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ABSTRACT

We use data on the image size of the radio afterglow of GRB 23(Baylor et al. 2004) to constrain the physi-
cal parameters of this explosion. Together with the obsbovead band spectrum, this data over-constrains the
physical parameters, thus enabling to test different GRBhdels for consistency. We consider two extreme
models for the lateral spreading of the jettodel 1 with relativistic expansion in the local rest frame, and
model 2 with little lateral expansion as long as the jet is highhatifistic. We find that both models are con-
sistent with the data for a uniform external medium, whiledstellar wind environmembodel 1 is consistent
with the data butodel 2 is disfavored by the data. Our derivations can be used te piglter constraints on
the dynamics and structure of GRB jets in future aftergldatowing a denser monitoring campaign for the
temporal evolution of their image size.
Subject headings: gamma-rays: bursts — ISM: jets and outflows — radiation meigmas: nonthermal —
polarization — relativity — shock waves

1. INTRODUCTION modelling of afterglow jets is still flawed with uncertain-
It has long been recognized that direct imaging of ties (Cannizzo, Gehrels & Vishnlac 2004; Granot et al. 2001;

caa Kumar & Granat| 2003;_Rhoads 1999; Salmonson__2003;
Gamma-Ray Bursts (GRBs) can provide important con- —— — - — '
straints on their physical parametefs (Granot & ILoeb P001; ©ar.Piran & Halpeir_1999), we use this data to critically
Granot, Piran & Sari_19984,b;_Panaitescu & Mész&ros]1998;35S€sS some classes of models that were proposed in the

Sari[1998{ Waxman_1907). Unfortunately, the characteris- Iterature. An important difference between relativistie

tic size of a GRB image is? only of order gmicro-arcsecond dio jets of GRBs and the better-studied relativistic radio
about a day after the GRB at the Hubble distance, and so i#€tS Of quasars (Begeiman. Blandford & E=es 1984) or micro-
cannot be resolved by existing telescopes. Neverthetegis, i  dUasars (Mirabel & Rodriguéz 1999) is that active quasars of

rect constraints on the image size of GRB afterglows were (€N injéct energy over extended periods of time into the jet
derived based on the transition between diffractive and re-While GRB sources are impulsive. Although quasar jets re-

fractive scintillationsl(GoodmEn 1997) in the radio afterg ~ Main highly collimated throughout their lifetimes, GRBget
of GRB 970508/(Frail et AL 1997: Waxman, Kulkarni & Frail decelerate and expand significantly once they become non-

1998), and based on microlensing by a star in a foreground'€lativistic, ~ 1 yr after the explosion. The hydrodynamic
galaxy [Loeb & Pernia 1998) for the optical lightcurve of GRB '€émnant of %SGRB eventually becomes nearly spherical only
000301C [(Garnavich, Loeb & Stanek 2000: Gaudi & loeb &ter~5x 10°yr (Ayal & Pirani200L). .
2001; |Gaudi, Granot, & L oeb_2001; _Granot & | beb_2001; The outllne. of the paperis as follows. |§2’.We dlspuss
Mao & Loeb2001). ' the expected image size of radio afterglows and its relation
Obviously the challenge of imaging a GRB is made easier the observed flux density below the self absorptl(_)n frequenc
for nearby sources where the late radio afterglow extenes ov !N 83, we analyze the expected temporal evolution of the af-
a wide, possibly resolvable angle ((ien 1999; Granot & Loeb (€rglow image size. The expected linear polarization is dis
5003: [ Paczhski 20011 Wana & L oeh 2007 Woods & Ldeb cussed in B4, while the surface brightness profile across the
1999). Recently, Taylor ef bl_(2004) have used a VLBI cam- iMage and its effects on the estimated source size are eonsid
paign to measure, for the first time, the angular size andgorop €'€d in &b. Finally, we apply these derivations to the radio
motion of the radio afterglow image of the bright, nearby data of GRB 030329 [$6) and infer the physical parameters
(z=0.1685) GRB 030329. The diameter of the afterglow im- T0M the measured spectruni87). We concludeln §8 with a
age was observed to be0.07 mas (0.2 pc) after 25 days and discussion of our primary results and their implications.
0.17 mas (06 pc) after 83 days, indicating an average veloc- 5 g \yaGE SiZE AND SYNCHROTRON SELF ABSORPTION
ity of ~ 4.1-5.7 c. This superluminal expansion is consis- L )
tent with expectations of the standard relativistic jet miod !N GRB afterglows, relativistic electrons are accelerated
(Oren, Nakar & Pirdn 2004). The projected proper motion of the advancing shock wave to a power law distribution of en-
GRB 030329 was measured to be smaller than 0.3 mas for 8@rgies,dN/dvye o 7P for ye > ym. For p > 2, the minimal
days following the GRB. Lorentz factor of the electrons is given by
Here we use the data af _Taylorefal. (2004) to con- p-2\ mp
strain the physical parameters of GRB 030329 based on de- Ym = (Fl) e ee(I'-1), 1)
tailed modelling of the collimated relativistic hydrodyna

ics of GRB afterglows. Since the current state-of-the-art Wheree. is the fraction of the internal energy behind the shock
in relativistic electrons, andl' is the bulk Lorentz factor of

L |nstitute for Advanced Study, Einstein Drive, Princetord, 08540 the shocked fluid. There is a spectral break@t vsyn(ym),
g ChandraFellow _ the synchrotron frequency of electrons with= vm. Another
Harvard-SmithsoniarCenter for Astrophysics, 60 Garden Sf Cam- break in the spectrum occursiat= Vsyn(%), the synchrotron
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At sufficiently low frequencies, below the self absorption ) e
frequencyvs, the optical depth to synchrotron self absorp- P e S S ;
tion 7, becomes larger than unity, causing an additional break |
in the spectrum. In this spectral range, the emitted intgisi
given by the Rayleigh-Jeans part of a black body spectrum,
where the black body temperature is taken as the effective
temperaturéle; of the electrons that are emitting the radia-
tion at the observed frequeney In the local rest frame of the
emitting fluid this may be written as

2(V’)2 2(1/')2 FiGc. 1.— Schematic illustration of the equal-arrival time sicd (thick
[ ke Tetf = %ﬁmecz 2 black line), namely the surface from where the photons ehitly the shock
v c? c? ’ front arrive at the same time to the observer (far on the +figimtd-side). The

