mA∂

mA+ ∂mB∂
mB

)

− 7(⊓⊔A+ 2 ⊓⊔B)

]

+ 2Ȧ2+

+ 56Ḃ2 + 32ȦḂ =
e−6B

2 · 3!
G0mnpG

0mnp +
e2A−8B

2 · 4!
[GmnpqG

mnpq −Gmnpq(∗G)mnpq] +

+
2e2A−8Bκ2T2√−g

[

(

b1e
−5A

2

∂Eq
∂A

− X8

8!

)

−
∫

d3σ
(

e−A
√−γγ00 + 1

)

δ11(x−X)

]

.

(2.61)

The above equation may look even more complicated than the one that we started with,

i.e (2.57). However if we look closely, we see that once we impose the condition A = −2B

the equation (2.61) shows some amazing simplification. Putting A = −2B in (2.61) results

in the following equation:

1

12
G0mnqG

0mnq +
1

48
Gmnpqγ

mnpq + e−6BT2Q = 0 (2.62)

where Q is the last term of (2.61), which is a combination of the quantum and the mem-

brane term. In deriving this we have strictly used A = −2B. This is true only when
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g33g11,11 = constant. This however is not true generically. Therefore we will get addi-

tional warp factor dependent terms in (2.62) when we use A = −2B − log
√
g33g11,11 as

the relation between the warp factors.

In any case, the above equation (2.62) can only tell us the ym dependent terms of

the warp factor. For the complete description we need the time dependences of the warp

factor. This can in principle come from the other Einstein equations. The Gij , i, j = 1, 2

components can be written as:

Gij = δij e
2(A−B)

[

d(D − 2)∂mA∂
mB +

d(d+ 1)

2
∂mA∂

mA+ d ⊓⊔A+ (D − 1) ⊓⊔B+

− R(g)

2
+

(D − 2)(D − 1)

2
∂mB∂

mB

]

+ δij

[

(1 − d)Ä−DB̈+

− D(D + 1)

2
Ḃ2 − (D − 1)(D − 2)

2
Ȧ2 −D(d− 2)ȦḂ

]

.

(2.63)

Putting in the values of d = 2 and D = 8, we can get the Einstein equation Gij = Tij , for

i, j = 1, 2. Since x1, x2 are on the same footing, the equation for any of these components

is:

e2(A−B)

[

12∂mA∂
mB +

21

4
∂mA∂

mA+ 2 ⊓⊔A+ 7 ⊓⊔B + 21∂mB∂
mB − R(g)

2

]

− Ä

− 8B̈ − 36Ḃ2 =
e−6B

4!
G0mnqG

0mnq − b1κ
2T2e

−3A−8B

2
√−g

∂Eq
∂A

+

− e2A−8B

4 · 4!
GmnpqG

mnpq − κ2T2e
A−8B

√−g

∫

d3σ
√−γ γii δ11(x−X).

(2.64)

Comparing (2.64) with (2.57) we see some crucial differences. The space derivatives of the

warp factors are exactly negative of each other, and so is the quantum correction. On the

other hand, the G2
0mnq term comes with the same sign, and the membrane term has γii (no

sum over i) instead of γ00 as in (2.57). This tells us that we can add these two equations

to get the following simple relation:

[eqn (2.57)] + [eqn (2.64)] = Ȧ2 − 8Ḃ2 + 16ȦḂ − Ä− 8B̈ =
e−6B

12
G0mnqG

0mnq +

− κ2T2e
A−8B

√−g,

∫

d3σ
√−γ (γ00 + γii) δ11(x−X)

(2.65)
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which relates the time derivatives of the warp factors to the G-fluxes G0mnq and the

membrane velocities. We now make three observations related to (2.65). The first is that

in the static gauge (where we identify the membrane coordinates with x0,1,2), γ00 +γii = 0

(again no sum over i indices), and therefore the membrane contribution would vanish.

For our case this term is non vanishing precisely because of the membrane velocities.

Secondly, (2.65) will be one equation where the quantum effects are cancelled out. We will

soon exploit this property to get some cosmological solutions. And finally, since the LHS

of (2.65) involves only time derivatives the
√
g33g11,11 term in A = −2B − log

√
g33g11,11

will drop out, and therefore the LHS will become −6(B̈ + 6Ḃ2). This will be useful soon.

Most of the above analysis has focussed on the time and space derivatives of the warp

factors A and B with the explicit metric of the internal fourfold appearing only through

higher order corrections or/and through possible membrane terms. A more direct way to

get the metric would be to concentrate on the Gmn term. This is given explicitly as

Gmn = G(g)
mn + (d+ 1)

[

2∂(mA∂n)B − ∂mA∂nA−D(m∂n)A
]

+

+ (D − 2)

[

∂mB∂nB +D(m∂n)B

]

+ gmn

[

(d+ 1)
(

⊓⊔A+ (D − 3)∂kA∂
kB+

+
d+ 2

2
∂kA∂

kA
)

+ (D − 2)

(

⊓⊔B +
D − 3

2
∂kB∂

kB

)

]

− e2(A−B)gmn

[

(D − 1)B̈ + dÄ+
D(D − 1)

2
Ḃ2 + (D − 1)(d− 1)ȦḂ +

d(d− 1)

2
Ȧ2

]

(2.66)

where G
(g)
mn is the Einstein tensor for the unwarped metric gmn. For the fourfold in con-

sideration, the equation of motion resulting from the above will be:

G(g)
mn − 3

[

D(m∂n)A+ 2D(m∂n)B
]

+ 6

[

∂(mA∂n)B +
1

4
∂mA∂nA+ ∂mB∂nB

]

+

+ gmn

[

3 ⊓⊔A+ 6 ⊓⊔B + 15

(

∂kA∂
kB +

1

4
∂kA∂

kA+ ∂kB∂
kB

)

]

+

− e2(B−A)gmn

(

7B̈ + 2Ä+ 28Ḃ2 + 7ȦḂ + Ȧ2
)

=
e−6B

12

[

GmpqrG
pqr

n − gmn
8
GpqrsG

pqrs
]

− e−2A−4B

4

[

G0mpqG
0pq

n − gmn
6
G0pqrG

0pqr
]

+
b1 κ

2 T2e
−3A−10B

√−g

[

1

2
(g−1)mnT2+

+ [T3]mn

]

− T2κ
2

√−g e
−3A−4B

∫

d3σ
√−γ γ00 ẏp ẏq gmp gnq δ

11(x−X)

(2.67)
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where the Ti are defined in (2.58). We see that all the Ti are responsible for the total

energy momentum tensor in this scenario (because of the non-trivial warp factors and

metric components). Thus along with the membrane contribution, (2.67) will determine

the unwarped metric components once all others are known.

Looking at (2.67) we see that the equation can get drastically simplified once we

impose the relation between the two warp factors A ≈ −2B. For the Ricci flat fourfold,

all the spatial derivatives of A and B go away completely in the limit A = −2B. Of

course this simplifying relation is not true generically, and therefore we will eventually

be left with some spatial derivatives. For the time being, as above, let us concentrate

only on A = −2B. The LHS of (2.67) will now become −3gmn e
6B (B̈ + 6Ḃ2). Observe

that the time derivatives of B is exactly the same as we got earlier for (2.65). On the

other hand (2.65) doesn’t have any quantum terms whereas (2.67) does. Therefore by

contracting (2.67) with metric gmn we can have non-trivial relations between the quantum

(and possibly the membrane) terms. It will be interesting to relate the resulting equation

to (2.62). We will however not exploit these details in this paper and leave the rest of the

discussion for the sequel. The cosmological solutions that we will study in the next two

sections will ignore some of the quantum effects.

The above set of equations would have sufficed if the warp factors were only space or

time dependent. This is obviously not the case here and therefore we will have yet another

equation that would relate the space-time derivatives of the warp factors. Recall that so

far we had either space derivatives or the time derivatives (or the sum of both) of the warp

factors i.e ∂m∂nA or Ä etc. Now we expect equations that relate ∂mȦ terms. In fact there

is a non-trivial Einstein tensor that does the job for us. This is G0m and is given by

G0m = (d+D − 1)Ḃ∂mA− d∂mȦ− (D − 1)∂mḂ, (2.68)

where m, as usual, are all the internal coordinates. The Einstein equation resulting from

this can be easily derived from the requisite energy-momentum tensor. It is given explicitly

as:

9Ḃ∂mA− 2∂mȦ− 7∂mḂ =
e−6B

2 · 3!
G0pqrG

pqr
m +

− e−A−6Bκ2T2√−g

∫

d3σ
√−γ γ00 ẏn gmn δ

11(x−X)

(2.69)

which has vanishing quantum terms because of the absence of cross terms in the metric

of the form g0m. In the presence of such cross terms the above equation (2.69) will have
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an additional quantum term. When we consider A = −2B the LHS of (2.69) becomes

−3(∂m∂oB+6∂oB∂mB) which is then related to the G-fluxes and the membrane velocities

via (2.69).

The equation (2.69) can now be compared to (2.54). Both these equations relate

the membrane velocities to the warp factors and G-fluxes. To see whether there is any

connection between the two equations, we have to rewrite (2.54) in a more suggestive way,

as:

3 ∂0(e
6B ∂mA) =

1

3!
(∗G)mnpqG0npq +

2κ2T2√−g

∫

d3σ ẏm δ11(x−X). (2.70)

In this form this equation is close to (2.69). In the limit A = −2B, the LHS of (2.70)

becomes −6(∂m∂oB + 6∂oB∂mB). Thus,

[eqn (2.70)] − 2e6B [eqn (2.69)] =
1

3!
G0npq [(∗G)mnpq −Gmnpq]

=
κ2T2√−g e

2(B−A) ẏm |ẏ|2 δ8(y − y(t)).
(2.71)

Comparing this equation with (2.52), we see that if the LHS is zero, then the membrane

velocities have to vanish. This is perfectly consistent with what we know, namely: when

(2.52) vanishes, we have primitive G-fluxes. Therefore supersymmetry will be preserved,

and so the membrane cannot move. Breaking primitivity via switching on a non-zero γmnpq

will immediately trigger the motion of the M2 branes from (2.71). Therefore we need a

non-zero Gmnpq satisfying (2.52) with non-vanishing γmnpq to start the motion of the M2

brane in our setup. The non-zero Gmnpq on the other hand should be (a) quantized, and

(b) time independent. The former condition is the requirement first proposed in [79], and

later elaborated on in numerous papers including [60]; and the latter condition is from the

warp factor equation (2.55). It is encouraging to see how the expected conditions appear

from the background equations of motion.

With this set of equations, the background can, in principle, be completely deter-

mined. As we saw above, the background equations of motion are pretty involved not only

because they are second order differential equations, but also because they involve quantum

corrections that are fourth order in curvature. Solving these equations therefore becomes

complicated. In the next few sections we will try to solve these equations by ignoring some

of the quantum and the membrane terms. Again because of the anomaly constraint (2.55)

it is not always possible to ignore quantum corrections. We have to consider things case

37



by case and see how far we can ignore these corrections. The cases we will concentrate

on here are the ones given in (2.47) which considers only two warp factors A and B. As

mentioned earlier, this is by no means a generic choice. In fact we will see that with two

warp factors we get cosmological examples, that are interesting, but not quite a de-Sitter

one. Therefore, it could be that the dynamical evolution of the fields in this theory is

given by three or more warp factors. We will provide some evidence here that with three

warp factors we can get close to a de-Sitter cosmology, but the precise equations will not

be worked out here. These and other detailed scenarios will be investigated in the sequel

to this paper.

Another interesting question is to ask if there are general restrictions on the possible

cosmologies (i.e. on the warp factors) that are allowed when the higher derivative terms

are included, in particular stemming from the energy conditions that they impose (see

Sec. (3.3) for more on this). Furthermore it is tempting to draw potential parallels between

this effective theory involving higher derivative terms in this cosmological setting and

the microscopic entropy counting matches [80], [81] and string-corrections [82], [83] of 2-

charge BPS black hole solutions in supergravity theories with higher derivative terms [84],

including questions of possible field redefinitions therein [83].

3. Some toy cosmologies in detail

In the previous section, we have laid out the full set of equations that govern cosmo-

logical solutions of M-theory on a fourfold with time-dependent warp factors, fluxes and

M2-branes. In this section we make a first attempt towards solutions of these equations

by considering some simplified situations that reduce the complexities of the equations of

motion. These toy cosmologies are not always meant to correspond to realistic cosmolo-

gies, but rather serve as means to discuss various important features of the more realistic

scenarios in a simplified context and to gain some better intuition for these more realistic

solutions.

Before we study these toy models, however, it is worth emphasizing an important

difference to the cosmological solutions that have mostly been studied before. In order to

see this, recall that our framework of M-theory on an eightfold (corresponding to d = 2

and D = 8) is chosen only as a tool to study the cosmology of the D3/D7 system in type

IIB theory on a threefold (corresponding to d = 3 and D = 6), which is what we are really

interested in. This distinguishes our approach from direct studies of (3 + 1)-dimensional
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cosmologies (i.e., the case d = 3) in compactifications of six- or seven-dimensional spaces

(i.e., D = 6 or D = 7) in string or M-theory, respectively, which appeared for example

in [71]. Typical among those examples are Kasner type solutions or Jordan-Brans-Dicke

type solutions [85] (see also [72] for further work on cosmological solutions in M- or string

theory). For the type of solutions studied in [71], the typical behavior of the warp factor

is

eA =
∑

n

an t
n, eB =

∑

m

bm tm, with nmax > mmax, (3.1)

i.e., three spatial dimensions expand much faster than the remaining six/seven dimensions.

In our case with d = 2 and D = 8, the situation is a bit more complicated, as one of the

internal dimensions of the fourfold should correspond to the third expanding dimension

in the type IIB picture. The interpretation of the different warp factors therefore requires

some care, as we will soon illustrate.

In the following examples we will study cosmologies when we switch on small internal

fluxes, and also arbitrary internal fluxes. We will give a new six dimensional space that

satisfies all the equations of motion and whose metric is completely determinable; along

with cosmological effects from wrapped branes and brane-antibranes annihilations on this

geometry. All these cases will mostly be with two warp factors. We shall give evidence

that with three warp factors it might be possible to get a de-Sitter type IIB cosmology.

3.1. Example 1: Small Background Fluxes

In order to reduce the complexity due to the ym- and t-dependence of the warp factors,

we will start with a toy example where the warp factors only depend on time t. We will

further assume that we have only two warp factors, i.e., we will consider case 1 of (2.47)

with warp factors A(t) and B(t) as we are not putting any relation between the warp

factors a-priori.

For this case, the M2 brane as usual will move on the fourfold The equation of motion

for the M2 brane is (2.26) with γµν given by (2.43). In the case where the embedding

coordinates of the membrane only depend on time t, the above relation (2.43) simplifies to

γ00 = −e2A + e2B ẏm ẏn gmn, γ11 = γ22 = e2A, γ12 = 0, (3.2)

and therefore the world volume metric is no longer trivial as it would be in the static

supersymmetric case. The motion of the M2 brane is triggered by non-primitive G-fluxes
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via (2.71). Therefore, we need a non-zero Gmnpq which is quantized and time independent

that satisfies (2.52), and most importantly (2.55). For a G-flux to satisfy (2.55), we have to

necessarily impose quantum corrections, because without quantum corrections, Gmnpq = 0.

We also have to solve (2.50) for the component G0mnp, and in general we would require

G0mnp to be time dependent. On the other hand, Gmnpq has to be time independent so

as to satisfy (2.55), and also (2.52), to break supersymmetry. Furthermore, the integral

of Gmnpq over any four-cycle has to be quantized as an integer or as a fraction depending

on the type of background one chooses. This leads us to the following ansatz for the

background three-form field in the internal space:

C = [ψ(t) + λ(y)]mnp dym ∧ dyn ∧ dyp. (3.3)

The G-fluxes consequently will be: G0mnp = ∂0ψmnp and Gmnpq = 4∂[mλnpq]. We also

require

1

2π

∫

4−cycle

Gmnpq dy
m ∧ dyn ∧ dyp ∧ dyq =

ZZ

2
, (3.4)

where ZZ is an integer. If we assume that all the four-cycles are large in the cosmological

setting, then we can break supersymmetry by very small expectation values of the G fluxes.

This means in particular that γ in (2.52) is γ ∼ c3e
3A with c3 → 0. The C field will now

take the following form:

C = [ψ(t) + ǫ · y]mnp dym ∧ dyn ∧ dyp, ǫ→ 0 (3.5)

and ǫ and c3 can be related by (2.52). The case with γ not small will be dealt with later.

With this ansatz for the C field, the value of G0mnp can be easily determined from

(2.50). The RHS of (2.50) has Dpγ
mnpq, and this vanishes because it is only a function

of time (via the warp factor A(t)). In general, therefore, the internal components of the

G-flux are determined solely by the warp factors appearing in the metric and a possible

quantum correction as:

G0mnp = e−A−2B

∫

dt (Dpγ
mnpq) + e−A−2B (co + c1)

npq (3.6)
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where co is independent of time and c1 is the quantum correction coming from the X8

term in (2.50). Since some of the directions of X8 are along x1,2, c1 = 0 for our case19.

Consider now the motion of the M2 brane on the fourfold. We expect the membrane

to move slowly on the fourfold towards one of the orbifold singularities. Once we isolate a

bunch of singularities at a point and keep the other singularities far away, the membrane

will eventually fall into the singularities that are nearby. With the assumption that we

made above, this is possible to realize. It is easy to see that if we ignore the quantum

correction to the energy-momentum tensor T 0m

∂

∂g0m
(2Jo −E8) ≈ 0 (3.7)

and use (2.69) with Gmnpq → 0 and (3.6), then the velocity of the membrane on the

fourfold will be constrained as

κ2T2

V8

ẏm√
1 − v2

=
1

2 · 3!
G0npq G

mnpq , (3.8)

where V8 is the volume of the fourfold, v is the warped velocity of the membrane given by

v = eB−A |ẏ|, and Gmnpq is proportional to ǫ as discussed above. Thus, the internal flux

Gmnpq is a vanishingly small quantity. However, the RHS of the above equation would not

vanish when the warp factors are functions of the internal coordinates, or/and if we switch

on large expectation values for Gmnpq. We will discuss these cases later, but for the time

being let us assume (3.8) to hold. One possible way for (3.8) to hold without violating any

of the conditions would be to assume a very slow velocity of the membrane on a fourfold

of very large volume V8, that is20.