" - . maximal lateral extent of the observed imagr,, is located at an angle
where primed quantities are measured in the local rest frameg*’ where the shock radius and Lorentz factor Rieand T, = Tp(R.).

of the emitting fluid while un-primed quantities are measlure respectively. The area of the image on the plane of the si§ is TR? .
in the observer frame (the rest frame of the central source).The shock Lorentz factol'sn varies withR and ¢ along the equal-arrival

icai ; ; time surface. The maximal radiuR, on the equal-arrival time surface is
Whenvg, > v, the emission am < v < v is dominated located along the line-of-sight. If, as expect@y, decreases witlR, then

by electrons for which/ ~ vsyn(ve) o 75’ giving 7err oc v*/2 Il = I'sp(R)) is the minimal shock Lorentz factor on the equal-arrivatei
andF, I, o v%2. Forvm > v, there is rapid cooling and  surface.

all the electrons cool significantly within a dynamical time

(Sari, Piran & Narayah 1998). Wheu, > max(., vs), then

asv decreases below, the distancé behind the shock where depends orR, one also has to find at whidR or # should
7,(1) = 1 decreases. The electrons in that location, which the value ofl’ be evaluated in Eqgs.[J(1) anfl (3). Usually
are responsible for most of the observed emission, have hat'ss < vm < 1 in Which caseverr ~ ym so thatl, depends
less time to cool after passing the shock and therefore haveon I' not only through the Lorentz transformations, but also
a higherTer = Yerr(MeC?/kg). In this caseyer o< 1/1 o 5/8 through the _value Ofym, i.e. I' enters into both Eqs[l(l)_ and
andF, o »¥/8 (Granot, Piran & S&ii 2000). At a sufficiently - Comparing EqL{3) with the more accurate expression cal
small distance behind the shock, smaller thanan elec-  culated by Granot& Sarl (2002) using the Blandford-Mckee
tron with an initial Lorentz factory, does not have enough (1976) self similar spherical solution, we find that the twe e
time to cool significantly after crossing the shock. There- Pressions are in relatively good agreenteht is evaluated
fore, most electrons within a distance lgffrom the shock  1ustbehindthe shock at the location wheis located. This
havee ~ vm, and the effective temperature in this region is Should be a good approximation before the jet break time in

Tett & YmMeC?/kg. At sufficiently low frequencies (belowsc, the light curve,

see_Granot, Piran & SEri 200Dpecomes smaller thdpand (1+2) [(3-K)E 1/(3-K)
Yetf &~ Ym independent of, and therefor&, o« 12 atv < vq. i = [ > ] 63 4)
For slow cooling ¢m < vc), Yeft = ym andF, o v? immedi- 4c | 2mAc
ately belowvs,. 0.66(1+2)(Es1/no)Y/3(60/0.1% days k=0

The observed specific intensity is given hy= (u/u_’)3l,’j, ~ (1+2)(Es1/no) *(00/ 017 days {=0) )
andv'/v = (1+2I'(1-Bcosd) ~ (1+2)/T wherez is the 0.34(1+2)(Es1/A.)(60/0.1)2 days k= 2)

source redshift and is the angle between the direction to
the observer and the velocity vector of the emitting ma- Att >t;, however, it is less clear how well this approximation
terial in the observer frame. The observed flux density holds, and it might be necessary to evaluatat a different
is F, = fdQCOS§|V ~ Ql, where Q ~ 7(R./Dp)? = (1+ location. In particular, as we shall see below, this appr@xi

7 5 tion does not work well fomodel 2 with k=0 wherel need
2°m(RL/Dp)? = (1+2)*r(R. /Dr)? andd = tanf =R, /Da < . .
1 are the solid angle and angular radius of the source im-to be evaluated near the head of the jet, rather than at tae sid

age, respectively. Her®, is the radius of the observed of the jet whereR . is located.

; : ; The image size is given bR, = maxRsinf) along the
image (its apparent size on the plane of the sky) Bnad A ; ] .
D gnd(DL arF:apthe angular propefand Iuminosityyt)jistances equal arrival time surface (see Figlile 1). The equal arrival
topthe source respectiveh’/ Thus one obtdins: [I'/(1+ time surface is the surface from where photons that are emit-

. ted at the shock front arrive to the the observer simultane-

i)g;[.z,)(yl)z/czlk-re”z [T'/(1+2)]2v*7efrime, and [Katz & Piran ously. Since the emission originates only from behind the
‘ R \2 shock front, the projection of the equal arrival time suefac

F, ~ 2m2mel verr(1+ AT 3 onto the plane of the sky (i.e. the plane perpendicular to the
T Mol en(1+2) (Dp) ®) line-of-sight) determines the boundaries of the obsermed i

In deriving Eq. [B) the specific intensify was assumed age, and its apparent size (see Fidiire 1). For a spheriaz sho

to be uniform across the observed image. A more accu—frl(;n; W\;\tlui;?ysﬁgti';‘?i)e’)sRéO;rzagRggz) A'\S I()e%ag%a;t ‘whgg
rate calculation would have to integrate over the contribu- gié 0 * PP j

— (1 32)-1/2 ity (i i
tion to the observed emission from different radiand an- B. andT,. = (1-2)°Y/2 are the velocity (in _un_lts O_t) and
glesd from the line-of-sight for a fixed observed tirhée.g., the Lorentz factor of the shock fronat 6, Th|s.|mplles that
Granot, Piran & Saii 1999b), which results in a non-uniform Rw(t) =R.(t)/I'.(t) whereR.(t) = R(t,cosf = 5.) is the radius
I, across the image. Therefore, when using ED. (3) one must , ) ) ) o

. . We find that the ratio of the numerical coefficient in EQ] (3)that
chpose some effective value fb.r which should correspond in [Granof & Sali [(2002) is in this case@B(3p-1)/(3p+2) for k=2 and
to its average value across the image. Sipagepends of’, 1.71(3p-1)/(3p+2) fork=0.