ẏm ≈ 0, V8 → ∞. (3.9)

19 This quantum correction may not always vanish for the case when all components are inside

the fourfold. But we can make this small by taking the fourfold as an orbifold, with orbifold

singularities. The quantum corrections there will be determined from the number of singularities

and will in fact be close to zero away from the singular points. If we take the base of the fourfold

to be large and assume that the orbifold points are also shifted far away, then this can be made

very small. This way we can keep the x3 and x11 directions of the fiber to be small and still get

a good type IIB cosmology.
20 The issue of large size fourfold is a little subtle, because it deals with moduli stabilization.

We will discuss this later.
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This way we can take care of (3.8). The above equation would also mean that the contribu-

tion to the energy momentum tensor coming from the velocities of the membrane is almost

negligible and therefore we can ignore it for the time being. Thus, (3.9) will be our slow

roll condition. For the case when A = −2B, the slow roll condition can be equivalently

put as
κ2T2

V8
ẏm v2 = − 1

3!
G0npq γ

mnpq. (3.10)

So far, we have the following situation: we have a large radius fourfold with a time de-

pendent Cmnp flux switched on (the space dependent part of Cmnp is vanishingly small

although the integral
∫

G ∧ G over the full fourfold is a non-vanishing integer satisfying

(2.55)). The membrane on the fourfold is moving very slowly towards the orbifold fixed

point that we have isolated from the other bunches of singularities. The fluxes break super-

symmetry and satisfy equations (2.50), (2.54), (2.71) and (2.55). We haven’t discussed the

issue of moduli stabilization as yet, and neither did we solve for the warp factors A and B,

which we took to be explicit functions of time. From the analysis of the previous section,

we know all the equations for the warp factors, and we will now study them one by one.

The first non-trivial equation for the warp factors will be (2.57). From the ansatze of A,B

and the solution (3.6), we see that (2.57) simplifies. However, (2.57) also has membrane

and quantum terms that we cannot ignore. Furthermore, the membrane terms are written

in terms of δ8(y− y(t)) where ym(t) denotes the position of the membrane on the fourfold

at a given time t moving with a velocity |ẏ|2 = ẏmẏngmn. But the issue of membrane and

the quantum terms can actually be ignored if we consider (2.61), where we used (2.60) to

get from (2.57) to (2.61). In (2.61) we see that the quantum terms come as a difference

between two terms. We can, therefore, assume that the difference can be made small even

though the individual terms may not be very small21. Therefore the membrane and the

quantum terms Tm and Tq respectively goes to zero as:

Tq ≡ b1e
−5A

2

∂Eq
∂A

− X8

8!
→ 0

T (1)
m ≡ 1

2
e2(B−A) |ẏ|2 δ8(y − y(t)) → 0,

(3.11)

21 If the warp factors are not too big, then
∂Eq

∂A
and

∂Eq

∂B
could be made small in principle.

Also the X8 terms are sensitive to orbifold singularities. Therefore if we shift the singularities far

away (this means the base of the fourfold is of very large radius) then we can also make X8 small

locally. In this case the difference Tq can indeed be very small.
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where we used (3.9) to derive the second equation. Under the above assumptions, we get

the first non-trivial equation for the warp factors:

Ȧ2 + 28Ḃ2 + 16ȦḂ =
e−6B

24
|G|2 − 1

2
e2(A−B) R(g) +

e2A−8B

4 · 4!
O(ǫ2), (3.12)

where R(g) is the Ricci scalar of the fourfold, and we have defined |G|2 = G0mnpG
0mnp.

Notice also that we have put in the contributions from theGmnpq terms that are of the form
e2A−8B

4·4! O(ǫ2). A more precise computation, which we will do next, will have to incorporate

this term, as well as the membrane and the quantum terms T
(1)
m and Tq , respectively.

The next equation for the warp factor is (2.64). We see that this also has non-trivial

membrane and quantum terms. However (2.65) gives us an equation where the quantum

terms have cancelled out completely and the membrane term would go to zero as:

T (2)
m ≡ e2B |ẏ|2 δ8(y − y(t)) → 0, (3.13)

giving us the second non-trivial equation for the warp factors:

Ȧ2 − 8Ḃ2 + 16ȦḂ − Ä− 8B̈ =
e−6B

12
|G|2. (3.14)

The above set of equations can be simplified a little bit by taking into account the fact

that the unwarped metric of the fourfold is Ricci flat. As we saw earlier, this of course

doesn’t mean that the six-dimensional base also has to be Ricci flat. In fact, generically,

the six dimensional base is never a Calabi-Yau manifold or even a Kähler manifold. Ricci

flatness of the fourfold implies that

G(g)
mn = 0, R(g) = 0. (3.15)

This simplifies (3.12) and (3.14). Furthermore we see from (3.12) and (3.14) that one

possible ansatz for A and B could be that they are logarithmic functions of time t. In

other words, we will consider the following ansätze for A and B:

A(t) = α log (t− to), B(t) = β log (t− to) (3.16)

along with the background G-flux G0mnp as in (3.6) but with c1 = 0. This means that the

warp factors are eA = (t − to)
α, eB = (t − to)

β. These are approximations to the general

series solutions (3.1) valid for large t ≫ to, with α, β here playing the role of nmax, mmax
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of (3.1) (note that in general, one could imagine the existence of cosmological solutions to

the system of higher derivative term equations, represented by the complete t-series (3.1)

with nontrivial coefficients).

In the analysis above, observe that we have not ignored the quantum corrections

completely. The only constraint we are putting on the unwarped metric will be (3.11). The

scalings of the G-fluxes are now important. The component Gmnpq is time independent,

but could depend on the fourfold coordinates ym. In this example, it is in fact a vanishingly

small constant number. On the other hand G0mnpq is a function of time t via the warp

factors A and B. From the form of G0mnp in (3.6), we see that it involves an integral

over Dpγ and therefore would change the t-dependences. A generic ansatz for the G0mnp

component should then be

G0mnp =
[

f(y) eaA+bB
]

0mnp
, (3.17)

where a, b are constants that we will soon determine; and f(y) is a function on the fourfold.

Plugging (3.16) and (3.17) in the first equation (3.12), and taking the limit where

Gmnpq → 0, we immediately get a relation between α and β. This relation comes from

comparing the powers of (t− to) on both sides of the equation. The relation is

(3 − b)β − aα = 1. (3.18)

In fact, it is easy to see that the same relation would come from both the equations (3.12)

and (3.14) as the powers of the exponential are the same in all the equations. When there

is a non-trivial Gmnpq component the above scaling will not work.

Having gotten a relation between α and β, we now use the two equations, (3.12) and

(3.14), to determine these values. Observe that due to the presence of |G|2 in all the

equations, there will be another unknown f(y) from the choice of G0mnp in (3.6) (recall

that the quantum correction c1 = 0). The relations now are:

α2 + 28β2 + 16αβ =
f2

24
+ O(ǫ2)

α2 − 8β2 + 16αβ + α+ 8β =
f2

12
.

(3.19)

These two are simple algebraic equations and therefore the solutions can be easily deter-

mined. Combining (3.19) with (3.18), the solution set is given by

(

kβ − 1

a
, β

)

, k = 3 − b, (3.20)
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with β being the root of a quadratic equation. The explicit value of β would be

β = − 1

2(1 + a)

[

2(k + 8a) + (8 + ka) ∓
√

(8 + ka)2 + 32(k + 8a)(1 − a2)
]

, a 6= −1.

(3.21)

On the other hand, when a = −1, the solution set is

(1, 0),

(

1

a
· 8

k − 8
,

1

k − 8

)

. (3.22)

One can ignore the fractional solution as it gives imaginary values for the background

fluxes. We can now plug in (3.22) in (3.19) to get f = ±
√

24. This way the background

G-fluxes G0mnpq and the warp factors seem to be completely determined.

However, this is not enough. We still have another equation to go. This is (2.67). For

a Ricci flat manifold, this equation simplifies to

(7B̈ + 2Ä+ 28Ḃ2 + 7ȦḂ + Ȧ2)gmn =
e−6B

4

(

G0mpqG
0pq

n − gmn
6

|G|2
)

+

− κ2T2e
−6B

√−g

[

b1e
−A−4B ∂Eq

∂(gmne2B)
+ gmp gnq ẏ

p ẏq
(

1 +
1

2
e2(B−A)|ẏ|2

)

δ8(y − y(t))

]

.

(3.23)

From this, we see that we cannot quite ignore the quantum terms if the manifold is

compact22. We might be able to ignore the contributions from the membrane terms that

depend on powers of ẏm. This equation therefore relates the unwarped metric with the

membrane velocities and the quantum terms.

We now face the following puzzle. Once we cannot ignore the quantum terms in (2.67),

then taking the trace of this equation relates the warp factors to the membrane and the

quantum terms. Furthermore, the membrane and the quantum terms come with different

powers of the warp factors. This would mean that the time parameter t does not scale

out of the equations completely. The equation (3.23) will also have contributions from

Gmnpq terms that are typically of order e2A−8B

12 O(ǫ2). Thus the only possible way to get a

solution here would be to consider an essentially non-compact manifold (so that ignoring

22 If we ignore the quantum terms, then the only solution to all the set of equations (3.12),

(3.14), (3.23) and (2.55) is A = B = G0mnp = 0 when the internal manifold is compact. This is

of course the no-go theorem for warped compactifications [5]. As is well known including higher

order corrections or taking a non-compact fourfold invalidates the premises that went into the

no-go theorem.
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quantum terms do not cause problems with the no-go theorems) and a very slow velocity

of the membrane (so that the velocity dependent contributions of the membrane is small).

This is, in fact, the precise content of the slow-roll condition (3.9) that we proposed earlier!

Therefore the solution set is given by:

(α, β, a, b, k, f) = (1, 0, −1, −2, 5, ±
√

24). (3.24)

This solution set will determine our background metric and the G-fluxes completely, with

the assumptions that the membrane motion is very slow (3.9) and the quantum corrections

are small. With these conditions, we solve all the equations of motion to get our final result

as:
ds2 = (t− to)

2
(

−dx2
o + dx2

1 + dx2
2

)

+ gmn dy
mdyn

G0mnp = ±
√

24

t− to
, C012 = (t− to)

3, Gmnpq = [±ǫ]mnpq .
(3.25)

with ǫ → 0 for an essentially non-compact fourfold. Once we know the velocities of the

membrane from (3.23), we can use (2.71) to determine the values of Gmnpq. Knowing the

background G-fluxes, (2.55) will tell us how many membranes we have to put in to saturate

the anomaly equation. In this way we can determine the complete solution for the system.

The above solution is very interesting in the sense that the internal fourfold is com-

pletely time independent23! This would mean that any dynamics that we get in 2+1

dimensional space from the fourfold will in fact be independent of time. While this time-

independence of the compact space can of course be potentially lifted once we move away

from the approximations here, it is encouraging to see that the toy model that we study

here comes close to something we are interested in. We also repeat here that the regime

of validity of this solution is for t≫ to, as in the general discussion at the end of Sec.(2.1)

on potential singularities in these effective gravity solutions.

The question now is whether in type IIB it is also possible to keep the six dimensional

internal space independent of time. The type IIB metric (2.48) immediately tells us that

the internal space will indeed also be time independent. Both the dilaton and the axion for

this background vanish locally, as we have shifted any kind of singularities far away. The

23 This however doesn’t mean that the volume of the fourfold is stabilized! Volume stabilization

here will be related to the equivalent problem that we face for the supersymmetric case, namely:

the Dine-Seiberg runaway [57]. Therefore having gotten a time independent internal fourfold, our

next exercise would be to fix this volume against any runaway by non-perturbative effects. Details

on this will be presented in the sequel of this paper.
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G-fluxes can allow NS fluxes in Type IIB theory24, and this would break supersymmetry.

The type IIB metric has the following explicit form:

ds2 = (t− to)
2 √

gaa
(

−dx2
0 + dx2

1 + dx2
2

)

+
dx2

3

g33
√
gaa

+ gmn dy
mdyn (3.26)

where we used (2.48) to write the type IIB metric. The range of the indices m,n, . . .

is m,n = 4...9, and we have absorbed all numerical constants in the definition of the

coordinates. The above metric is not really a de-Sitter like solution that we are ultimately

interested in, but as we have made many simplifying assumptions, we really do not expect

the metric to look like a de-Sitter one. Most importantly, we see that the x3 direction does

not have any time dependent warp factor because B = 0. Therefore, the x0,1,2 directions

expand differently than x3 direction (which doesn’t expand at all). In fact, the x3 direction

is a small circle with vanishing radius, and therefore the type IIB theory is effectively a 2+1

dimensional space as we are in the large radius limit of M-theory (3.9) (plus the internal

six dimensional space).

Now that we have the M-theory background with fluxes (and also the type IIB back-

ground), it is time to study the motion of the M2 brane. We have already assumed a slow

roll condition for the membrane, (3.9). The precise equation of motion for the membrane

will be
d2yp

dt2
+ γ00 ẏmẏn Γpmn − 1

2
e−2B ẏm Gpm12 = 0, (3.27)

where Γpmn are the Christoffel symbols measured with respect to the warped metric. From

the choice of the background, (3.25), Gpm12 = 0 and therefore the acceleration of the

membrane can be determined from the velocities alone.

Therefore to summarize: in this example we took very small internal G-fluxes Gmnpq

on an essentially non-compact fourfold with a slowly moving membrane, so that the quan-

tum corrections could be ignored without violating the no-go theorem. This essentially

24 To see this explicitly, take the background C-fields in (3.5) to be oriented along Cmn,11,

where xm,n lie on the four-dimensional subspace of the six-dimensional base of the fourfold. If

the six dimensional base is K3 × IP1 then xm,n are the coordinates of K3. The Cmn,11 field will

then become a BNSmn field in type IIB. Eq. (3.5), when ǫ → 0, then gives a time dependent non-

commutativity on the seven-brane world volume that wraps the four-dimensional internal space.

Such time-dependent non-commutativity has been addressed earlier in [86], [87] in a different con-

text. For our case, the situation is more involved than a simple time dependent non-commutativity

because of the ym dependent in part on BNS which, although small, has the effect of breaking

supersymmetry.
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means that the slow-roll condition has in a sense naturally imposed hierarchies on the

G-flux components (which translates to effective non-compactness of the underlying four-

fold), ensuring that nontrivial cosmological solutions valid classically at leading order in

some of the G-fluxes do not violate equations such as the G-flux anomaly equation. Similar

strategies will be seen to apply in the Type IIB discussion of Example 3 in Sec. (3.3). It is

conceivable that other nontrivial cosmological solutions exist to the full system of higher

derivative equations when the G-flux components are of comparable strength: finding such

solutions is potentially harder however, since there is no obvious way to approximate them

by a leading classical solution.

3.2. Example 2: Arbitrary background fluxes

In deriving the above background, we made many assumptions. Although these are not

inconsistent, it would be nice to see if one can have an ansatz for the background that could

(a) allow non-trivial function for Gmnpq instead of the small value that we took earlier,

(b) allow warp factors to depend on the fourfold coordinates ym also in addition to time

t, and (c) allow membrane and quantum corrections. These are many requirements, and

it turns out that this is only possible if we consider the following conditions:

• Since the Gmnpq has to be time-independent, the Cmnp field will have to follow the

ansatze given in (3.3). This means that there is a separate t dependent part ψ(t), and a

separate ym dependent part λ(y).

• Since G0mnp has to satisfy (2.50), this component of the flux will in general have to be

time dependent. From (3.3), this will be determined by ψ̇(t).

• The warp factor B has to be time independent. This is obvious from the warp factor

equation (2.55) and (2.59) as the RHS of (2.55) is time independent. On the other hand,

A could depend on time t. The dependence of time t on the warp factor can again be

inferred from (2.59): A(y, t) should be a linear combination of some function of time t and

some other function of fourfold coordinates.

• For the equations to make sense, all the time dependences should scale out. This also

tells us that one possible time dependence of the warp factor A could be a logarithmic

function of time. This way there is a possibility of scaling out t dependences from all the

equations.
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It turns out that there is a simple ansatz that takes care of all the points raised above.

The ansatze can be written in terms of functions of the internal fourfold that have to be

determined, and is given by:

Warp factor : A = f1(y) − (1 + ǫ) log (t− to), B = f2(y), ǫ→ 0

G − flux : G0mnp = − co
t− to

, Gmnpq = hmnpq(y), G012m =
∂me

3f1

(t− to)3

C − field : Cmnp = −co log (t− to) + cmnp(y), C012 =
e3f1

(t− to)3
, h = dc

Membrane velocity : |ẏ| =
√

ẏmẏngmn =
α

t− to
, v = α ef2−f1

(3.28)

where the tensor indices in the constant quantity co is implied, and f1(y), f2(y) are scalar

functions whereas hmnpq and cmnp are tensors on the fourfold. The quantity α appearing

in the velocity is a constant number, and v is the warped velocity defined earlier. Observe

also that we have given a very small shift to the time dependence for the warp factor A.

The shift is very small but not zero. The reason for this will be clear soon.

To compare this solution to what we presented earlier, observe that the Cmnp field

takes the expected ansatz that we presented earlier in (3.3). The tensor λmnp(y) should

be identified with cmnp(y) now. This should now be a generic function of ym and is not

constrained to be small. Furthermore Gmnpq is quantized as in (3.4) as before.

Its also clear that the choice of function f(y) in (3.17) cannot be arbitrary. The

function f(y) has to be chosen in such a way that

1

f2

(

log
co
f

− f1

)

= ZZ, and a = 1, (3.29)

where the integer ZZ specify the value of b in (3.17). This ambiguity in defining b is

reflected in the simple choice of warp factors that we made earlier, namely: the warp

factors to depend only on time t. The correct ansatze for the background therefore should

be (3.28).

For the moving membrane, the velocity involves a constant α. Our slow roll condition

corresponds to α being small. As expected, the world volume metric γµν is no longer time

independent. The metric changes with time in the following way:

γµν =
1

(t− to)2





α2e2f2 − e2f1 0 0
0 e2f1 0
0 0 e2f1



 (3.30)
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and therefore picks up different values at different points on the fourfold. The total velocity

is given by (3.28), and the individual components will be determined later.

Notice also the fact that the ansatz (3.28) does not require us to keep a Ricci flat

manifold. In fact it is easy to see that − if we denote the temporal part of A(y, t) by

Ao − all equations have a scale factor of e2Ao for every term. This way we can scale

away the (t − to) dependent parts completely. Therefore the equations would relate only

the ym dependent parts, which we could use to solve for them. However, we will soon

see that solutions to these equations exist if and only if we incorporate higher derivative

terms. In the absence of higher derivative terms, the background goes back to the standard

supersymmetric solution.

With this in mind, let us study the equations carefully now. We will typically take

ǫ → 0 in (3.28). The necessity of non-zero ǫ will arise for some of the cases that we shall

illustrate soon. First let us us consider the tensor G0mnq. From (3.28), this is determined

by co. The non-primitivity can now be expressed via co and the warp factors in the

following way:

(1) Dp [hmnpq − (∗h)mnpq] =
[

2coe
2(f2−f1)

]mnq

(2) Dm
[

e3f1Dp (hmnpq − ∗hmnpq)
]

= 0
(3.31)

which would be easily determined by knowing the warp factors f1, f2 and the tensor hmnpq.

Indeed, there is a relation that connects them. This is the anomaly equation that combines

the warp factors and the h-fluxes as:

3 Dm(e6f2∂mf1) =
1

2 · 4!
hmnpq(∗h)mnpq +

2κ2T2√−g

[

δ8(y − Y ) +
X8

8!

]

. (3.32)

For a compact fourfold, this will give the anomaly relation connection the h-fluxes with

the number of membrane and Euler characteristics.

The next relation would be the Einstein equation (2.61). The t terms of course filter

out of this equation, and therefore this will connect the warp factors with the membrane

and the quantum terms, T
(1)
m and Tq respectively. The main problem, however, comes

when we analyse the next equation i.e (2.65). Plugging in the ansatz (3.28) with non-zero

ǫ, we get the following relation:

α2κ2T2e
−6f2

√
1 − α2e2(f2−f1)

+
1

12

∫

d8y
√−g |co|2e−6f2 + O(GnRm) = ǫV8, (3.33)

where we have added higher derivative terms. Observe now that (a) in the absence of these

higher derivative terms, or (b) when the quantity ǫ = 0, the LHS of (3.33) is a sum of
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positive definite quantities and would therefore vanish! This means the membrane velocity

vanishes (α = 0), and G0mnp = 0, resulting in a standard supersymmetric compactification

with no de-Sitter like solution. However incorporating higher derivative terms this will not

be the case. Thus we have our first non-trivial conclusion: only in the presence of higher

derivative terms the set of equations would have solutions with time dependences.

The existence of these higher derivative terms has been argued in the literature start-

ing with [88]. These are typically of the form of
∫ √−g [cmnG

mRn + dmn(∂G)mRn], with

cmn, dmn being various combinatorial factors that come with different signs. The signifi-

cance of these terms were realized recently in [86], where an M-theory lagrangian was used

to derive the full action for a 6+1 dimensional non-commutative theory. It was observed

that the existence of these higher derivative terms are absolutely necessary to make sense

of the Seiberg-Witten (SW) map [89] for the non-commutative theory. In [86], a few terms

of the SW map were derived from the low energy effective action. It was conjectured

there that the full M-theory lagrangian with all the higher derivative terms would give the

complete SW map from M-theory. Once the higher derivative terms are known, one could

easily solve (3.33) to get a relation between membrane velocity, G-fluxes and the warp

factors f1 and f2.

It turns out that the velocity components of the membrane αm can be separately

determined from (2.70). This is given in terms of h and co, the tensors appearing in Gmnpq

and G0mnq, respectively, in the ansatz (3.28). The velocity components are

αm =
1

12κ2T2

∫

d8y
√−g (∗h)mnpq(co)npq, (3.34)

and then (2.69) can relate the total velocity α with the warp factors and G-fluxes.

Since we have not used the restriction of Ricci flatness, we can use other equations to

determine the Ricci scalar and the Einstein tensor R(g) and G
(g)
mn, respectively. This will

provide the complete set of equations for our background. The final M-theory metric will

take the following form:

ds2 =
e2f1

t2
(

−dt2 + dx2
1 + dx2

2

)

+ e2f2 gmn dy
mdyn, (3.35)

where we have put to = 0 for simplicity. The G-fluxes and the membrane will follow the

form given in (3.28) when we plug in the values of f1, f2, α, h and co in those equations.

Finally, observe that the ansatz (3.28) can be put in the general form A(y, t) =

−2B(y) + g(t) if we put the condition f1(y) = −2f2(y) on the warp factors. This special
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relation between the fi is true for the time independent case. For the time dependent case,

one can argue that f1 +2f2 = k, where k is a covariantly constant function on the fourfold.

Putting k = 0 will give the required relation between the fi, and this will simplify all the

background equations quite a bit as we saw earlier.

Therefore to summarize: with arbitrary background fluxes, we can scale out the time

dependence of the warp factor A from all the equations to get a fourfold that has time

independent warp factor. It is of course an interesting question to ask whether higher

derivative terms could spoil this property. In the absence of any concrete calculation, we

can only say that as long as the curvatures and the G-fluxes are reasonably small, all

these corrections could possible be made small. This way (3.28) can still survive as a valid

solution to the system.

3.3. Example 3: Towards type IIB cosmology

In the previous examples we have considered warp factors such that B is time independent,

whereas A could be both time and space dependent. This helped us to get some interesting

M-theory cosmological solutions. The corresponding type IIB solution, on the other hand,

had time dependent warp factors only along the x0,1,2 directions, whereas the x3 direction

was time independent. It could mean that we might need more than two warp factors to

get a reasonable type IIB cosmological solution. We will discuss this case later. In this

example, we will try to see how far we can go to get a type IIB cosmological solution with

only two warp factors. In the process, we will find some interesting questions raised on the

interpretation and validity of these solutions, that we then discuss briefly.

To start with, first consider a model whose unwarped metric gmn is not Ricci flat. This

would immediately put some constraints on the warp factors A and B. Our equations of

motion are of course (2.57) and (2.64) (or their equivalent simplified form (2.61) and (2.65))

with the warp factors given by the ansatz (3.16). Since the Ricci scalar and Ricci tensors

of the unwarped metric are time independent, (2.57) and (2.64) will hold if and only if the

time dependences in both the equations can be scaled away. The Ricci scalar R(g) in (2.57)

and (2.61) comes with the coefficient e2(A−B). On the other hand, the time derivatives of

the warp factors all go as t−2 if we use (3.16) in (2.57) or (2.64). This gives us the first

non-trivial relation between the warp factors:

α − β = −1. (3.36)
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To get the other equation we need to see how G0mnp or Gmnpq scale with respect to the

warp factors. Assume now that Gmnpq now satisfies the equation (2.52) with some tensor

γmnpq that is vanishingly small. From (2.50) we see that G0mnp will continue to satisfy

(3.6) and therefore the G-fluxes for our case will be:

G012m = ∂me
3A, G0mnpq = e−A−2B co, Gmnpq = e−3Aγmnpq c2, (3.37)

with co, c2 as some undetermined constants. Knowing the background G-fluxes as some

functions of the warp factors, we can use (2.61) or (2.65) to get the next non-trivial relation

between the warp factors:

α = −2β (3.38)

where we compared the powers of the Ricci scalar and the |G|2 terms in (2.57) or (2.64). We

see that the relation (3.38) is strongly reminiscent of the second relation of (2.47)! Although

(2.47) is more complicated because of its dependence on space coordinates ym, the temporal

part of this equation does satisfy A = −2B. Furthermore, having A = −2B simplifies all

the Einstein equations considerably, as we saw in detail in the previous sections. Now

we see another advantage of having A = −2B: the scalings of the Ricci tensors (or the

curvature scalar) can be extracted from the equations and therefore we may not impose

the condition of Ricci flatness for our case.

The above analysis unfortunately leads to a problem when we encounter the anomaly

equation (2.55). Since the Gmnpq tensor has become time dependent the anomaly equation

will no longer hold because the membrane and the X8 terms are in general time indepen-

dent. One way out of this is to completely ignore these terms. In other words, we may

not consider any branes (D3 or D7 branes) in the type IIB scenario25, i.e. we could only

study the supergravity background without any brane inflation. Alternatively, (2.55) can

receive corrections such that the time dependences of ⊓⊔e6B can be cancelled by the flux

term.

In any case, this is of course not a serious problem as generic study of cosmological

solutions have been done before without invoking brane inflation per-se. Without requiring

inflation, our system becomes perhaps less interesting, but nevertheless much simpler,

although one might wonder if in the absence of the X8 term, there could be any solution

at all. For a compact internal fourfold there is no solution. But when we make the manifold

non-compact and keep the Jo, E8 and higher derivative terms, then solutions would exist.

25 Recall that the singularities of X8 are the points where seven-branes are located.
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Solving for α and β we get α = −2
3 and β = 1

3 . The type IIB metric can now have

an overall factor in front of x0,1,2,3 because of its resemblance with the second equation of

(2.47). In fact the explicit type IIB metric can be easily shown using (2.48) to be:

ds2 =
1

t

[

√
g11,11(−dt2 + dx2

1 + dx2
2) +

dx2
3

g33
√
g11,11

]

+ t gmn dy
m dyn, (3.39)

with m,n = 4....9 and the other variables are already defined in (2.48). To glean four

dimensional physics here, note that this metric is of the form (2.15) with a time-dependent

warping to the six dimensional space: a naive dimensional reduction would yield a time-

dependent 4D Planck constant. Thus one needs to first absorb this time-dependence, going

to the 4D Einstein frame as discussed in general in (2.15)-(2.18). From there, we read off

p(t) ∼ 1
t
, h(t) ∼ t giving η2(t) = h6/2p ∼ t2 as the proper scale factor of this cosmology.

Using (2.1)-(2.4), this gives the FRW scale factor to be a(τ) ∼ τ1/2, which is precisely a

four dimensional radiation-dominated cosmology 26. Clearly this effective solution breaks

down at τ ∼ 0 where we necessarily must resort to the full string theoretic description, as

we have discussed in Example 1 (Sec. (3.1)), and more generally at the end of Sec. (2.1).

We will elaborate in more detail below, but observe here that there are non-trivial

functions of ym that are distributed in an uneven way among x1,2 and x3 which spoils

required properties of the metric because we took A = −2B instead of the second equation

of (2.47). Therefore, first we have to search for a metric that can get rid of these problems.

To find an ansatz for the warp factors, we have to consider a relation between the

warp factors that is of the form A = −2B + g(y). With this relation, it will no longer

be possible to keep B independent of time t. As discussed above, this is only possible (at

least for this scenario) when we ignore the membrane and the seven-brane singularities.

This means that the internal manifold is essentially non-compact. The ansatz now will be

the following:

Warp factor : A = −2b log (t− to) + 2g1(y) + g(y), B = b log (t− to) + g1(y)

G − flux : Gmnpq = g3(y) (t− to)
3b, G0mnq =

g4(y)

(t− to)1−3b
, G012m =

∂m
[

e3g(y)+6g1(y)
]

(t− to)6b

(3.40)

26 Recall, as we have mentioned in Sec. (2.1), the expressions a(T ) ∼ T [2/3(1+w)] for the time-

scaling of the scale factor corresponding to a perfect-fluid with equation of state p = wρ.
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where the tensor indices of g3, g4 are implied. Non-trivial solutions for gi exist only when

we incorporate higher derivative terms, as can be seen by plugging this ansatz in the set

of equations of sec. 3.2. We will not present the full solution set for the ym dependent

function in this paper. It will suffice to give the value of b and the form of the Cmnp field.

This is given by

b =
1

3
, Cmnp = [(t− to) g5(y)]mnp (3.41)

with g5(y) being yet another function that one could easily relate to the other gi(y). The

value of b will tell us the overall conformal factor. We see that this is the same as we got

earlier with a rather restrictive choice of G-fluxes. The final metric will now only have an

overall conformal factor, thanks to (2.47), and is given by:

ds2 = c4t
−1
(

−dt2 + dx2
1 + dx2

2 + dx2
3

)

+ t g̃mn dy
mdyn (3.42)

where c4 = e−3g1

g33
√
g11,11

and g̃mn = e3g1
√
g11,11 gmn. As we have seen, this is a radiation-

dominated cosmology. It is also easy to see from (3.41) and (3.40) that Gmnpq will become

time dependent whereas G0mnp will be time independent. All of them will of course now

be non-trivial functions of the internal space coordinates.

While the above solution seems quite a benign 4D cosmology, it is important to note

that this solution is effectively valid only in the noncompact limit of the fourfold as we have

discussed above. Thus the validity of a four-dimensional description is not particularly

clear: essentially this is the description on some hyperslice in the noncompact higher

dimensional spacetime. We expect that if we can find an embedding of such a solution in

a compact space, these solutions will get modified to possibly different four dimensional

cosmologies.

In the context of a cosmological solution in a compact setting, it is interesting to ask

if there are general restrictions imposed on the space of cosmologies by such an M-theory

lift involving higher derivative terms (which are necessarily nonzero in the compact case),

and when the higher derivative terms can be treated as giving rise to a sensible effective

fluid-like matter field configuration. In this case, it would be interesting to study how

the energy contributions from the higher derivative terms intertwine with known energy

conditions and cosmological bounds in four dimensions.
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3.4. Example 4: Three warp factors

Our next example is a model with a different choice of the warp factors for the T 2 fiber

directions, i.e., we consider now a metric of the fourfold and the spacetime of the form

ds2 = e2A(−dx2
0 + dxidxi) + e2Bgmn dy

mdyn + e−A(dx2
3 + dx2

11) (3.43)

where x3, x11 denote the directions of the T 2 fiber and i = 1, 2. In terms of our earlier

metric (2.33), this is the case when C = −A
2 , along with a complex structure of τ = i for

the fiber torus for simplicity. Now let us consider the following generic choices of the warp

factors A and B:

A(y, t) =
2

3
log f(y)g(t), B(y, t) =

1

2
log h(y)f

1
3 (y)g

1
3 (t). (3.44)

At this point, such a choice of warp factors may look completely arbitrary. But once we

go to type IIB we see that the metric takes the following form:

ds2 = f(y)g(t)

(

−dx2
0 +

3
∑

i=1

dxidxi

)

+ h(y) gmn dy
mdyn (3.45)

which is in fact the kind of metric that we are looking for. But this is not all. If we further

impose the following restriction on h and f :

h(y) = f−1(y) ≡
√

j(y) (3.46)

then the type IIB metric will take the standard form of a D3-brane metric with a harmonic

function j(y), at least at some initial time to when g(to) ≈ 1. For any other time t, g(t)

could be any arbitrary value. However if we want to mimic a de-Sitter background then

we can fix some particular value of g(t) in terms of a cosmological constant Λ as

g(t) =
1

Λt2
. (3.47)

If we switch on a non-primitive G-flux Gmnpq on the six dimensional base of the fourfold,

then the cosmological constant can be explicitly determined in terms of Gmnpq as

Λ = − 1

12j2

[

⊓⊔j +
2

3
|G|2

]

+ .... (3.48)
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where |G|2 = GmnpqG
mnpq and the dotted terms involve contributions from the membrane

and the quantum terms whch would eventually make Λ > 0. Taking the G-fluxes to have

legs along the T 2 fiber direction will in fact make the analysis much more involved, as one

can show that the background Einstein equations become time dependent for such a choice

of fluxes.

Of course the choice of warp factors that we took here has no a-priori justification.

For a more generic discussion we have to start with a metric that has three distinct warp

factors in M-theory as in (2.33) and also with a non-trivial complex structure for the fiber

torus. In fact it is easy to generalize (3.45) to incorporate the information about the

complex structure. Namely, from (2.45), we have to take

f(y)g(t) → f(y)g(t) |τ | τ−1
2 , h(y) → h(y) |τ | τ−1

2 (3.49)

when we choose the complex structure as τ = τ1 + i τ2.

In a background with three warp factors A,B and C one has the freedom to keep the

internal manifold time independent, but the spacetime with some requisite time depen-

dence. However, from (2.47) we see that the analysis of the equations of motion that we

did here will have to change, as the scalings etc have changed. Also it is not clear whether

the ansatz for G-flux (2.21) will remain the same with three warp factors. But there are

some issues we can study without going to the G-flux ansatz (2.21):

• First, we observed for the two warp factor case that the time and space dependences of

the warp factors isolate. In fact keeping B only as a function of ym gave us a type IIB

six manifold with no time dependence. On the other hand keeping B as B(y) we were

unable to reproduce the kind of metric that we wanted in 3+1 dimensions. It is interesting

to observe that the three warp factor case can give us a 3+1 dimensional space with an

overall time-dependent warp factor and a six dimensional internal manifold with a warp

factor that is only a function of ym, if we consider the following ansatz for A,B and C:

A(y, t) = f1(y) + g(t), B(y, t) = f2(y) +
1

4
g(t), C(y, t) = f3(y) −

1

2
g(t) (3.50)

where fi(y) are some functions on the internal fourfold. Whether the background equations

of motion allow this ansatz still remains to be seen.