this is equivalent to choosing an effective xalyePBineels0 Ms29 NetRtiat e wseer Ish for the location of the emitting fluid, which
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FiG. 2.— Evolution of the jet half-opening anglg as a function of radius
R, for various illustrative cases. The solid line shows thel@ion derived
from 2D hydrodynamical simulations {Granot efal. 2001 )e Tifferent lines
give the maximal polar angi of the shock front (which is obtained at a rel-
atively small radius where a minor fraction of the emiss®prioduced), and
the average values &f within the jet when averaged over the circumburst
gas density and over the total emissivity. Most of the eraissiomes from
within the original jet opening anglé)y = 0.2. Also shown is the evolu-
tion of Aj(R) predicted by simple semi-analytic models. Three illustea
cases are depicted where the lateral expansion speed isebsubes; = 0,

372 and 1 in the local rest framE{Oren, Nakar & Flifan 2004 RhAZED;

Sari. Piran & Halpeih 1999). Since the onset of lateral egjmmin the sim-
ple models takes place at a somewhat larger radiys @ higher value of
gas density is adopted for these models in order to show nawigy gheir

different qualitative behaviors.

of the shock at), = arccogi,.. Thereforel', = I'sy(R,) and
B« = Bsn(Ry). Although the shock front is probably not sim-
ply a section of a sphere (Granot ellal. 2001), we consider thi
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image, while foqps > 6 it represents the displacement with
respect to the central source on the plane of the sky.

In this section we concentrate on a viewing angle along
the jet axis,fops = 0, and in the next section we briefly out-
line the expected differences for<-060qps < do. FOrops =0,
the observed image is symmetric around the line-of-sight (t
the extent that the jet is axisymmetric). Ak t; the edge
of the jet is not visible and the observed image is the same
as for a spherical flow:R| o (Eiso/A)Y241tGH1/2(44) o
(E/A)Y/2E k)tj_l/ 2444(5-0/244) for an external density profile
pext=Ar %, i.e. a= (5-Kk)/2(4-k) wherea = dInR, /dInt.
HereE is the true kinetic energy of the jet, afig, = f;2E
is the isotropic equivalent energy whefg = 1-cosy =
63/2 is the beaming factor. At < t; the flow is de-
scribed by the Blandford-McKee (1976) self similar solu-
tion, which provides an accurate expression for the image si
(Granot, Piran & Sar11990a; Granot & Sari 2002),

02°K(17— 4K)(4 - K)5*EisoC3 5K /249
m(5-K)K(1+2)5*A

3.91 x 10*(Eiso52/M0)Y¥[taays/ (1 +2)]%8cm (k= o()5

Rl:

2.39% 10'(Eiso52/Ac) Y [taays/ (1 +2)]%4 cm (k= 2)

At t > tyr the jet gradually approaches the Sedov-Taylor self
similar solution, asymptotically reachify oc (Et?/A)Y/ G,
i.e.a=2/(5-K). Att; <t < tyr there is a large uncertainty
in the hydrodynamical evolution of the jet, and in particula
its rate of sideways expansion. We therefore consider two ex
treme assumptions which should roughly bracket the diffiere

as a reasonable approximation for our purpose. The exprespossible evolutions dR| (t): (1) relativistic lateral expansion

sion for @, in the more general case of an axially symmetric
shock is given in AppendiA.

The apparent speefsp=[(1+2)/c](dR, /dt), has a simple
form for a point source moving at an anglé&om our line-of-
sight, Bap = Bsnsind /(1 - Bsncosh). Substituting co8 = Bsnin

this expression giveSap = I'.3. = /T2 -1 orl'. =, /1+ 3,
and . = fap//1+ 03, In Appendix[B we show that this

result holds for any spherically symmetric shock front, and
we also generalize it to an axially symmetric shock. Fi-
nally, the Lorentz factof® of the shocked fluid just behind
the shock at, is related to the Lorentz factor of the shock
itself, I',, by I'Z = (I + 1)[(' - 1)+ 1]*/[%(2-A)(T - 1)+2]
(Blandford & McKe¢ 1976) wheré is the adiabatic index of
the shocked fluid. Far, > 1,4 =4/3 andl’ = F*/\/Z

3. THE TEMPORAL EVOLUTION OF THE IMAGE SIZE

For simplicity, we consider a uniform GRB jet with sharp
edges and a half-opening andlg with an initial value off,.

The evolution of the angular size of the image and its angular,
displacement from the central source on the plane of the sky

for viewing angle9ps > 0 from the jet axis, was outlined

in the comoving frame_ (Rhoads 1999; Sari, Piran & Halpern
1999), for whichd; ~ max@, ) so that at; <t < tyg we
havey =~ 9;1 ~ Ot expR/R)), and(2) little or no lateral ex-
pansionflj = 6p fort < tyg, in which case appreciable lateral
expansion occurs only when the jet becomes sub-relativisti
and gradually approaches spherical symmetry. We shall refe
to these models anodel 1 andmodel 2, respectivelyM odel
2is also motivated by the results of numerical simulatioeg (s
Figurel2) which show only modest lateral expansion as long
as the jet is relativistid (Cannizzo, Gehrels & Vishiniac 200
Granot et all 2001; Kumar & Gramnbt 2003). These numeri-
cal results are also supported by a simple analytic argument
that relies on the shock jump conditions for oblique relativ
tic shocksl(Kumar & Granot 2003).

Figure 3 schematically shows the evolution Bf(t)
for these two extreme models, both when viewed on-axis
(fobs < B0) as required for seeing the prompt gamma-
ray emission, and fordops ~ 90° as will typically be
the case for GRB jets found in nearby SNe Type
Ib/c (Granot & Loebl 2003] _Granot & Ramirez-Ruiz_2004;
Paczwskil20011] Ramirez-Ruiz & Madali_2004). Féy,s <

Bo attj <t < tyr We haveR, oc (E/A)Y2E W12 for model 1,

inGranot & Loeb (2003). Here we expand this discussion to @ndR 1 o (Eisat/A)Y™ oc (E/A)YE(t /1)) for model

include viewing angles within the initial jet opening angle

2. Therefore, withk = 2 we havea = 1/2 for both models,

Bobs < Oo, for which there is a detectable prompt gamma-ray despite their very different jet dynamics. Hor 0 we have
emission (similarly to GRB 030329 which is considered in &= 1/2 formodel 1anda=1/4 formodel 2.

the next section). Fdiyps < 0o, R, is the observed size of the

is always just behind the shock. On the other hand, wedusel™ (which are
slightly smaller tharBg, or I'sp, respectively) for the Lorentz transformations
of the emitted radiation, since these are the bulk velogaity laorentz factor
of the emitting fluid.