• The second point is the analysis of (3.33), where we showed that when the RHS of the

equation vanishes, this equation will have solution iff we put in higher derivative terms

in G-fluxes. When we have three warp factors, the RHS of (3.33) can get an additional
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contribution from the warp factor C which could be a function of time (although the warp

factor B may not be). Therefore (2.65) is now given by (no sum over i):

G00 +Gii = Ȧ2 − Ä− 2(C̈ + Ċ2 − 2ȦĊ) − 6(B̈ + Ḃ2 − 2ȦḂ). (3.51)

Assuming now the above ansatz (3.50) is an allowed one, it is easy to see that (3.51) can be

made positive definite if the time dependence of the warp factors g(t) obey the inequality:

ġ2 ≥ 4

3
g̈ (3.52)

with an equality leading to the same problem that we encountered earlier. It will be

interesting to see whether this could now have solutions without assuming higher derivative

corrections.

• The third point concerns the membrane velocity. This is related to the Einstein tensor

G0m, which in turn is related to non-primitivity. Switching on a time dependent warp

factor C, will give us the following contribution

G0m = −3

2
ġ ∂mlog τ2 (3.53)

and therefore change the membrane velocity (see (2.69) for the derivation). A similar

analysis can be done for the time dependent BNS in type IIB theory, which comes from

the Cmn,11 field as discussed earlier. The energy momentum tensor of this field is now

correlated with G11,11. We can also switch on Cmn3 giving rise to a BRR(y, t) field in type

IIB theory. These two fields together will break supersymmetry for our case. We would

now need a five form field in type IIB to satisfy equation of motion. This in turn means

that we need a G-flux ansatz for G012m.

Therefore to summarize: we see that with three (or more warp factors) we can over-

come some of the problems related to the higher derivative terms that plague the two

warp factors case. It would seem that, with three warp factors, a de-Sitter type cosmology

could be derived as there are much more freedom within the range of variables. A detailed

analysis of this is beyond the scope of this paper and left for the sequel to this paper.
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3.5. Example 5: A new background for the D3/D7 system

In all the previous examples we have kept the metric gmn of the internal space (in say type

IIB) undetermined. We will now be a bit more explicit and study some possible choices for

gmn. In fact we already know one example, namely the case when gmn is the metric for a

K3×T 2/ZZ2 background geometry. This background was chosen in [23] because the metric

of the system − at least when K3 is at the orbifold limit − is known. Furthermore, there

is also a concrete F-theory realization of the system as a K3×K3 fourfold with G fluxes,

that we can exploit to study a system of a D3 brane in the background of seven-branes. In

the ZZ2 orientifold limit, we have a system of D7 branes and O7 planes that are arranged in

such a way as to allow a D4
4 singularity. Away from the orientifold point, we have generic

seven-branes, and the cosmological D3/D7 system was studied by keeping all the others

seven-branes far away. The choice of non-primitive G fluxes were made in such a way that

it allowed a single D3 brane to move towards the single seven-brane. Furthermore, in this

limit the background changed to K3 × IP1 because of non-perturbative corrections. The

IP1 is not smooth, but has singular points where the seven-branes are located.

Although the above compact space is simple enough to give us a nice cosmological

scenario, the background suffers from one important drawback: away from the orbifold

limit, the metric of K3 is not known, and unless we go to this orbifold limit of K3 we cannot,

in practice, evaluate any precise cosmological effects from this scenario. Furthermore, due

to the inherent orientifold nature of this background, the polarizations of BNS fields are

rather restricted. Overcoming these issues would therefore require a new embedding for

the D3/D7 system, which would have the following properties:

• Allow D3 and D7 branes27. In other words, should have an explicit F-theory realization

as a fourfold with G fluxes. These G-fluxes will give HNS and HRR fields in type IIB.

• The six dimensional base of the fourfold should have a supergravity description. This is

required to understand the motion of the D3 brane towards the D7 brane.

27 We need a background that allows at least two D7 branes instead of one. Having two D7

branes means that on the D3 brane we will see a global symmetry of SU(2) which would, in turn,

allow semi-local strings instead of cosmic strings. The existence of such semi-local strings in the

D3/D7 system solves the problem of the otherwise generic overproduction of cosmic strings [50],

[27]. Some other aspects of semi-local strings will be discussed later in this paper.
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One of the known six dimensional manifolds that would satisy all the criteria is a deformed

conifold. The metric of the deformed conifold is exactly known28. What remains, is to

include the seven-branes in this background.

To include seven-branes, we require an F-theory fourfold that will have the deformed

conifold as its base. The T 2 fiber of the fourfold will have to degenerate at some number

of points on the base. The degeneration points are where the seven-branes occur. Let us

therefore first construct this fourfold.

The fourfold that we require for our case should be compact, although we will not

consider the compactness too seriously for the subsequent analysis. Some analysis of such

a fourfold is given in [91]. Taking the usual deformed conifold equation defined in C3, we

can compactify to a projective variety Bµ in P4 by adding P1 ×P1 to the boundary of the

deformed conifold, which itself is symplectically isomorphic to the cotangent bundle T ∗S3

over the three sphere. The quadratic equation now becomes:

Bµ : z2
0 + z2

1 + z2
2 + z2

3 − µz2
4 = 0. (3.54)

The quadric threefold Bµ does not develop any new singularities at infinity and is thus

smooth for µ 6= 0 and has a conifold singularity at (0, 0, 0, 0, 1) ∈ P4 when µ = 0. Moreover,

the anti-canonical bundle −KBµ
:= ∧3TBµ will be the restriction of O(3) of P4 to Bµ by

the adjunction formula, and hence it is very ample. From the Kodaira vanishing theorem,

one can also show that Hi(Bµ,O) = 0 for i > 0. We now define a fourfold Yµ as a

subvariety in the projective bundle P(O ⊕ L2 ⊕ L3), with L := K−1
Bµ

. The Weierstrass

equation is given by

y2zo = x3 + fz2
ox+ gz3

o (3.55)

where zo, x, y, f, g are the sections of O,L2,L3,L4,L6 respectively. Since the anti-canonical

bundle L = O(3)|Bµ
is very ample, we may choose f and g so that the fourfold Yµ is smooth.

By the projection formula, one can see that Yµ is Calabi-Yau since Hi(Bµ,O) = 0, i > 0.

By construction, the natural projection P(O⊕L2⊕L3) → Bµ induces a fibration Yµ → Bµ
whose fibers are elliptic curves. F-theory on the Calabi-Yau fourfold Yµ is by definition

type IIB theory compactified on the base Bµ with background axion-dilaton field λ whose

j-invariant is given by the usual formula with various (p, q) seven-branes appearing at the

28 In a somewhat different context, cosmological models involving the conifold transition were

recently studied in [90].
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loci where the elliptic fibration degenerates. Using the Riemann-Roch theorem for Bµ and

integrating over the elliptic fibers, one can evaluate the Euler-Characteristic χ of Yµ to be

19728.

The above construction of the fourfold gives us a way to see the structure of the base.

As we can easily see, the base is not quite a deformed conifold as it not possible to have

c1 = 0 for the base, where c1 is the first Chern class. Although the metric can be shown

to be approximately a warped deformed conifold. The warp factors will come from the

backreactions of the seven-branes, fluxes and the D3-brane. For the specific manifold that

we constructed, we require the HNS and the HRR fluxes to satisfy

∫

Bµ

HNS ∧HRR = 822 − n, (3.56)

where n is the number of D3 branes. Normalizing the NS and RR fluxes to satisfy this

will be essential to have D3 branes in this scenario. For the simplest case we would require

n = 1, i.e a single D3 brane.

But this is not enough. The specific configuration that we require should (a) allow the

D3 brane to move towards the D7 branes and (b) not allow the problematic ANO cosmic

strings. This two aspects can be easily solved by switching on HNS and HRR fluxes that

are not primitive. Once primitivity is gone, the fluxes in the background with the compact

base Bµ will break supersymmetry and the D3 brane will move towards the D7 branes.

To get rid of the ANO strings, we have to isolate two D7 branes at a point on the

compact space and keep all the other seven-branes far away, as discussed in the footnote

earlier. This configuration will therefore be similar to the one developed in [27] for the

D3/D7 system in K3 × T 2/ZZ2 background. The non-primitive fluxes will drive the D3

brane towards the two D7 branes, and this will be the Coulomb phase for our inflationary

model. The story is similar to our earlier papers [23], [27] so we will not repeat it here

anymore. Interested readers may want to look up [23] and [27] for details.

What we want to concentrate on in this section is the precise metric for the system.

We already know from (3.54) that the F-theory base of our fourfold, Bµ, has b3 ≥ 1, where

b3 is the third Betti number and therefore supports three cycles. On the other hand we

have shown above that, by Kodiara’s vanishing theorem,

Hi(Bµ,O) = 0 for i > 0 (3.57)
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which implies that the fourfold Yµ is a Calabi-Yau. For our case however we have to change

the geometry a little bit by shifting most of the seven-branes far away. What we require

is the fourfold base to be approximately a Calabi-Yau, or more appropriately, a deformed

conifold. Since the first Chern class of the base Bµ is non zero, this might seem difficult

to realize in principle. In practice however the situation can be controlled. We can shift

the seven-branes in such a way that the metric of the system is approximately a warped

deformed conifold. In fact we have to take care of the following things:

• The effect of warping coming from the back reactions of branes and fluxes on the geom-

etry.

• The precise metric of the deformed conifold29, and

• The background three-form fluxes that are non-primitive, in other words HNS 6= ∗HRR.

In addition to these, we have to make sure that the background satisfies all the string

equations of motion. This is now a rather complicated issue. Let us see how far can we

proceed towards getting the full answer. First, observe that the background with D3, D7

and fluxes on the fourfold base Bµ is closely related to the recently studied type IIB

manifolds in the geometric transitions setting of [53].

We could then follow the procedure laid down in [53] to get our background metric.

However one immediate problem is that the background studied in [53] is supersymmetric.

But what we require is actually a non-supersymmetric (and hence non-static) background.

From earlier sections, we know that this can be easily achieved by taking fluxes that are

non-primitive. With a time-independent choice of the warp factors for the internal space

we can in fact use the full machinery of geometric transition to determine our final answer.

Our goal therefore is to determine gmn in

ds2 = eA(y,t)(−dt2 + dx2
1 + dx2

2 + dx2
3) + eB(y) gmn dy

mdyn (3.58)

with the assumption that A(y, t) and B(y) to be determined by the analysis that we

presented earlier.

Therefore, to start off, first let us use some simple approximations that we used in

[52] and [53]. We want to remind the reader that these approximations are just done

to simplify the ensuing analysis. The six-dimensional manifold Bµ will have coordinates

29 As mentioned earlier and will also be clear soon, our six dimensional manifold is not a Calabi-

Yau and only resembles the usual deformed conifold in some local region. Thus by deformed

conifold we mean a non Kähler deformation of a compact Calabi-Yau metric.
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(r, φ1, θ1, φ2, θ2, ψ), where (θi, φi) (i = 1, 2) are related to two S2 metrics (that doesn’t

always imply that we will have two topologically non-trivial S2 in our setup). The radial

coordinate will be denoted as r, and ψ is the usual U(1) fibration over the S2 bases. With

this, we can now use the same trick that was used in [52] and [53] to get the final type IIB

metric, namely: use the geometric transition from type IIB to another type IIB solution.

Thus our initial solution will be related to the one in [92], [52], [53] but with seven-branes

inserted in. In other words we are choosing the metric:

ds2 = h6 dr
2 + (dz + E dx+ F dy)2 + |dz1|2 + |dz2|2 (3.59)

with dzi, dz2 being two-tori with two different complex structures and E, F as some func-

tions given in [52],[53] (see also [92]). The background also had non-trivial dilaton φ and

axion φ̃ switched on. The coordinate redefinition that we are using here will be:

(dx, dy, dz) ≡
(

1

2

√

γ1

√
h sin θ1 dφ1,

1

2

√

γ2

√
h sin θ2 dφ2,

r

2

√

γ′1
√
h dψ

)

(3.60)

where h is the overall warp factor that comes from the back reaction of fluxes and branes

on the geometry. This coordinate redefinition is made to the geometry before the geometric

transition (in the language of [53]). Thus the threefold base of F-theory is approximately

a resolved conifold with the resolution parameter being given by:

1

2

√
γ2 − γ1. (3.61)

The physical meaning of x, y and z is already explained in [52]. They are related to

the tori that we use in place of the two spheres. In other words, we will have two tori

with coordinates (x, θ1) and (y, θ2). The coordinate z remains as the usual U(1) fibration

over tori bases. Furthermore, these tori will have non-trivial complex structures that can

be either integrable or non-integrable. What we require for geometric transitions is non-

integrable complex structures, although, as discussed in [52], integrable complex structures

lead us very close to the expected right metric in the mirror. We will not elaborate on

these here anymore, and the readers may want to see [52] and [53] for more details.

However, there is one subtlety that we have to mention at this stage. This is related

to the configuration of seven-branes in our setup. Recall that F-theory generically predicts

seven-branes that could be either D7 branes and/or generic non-local seven-branes charged

under both axion and dilaton of type IIB theory. The backreactions of the branes and fluxes
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tell us that the type IIB metric can be determined by two independent variables E and F

from (3.59) as

jxx = 1 +E2, jyy = 1 + F 2 (3.62)

with all other components of the metric (3.59), jµν , some functions of E, F and the complex

structures only. With these choices of E and F , F-theory predicts that the metric along

x, y and θ1, θ2 corresponds, in fact, to two different tori with complex coordinates dχ1 ≡
dx+ τ1 dy and dχ2 ≡ dθ1 + τ2 dθ2 and complex structures τ1 and τ2 respectively. Observe

that these complex structures are different from the original complex structures of the

(x, θ1) and (y, θ2) tori. The new complex structures that mixes x, y and θ1, θ2 are given

by [53]

τ1 =
1

1 + E2

[

cEF + i
√

α−1 + (1 − c2)E2F 2
]

, τ2 = i

√

γ2

γ1
(3.63)

where α is defined as α = (1 +E2 + F 2)−1.

The value of c in (3.63) is now important. As discussed in [53], the constant c can take

only two values, c = 1 or c = 0. The two values of c distinguish two possible configurations

we can have with the seven-branes, namely: at the orientifold point or away from the

orientifold point. At the orientifold point c is zero and therefore the two tori (x, y) and

(θ1, θ2) are square tori. On the other hand, away from the orientifold point, the value of c is

typically 1. In fact this is the situation that we really require for our case, because we have

to move the seven-branes far away, keeping only two D7 branes at a point. According to

the F-theory analysis, this amounts to having the orientifold planes split into generic seven-

branes. As a result the (x, y) torus pick up a complex structure that can be determined

from (3.63) as

τ1 =
EF + i

√
1 + E2 + F 2

1 +E2
(3.64)

with the other (θ1, θ2) torus remaining a square torus.

At this point, one would like to compare our background to the one that appeared

in [53] (at least before the geometric transition). The configuration in [53] corresponds to

c = 0 and the seven-branes (with orientifold seven planes) located at points on the (x, y)

torus. For our case, we require a situation that is the exact opposite of what we had in

[53]. We require c = 1 with the seven-branes (no more orientifold planes) located at points

on the (x, θ1) torus.
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The above story was before the geometric transition in the type IIB theory. Having

set the value of c and the required torus, we can do a geometric transition to get to our

final, albeit, static background. The final metric is

ds2 = h1 (dz + a1dx+ a2dy)
2 + h2 (dy2 + dθ2

2) + h4 (dx2 + h3 dθ
2
1) +

+ h5 sin ψ (dx dθ2 + dy dθ1) + h5 cos ψ (dθ1dθ2 − dx dy) + h6 dr
2
, (3.65)

where we can now use the variable of the metric (3.59) to determine the values of hi as

follows (see also [53]):

h1 =
e−2φ

α0CD
, h2 = α0(C + e2φE2), h4 = α0(D + e2φF 2), h5 = 2α0e

2φEF

h3 =
C − β2

1E
2

α0(D + e2φF 2)
, a1 = −α0e

2φED, a2 = −α0e
2φFC, α =

1

1 +E2 + F 2

α0 =
1

CD + (CF 2 +DE2)e2φ
, β1 =

√
α0e

2φ

√

e2φCD − (C + e2φE2)(1 −D2)F−2

C =
α

2

(

1 + F 2 − EF
√

1 + F 2

√

(1 + E2)

)

, D =
α

2

(

1 + F 2 +
EF

√
1 + F 2

√

(1 +E2)

)

.

(3.66)

This way we can determine the metric (3.58) completely, with the only unknowns being the

warp factors A and B. We believe that using three warp factors in the M-theory setting,

these will be uniquely determined. This would therefore be the static background that

would allow seven-branes, D3 brane and non-trivial three form fluxes. The axion-dilaton

distribution can be determined from the corresponding F-theory curve. A slight deviation

from the primitivity will trigger the motion of the D3 brane towards the D7 branes. Both

the D3 brane and the D7 branes are now located at points on the (x, θ1) torus. The

D7 branes therefore wrap directions (y, θ2, z, r) and are stretched along x0,1,2,3. The D3

brane is along the x0,1,2,3 directions. We can also choose the three forms HNS ≡ H and

HRR ≡ H ′ in the following way:

H = ∂rBxθ1 dr ∧ dx ∧ dθ1 + ∂θ2Bxθ1 dθ2 ∧ dx ∧ dθ1 +

+ ∂rByθ2 dr ∧ dy ∧ dθ2 + ∂θ1Byθ2 dθ1 ∧ dy ∧ dθ2
H ′ = ∂θ1B

′
zy dz ∧ dθ2 ∧ dy + ∂θ2B

′
zy dz ∧ dθ1 ∧ dy +

+ ∂θ1B
′
zx dz ∧ dθ1 ∧ dx+ ∂θ2B

′
zx dz ∧ dθ2 ∧ dx,

(3.67)

where Bxθ1(r, θ2) and Byθ2(r, θ1) are the BNS fields and B′
zx(θ1, θ2) and B′

zy(θ1, θ2) are

the BRR fields. Observe that these B fields are functions of the radial coordinate r as well
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as the angular coordinates θ1 and θ2. Furthermore, since we do not require primitivity

at the Coulomb stage of our model, we can take a simplified choice of the threeforms by

putting B′
zx = B′

zy = 0. This would mean that we only have HNS in our background.