In model 1, the jetis already relatively close to being spher-
ical (i.e. ; ~ 1) attyr = tnr(E), WhereRyr(E) = ctnr(E) =
[(3-K)E/4rAc?|Y/G, and its radius is similar to that of
the Sedov-Taylor solution Rsr(E.t) = £(Et2/A)YEX, cor-

KIPAC, P.O. Box 20450, MSRSRRRMHNOLR thgsgame tinmewhereg = {(k,4) ~ 1. There-



b
R.(E.) If SV I £
R..(E) b
£ If(1-k)/2(3-k)
ORu(E [ ] ‘1/(3bk) i
f o JPPrt A2, (5472
b b 12 ‘t“m_k)—— fb b
0, oo qu fb—w/(a—k)
6, » "".(.;—k)/(s—zk)
1 t
40,) (6, to(B)  tu(Ey)
Ry
fb—1/(3—k) b
Ru(E.) I — . 20
Fren
B b2
Ryx(E)
-1/(3-K) an
f, f,
t
‘ t

t,.(E) t(Eco)

FiG. 3.— Schematic plot of the evolution of the observed aftergimage
sizeR, of a uniform GRB jet with sharp edges. The jet is either viedeth
within the initial jet opening anglédobs < 6o (Upper panel), or from Ogps ~
90° (lower panel). The solid line is fomodel 1 (relativistic lateral expansion
in the local rest frame) and the dashed line isrfadel 2 (little or no lateral
expansion beforgr). The dotted line in the upper panel represents jets (in
model 2) with a smallerdy and the same true enerfgy which converge to the
same self similar dynamics and therefore the s&mé) after the jet break
timet;. Also shown are the ratios of various valuesRof andt.

tion,

Inb-(1/2)In f,

Gw/nb-a2ms  (fobs < 6o)

. ; (7
n —_
[(5-K)/21Inb-(1/2)In T, (Bobs = 90°)

and 0< (a) < 2/(5-K) for Ogps < 0 While 2/(5-K) < (a) <

1 for fops = 90°, where(a) ~ 2/(5-K) in the limit b > 6;*
(which is not very realistic). The other limiting value @) ~

0 for fops < g and(a) ~ 1 for dops= 90° is approached in the
limit b < 651. Typical parameter valueb & 2-3, 6y ~ 0.05-
0.2) are somewhat closer to the latter limit. For example, for
k=0,b=25 andfy = 0.1 we have(a) =~ 0.722 for ops < 6o
and(a) = 0.185 forf,ps = 90°. This demonstrates that for on-
axis observers there should be a sharp risB_in while for
observers aflghs = 90° there should be a very moderate rise
in R, during the transition phase from the asymptadfie<

t < tyr @ndt > tyg regimes. Furthermore, as is illustrated in
Figurel3, this transition would not be monotonicntodel 2.
This is because during the transitiarpasses through values
larger (smaller) than both of its asymptotic valuesgg < 6o
(Pobs= 90°).

For comparison, and in order to perform a quantitative com-
parison with the data, we consider a simple semi-analytic
model where the shock front at any given lab frame time
occupies a section of a sphere witltin< 6;, andR_ is lo-
cated atd; = min(f.,d;). The observer time assigned to a
given 6 (tiap) IS t = tiap — [R(tiab) /c] €08, (tiap). We follow
Oren, Nakar & Piran| (2004) with minor difference§) we
choose the normalization &, att < t; so that it will co-
incide with the value given by the Blanford-McKee solution
(i.e. Eq.[d), andii) the lateral spreading verlocity in the co-
moving frame 3;, for model 2 smoothly varies frorfi; < 1
att < tyg to the sound speed; ~ cs/c, att > tyg. The latter
is achieved by taking; to be the sound speed suppressed by
some power of".

Figure[4 shows the resultirfg, (t) for ISM (k= 0) and stel-
lar wind (k= 2) environments, and different recipes fir For

fore, we expect it to approach spherical symmetry on a few a giveng; recipe,R, (t) depends ofE /A andf. The values
dynamical times, i.e. when the radius increases by a fa€tor o of these parameters that were used in Fi@lire 4 are indicated

b ~ a few, corresponding to a factor efb®X/2 in time, and
the transition between the asymptotic power lawRirt) is
expected to be smooth and monotonic.

In model 2, however, the jet becomes sub-relativistic
only at Ryr(Eiso) = ctnr(Eiso), Which is a factor of ~

(Eiso/E)Y/BH = £/  47/C™ Jarger thanRur(E) =
ctnr(E) and a factor of~ fb_l/ G 952/ % Jarger than
RstlE,tnr(Eiso)]. It also keeps its original opening angle,
0 ~ 6o until tyr(Eiso), and hence at this time the jet is still

very far from being spherical. Thus, once the jet becomes

sub-relativistic, we expect it to expand sideways signifilya
and become roughly spherical only when it has increased it
radius by a factor ob ~ a few. This should occur, however,
roughly at a timespn WhenRst(E, tspr) = bRyr(Eiso), i.€.
tsph/tNR(Eiso) ~ fb_l/zb(s_k)/z ~ \/5961b(5_k)/2 . (6)
This is a factor of~ fb_l/2 ~ 14(o/0.1) larger than the ex-
pected transition time imodel 1, and forb ~ 2-3 gives
a factor of ~ (80—220)@,/0.1)* for k=0 and ~ (40-
70)(00/0.1)™* for k= 2. During this transition timeR | (fops <
fo) grows by a factor of- f,/?b ~ 65 b while R, (Bgps~ 90°)
grows by a factor of- b. This implies thapguring the,tsansi- v

in the figure. Foik = 2 the spread iR (t) for the different
B; recipes is smaller than fde= 0. This is understandable
since the asymptotic values afare the same for models 1
and 2. There is still a non-negligible spread, however, as th
asymptotic value o= 1/2 att; < t < tyr is not reached.At
t > tyr all recipes forg; approach the same value Ri (t),
except forg; = 0 for which R, (t) is smaller by a factor of
sindp. For 8 = 0 andk = O there is a pronounced flattening
in Ry (t) at ~ 1.2 day, which is a factor of 7 larger than the
value oft; = 0.165 days that is implied by Eq[](4). We must
stress that this simple model becomes unrealistic artynd
The apparent velocity of a point sourcedig = 5sinf/(1-
Sﬂcos9). For fops > 6o, as long adlj < fops andt < tyg we
haveSap ~ 2I'2,0/[1+(Tsif)?] & 2/6. Forfops=m/2 we have
Bap = Bsh Which is close to 1 at < tyg. For I'sp > 1 and
0> F;ﬁ we havefap ~ sind/(1-cosd), so thatf, > 1 for
Bobs < /2 andBap < 1 for Oops > /2 (i.e. for the counter jet,
assuming a double sided jet; see Figure 2 of Granot &Il oeb
20038). Forfops < 6o we haveBap =1, 5, = I, att < tyr. At
t <tjwe get, =6, < fpand the shock frontis roughly spher-
ical with an approximately uniform Lorentz factor within

6 This is since it takes a long time to approach this limitker 2, which is

§Qgggg5ﬁ§6}g}%gy§§g3§al range betweeanding.
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10} ISM (k=0); Es1/ng=1; ,=0.05 ] pansion (; < 1) the polarization decays faster after its peak

-~ att ~ t; compared to lateral expansion at the local sound
e speedf3; = cs/c ~ 37Y/2, in the comoving frame_(Rossi et al.
10%L o - 2004). A very fast lateral expansion in the local frame close
o sotaa to the speed of light4; ~ 1), leads tofj ~ max@o,v?)
gt and to three peaks in the polarization light curve, where the
P polarization position angle changes by°98s the degree
107 ﬂ/’ - 1 of polarization passes through zero between the peaks (Sari
1999). When there is a slower lateral expansion or no lat-
J B=r—4c o eral expansion at all_(Ghisellini & Lazz&ti 1999), there are
1077 U only two peaks in the polarization lightcurve where again
; ; ; ; ‘ the polarization position angle changes by @8 the degree
wind (k=2); Es1/A«=1; 8,=0.05 A of polarization passes through zero between the peaks. The
e peak polarization is higher fg8j ~ 0 (~ 15%— 16%) com-
L= pared to3; = 3772 (~ 9%) (Rossi et 4. 2004). The maximal
e observed degree of polarization is, however, usuglig%
107 A2 1 suggesting that the magnetic field configuration behind the
e shock is more isotropic than a random field fully within the
s | plane of the shock (Granot & Konigl 2003) which is expected
7 if the magnetic field is produced by the Weibel instability
(Medvedev & Loeh 1999). This changes the overall normal-
07 A 1 ization of the polarization light curve, and hardly affeitts
” shapel(Granot & Konigl 2003). Since the overall normaliza-
‘ ‘ ‘ tion is the most pronounced difference between slow and fast
0 100 100 a0 lateral expansion, and it is very similar to the effect of dee
t (in days) gree of anisotropy of the magnetic field behind the shock, it
FiG. 4.— Evolution of the source size (or more precicely, itsubter R, ) would be very hard to constrain the degree of lateral expan-
as a function of time, for a uniform density environmeki=(0, upper panel) sion from the polarization light curves. There are also othe
and for a stellar WindK= 2, Iower panel) Differe_nt recipes are considered possib|e Compncations’ such as a small ordered magnddc fie
t;’g:g%é?;ﬁ;a' spreading velocity in the comoving framsg, See textfor o mnonent(Granot & Konidl 2003) which can induce polar-
' ization that is not related to the jet structure.

Taylor et al.(2004) put a @ upper limit of 1% on the linear
polarization in the radioy( = 8.4 GHz) att = 7.71 days. They
attribute the low polarization to synchrotron self absimnpt
* Lok : s . Indeed s is above 84 GHz at this time, but only by a factor
for calculating the emission (i.e. in Eq€l [, 3 did 8) is a ¢ /5> ‘ope might expect a suppression of the);)o?larization in
reasonable aperOX|mat|on. Forodel 2, 0, ~ 0 ~ to apd the self absorbed region of the synchrotron spectrum since i
Pap~ L'y ~ 200I'%, so that I'./Tsn~ 200T'sh < 1 suggesting  should follow the Rayleigh-Jeans part of a black body spec-
thatl'(6.) underestimates the effective value of the emissivity- ¢-,m and depend only on the electron distribution (i.e. the
weightedI” , which enters the expressions for the observed «gffactive temperature”) and not on the details of the mag-
emission. This results from the fact thatrirodel 2 most of  netic field [Granot, Piran & S#ri 1999b). The optical depth to
the emission af; <t < tyr originates fron¥ < ¢ wherel is self absorption does, however, depend on the details of the
higher than a#.. 2 6o (see Figurél2 and Granot eflal. 2001).  magnetic field, and may thereby vary with the direction of
4. LINEAR POLARIZATION polarization. Therefore, there might still be polarizatiat

: v < v Which will go to zero in the limitr < vs. An or-

For 0< fops < o the image would not be symmetric around dered magnetic field in the shocked fluid through which the
the line-of-sight, but its typical angular size would be sim  emitted synchrotron radiation propagates on its way to the o
lar to that offons = 0. If there is significant lateral spreading server, might induce some polarization in the observed radi
att > t;, then this should cause the image to become moreation (Sagiv, Waxman & Loéb 2004). These effects are sup-
symmetric around our line-of-sight with time. This, by ifse  pressed roughly by a factor of the square root of the ratio be-
might be a possible diagnostic for the degree of laterakapre  tween the magnetic field coherence length and the width of
ing. The degree of asymmetry in the observed image shouldthe emitting region (which is of the order of the typical path
also be reflected in the degree of linear polarization, amd it length of an emitted photon through the shocked plasma be-
temporal evolution. While the image might be resolved only fore it escapes the system).
for a very small number of sufficiently nearby GRBs, the lin-
ear polarization might be measured for a larger fraction of
GRBs.

Contrary to naive expectations, for very slow lateral ex- Jayloretal.2004) use a circular Gaussian profile for their
quoted values, and also tried a uniform disk and thin ring.