This choice will be useful to study black holes in this scenario. We will also discuss the

changes that can appear when we switch on HRR. In the figure below:

θ

x

(r, z, y, 

1

)2θ

D3
D7

the D3 brane is at a point on the (x, θ1) direction similar to the two D7 branes which

are stretched along the (r, z, y, θ2) directions. As discussed above, the fluxes would drive

the D3 brane towards the two D7 branes. The whole system is of course embedded in

a deformed conifold background. In the figure above, the two D7 branes wrap the three

cycle (z, y, θ2) of the deformed conifold. Furthermore when we switch off HRR to keep

only the HNS field, we have to consider multiple D3 branes satisfying (3.56). In the above

figure we can still have the same configuration, but now we have to keep other D3 branes

far away (along with the set of seven branes). This way the cosmology of the model will

remain intact.

One might ask if there are other interesting geometries that one could use to con-

struct cosmological models. In this context, we recall that [93] studies the physics of

closed string tachyons localized to C3/ZN nonsupersymmetric noncompact orbifold singu-

larities and the phenomena therein using the connections between the worldsheet orbifold

conformal field theory, RG flows and the toric geometry of these orbifolds. The geometry

in codimension three is more intricate than the lower dimensional cases [94] [95] [96]. In

particular if a more relevant tachyon condenses in the process of condensation of a less

relevant tachyon, there are flip transitions [97] between topologically distinct tachyonic

resolutions of the original singularity (contrast with the more familiar flops in Calabi-Yau

spaces, executed by moduli). It is interesting to ask if there are compact embeddings of
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these C3/ZN singularities in the presence of nontrivial background fluxes, which then give

rise to a four dimensional effective spacetime. Since these are nonsupersymmetric, such

compact embeddings are necessarily non-Calabi-Yau. We expect that turning on fluxes

would modify the bare masses of closed string tachyons (see e.g. [98]), and more generally

the tachyonic physics of the geometry. In the context of codimension three singularities,

this could potentially give rise to interesting nonsupersymmetric vacua in four dimensions,

with the fluxes potentially stabilizing both tachyons and moduli in the geometry. It would

be worth investigating these ideas further.

3.6. Example 6: Wrapped branes and non-supersymmetric black holes

The new background that we constructed as (3.58) and (3.65) should more or less capture

the full cosmology of our inflationary model, including the slow roll and the exit from

inflation. A viable cosmological model, like ours, should also open up avenues to study,

for example, black holes and other possible solitonic defects in the model. Black holes can,

in principle, form in the early universe (known as primordial black holes) during the slow

roll or even in the later waterfall stage of inflation [29]. An overproduction of these of

course will have disastrous cosmological problems. And therefore their quantity should be

negligible. For uncharged black holes this is not much of a problem as most of these black

holes eventually all decay via Hawking radiation and therefore they are not there in the

present time. However for black holes that are charged, this is not possible as they cannot

completely decay. They will radiate till the charge is enough to sustain the mass of these

black holes. This way we might be able to see them in the present time.

In this example, we would therefore like to ask whether in our supergravity back-

ground, it is possible to construct charged blackhole configurations. It turns out that we

can exploit the fact that b3 ≥ 1 to construct such black holes using D3-branes wrapping

three cycles of the non Calabi-Yau deformed conifold30. However we have to be careful

30 Not all wrapped branes are black holes in lower dimensions. A generic state of mass M

in quantum gravity is a black hole if its Schwarzschild radius is much greater than its Compton

wavelength, i.e. GM >> 1
M

, i.e. for M >> Mpl, the state will look like a black hole. Now

consider wrapping N Dp-branes on a collection of noncontractible p-cycles with homology basis

Σi of a compact space that admits p-cycles. This has a charge given in terms of a central charge

written schematically as Z =
∑

i
qiΣi, where the sum includes dual cycles etc. Consider for

simplicity a single cycle. Then the mass of this state in the noncompact 4D spacetime is M ∼
N · TDp · Vp ∼ NVp

gsl
p+1
s

, where Vp is the volume of the p-cycle and TDp is the brane tension. If this
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here. The black holes discussed in [99] are actually BPS and therefore they have the

charge-mass equality (i.e the supersymmetry condition). Furthermore, since the masses of

these black holes are given by the size of the three cycle, shrinking the size of the three

cycle will result in charged massless black holes31.

On the other hand, what we have are non-supersymmetric black holes. Therefore

the constructions of [99] are not exactly the one relevant here, although our discussion

will follow closely the discussion of [99] as the underlying manifold is a warped deformed

conifold, but with non-primitive fluxes switched on. In the figure below:

Q

the black hole is the wrapped D3 along the compact direction. The compact direction of

the cylinder in the figure above is the three-cycle and the non-compact direction of the

cylinder is the four dimensional spacetime. We represent the charge of the wrapped D3 as

Q. In the D3/D7 system, the full cylinder will lie on the world volume of the D7 branes,

and the D3 brane will be along the non-compact direction. Therefore from the world

volume of D3 brane, the wrapped D3 on the compact direction will appear as a black hole

of charge Q.

The original configuration of [99] is a supersymmetric one and therefore we have to

see whether we can say something about the non-supersymmetric case. The situation is

not that bad, because in the absence of fluxes, the background does preserve the required

amount of supersymmetry. Therefore, let us first switch off the fluxes. Then we have a

static configuration with D3/D7 branes on a deformed conifold background, with another

cycle is supersymmetric, the state is BPS and we have M ∼ |Z|. For this state to be a black hole

in 4D, we require N
gs

· Vp

l
p+1
s

>> 1
gsls

i.e. N · Vp

l
p
s
>> 1. Now if

Vp

l
p
s
>> 1, a p-cycle can be thought of

in terms of classical geometry − worldsheet α′ corrections are negligible. If we have small N ∼ 1,

this looks like a point particle BPS state since we can potentially violate M >> Mpl if the cycle

is not large enough. However if N >> 1, then we necessarily have M >> Mpl even if the cycle

volume is not too large, so that the state is indeed a black hole. If the theory has sufficiently low

supersymmetry, moduli spaces are lifted typically and one does not need to worry about possible

lines of marginal stability where this charge-N state becomes marginally unstable to bifurcation

into states of lower charge.
31 For an analysis of entropy of these black holes the reader may refer to [100].
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Q number of D3 branes on the compact three cycle of the deformed conifold. In the earlier

sub-section we studied the supergravity solution (albeit with fluxes) for the system, when

the wrapped D3 branes were absent. We now put them in and, in the first approximation,

remove the fluxes. Can we write the supergravity solution for this case?

It turns out that when the size of the three cycle is vanishing we can indeed say

something about this configuration. This will be the case where we expect to get massless

black holes in four dimensions. To study the supergravity solution, let us first T-dualize

along directions x and y, where we have already defined (x, θ1) as one S2 and (y, θ2, z) as

the three cycle. This T-duality was first studied in [101] and was later detailed in [102].

Our configuration will be more involved than the one presented by [101] or [102], because

we have seven-branes in the background. In the limit where µ→ 0 in (3.54), the deformed

conifold will turn into a pair of intersecting NS5 branes and the D3 brane of the D3/D7

system will become a D5 brane stretched along x, y directions. Together they form a brane

box configuration given below as:

where the box is along x, y directions, and the NS5 branes are denoted as orthogonal

lines with D5 on the slots of the box (see [103] for a description of brane boxes). The

wrapped D3 on the three cycle is now a D-string. This is given as the diagonal dotted

line on the x − y plane. The black dot in the middle corresponds to the T-dual of the

deformed three cycle. This part of this configuration is in fact the original picture of [101].

In our case, however we will have additional branes. This will be the T-dual of the D7

branes, which, here will remain as D7 branes but oriented along different directions (in the

figure above this is rather difficult to depict). So combining everything, we have a brane

box like configuration with additional D7 branes. Question now is what happens to this

configuration if we switch on a BNS field in the original deformed conifold background

oriented along:

BNS = Bxθ1 dx ∧ dθ1 +Byθ2 dy ∧ dθ2 (3.68)

where Bmn are already defined earlier. It is easy to see that this B field will dissolve

into metric after two T-dualities along x, y directions, and therefore deform the brane box

configuration. This deformation is where we break supersymmetry in this configuration.
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In the original case where we had primitive B fields, i.e both the NS and RR three

forms selfdual to each other, the T-dualities of the BNS still gave a deformed brane box

configuration. But the presence of BRR in fact made the resulting background supersym-

metric. Now that we do not have the RR field (or switch on a non-primitive RR field) the

configuration becomes non-supersymmetric.

For the supersymmetric case, the spectrum of the string between the NS5 branes was

easy to evaluate using standard technique. This gave rise to a single hypermultiplet at the

intersection region (denoted as the dark circle in the figure above). When the brane box

gets deformed, the mode expansion will now no longer be easy to calculate.

On the other hand, the deformation of the brane box itself is not too difficult to

calculate. The metric of the intersecting NS5 branes can be written down using standard

techniques. Putting D5 branes in the slots of the NS5 branes actually convert this system

to an intersecting NS5-D5 brane system. The metric of the box is therefore written using

the coordinates dx, dy and dθi, dr, dz (we will not write this here, but the readers can easily

work this out). The deformation to the box is therefore the following: in the metric where

ever we have dx, dy, we replace this by dx − Bxθ1dθ1 and dy − Byθ2dθ2 respectively. An

example of this has recently appeared in the last sections of [53], which the reader can look

up for a derivation. The presence of D7 branes does not modify any of these conclusions

(though the metric may get more involved by the back-reactions of the D7 branes).

Although the D7 branes do not modify the deformation (that we expect in the absence

of seven-branes) they do create an obstruction in the system which hinders a simple lift

to the type I scenario. This is where we can compare how our construction differs from

earlier studies of related scenarios. The obstruction comes from the fact that we are away

from the orientifold point with extra seven-branes that are charged with respect to both

the axion as well as the dilaton. A somewhat more clear manifestation of the obstruction

is the appearance of extra B fields in the brane box configuration. These B fields have

components that are related to the original type IIB B field (3.68) but they would arise

even if we switch off (3.68). In the original framework of [53], where the z coordinate of

the deformed conifold was delocalized, these B fields were absent (or can be shown to be

pure gauge). However when we have localized metric one cannot gauge these B fields away

as they become non-trivial functions of the inherent U(1) fibration of the type IIB metric.

For the configuration of interest, the B fields will appear in the brane box configuration

with the following components:

B = α1 (dx−Bxθ1 dθ1) ∧ dθ2 + α2 (dy −Byθ2 dθ2) ∧ dθ1, (3.69)
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where αi are functions of all coordinates except x and y. From (3.69) we see that even

when we switch off Bxθ1 and Byθ2 , there exist non-trivial B fields whose components are

determined by αi. Furthermore from the components we see that the B fields do not lie on

any one of the NS5 branes. In fact they have one leg on each of the NS5 and D5 branes.

These aspects make the mode expansion of strings (that are stretched between the

NS5 branes) a bit difficult. The physical meaning of the B field (3.69) should now be clear.

This is related to the conifold deformation that converts a conifold geometry to a deformed

conifold geometry. So starting with a deformed brane box configuration (which is the T-

dual of a confold geometry with a probe D3 and BNS flux (3.68)) we switch on a B field

(3.69); and this is the brane box configuration for our case. By construction primitivity

is already broken in the original type IIB framework and therefore this configuration will

not preserve supersymmetry. This way we can get the supergravity solution for our case.

Of course it still remains a complicated problem to calculate the spectrum of the strings

between the two NS5 branes using first principles.

Having gotten the T-dual box configuration, we can use indirect means to estimate

the spectrum of the strings inside the box. These strings are of course T-dual of the

wrapped D3-branes in the deformed conifold setup. In the absence of fluxes, the wrapped

D3 brane give rise to massless (or massive, depending on whether µ in (3.54) vanishes or

not) hypermultiplets. In the presence of fluxes and also when µ 6= 0, the deformed conifold

is T-dual to NS5 brane box with a B field and/or |µ| separation between the NS5 branes.

As we can see, even if the configuration gets deformed by (3.68), the string will always

produce massive states. Generic study of B field done earlier in somewhat related scenario

showed that these massive states are always hypermultiplets (see [104],[105] for details).

These massive hypermultiplets will therefore be the massive black holes that we expect to

see in the D3/D7 inflationary scenario.

This completes our discussion of the basic picture of black holes from supergravity

point of view. Below, we will discuss whether such configurations could be generated in

the inflationary D3/D7 setup.

3.7. Example 7: Cosmological effects from brane-antibrane annihilation

Now that we have argued a way to get massive charged black holes in our setup by wrapping

D3-branes on three cycles, our next question would be whether higher dimensional wrapped

branes could also be used to get strings and domain walls in four dimensions. Naively one

might think that wrapping D5 branes on either three or four cycles should produce the
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required defects in our spacetime. On the flip side, formations of domain walls and strings

would be in conflict with many cosmological observations. Thus we have to find a way to

argue that such defects will not form.

In order to do this, we should go back to the black hole configuration that we studied

in the previous example. These black holes are charged objects: therefore to study charged

black holes in the inflationary scenario, charge conservation dictates that the only known

mechanism is pair production. This scenario has been addressed earlier in various papers

(see for example [106], [107], [108]). The black holes in these papers are pair produced as

charged point particles.

This simple observation therefore gives us a way to address all the subsequent brane

related defects, namely: study them in the framework of pair productions. Therefore we

should consider pair productions of D5/D̄5, D3/D̄3 and even D1/D̄1. The following three

conditions would now prevail:

• The pair produced branes can fall back into each other and annihilate. This will not

have any observable effects, and therefore can be ignored.

• The pair produced branes are separated by some external forces. The external forces

could be via some external fluxes or from inflation itself. The external fluxes that we

have are in general not sufficient enough to do this job unless they are very large or

have large fluctuation, and therefore the only other mechanism could be inflation itself.

As discussed for the point particle cases in [108], the process of inflation can pull these

particle-antiparticle pairs so that they do not annihilate any more. This process will keep,

say, the particle (i.e the charged black hole) in our cosmological event horizon and hurl

away the anti-particle far away so that there will be no causal contact between them any

more.

• The pair produced branes do not annihilate completely. This is a new phenomenon that

is possible in our set-up because of the special configuration of NS fluxes. There is no

counterpart of this effect in the point particle cases and, as we will discuss below, can

happen only for some specific branes. Thus it is not universal.

We now begin with the discussion of the second case. In all the cosmological examples

we have in mind, the part which is inflating is only along the D3-brane world volume, i.e

a de-Sitter metric along x0,1,2,3 directions. To an observer along the D3-brane world

volume, the brane-antibrane pairs will appear as particle-antiparticle pairs. Therefore the

inflationary expansion will be equally responsible here to separate the branes from the

anti-branes.
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Therefore first consider the creation of D3/D̄3 pairs. The pairs wrap the three cycle

that is oriented along (y, θ2, z) and that is orthogonal to the radial direction r and S2 with

coordinates (x, θ1). In the figure below:

we denote the D3/D̄3 pairs by the two cycles with charges ±Q. As before the cylinder is

oriented along the three cycle (the compact circle in the figure above) and the space time

direction (the non-compact direction of the cylinder in the figure above). The inflationary

drag separates the wrapped D3-branes from the D̄3 branes, so that we only see, say, the

wrapped D3-branes. They appear as charged black holes in four dimensional spacetime.

The above analysis did not consider other orientations for the D3/D̄3 pairs. There is

no reason why the pairs should only be along the S3 direction. Since b1 = 0 i.e the first

Betti number vanishes, the possibility of getting domain walls from the pairs is not there.

It is easy to see that other configurations will not lie on the D7-brane world volume and

therefore will not form any wrapped states. Thus the only things that could come out

from these pairs are some charged black holes (albeit in very small numbers, which will

clear when we apply this mechanism to study primordial black-holes in sec. 5). The above

considerations also rule out any cosmological effects from D1/D̄1 pairs, as in the absence

of one-cycles (b1 = 0) they will not have any observable consequences.

What happens for theD5/D̄5 pairs? It turns out − and this is our third case discussed

above − that this situation is a little more involved than the D3/D̄3 pairs. To analyze

this case let us consider carefully all the possible orientations for the D5/D̄5 pairs. First,

let the pairs be along directions (x, θ1) and (y, θ2, z). The coupling on a D5 brane and an

anti D5 brane can be written as [109]

∫

D5

D+ ∧ (BNS − F1) −
∫

D̄5

D+ ∧ (BNS − F2) (3.70)

where F1 and F2 are possible gauge fluxes on the D5 and the anti-D5 brane respectively,

and D+ is the four-form of type IIB theory whose field strength is a five form. The

relative sign in the above equation signals the presence of the antibrane. Taking only the
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component BNS = Bxθ1 dx ∧ dθ1 we see that the above coupling gives us D3-branes with

charge Q, where

Q =

∫

IP1

(F2 − F1) (3.71)

and the integral is over a sphere with coordinates (x, θ1). Observe that this charge is

measured by gauge fluxes induced on the D5 and anti-D5 branes. This is an important

difference, because even though both D5 and anti-D5 branes see the same BNS field, they

would see different gauge fluxes and therefore would create a D3-brane. This new D3-brane

will now wrap the three cycle along (y, θ2, z) direction and appear as a black hole of charge

Q.

It is now easy to see the two apparent differences from the D3/D̄3 pairs. First, the

D3/D̄3 will annihilate as soon as they are formed, unless the inflationary forces hurl them

apart. On the other hand, the D5/D̄5 pairs would annihilate to give rise to wrapped D3

of charge Q even before the pair could be separated.

At this point one might wonder about the behavior of the tachyon32 in this system.

Due to the presence of BNS and two different gauge fluxes F1 and F2, the mass spectrum

is shifted. In fact the zero point energy E, of the string modes between D5 and D̄5 is

worked out in [105] and can be written as

E = ∓1

2

(

|ν − 1

2
| ± 1

2

)

(3.72)

where ν is the shift in the mode number because of the fluxes. From this it is easy to

study the behavior of the tachyon profile for the system. We can plot E vs. ν and depict

the profile as:

E

ν0

−1/2

−1/4

11/2

It is now clear that there will be no tachyon in the system. In fact the tachyon becomes

massless and the net result is just D3-branes with charge Q (wrapping the S3 of the

32 This is not the D3/D7 tachyon, but the inherent tachyon of a brane-antibrane pair.
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deformed conifold) from the annihilation of the D5/D̄5 pairs. All other orientation of the

D5/D̄5 will not have any observable effects on the D3-brane world volume. Thus we see

that other than black holes there is very little possibilities of getting any other charged

defects in this scenario. Before ending this section, let us ask what happens for the D3/D7

system in K3 × IP1 background?

From the analysis we did above, it is clear that we need at least one three cycle to

have black holes in four dimensions from wrapped D3-branes. The third Betti number for

K3× IP1 is zero and therefore will not allow any three cycle. Naively this means that there

would be no possibly of getting any charged black holes in four dimensions. What about

other wrapped branes? From the Betti numbers of our manifold:

{bi} = 1, 0, 23, 0, 23, 0, 1 (3.73)

we might expect charged strings and three-branes in four dimensions. These charged

strings are extremely rare as they get annihilated by anti strings as soon as they are formed

(furthermore, as discussed before, they will have no observable consequences because of

the absence of one-cycles). The D3-brane moving towards D7-branes will only detect them

at the final stage of the inflationary scenario. On the other hand, due to compactness

of the internal manifolds, these charged three-branes are not allowed to form in our case.

Also since b1 = 0 there would be no domain walls (to get domain walls we need D3 branes

to wrap one-cycles and/or D5 branes to wrap three cycles and/or D7 branes to warp five

cycles. All of which are absent here). Therefore it seems that D3/D7 inflationary model in

K3 × IP1 background has zero possibility of black holes formation from wrapped branes.

However before we come to a definite conclusion let us contemplate another mechanism

that could in principle allow some possibilities of black holes formation. This mechanism

has to do with the choice of three form fluxes in this background.

The fluxes on the K3 manifold − on which we also have wrapped D7-branes − induce

a configuration of intersecting D5 branes on the D7-branes world volume. These D5 branes

intersect along the 3+1 space which forms our spacetime. This world volume configuration

is in fact U-dual to the deformed conifold setup that we studied above! The wrapped D3-

branes in the earlier configuration will be U-dual to fundamental strings between the two

D5 branes. However there is one obvious problem with this map: we cannot separate

the two D5 branes, and therefore the strings between them will only contribute massless

hypermultiplets in four dimensions. One way out of this is to allow different gauge fluxes

on the two D5 branes. This will shift the zero point energies of these strings.
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In practice however it turns out more difficult to justify these massive strings in the

intersecting brane configurations. Therefore the D5 brane configurations also will not be

very useful to allow the formations of black holes in the K3 × IP1 background.

Before ending this section, let us contemplate another phenomenon as the D3-D7 open

string tachyon condenses: This is the possible formation of non-BPS branes wrapped on

appropriate cycles of the compact geometry. We recall [110] that the spectrum of D-branes

in Type IIA (B) theory included odd (even) dimensional uncharged D-branes, besides the

more familiar BPS D-branes that carry RR-charges. These non-BPS branes have an open

string tachyon on their worldvolume and are unstable. While their tensions also scale

as O( 1
gs

), they are dressed by the open string tachyon potential which appears in the

corresponding DBI action. Thus for instance the IIB theory on K3 × IP1 in principle

will nucleate non-BPS 2-branes wrapped on 2-cycles therein, since they are uncharged

objects allowed simply on energetic grounds as the D3-D7 tachyon condenses (on the other

hand, the approximately deformed conifold does not admit 2-cycles so this process is not

possible here). As possible defects, these unstable branes would naively be expected to

decay rapidly due to the dominant open string tachyon. From the point of view of string

theory, the work of [111] (using Sen’s boundary state [112]) shows that the dominant decay

mode for these unstable branes is into the full tower of massive closed string states. On

the other hand, it is a priori unclear what the effective description of such decay processes

is, via supergravity. While one could naively imagine these wrapped unstable branes to

appear as point-like uncharged black holes in the noncompact four dimensions, such objects

would typically also source the dilaton and other scalar fields. Thus it is not evident that

these systems describe black holes with smooth horizons as opposed to naked singularities.

Related work on possible supergravity descriptions of brane-antibrane stacks appears in

e.g. [113]. It would be interesting to understand these questions in greater detail.

4. Classification and stability of cosmological solutions

In Sec. 3 we studied various cosmological examples, by taking different limits of the

background fluxes and with some quantum corrections. We also saw the necessity of

higher derivative corrections to get any reasonable answers. However a precise analysis of

these higher derivative terms has not been worked out in the literature, and therefore the

solutions that we presented in sec 3.3 are only approximate. Furthermore these solutions

are only valid in the regimes discussed for various individual cases respectively.
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In the absence of an exact solution, we would then like to classify the possible back-

ground metrics that we can get using two and three warp factors. The metric that we get

in type IIB is of the following generic form:

ds2 =
f1
tα

(−dt2 + dx2
1 + dx2

2) +
f2
tβ

dx2
3 +

f3
tγ

gmn dy
mdyn (4.1)

where fi = fi(y) are some functions of the fourfold coordinates and α, β and γ could be

positive or negative number. For arbitrary fi(y) and arbitrary powers of t, the type IIB

metric can in general come from an M-theory metric of the form (2.33) with three different

warp factors A,B and C, given by:

A =
1

2
log

f1f
1
3

2

tα+ β
3

+
1

3
log

τ2
|τ |2 , B =

1

2
log

f3f
1
3

2

tγ+
β
3

+
1

3
log

τ2
|τ |2

C = −1

3

[

log
f2
tβ

+ log
τ2
2

|τ |

]

(4.2)

where we have isolated the complex structure dependences, and τ = τ1 + iτ2 as before.

The above is therefore what we talked about in the beginning of Sec. 3, but clearly there

are many cases with only two warp factors. The two warp factor cases would be when

B = C, and A different. To see what the possible choices are for such a background, we

need to find the difference B − C. This is given by:

B − C =
1

2
log

f2f3
tγ+β

+ log
τ2
|τ | , (4.3)

which could be simplified further if we consider a background with trivial axion-dilaton i.e

τ = i with the seven-branes charges cancelled locally33. From here, the two warp factor

case would be when (4.3) vanishes. Since the space and time dependent parts of (4.3) can

be isolated, (4.3) can only vanish if

f2 = f−1
3 · |τ |

τ2
, γ + β = 0 (4.4)

with α and f1(y) remaining completely arbitrary. To simplify things a little bit, let us also

consider τ = i which means that we are keeping the seven branes far away and also taking

the limit when the dilaton is zero (see sec. 3 for the precise equations for which such a

situation could be realised). Then the condition (4.4) would fall into the following cases:

33 This is when the M-theory fiber is a ZZ2 orbifold of T 2.
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Case 1: γ = β = α = 0, f2 = f−1
3

This is completely independent of time, and therefore the warp factors are functions of

the fourfold coordinates. We now expect that the warp factors A and B would be related

as A = −2B, as we have seen in Sec. 2. Using the general forms of A and B in (4.2),

A = −2B would immediately imply f1 = f2. This is therefore the supersymmetric case

studied earlier in various papers including [60],[114],[115]. The M-theory lift of this will

have the following warp factors:

A =
2

3
log f1, B = C = −1

3
log f1, (4.5)

which is of course the fourfold solution of [73].

Case 2: γ = β = 0, α 6= 0, f2 = f−1
3

There could be various choices here when α 6= 0. All of them are time dependent cases

and therefore break supersymmetry. The case where γ = β = 0, α = ±2, f1 = f2 = f−1
3

is our Examples 1 and 2 earlier (in Sec. (3.1) and Sec. (3.2)). As discussed there for the

case when α = 2, this is an approximate background when we take the background Gmnpq

fluxes to be very small on an almost non-compact fourfold. For the case when α = −2,

we were not required to take fluxes very small but solutions there only existed iff higher

derivative corrections are put in. In both cases the membrane is moving very slowly and

the warp factors in M-theory are (henceforth we will keep to = 0 for simplicity)

A =
2

3
log f1 ± log t, B = C = −1

3
log f1. (4.6)

The next corresponding case would be when α 6= ±2 with f1 may or may not be equal to

f2. With the analysis done in Sec. 3, this condition seem not to be allowed to the order

that we took the quantum corrections. It could be that these cases are realized when we

certain terms in the background equations of motion are ignored. It will be interesting to

study these possibilities.

Case 3: γ = −β, f2 = f−1
3

Again there are a few choices here. The case studied in Example 4 earlier (Sec. (3.3))

is when α = β = −γ = 1, f1 = f2 = f−1
3 . For this case unfortunately the internal

G-fluxes Gmnpq become time dependent. Therefore this case seems to be a viable solution

only when we remove the branes from our picture. Thus this case is basically outside
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the D3/D7 inflationary setup, unless we incorporate corrections to the anomaly equation

(2.55) which would allow such kind of fluxes. One interesting case to consider would be

to find a de-Sitter like solution here. From our earlier analysis (2.20), we know that type

IIB de-Sitter can be gotten from dimensional reduction over a six dimensional space, if the

warp factors satisfy:

β + 3γ = 2 =⇒ α = β = −1, γ = 1 (4.7)

which is related to what we got in (3.42) by the replacement t → 1
t

in (3.42). Therefore

for the two cases we can consider fourfolds in M-theory with warp factors given by:

A =
2

3
[log f1 ± log t] , B = C = −1

3
[log f1 ± log t] (4.8)

with the + sign giving a de-Sitter solution and the − sign giving the cosmology studied in

Sec. (3.3). In the latter case, the fourfold is effectively non-compact. Similarly there are

other interesting cases which could possibly be seen under some restricted choices of flux

backgrounds.

These are therefore all the possible allowed choices with two warp factors. We now

would like to come to the case with three warp factors. For generic metric the warp factor

choices are already given in (4.2). Of course the three warp factor cases are much more

flexible, but on the other hand the background equations of motion are pretty involved

now. We will perform a more systematic study, along with possible derivations, of this in

a sequel to this paper34. For the time being let us analyse all the possible choices within

this scenario.

Case 4: α = β = 2, γ = 0 f1 = f2

This is by far the most interesting case. The internal six manifold is time independent.

From our earlier analysis (2.20), this example would correspond to an exact de-Sitter

34 Of course we should also consider the cases with four (or maybe more) warp factors too.

Having four warp factors would mean that the type IIB six manifold is by itself a fibered product

− with the fiber (of some dimension) warped differently than the base. Since not all manifolds

can have this inherent property, it will be interesting to analyse this case in details to see what

possible cosmology comes out from here.
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background. And therefore this would be an accelerating universe with the three warp

factors given by:

A =
2

3
log

f1
t2
, B =

1

2

[

log f3 +
1

3
log

f1
t2

]

, C = −1

3
log

f1
t2
. (4.9)

We see that the internal fourfold has time dependent warp factors although the type IIB six

dimensional space is completely time independent. Such a background has the advantage

that the four dimensional dynamics that would depend on the internal space will now

become time independent.

Case 5: α = β, γ 6= 0 f1 = f2

Although interesting, case 4 is of course not the most generic way to get a 3+1 dimen-

sional de Sitter space. If we remove the restriction that the internal space should be time

independent, then there are many other choices. From (2.20) these cases can be classified

as:

α = β = κ, γ =
2 − κ

3
, f1 = f2, (4.10)

where κ could be any number. We have also put no restriction on f3, although one might

want to keep f3 = f−1
2 to comply with the supersymmetric case. All these cases would

give rise to accelerating universes of course, with warp factors

A =
2

3
[log f1 − κ log t] , B =

1

6

[

log (f1f
3
3 ) − 2 log t

]

, C = −1

3
[log f1 − κ log t] .

(4.11)

Other cases with γ not equal to the one above (4.10), therefore will not be de-Sitter, but

could be either accelerating or decelerating universes. Furthermore, many of the earlier

cases we studied with two warp factors may also be studied with three warp factors if we

do not put any restrictions of f1, f2 and f3. This completes the classification.

Let us now briefly turn to the issue of moduli stabilization. This is a bit subtle

when the internal manifold becomes time dependent, as sometimes the internal fourfold

could have time-dependent warp factors but the internal threefold in type IIB has time

independent warp factors. The various cases can be classified as follows:

• The internal fourfold in M-theory and internal threefold in type IIB both have time-

independent warp factors.

• The internal fourfold has time-dependent warp factors whereas internal threefold in type

IIB has time-independent warp factors.
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• Both the internal fourfold in M-theory and the internal threefold in type IIB have time-

dependent warp factors.

The first case of course incorporates the supersymmetric background where, unfortunately,

there are still no models with all moduli stabilized. Therefore the non-supersymmetric

cases will definitely be much more complicated to handle. This problem becomes even more

severe if the internal G-fluxes Gmnpq in M-theory are time dependent. Fortunately, some

of the toy cosmologies that we studied in sec 3.3 have G-fluxes that are time independent.

These solutions are not de-Sitter, but in case 4 above we gave an example where, with

three warp factors, it would be possible to realize a de-Sitter background. Although a full

analysis of this background is beyond the scope of this paper, we will assume that such a

background may also allow a time independent Gmnpq flux on the fourfold.

Now the situation is much more tractable. The Gmnpq fluxes will induce a superpo-

tential [59] that will fix all the complex structure moduli of the fourfold. Other Kähler

structure moduli may be fixed by non-perturbative effects. Some discussion of this has

appeared in [66]. From type IIB point of view, these non-perturbative effects are related

to the gaugino-condensate on the D7-branes35 or Euclidean D3-brane instantons. The

original KKLT construction [32] of de-Sitter vacua uses this mechanism to fix the Kähler

moduli, and an anti-D3-brane to break supersymmetry. For our case we broke supersym-

metry spontaneously using non-primitive fluxes. The second case could probably be dealt

with from the type IIB point of view, where the six manifold has a time independent warp

factor. However it is not clear whether the fluxes could always be made time independent.

This then leads us to the question of moduli stabilization when the fluxes themselves are

varying wrt time. One possible explanation could be that at a given time t = t0, one fixes

the fourfold moduli using a superpotential. Then, as the fluxes vary with respect to time,

the moduli are allowed to vary accordingly. Again, no analysis has yet been performed to

35 It is not too difficult to identify the gaugino condensate terms from M-theory. In M-theory

the singularities of the fiber are related to the positions of the seven-branes (not all are D7 though).

On the other hand, G-fluxes can be decomposed into a localized and a de-localized part. The de-

localised part eventually becomes the HNS and HRR in type IIB theory [60], [65], whereas the

localized part becomes the seven-brane gauge fields [60],[65]. In M-theory, the localized G-fluxes

couple with the supergravity fermions. Expectation values of these fermion terms give rise to

gaugino condensates on type IIB D7-branes creating a superpotential. More details on this will

be presented elsewhere.

81



this effect that a concrete statement could be made. We will therefore leave this discussion

here and continue it in the sequel.

The third case is intractable so far, as the time dependences of the internal manifolds

in M-theory as well as in type IIB theory make it hard to give a physical picture regarding

modulus stabilization. As mentioned in the Introduction, the transient accelerations à la

[6] are too short to be used for slow-roll inflation.

5. Primordial black holes in cosmological backgrounds

We now come to another interesting cosmological phenomenon: the formation of pri-

mordial black holes in the early universe. As studied in the literature, there could be

various possibilities. Black holes may form from the large density perturbations [116],

[117] induced near the end of the inflationary era. This is basically one of the key mecha-

nisms of black hole formation. We will soon show how the the D3/D7 model may realize

some aspects of this. In a parallel scenario the formation of black holes starts when the

mass of the black hole is equal to the mass of the horizon.

But there are other mechanisms. In some inflationary models that are proposed in

the literature, inflation ends by bubble nucleation. This is a phase transition − a strong

first order phase transition that proceeds explosively by the bubble nucleation. Due to this

phase transition primordial black holes can easily form. Details of this mechanism have

appeared in [118].

Another mechanism is related to the thermal fluctuation during the very early uni-

verse. The productivity rate of the black holes is particularly efficient at very high tem-

perature. A discussion of this has appeared in [119].

These black holes formed in the early universe (via any one of the mechanisms listed

above) are usually light enough so that Hawking evaporation can take place. The lifetime

T of such a black hole of mass m is given by the celebrated formula of Hawking [120]

T =
m3

M4
p

· 1

N
(5.1)

where Mp = 1.22 × 1019 GeV is the Planck mass, and N denotes the number of particle

degrees of freedom into which the black hole can decay. Using the above relation, a simple

calculation tells us that a black hole of mass m ≈ 1012 kg will have a lifetime equal to

the age of our present universe (i.e 1010 years). These black holes therefore will now be
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evaporating. Lighter black holes would have evaporated long ago. What about heavier

black holes? These black holes would still be present and therefore would contribute to

the energy density of the universe. Recall that if black holes form early enough, they can

easily dominate the energy density of the universe irrespective of whether they inhabited

a very tiny fraction or not at the beginning. Thus those heavier black holes should not

have energy density more than the critical density of the universe. This is an important

constraint. An interesting possibility here is that, if the energy density of these black holes

is greater than the critical density, they might be a candidate for cold dark matter. The

black holes that are evaporating today are also constrained by the critical energy density.