7 HereI'sn represents the uniform shock Lorentz factor in the simpteise ~~ They find that a Gaussian with an angular diameter size of

2R (in cm)
\

2R (in cm)

107 10" 10°

0 < 0., sothafl’, ~ Tsp. Att; <t <tyr We haved, ~ 0 ~ T}
andfap~ I'. = I'sp for model 1, suggesting that using(6..)

5. THE SURFACE BRIGHTNESS PROFILE

analytic model described at the end D §2, where the shockyag@entiap 1 mas is equivalent to a uniform disk with an angular diam-
occupies a section of a sphere and abruptly endy,aind af; <t < tng eter of 16 mas and a thin ring with an angular diameter of

R, is located atj. On the other hand;« = I'sy(6x) is the Lorentz factor at . : .
the angled, whereR, is located for a smooth and continuous (and therefore 1.1 Mas. Att <t; the jet dynamics are close to that of a spheri-

more realistic) shock front, for whichisn changes yji#agt a-gieRisk 20450, MS%@,' g%WM@Q thegenter of the jet is not in causal contattt wi
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its edge, and the dynamics can be described by the Blandford- R.2(td)
Mckee (1976) spherical self similar solution (within the, je S
atf < 6p). The surface brightness in this case has been in- N
vestigated at length in several works (Granot & Lloeb 2001; s
Granot, Piran & Sari_19989a,b; Panaitescu & Mészaros|1998;
Sari{1998; Waxman 1997). The surface brightness profile
of the image, normalized by its average value across the AN o
image, is the same within each power law segment of the S S L ﬂ
spectrum, but changes between different power law segments o —— 3
(Granot & | 0ell 2001). The afterglow image is limb bright- LTl model 2
ened, resembling a ring, in the optically thin part of thecspe S N

trum and more uniform, resembling a disk, at the self ab-
sorbed part of the spectrum. This can affect the angulao$ize

the image that is inferred from the observatidns (Taylotlet a R () Wl
2004), where the angular diameter for a uniform disk (thin R
ring) is a factor of 1.6 (1.1) larger than the values quoted by S
Taylor et al. (2004) for a circular Gaussian surface brighn R.i(td)

profile. This effect would be more importanta v, where

the afterglow image resembles a uniform disk rather than a Fic. 5.— Evolution of the source size as a function of timetfor t;. In
thin ring. model 1, the lateral expansion in the local frame is relativistidlesim model

. . . . 2there is no lateral expansiontat tj. The shock front at any given tinigy,
One should keep in mind that the Image size of GRB is assumed to be part of a sphere which abruptly ends at adimified; from

030329 was inferred well after the jet break tirhe; t;, and the jet axis. The gray dotted lines represent the equalatiine surfaces at
relatively close to the non-relativistic transition tintey tyg. three different observed times. Since the jet dynanfi{§ap), are different
However, atj <t <tyrthe jet dynamics is poorly known, and for models1 and2, the equal arrival time surfaces should be different (but
this uncertainty must necessarily be reflected in any GaICUL (yiaren (&) < 9.3, i eoe of the st whieh detamien e s i

! ' ! . wheredj(Rs) < ), the edge of the image which determines the image size
tion of the afterglow image at this stage, which could only be is located at the edge of the jet, i.e. at an arglstead of..

as good as the assumed dynamical model for the jet. The after-

glow image at this stage was calculated by loka & Nakamura
(2001) assuming lateral expansion at the local sound spee
(Rhoad$ 1999), similar to ommodel 1. They find that at < t;

the surface brightness diverges at the outer edge of thesimag
which is an artifact of their assumption of emission from a tw
dimensional surface (Granot & L.aeb 2001; Bari 1998) identi-
fied with the shock front. Calculating the contribution from
all the volume of the emitting fluid behind the shock makes
this divergence go away, except for certain power law seg
ments of the spectrum where the emission indeed arises fro
a very thin layer just behind the shock (Granot & Lioeb 2001).
Att > t;lloka & Nakamural(2001) obtain a relatively uniform
surface brightness profile. However, this is due to the uaphy
ical assumption that the shock front at any given lab frame

time is part of a sphere within some finite anglefrom the _ . : .
h . . a=1/4 attj < t < tyg but its value is expected to increase
jet symmetry axis where the jet ends abruptly. The edge Ofsignificantly neatyr Which we find to be at- 200 days for

the image in this case corresponds to this un-physical pointth. . :

. ; : is model (see Table 1). Therefore, it can still accounttier
where the jet ends abruptly (see Figlire 5). More physically, o\ o ir(‘nage size a21= 245 days and 83 days together
as is shown by numerical simulations (Granot et al. 200#), th | .o o upper limits at 58 d.ays Att = 245 days, however

shock front is not a section of a sphere and is instead rouno(’,vve still expect the value af in model 2 with k= 0 to be rela-
without any sharp edges. Similarly to the spherical-like-ev tively closg to its asymptotic value af= 1/4 -

lution att < t;, the edge of the image would in this case corre- ; . : . .
b 4 . . Figure[® shows crude fits between the simple semi-analytic
Egﬁﬁgﬁ@ﬁt;ﬂnﬁ(ﬁgﬂﬁe’ 2221?gﬁénfamgggéifﬁftehﬁig;% realization of models 1 and 2 (that is described at the end
AT i i > %
att < tj, even though there would be some quantitative differ- (r?rj 0%%) gn\g ;hhea\(l)g Suesrgg%;n?g;%f lfl_-f‘(\gs(;rc') tfgl' tﬁgolgii For

Fequires full namerical smulations of the et dynamice, | €12 expansion. We have treated the valu€gh as a free
' parameter whose value was varied in order to get a good fit,

while the value offy was determined according to the ob-
) ) ) ) served jet break timg ~ 0.5 days using EqL{4). In the latter

We now apply the expressions derived in the previous sec-procedure we take into account an increase in energy by a fac-
tion to GRB 030329 which occurred at a redshift of
0.1685. We use the image angular diameter sizé.0f& 9 Applying the Bayesian inference formalism developef bRt ef all
70 uas fof D ~ 587 Mpc that was inferred at= 24.5 days (2001), we determine values and uncertainties for the mpaeimetera.