In fact studies of the γ ray backgrounds [116], [121] limits black holes in this mass range

to contribute at most some orders of magnitude below the critical density. The constraint

can get a little weakened if one assumes the formation of relics [122]36.

From the discussion above one might wonder if there could be any constraints on

those black holes that have evaporated away completely, i.e those black holes that have

masses much below 1012 kg. It turns out that these black holes are strongly constrained

[124], [125]. The constraint comes from the fact that for black holes of masses m ≈ 107 kg

would be evaporating during nucleosynthesis. Since nucleosynthesis is an important part

of the formation of the present universe, an overproduction of these light black holes would

interfere with the process. Therefore these black holes are also strongly constrained. For

further details the readers may want to see the analysis given in table I and II of [124].

Before we end this section we should discuss the recent extension to the standard

cosmological scenario: the so called thermal inflation [126]. This is a second period of

inflation which is triggered by supersymmetric fields that have an almost flat potential. In

fact this second period has nothing to do with the usual inflationary regime that solves

the horizon, flatness and the monopole problems. However, similar to the usual inflation,

36 As a parallel comment, note that classical black holes induced by metric perturbations,

which were in turn generated during the water-fall stage of the hybrid inflation, can be sufficiently

abundant − since the inflation is nearing its final stage − to be dark matter candidate. An analysis

of this was done in [123] following a generalized uncertainty principle that can be inspired from

string theory. It was shown therein that these primordial black holes (which are still extremely

small, like 1010 times the Planck mass) can stop their Hawking evaporation when they reach

the Planck size. These will then contribute to the dark matter. Based on hybrid inflation, such

primordial black holes remnants can indeed saturate the dark matter Ωm. For more details the

readers may want to see [123].
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the scalar fields that drive the thermal inflation also have a false vacuum energy. Once the

temperature drops to a certain value, the false vacuum energy drives the new inflation till

the temperature drops further down and takes the scalar field out of the false vacuum.

Identifying the scalar fields (that drive the new thermal inflation) as the moduli fields

of string theory (i.e the scalars that would come from the non-trivial Betti numbers of

the internal manifold) would in fact lead to the famous moduli problem (also known as

the Polonyi problem) [127]: namely, their expectation values of order Mp would create

many particles that remain till the nucleosynthesis and therefore would be inconsistent

with cosmological predictions. Many solutions to this problem have been proposed [128].

All of them are more or less based on the fact that the thermal inflation, which is basically

a period of late inflation with Hubble expansion parameter of the order of the weak scale,

can effectively solve this problem (see the second reference of [128] for more details). The

dilution effect of the thermal inflation should also be small enough so that it doesn’t effect

the density perturbations generated by the original inflationary period.

The question now is to see the effect of the second stage of inflation on the primordial

black holes. It turns out that the main effect of thermal inflation is to dilute the density

of the primordial black holes. Furthermore, during the two periods of inflation (i.e the

original one at the beginning and the later, thermal, one) a given primordial black hole

production corresponds to a later stage in the original density perturbation generating

epoch of inflation [124]. In addition to that the thermal inflation introduces missing mass

ranges for the black holes by allowing those co-moving scales to be pulled outside by

thermal inflation that had originally entered before thermal inflation had set in. Also since

the energy scale of the thermal inflation is much lower than the original inflationary period,

any new density perturbations are expected to be small. This would mean that new black

holes are not formed, after re-entering the horizon again (see [116],[124] for more details).

Having summarized some of the details related to the formation of black holes in

the early universe, it is now time to continue our discussion of these issues in the hybrid

inflationary model. This will help us connect the picture with the wrapped D3 brane

intuition that we described earlier.

5.1. Primordial black holes in D3/D7 system?

To use the ideas we developed earlier to study black holes in our set-up, we have to

give some reasons for the formation of brane-antibrane pairs in this scenario. A set of

arguments that motivates to use the machinery that we developed in sec 3 is as follows:
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• As the D3-brane is moving towards the D7-branes, there is a perturbation in the back-

ground due to the time dependent evolution of background fields (recall that we have

both HNS as well as HRR fields that are evolving with time). If these fields are fluctu-

ating fast enough, then the time dependent perturbations will be responsible in creating

brane-antibrane pairs.

• As the D3-brane approaches the D7-branes, the open strings stretched between them

become tachyonic. These tachyonic instabilities will signal a phase transition. Conden-

sation of these tachyons pumps energy into the system resulting in copious production of

brane-antibranes. From the dynamics of the system, one would expect this to dominate

over the first one.

From either of the two cases, once we assume the existence of brane-antibrane pairs,

the rest of the discussion should follow as given earlier. In fact we studied this kind of

background in sec 3 and sec 4 (as case 4) above, where α = β = 2, γ = 0 and f1 = f2. Now

if we replace gmn in (4.1) by the metric (3.65), then this will be a precise background that

allows us to study primordial black holes in the inflationary scenario. Thus combining,

(3.65), (4.1) and (4.9), our background will take the following simple form:

ds2 =
f1
t2

(−dt2 + dx2
1 + dx2

2 + dx2
3) + f3

[

h1 (dz + a1dx+ a2dy)
2 + h2 (dy2 + dθ2

2) +

h6 dr
2 + h4 (dx2 + h3 dθ

2
1) + h5 sin ψ (dx dθ2 + dy dθ1) + h5 cos ψ (dθ1dθ2 − dx dy)

]

(5.2)

where hi are given in (3.66) and the background threeform by (3.67). As we see both the in-

ternal space and the background fluxes are time independent. The fluxes are non-primitive

and they break supersymmetry. The above metric therefore captures the complete sce-

nario wherein primordial black holes are created in the D3/D7 inflationary model. This is

expressed by the following figure:

X0123

Y,θ2,Z, r

D7

D3

X,θ1

In this figure, the compact space is along (x, θ1, y, θ2, z, r), with three-cycles denoted by

coordinates (y, θ2, z). The seven-branes therefore wrap the directions (y, θ2, z, r) and are
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stretched along de-Sitter spacetime x0,1,2,3. We denote the surface of the D7-branes by a

cylinder, whose compact directions are along (y, θ2, z) and also r. The world volume of

D3 is along x0,1,2,3. Both the D7-branes and the D3-brane are points on (x, θ1) space, and

the D3-brane is slowly moving towards D7-branes with a velocity ẏm (that we determined

earlier for various cases). As the D3 moves, there would be creation of small number

of D3/D̄3 pairs. These pairs are quickly separated by the inflationary expansion, as

depicted in the figure above. Finally, when the D3-branes comes very close to D7-branes,

condensation of D3-D7 tachyons pumps energy into the system creating moreD3/D̄3 pairs.

Of course, this is not the only mechanism working here. Instead of the inflationary

expansion separating D3-branes from antibranes, we could have D3-branes created directly

from D5 brane-antibrane pairs by the background BNS fields. The production rates for

this are expected to be bigger than for the D3 pair productions, as we discussed before37.

From either of these two mechanisms, black holes in 3+1 dimensional de-Sitter space will

appear as D3-branes wrapping a three cycle (y, θ2, z) with the intrinsic metric

g =





h1 + h2 0 a2h1

0 h2 0
h1a2 0 h1



 (5.3)

and with masses determined by the volume of the wrapped cycle. One can now estimate

the productivity rates of black hole formation using two different techniques: (1) Evaluate

the productivity rates from an effective 3+1 dimensional theory by dimensional reduction

over the threefold that we discussed above, or (2) Evaluate the productivity rates of brane-

antibrane in a fluctuating background directly from ten dimensional type IIB theory. Both

of these techniques should yield the same answer. However here we will briefly sketch the

first mechanism which is by now a standard way to derive the productivity rates of charged

black holes in any dimensions. For more details the reader is referred to [108],[107].

The analysis of [108],[107] starts by identifying two different instanton actions IdS and

IBH that are responsible for the production rates:

37 The D5/D̄5 pairs do see some BNS-fluxes, so that pair production for them is not tied to

tachyonic modes near the D7. And there will be some probability for the D3 defect to be produced

when the D5s annihilate − note that the dominant decay mode (i.e the case when F2 ≈ F1) for

the D5s is still into just radiation with no lower dimensional brane remnants. Thus this rate

will be smaller although nonzero. Therefore the production rates of black holes from the D5/D̄5

annihilations are expected to be higher than the ones from separating the D3/D̄3 pairs by the

inflationary expansion.
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• IdS is the Euclidean action of four-dimensional gravitational instanton that mediates

the nucleation of a de-Sitter space from nothing. In terms of our language, this would be

the creation of the four-dimensional part of the D3/D7 metric (5.2) via an instanton from

nothing. This four-dimensional part is of course an effective theory when we reduce type

IIB over the non-Calabi-Yau background.

• IBH is the Euclidean action of the gravitational instanton that mediates the pair creation

of charged black holes in four-dimensions from nothing. Again, in terms of the analysis

that we did earlier, this would now be the dimensional reduction of the wrapped Dp/D̄p

case with p = 3, 5 in the D3/D7 setup.

Thus, in the language of [108], we have two different instantons: one for the background

and the other for the objects in this background. The productivity rate Γ is now given by

Γ = η e−2(IBH−IdS) (5.4)

where η is the one-loop contribution from the quantum quadratic fluctuations in the back-

ground fields [129], [119]. A precise value of η is not very relevant for us. What we require

are the values of the instanton actions.

The instanton actions have been calculated in many papers (see for example [108]

and citations therein) and for black holes of different charges. Our effective theory in

four dimension will be the same except that we now expect many scalars from the moduli

of the theory. The potential for these scalars will come from either [59] (in M-theory) or

[130],[114] (in type IIB theory) or [65],[62] (in heterotic theory), including non-perturbative

corrections. Assuming that the potentials fix these scalars to some expectation values, we

can integrate them out to get our instanton actions. The final productivity rates from all

these analyses turn out to have a universal form, and is given by:

Γ ∼ e
− m

√

Λ , m =
T

gs

∫

dzdydθ2

√

h1h2(h1 + h2 − a2
2h1) f

3
3 (5.5)

where m is the mass of the black holes coming from the wrapped D3-branes with tension

T , hi are given in (3.66) and gs is the type IIB coupling constant (i.e the value of the

dilaton that comes from the non-trivial complex structure τ of the fiber torus (2.46) in

M-theory). Finally, Λ is the cosmological constant that would appear from the inherent

non-commutativity on the D7-branes [23] (see also [131] for a more updated discussion on

this).
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Although a full numerical analysis of productivity rates will now require the values

of the warp factors f1 and f3 − which can only be determined once we know the metric

using three warp factors − a qualitative analysis (by evaluating (5.5) with known values

of hi (3.66) and f1, f3 satisfying f−1
1 = f3 ≈ √

j as in (3.46)) easily tells us that Γ is very

small here. This is of course consistent with the inflationary scenario.

But this is not the full story yet. As the D3-brane moves towards D7-branes the

productivity rates − which are initially given by given by Γ above − will get further

enhanced. This is because, when the D3 finally reaches D7 the open string tachyon between

D3 and D7 condenses pumping energy to the system, thereby enhancing the productivity

rates of brane-antibranes. This will continue till the moving D3-brane finally dissolves into

the D7-branes as a non-commutative instanton. We will not perform a detailed analysis

of Γ here, but a qualitative analysis will tell us that the productivity rates are still very

small, because the last stage of the inflationary process where the tachyon condenses and

the D3 is finally absorbed in the D7 branes is very short38. On the other hand, we saw

earlier that the D3/D7 system on K3 × IP1 has zero productivity rates. Therefore with

a non Calabi-Yau threefold as an internal space and b3 ≥ 1, there is a finite (albeit very

small) probability of detecting charged black holes in four-dimensional spacetime.

6. Semilocal defects with higher global symmetries in D3/D7 model

Having studied various cosmological solutions in the D3/D7 system, let us now turn

our attention to something a little different from our earlier constructions, namely the

semilocal defects that can arise in some regimes of the D3/D7 model. In our earlier paper

[27] we addressed the issue of semilocal strings. Semilocal strings were discovered by

Achùcarro and Vachaspati in the early nineties [46]. These strings defy all the standard

lore of the stability and existence of solitons. In fact they are non-topological solitons and

their existence can occur in theories that have both global and local symmetries.

38 In fact the interval δt can be estimated for our case once we know the D3 brane velocity ẏ

at the last stage when it is near the D7 branes, as δt ≈ dc

ẏ
. Here dc is the critical distance at

which an open string tachyon is formed and is given by [23] dc ≡ 1
2
πα′Byθ2 where Byθ2 is the

BNS field from (3.67) with other components vanishing. Since we expect ẏ to be large (its not

slow roll anymore) and dc of order string scale (from above); the absorption process is almost

instantaneous resulting in a very small productivity rate of the blackholes from this process also.
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The standard analysis of the classification of solitons is based on the topology of

the moduli space and the corresponding homotopy groups. In the presence of global

symmetries (shared by, say, only the moduli), the above naive classification can fail. This

is where certain non-topological objects, so called semi-local defects, can surface. These

defects could be made stable by restricting the Higgs masses to lie between some range

of energies. For one dimensional defects − the semi-local strings − it was shown by

Hindmarsh [47] that when the Higgs mass is smaller than that of the gauge bosons, the

semi-local strings are absolutely stable despite the fact that the naive vacuum manifold

has a trivial first homotopy group. In fact for the theory having a symmetry group G at

vanishing gauge coupling, the homotopy classification for semi-local defects can sometime

be done if we consider a much smaller subgroup Gs that is in principle gauged when

we switch on a non-trivial coupling (or alternatively switch on the gauge fields). The

classification then takes a somewhat familiar form:

πn

(

Gs
Hs

)

= ZZ, πn

(

G

H

)

= 1 (6.1)

for a given n where n determines the kind of defects one would see in a given model and

Hs is the unbroken subgroup of Gs. Using this one can show that, although the vacuum

manifold may have trivial homotopy, the theory could still have stable defects. A more

detailed analysis has been carried out in [47], [132] to which the reader is referred for

further details.

It turns out that the D3/D7 model that we studied here is a good place to realize

these defects as non-topological solitons of the theory, although the regime we shall use

to study these solitons may not necessarily be the inflationary one. This is because of the

existence of global symmetries, which generically require many scalars that would typically

ruin the inflationary nature of the model. Furthermore there are few more points that we

have to take care of before we can embed non-topological defects in our theory:

• The dynamics of the seven branes should be isolated from the dynamics of the D3 branes.

As discussed in [27] for the case when the internal six manifold is of the form K3 × IP1,

the seven branes wrap the K3 manifold which can be fixed to a large size. For our case

the seven manifold wrap a four-cycle of the metric (3.65) oriented along (z, y, θ2, r), whose
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unwarped metric can be written as

gmn =













h1 a2h1 0 0

a2h1 h2 + a2
2h1 0 0

0 0 h2 0

0 0 0 h6













(6.2)

where hi and a2 are defined in (3.66). Thus starting with the seven brane coupling g2
7 , the

effective three brane coupling can be easily deduced to be

1

g2
3

≡ 1

g2
7

∫

Σ4

e4Bh2

√

h1h6 (6.3)

where Σ4 would be the four-cycle with the metric gmn (6.2) on which the seven-branes are

wrapped. Using arguments of moduli stabilisation, (as we would require to fix the size of

the internal manifold against any runaway) this effective coupling can be made very small

and therefore the seven branes would effective decouple from the three brane dynamics.

• The fourfold we use to describe our new six-manifold should have a representation in

terms of a Weierstrass equation. In fact, this is exactly what we achieved when we derived

our background in example 5 of sec 3. As mentioned therein, the Weierstrass equation is

written as y2 = x3 +xf +g with f⊕g being sections of L4⊕L6 with L being K−1
Bµ

, and Bµ
as in (3.54). Thus the fiber would have to degenerate over a sub-space of our six manifold

(it could be the full six manifold, but then the interpretation of the singularities in terms

of type IIB branes becomes complicated).

The next question therefore would be to specify this subspace, along with its possible

metric. This is not difficult. We want the seven branes to be points in the (x, θ1) directions.

The metric along these directions can be worked out from (3.65). The result is a warped

torus with the following metric:

ds2 =
e2B

C
|dz|2 =

e2B

C

[

dx2 + (C − β2
1E

2)C dθ2
1

]

, (6.4)

where all the quantities appearing above are defined in (3.66), and the complex structure

of the torus can be easily inferred to be τ = i
√

(C − β2
1E

2)C.

From the above metric (6.4) it is now possible to see how the seven branes are placed.

Observe that the warp factor e2B will contain the information of the seven-branes, as the

other warp factors are known in terms of the variables (E and F ) before the geometric
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transition. From the M-theory view point, the warp factors satisfy an equation of the

form (2.55) with the condition (2.47) (for the two warp factor case). Of course the kind

of metric that we want can only be derived from three warp factors by choosing case 4

of sec 4, and therefore the warp factors would change suitably. On the other hand we

could also study this from type IIB point of view. An analysis of warp factors (for the

supersymmetric case) has been done in [115]. The result is presented in terms of Green’s

functions that pick up singularities at the points where we expect seven branes and three

branes. We will not go into the details of those calculations because our system is a little

more complicated due to the non-primitivity of the background fluxes, instead we will try

to estimate the possible values of e2B by going to a regime where we could apply the exact

result of [133].

The regime that we are interested in will be when the complex structure of the base

is τ ≈ i, and the fluxes are small there (so that the warp factor equation is solely affected

by the brane singularities). In terms of the variables used to define the metric (6.4), this

is possible if we restrict ourselves to the region:

1

α0

(

C − 1

C

)(

D − 1

D

)

+ C2 − α0DE
2e2φ = 1. (6.5)

This regime, as mentioned earlier, is non-inflationary because the fluxes are effectively

vanishing and therefore the membrane (or the D3 brane) is almost stationary (2.71)39. We

need not restrict ourselves to this regime, and can study the issue of semi-local defects in the

full inflationary set-up as was done earlier in [27]. The point however is that, as we increase

the global symmetries, the number of scalars increases and therefore usual inflationary

dynamics may not be easy to realise here. For simplicity, we will restrict ourselves to a

region on or near (6.5). The warp factor B(y) now has the following representation:

B(y) = b(y) − 1

12

n
∑

i=1

log (z − zi) + c.c + modular functions (6.6)

where b(y) would be some as yet undetermined function of the internal space, and we

have put in modular functions to have a consistent description of warp factors on a torus.