; - f Bayesian inference formalism deals only with measuremeitts Gaussian
(Taylor etal. 2004)' which correspondsFﬁg ~0.1pc. This error distributions, not with lower or upper limits. Howeyvéhis formalism

) can be straightforwardly generalized to deal with limitswaal, using two
8 Throughout this paper we assurfi = 0.27, Q5 = 0.73 andHg = facts: (1) a limit can be given by the convolution of a Gausslistribution

71 km st Mpc?. KIPAC. P.O. Box 20450 Ms¥¥ aHsyisidedunpsiay: and (2) convolution is asso@ativ

?mplies an average apparent speed@f,) = (L+2)R/ct =
5.66. The instantaneous apparent speed is givelhy=
[(1+2)/c]dR . /dt = a(Bap) Wherea=dInR, /dInt. For GRB
030329, if we also take into account the inferred source size
of 65~ 170uas orR; ~ 0.25 pc att = 83.3 days and the 2
upper limit of s < 100uas orR; < 0.14 pc att = 51.3 days
_(Taylor et al[2004), we have = 0.71:33 (10). This value is
npetweert =245 days and 83 days, assuming th&, (t) fol-
lowed a perfect power law behaviert? with a= const during
this time. This is a reasonable approximationtioodel 1 or
model 2 with k=2 for whicha=1/2 att; <t < tyr and there-
fore these models are consistent with the observed temporal
evolution of the image size. Fanodel 1 with k=0 (see EB)

6. APPLICATION TO GRB030329
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FIG. 6.— A tentative fit of a simple semi-analytic realizationrofdels 1
and 2 to the observed image size (of diamefer 2 The physical parameters
and external density profile for each model are indicated.

tor of f ~ 10 due to refreshed shocks (Granot, Nakar & Piran
2003) betweeny and the times when the image size was mea-
sured. For simplicity, we do not include the effect of the en-

ergy injection on the early image size. The image size that is

calculated in this way to not valid before the end of the en-
ergy injection episode (after several days), but it shodd b
reasonably accurate &g 25 days when its value had been
measured. The values Bf/A andT'(25d) from these fits are
indicated in Figur€&l6 and in Table 1.

Fora=(0.25,0.5,0.75) we obtaindap~ (1.4,2.8,4.2),I", ~
(1.7,3.0,4.4) andI'(0.) ~ (1.5,2.4,3.4). The values of'(6..)
are similar to the value df that were obtained from the fit
to the observed image size farodel 1 and model 2 with
k=2, butitis smaller fomodel 1 with k=0, as expected (see
discussion at end of®3).

Using the radio data from Berger ef al. (2003), we find that
F, ~10mJy at =~ 25 days and = 4.86 GHz which according
to the spectrum at this time is belaw. IBerger et al.[(2003)
also estimated the break frequenciesatl 0 days to beg, ~
19 GHz and/,, =~ 43 GHz, which is consistent with < vg <
vm att =24.5 days. A value op = 2.25 was inferred for GRB
030329 |(Willingale et al. 2004). For the power law segment
of the spectrum wher€, « v (labeled ‘B’ in Figure 1 of
Granot & Sali 2002) we havees ~ ym for which Egs. [[L)

(1+2

and [3) imply
p-1 Da\\’
™ (FZ) r(r-1) (RT>

1
Using the above values for the fluR,, I'(A.) and p
for GRB 030329, Eq. [8) givess ~ (0.10,0.023 0.0099)
for a = (0.25,0.5,0.75). These values ot are some-

F
ran2 '

(8)

Ce N
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a(ﬁap)/\/ﬁ o Ry so thatee oc Rj*. For examplefs = 45 pas
(RL =0.064 pc) att = 245 days, which is still within the
measurement errors, would impdy = (0.61,0.14,0.060) for
a=(0.25,0.5,0.75). The latter values, especially far 0.5,
are consistent with the value foundlby Willingale €t fal. (200
from a broad band fit to the afterglow data; = 0.24 and
0.18 < ¢¢ < 0.31 at the 90% confidence level, and with the
value ofee =~ 0.16 found by Berger et al. (2003).

7. INFERRING THE PHYSICAL PARAMETERS FROM A SNAPSHOT
SPECTRUM ATt) <t <ty

For model 1, we obtain expressions for the peak flux and
break frequencies &t < t < tyr by using the expressions for
t <t; from|Granot & Salil(2002) in order to estimate their
values attj;, and then using the their temporal scalings at
t; <t < tyr from[Rhoads|(1999) and Sari, Piran & Halpern
(1999). In AppendiX_C we provide expressions for the peak
flux and break frequencies as a function of the physical pa-
rameters and solve them for the physical parameter as a func-
tion of the peak flux and break frequencies for both models
and2. The results for GRB 030329 are given below.

For GRB 030329, Berger etlal. (2003) infeg ~ 19 GHz,
vm =~ 43 GHz andF, nax ~ 96 mJy att ~ 10 days, as well
asp=22. Using Egs. 4.13-4.16 of Sari & Esin_(2001),

Berger et al.[(2003) finfisesz ~ 0.560¢ 5, No ~ 18173 e ~
0.101/;51/34, €e R O.16ué/l‘;, and using a value of; ~ 0.3 at
this time they inferreds; ~ 0.25. For the same values of
the spectral parameters and using owsdel 1 we obtain

Eisos2 = 0.160, 5, Es1 = 0.360215, No = 15003, 5 = 0.1205 35,

ce = 02402 for k=0 andEisos2 = 010024, Esy = 0.43,°8,
A.=140)5, e =0.034/35, ec=0.3607,5 fork=2. The im-
plied values oE /A are shown in Table 1. The differences be-
tween our values and thoselof Berger etlal. (2003) arise from
differences by factors of order unity between the coeffiien

in the expressions for the peak flux and break frequencies.
This typically results in differences by factors of ordeityn

in the inferred values of the physical parameters. The diffe
ence in the external densityis relatively large since it con-
tains high powers ofs, andvy, (Granot, Piran & Saii 1999b)
making it more sensitive to the exact theoretical expressio
and observational values of these frequencies.