39 It is also interesting to note that in this region (6.5) the two backgrounds that we studied i.e

the deformed conifold of sec. 3.5 and the K3×IP1 background of [23] would look effectively similar,

and therefore would have an approximate N = 2 supersymmetry. Globally the two backgrounds

are quite different of course as we saw earlier.
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Finally, the integer n determines the number of seven branes, with zi being the position

of seven branes on the (x, θ1) torus.

The zi behavior of the warp factor B will not change even when we switch on non-

primitive fluxes, although the function b(y) might get more complicated. Thus going to

a slightly different regime of our model, we are able to infer the ym dependences of the

warp factor B. The other warp factor A(y) still remains undetermined (at least using this

technique), although if there is some special relation between A and B, we might expect

to get some information about A also.

6.1. Examples of semilocal defects

Having set-up the stage to study semilocal defects, we should now venture towards con-

crete examples. The semilocal defects are determined with respect to global as well as

local symmetries. The global symmetries are related to the singularities of our manifold

[134],[135],[136]. Various singularity types would determine what global symmetries we

should expect in this set-up.

The local symmetries are determined by the number of D3 branes (or M2 branes in

M-theory) that we would put in. Once we determine both the local and global symmetries,

we look for energetics of the system to see whether we should expect semilocal defects or

not. The energetics can sometime be specified by the ratio of Higgs mass m, and vector

Boson mass M as β = m2

M2 from the D3 brane point of view. For example, consider a

case where the Higgs boson is much heavier than the vector boson. Having a massive

vector means that we expect magnetic fluxes to confine to a finite region. However as

shown in [47] and [132] this doesn’t quite happen because there are no stable vortices.

Thus energetics plays an important role here, and that is one of the key reasons why these

defects are termed non-topological.

Coming back to the issue of global symmetries, it is by now well known that ADE

type of singularities can easily arise here once we have the following situation:

An : zn+1, n ≥ 1, Dn : xn−1 + xz2, n ≥ 4

E6 : x3 + z4, E7 : x3 + xz3, E8 : x3 + z5
(6.7)

where x, z would be related to the coordinates of the T 2 fiber or/and to the (x, θ1) space

in a suitable way.
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To determine the relation between the Weierstrass equation that we presented earlier

and the singularity types above, (6.7), we have to write an equation that is more generic

than the Weierstrass equation [135], namely:

y2 + a1xy + a3y = x3 + a2x
2 + a4x+ a6 (6.8)

where ai are in general functions of the base coordinate z, and if we replace x in the above

equation (6.8) by x− b2
12

, then (6.8) can take the following form:

(

y +
12a1x− a1b2 + 12a3

24

)2

= x3 − x

48

(

a4
1 + 16a2

2 + 8a2
1a2 − 24a1a3 − 48a4

)

+

+
1

864

(

a8
1 + 12a4

1a2 + 48a2
1a

2
2 + 64a3

2 + 216a2
3 − 36a3

1a3 − 72a2
1a4+

− 144a1a2a3 − 288a2a4 + 864a6

)

(6.9)

with b2 = 4a2 + a2
1. In this form it is now easy to identify the Weierstrass equation that

we presented earlier; and once we have the Weierstrass equation it is a simple exercise to

extract the singularity types that we want for our case. In our earlier paper [27] we gave

a possible F-theory configuration that is responsible for exceptional global symmetries in

the K3 × IP1 background. These configurations have been discussed earlier in [137]. The

F-theory curves can be extracted from there. What we now require is an analysis similar

to the one done by [51] for the existence of semilocal strings in our model with higher

global symmetries.

The SU(n+1) global symmetry follows in a straightforward manner. We have already

given a concrete way to realize SU(2) global symmetry in [27]. What we need is simply to

fix the discriminant behavior as

∆ ∼ zn+1 + O(zn+2) (6.10)

upto an overall numerical factor. The A1, A2, A3.. cases would therefore go as z2, z3, z4..

respectively. A more detailed representation of the singularities can also be obtained when

the T 2 fiber degenerates over a four-dimensional subspace of the base. This is when we

would need (z1, z2) coordinates to specify f, g in the Weierstrass equation. For our case we

have to fix f(z) and g(z) in such a way as to realize (6.10) correctly. The local symmetry

is just U(1) coming from the D3 brane that is fixed far away. The breaking pattern here

will be:
SU(n+ 1)g × U(1)l

ZZn+1
(n > 1) Φ

−→ U(n)g, (6.11)
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where the subscript g, l refer to global and local respectively. The vacuum manifold is

S2n+1, which basically comes from the coset space of our groups; and since π1

(

U(n+1)
U(n)

)

=

1, there could only be semi-local strings. Once the energetics favor them, the Higgs fields

wrap the S1 directions of the Hopf fibration [51]:

S2n+1 S1

−→ CIPn. (6.12)

These S1 are related to the local U(1) gauge symmetry that the single D3 brane has on

its world volume. Thus there would be infinite set of strings with Higgs fields wrapping

various S1 that cannot be deformed into one another with finite energies.

The U(1) local symmetry that we discussed for the D3 brane is only residual. The

actual local symmetry would be Sp(1) broken to U(1) at all points in moduli space [138].

In fact for m D3 branes we expect to see an unbroken gauge group of Sp(m) [139] (where

only a subgroup of this will be realized in the Coulomb branch of the corresponding N = 2

gauge theory40). For the semi-local defects, then we would be interested to study global

symmetries that are of the form Sp(n+ 1).

The Sp(n + 1) symmetries are not that easy to realise in a conventional way from

Tate’s algorithm (see discussion in [135]). We will therefore give an approximate way to

see these from (6.9), and then try to realize them directly from the D3 brane world volume

using the construction of [54], [55], [140]. The Weierstrass equation from (6.8) for this case

can be written as

y2 − x3 + a1xy + a2x
2 + a3yz

n+1 + a4xz
n+1 + a6z

2n+2 = 0, (6.13)

where ai are in general arbitrary, and the behavior of the discriminant for the case when

we convert (6.13) to the standard Weierstrass form (6.9), will tell us that

∆ ∼ z2n+2 + O(z2n+3) (6.14)

up to an overall numerical factor. One can verify that for Sp(1) ≈ SU(2) the leading

order behavior of the discriminant is z2, which is what we got earlier. The above analysis

40 Recall that we are in the subspace (6.5) where we may see an approximate N = 2 theory on

the D3 brane probes.
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therefore gives us global Sp(n+1) symmetries, up to possible subtleties mentioned in [135].

Therefore for a D3 brane near the seven branes we expect to see the following breaking:

Sp(n+ 1)g × Sp(1)l
ZZ2

Φ
−→

Sp(n)g × SU(2)g
ZZ2

, (6.15)

which is exactly what was discussed in [51]. Our case can however be even more general

that the one presented in [51] and mentioned above, because we can put m D3 branes to

get an additional local symmetries of Sp(m).

The vacuum manifold is a 4n + 3 dimensional sphere S4n+3. What about gauge

orbits? The local gauge symmetry is Sp(m), and for a single D3 one would expect (at

least classically) a gauge orbit for SU(2) group, which is of course the three sphere S3.

Thus the equivalent picture of (6.12) for this case would be [51]

S4n+3 S3

−→ IHIPn (6.16)

where IHIPn is the quaternionic projective space (recall that earlier we had complex pro-

jective space (6.12)).

From our D3 brane picture, such a vacuum manifold is not difficult to find. The

(n + 1)-plet complex scalar fields (i.e the strings to the different seven branes) can be

theoretically replaced by (n + 1) quaternions. The space that we get from doing this

is almost equivalent to a Kähler manifold in the sense that there may sometime exist a

globally defined complex structure J i
j which is written in terms of three locally defined

(1,1) tensors as

J i
j = αxJ

x i
j + αyJ

y i
j + αzJ

z i
j (6.17)

where αx,y,z are constants. The complex structure J i
j may or may not be covariantly

constant. When it is covariantly constant then it is Kähler of course. On the other hand,

the tensors Jx i
j , Jy i

j , Jz i
j satisfy a quaternion algebra

Jx j
i Jy k

j = −δxyδ ki + ǫxyzJz k
i . (6.18)

A quick consistency check of the above analysis would be to ask whether restoration of

supersymmetry would allow such vacuum manifold. From the analysis that we presented

above, vanishing flux condition would lead to an approximate N = 2 supergravity This

is perfectly consistent with our picture as pointed out long ago by Bagger-Witten [141]

that N = 2 supersymmetry requires the vacuum manifold to be a quaternionic Kähler
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manifold with negative scalar curvature that is proportional to the Newton’s constant41.

In the limit of vanishing scalar curvature we expect to get a hyper-Kähler manifold as our

vacuum manifold. This is of course a well known story [142].

For the example that we presented here in (6.16), the simplest case would be when the

base manifold is IHIP1. This is a four-sphere S4 which is a quaternionic Kähler manifold

without a complex structure. There are also other quaternionic spaces that are not of the

form IHIPn. In fact as shown by [54] and [55], there are two more varieties given by

XIPn =
SU(n+ 2)

U(n) ⊗ U(2)
, Y IPn =

SO(n+ 4)

SO(n) × SO(4)
, (6.19)

where ⊗ is used to denote the product U(n) × U(2) with unit determinant.

Comparing XIPn with our earlier analysis, we see that once we know the singularity

equation for the An algebra it is not difficult to realise this coset. When n = 1,XIP1 =CIP2,

which we have already determined. Therefore it only remains to determine the Weierstrass

equation for SO(n+4), then the second coset can also be realised. This equation is rather

easy to extract from Tate’s algorithm so we will not do it here. Interested readers may

want to work it out by themselves. We simply point out an obvious group equality

Y IP1 =
SO(5)

SO(4)
=

Sp(2)

Sp(1) × Sp(1)
= S4 = IHIP1, (6.20)

which is again consistent from our vacuum manifold construction. Thus this way all the

defects associated with An, Bn, Cn and Dn global symmetries can be realised in our model.

What remains now are the exceptional ones.

To get the semilocal defects associated with exceptional global symmetries, we have

to back up a little for more generality. In the process we will also be able to shed some

light on the classification of homogeneous quaternionic Kähler manifold done many years

ago by Wolf [54] and Alekseevski [55] and generalized by [56]. The key idea governing the

formation of semilocal defects can be rephrased in the following way:

• Given any global group with the corresponding algebra G, first find the maximal regular

subalgebra H. Having a maximal subalgebra would mean that we can ignore the u(1)

groups.

41 On the other hand, N = 1 supersymmetry requires the vacuum manifold to be a Kähler one

[141].
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• The subalgebra should be expressible in terms of product of two smaller subalgebras,

namely H = H1 ×H2.

• One of Hi should form the local gauge symmetry on the D3 brane(s). For example let

us assume H1 to be the allowed local algebra (or the local group) on the D3 brane(s).

• The local group42 H1 should have the required homotopy classification πn(Hc
1) = ZZ,

where Hc
1 is the coset for the group H1.

Then semilocal defects can form on the D3 brane(s) world volume with a global

symmetry G, provided the energetics also allows. The generic breaking pattern of the

groups in this case will be:

Gg × (H1)l
Φ
−→ (H2)g × (H1)g (6.21)

where the subscript g and l refer to global and local symmetries respectively, as before.

The corresponding coset manifold MG, for which every point p corresponds to a semilocal

defect that cannot be deformed into another one with finite energy, is given by

MG =
G

H1 ×H2
. (6.22)

Many of the cases that we studied so far (or have been addressed in the literature) can

be seen to follow from the above framework. Therefore let us first use this to study the

case when G = E6. The maximal regular subalgebra of E6 is known and is given by

H = su(6) × su(2). This immediately tells us two things: One, the world volume gauge

group H1 = SU(2) = Sp(1), and two, the manifold ME6
is

ME6
=

E6

SU(6) × Sp(1)
. (6.23)

Since SU(2) ∼ S3, the homotopy classification will tell us that π3(S
3) = ZZ. These are the

instantons, and therefore should have a construction via the quaternion as we discussed

before. Having a quarternionic framework also means that ME6
should be a quaternionic

Kähler manifold if whatever we said is consistent. One can easily check from [54], [55] that

this is exactly the case!

Therefore we seem to get our first exceptional semilocal defect in this model. However

in the process of deriving this we have ignored a subtlety. This subtlety cannot be seen at

42 We use the same notation for the group and its algebra. The distinction between them

doesn’t affect the analysis below.
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the level of group structure, but is visible when we look at the F-theory curve associated

with our manifold. Therefore let us construct the corresponding F-theory curve. From

Tate’s algorithm this is given by

y2 − x3 − a1z
5 + a2xyz − a3x

2z2 − a4xz
3 + a5yz

2 = 0 (6.24)

with ai arbitrary. Once we convert this equation to the familiar form of (6.9) the discrim-

inant locus can be easily worked out. For us this will be given by

∆ ∼ z8 + O(z9) (6.25)

up to an overall numerical factor. Knowing the discriminant we can in principle extract

the corresponding subalgebra associated with the global group G = E6 provided the back-

ground space is specified. We have already chosen our subspace that allowed us earlier to

realise an approximate N = 2 supersymmetry. This is of course the space given by the

equation (6.5). The F-theory curve (6.24) with discriminant (6.25) will then give us the

following subalgebra on this space:

su(5) × su(2) × u(1) (6.26)

which is almost the maximal subalgebra that we wanted, but not quite. In fact su(6) is

broken to su(5)×u(1). Thus this is the closest we come to getting the full structure of the

coset space directly from type IIB string theory (or F-theory). How do we then realize the

full configuration? First we decompose the E6 adjoint in terms of the subalgebra (6.26) as

78 = (24, 1)0 + (1, 1)0 + (1, 3)0 + (10, 2)−3 + (5, 1)6 + c.c (6.27)

where the subscripts refer to the U(1) charges and the c.c are associated with 1̄0 and 5̄

with U(1) charges 3 and −6 respectively.

Secondly, having given the decomposition, the rest of the discussion now should follow

the familiar line developed in the series of papers [137], [143]. We will not elaborate on

this aspect as the readers can look up the details in those papers. It’ll simply suffice to

mention that the non-trivial configuration required to get the full group structure lies in

the process of brane creation via the Hanany-Witten effect [144] leading to strings with

multiple prongs [145], [146], [147] that fill out the rest of the group generators [143].
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The above construction therefore gives us the semilocal instanton configurations asso-

ciated with global symmetry E6. Let us now turn towards the next group G = E7. There

are many maximal regular subalgebras of E7. They are given by

su(8), spin(12) × su(2), su(6) × su(3), su(4) × su(4) × su(2) (6.28)

where spin(12) actually comes from so(12) with some identification between the generators.

From the set of steps that we mentioned earlier, we can immediately ignore su(8) and

su(4) × su(4) × su(2) as they are not product of two subalgebras. What about the other

two cases? To see which one we could keep, we have to look for the homotopy classification

of the local gauge group on the D3 brane(s). Taking H1 as either su(2) or su(3) we see

that43

π3 (su(2)) = π3 (su(3)) = ZZ. (6.29)

Thus homotopically both the groups can exist. But since on a single D3 brane we can

either have U(1) (quantum mechanically) or Sp(1) (classically), the case with H1 = SU(3)

cannot arise here. The above consideration immediately gives us the corresponding unique

coset manifold for the global symmetry E7 as

ME7
=

E7

Spin(12) × Sp(1)
. (6.30)

Our previous consideration will require us to view this as a homogeneous quaternionic

Kähler manifold. From the classification of [54], [55] we see that this is indeed the case.

Here again we face the same kind of subtlety, as for the E6 case, when we look into the

F-theory curve. We will not go into the details of this as the curve and its behavior in the

sub-space (6.5) can be easily worked out. The discriminant locus and the corresponding

subalgebra that we can realise here will be, respectively,

∆ ∼ z9 + O(z10), su(6) × su(2) × u(1) (6.31)

and therefore once we decompose 133 over this subalgebra we can use multi-prong strings

to realize the full group structure [143].

43 In fact generically π3 (su(n)) |n≥2 = ZZ. Similarly π3 (so(n)) |n≥3,n6=4 = ZZ and π3 (so(4)) =

π3 (su(2) × su(2)) = ZZ ⊕ ZZ. For Exceptional groups πm (En) = ZZδm3. For more details see

[148].
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The final exceptional global symmetry that we want to study here is E8. This is

straightforward. The relevant allowed maximal subalgebra is E7 × su(2). Other choices

can be discarded because of the absence of su(2) factor or non-decomposability as products

of two smaller subalgebras. Thus this will give us the next coset manifold:

ME8
=

E8

E7 × Sp(1)
. (6.32)

From the construction of [54], [55] the readers can check that we have realized the final

homogeneous quaternionic Kähler manifold. Next looking at the discriminant on the sub-

space (6.5) we get the manifest subalgebra: su(7) × su(2) × u(1), on which we could

decompose the adjoint 248 and recover the full structure via [143]. This way we get a

“physical” reason for the existence of the homogeneous quaternionic Kähler manifolds.

Namely: they are related to the existence of semilocal defects on a D3 brane!

Before finishing, we should point out that there are two more coset spaces given in

terms of G2 and F4 algebra as

G2

SU(2) × Sp(1)
, and

F4

Sp(3) × Sp(1)
. (6.33)

The structure of these follow exactly the criteria that we laid above (notice the Sp(1)

factor). The F-theory curves for these cases can be worked out from Tate’s algorithm. But

a full analysis using multi-prong strings [145], [146], [147] à la [143] has not been done. So

we will leave this for the sequel to this paper.
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