For model 1 andck = 0 we obtainEs;/ng = 0.0.024/;31é8

compared toEss1/ng = 0.141/;1/32 of Berger et al.[(2003) and
Es1/no ~ 0.8 that we obtain from the fit to the observed im-
age size (FigurEl6). Because of the large uncertainty in the
value ofn that is determined from the snapshot spectrum, and
the large uncertainty in the value &f/n from the fit to the
image size, these values are consistent with each otheinwith

what on the low side compared to the values inferred from their reasonable errors (see Table 1). For model lken@

broad band afterglow modelling of other afterglows (e.g.,

we obtainEs; /A, = 0.311/;1/38 compared tds; /A, ~ 0.8 from

Panaitescu & Kumzar 20011b). In Table 1 we show in addition ne it to the observed image size. Here the difference betwee
to these values of, also the values that are obtained when the two values is smaller, but the uncertainty on the two val-
evaluatingl’ from the fit to the image size that is shown in 65 is also smaller (see Table 1). Altogether, the two values
Figure[®. The largest difference between these two estanate 4r¢ siill consistent within their estimated errors.
of e is for model 1 with k=0, for which evaluatind’ from For our model 2 involving a jet with no significant lat-
the fit to the observed source size probably provides a moregy| spreading, the peak flux is suppressed by a factor of
accurate estimate. . t/t;) /(4K wheret; ~ 0.5 days and/t; ~ 20, i.e. a factor
_ Since Eq. [[(B) relies on a small number of assumptions, 5t =0 11 fork = 0 and~ 0.22 fork = 2. This implies (see
it is rather robust. However, the value @fin equation[(B) . a 1/4 ~ 38 3/4
is very sensitive to the value d?,. This is becausee appendilCEisos2 = 4.71; 15, Es1 = 0.2 15, No = 0.531 5,

for k= 0 andEisos2 = 0.98v%,

1/RAT(I'-1) and forl > 1 we havel’ ~ Ry a2 sPapdv R0, M@%gag@&igA@ﬂgogo7&;gg
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Esy = 0.291/2/1%, A= 1.4yé/123), €g = 0.071y;51é4, €= 0.17ué/l§ We have found that most models pass all these tests. The only

_ : _ _ -3/8 exception ismodel 2 with k = 2, involving a relativistic jet
for k = 2. Formodel 2with k=0 we getEs: /1o = 040135 with little lateral expansion (well befotgg) that is propagat-
compared tdEs/no ~ 5 from the fit to the observed image g in a stellar wind external medium, which does poorly on
size. These two values are consistent within the large HNCer hoint (i) above.
tainties on both values (see Table 1). s We have found that for a jet with little lateral expansion be-

Formodel 2 with k=2 we obtairEs; /A, = 0.101/0,1/3 com-  foretyr (ourmodel 2), the jet would become roughly spher-
pared toEs; /A. ~ 1.2 from the fit to the observed image size. ical only long aftertyr (see EqI6 and the discussion around
In this case, however, the errors on these two values are relit). This introduces a fast growth in the image size nigar
atively small (see Table 1). This is becaug®:the image  for on-axis observers withops < 6o (See upper panel of Fig-
size is linear irE /A which corresponds to a relatively strong ure[3) that detect the prompt gamma-ray emission (as in the
dependence, and therefore the observed image size can cogase of GRB 030329). For an observef @t~ 90° as would
strain the value oE /A relatively well, and(ii) the expression  typically be the case for GRBs that might be found in nearby
for E/A from the spectrum contains relatively small powers SNe Ib/c, months to years after the SN (Granot & l.oeb 2003;
of the break frequencies and peak flux and thus has a correPaczyskil2001| Ramirez-Ruiz & Madau_2004), this causes a
spondingly small uncertainty. Therefore, the two values of very slow increase in the image size ngay (see lower panel
Esi/A. are farther apart than is expected from the uncertainty of Figurel3).
on these values. Thus, one might say that the data disfavors [Oren, Nakar & Piranl(2004) have considered a jet with no
model 2 with k= 2. Itis hard, however, to rule out this model lateral spreading, eventg; tyr, and concluded that it can be
altogether, because of the uncertainty is the exact exprsss  ruled out for a uniform external densit € 0) since it gives

for the break frequencies and peak flut;at t < tyg. a=1/4 att; <t < tygr Which is inconsistent with observations
[recall that in &b we have found that 0.71'33 (1 o) between
8. DISCUSSION 25 and 83 days]. In our analysis we have argued that physi-

We have analyzed the data on the time-dependent image&ally one expects lateral spreading to start araupdeven if
size of the radio afterglow of GRB 030329 (Taylor et al. itis negligible at < tng. We have shown that with this more
2004) and constrained the physical parameters of this explo realistic assumption for the jet dynamics (our model 2) the
sion. The image size was measured after the jet breaktfime temporal evolution of the image size for a uniform external
in the afterglow lightcurve, where existing theoreticaldats ~ density k= 0) is consistent with observations.
still have a high level of uncertainty regarding the jet dyra The formalism developed in this paper would be
ics. This motivated us to consider two extreme models for useful for the analysis of future radio imaging of
the lateral expansion of the jemodel 1, where there is rel-  nearby GRB afterglows. The forthcomir@pift satellite
ativistic lateral expansion in the local rest frame of thegje  (ttp://swift.gsfc.nasa.gav) is likely to discover newRBs
tj <t < tyg, andmodel 2, with no significant lateral expan- ~ at low redshifts. Follow-up imaging of their radio jets will
sion until the transition time to a non-relativistic expams  constrain their physical properties and reveal whethectine
tyr. We have tested the predictions of these models agains€lusions we derived for GRB 030329 apply more generally to
the observations, for both a uniforme(; = Ar ¥, with k = 0) other relativistic explosions.
and a stellar windi = 2) external density profile.

The observational constraints included comparisons be-
tween: (i) the value of the post-shock energy fraction in rel-  We thank Tsvi Piran, Yonatan Oren and Ehud Nakar for
ativistic electrong, that is inferred from the source size and useful discussions which helped improve the paper. Thikwor
flux below the self absorption frequency and its value froen th  was supported by the W.M. Keck foundation, NSF grant PHY-
‘snapshot’ spectrum at~ 10 daysfii) the value ofE /A that 0070928 (JG), and by NASA through a Chandra Postdoctoral
is inferred from the source size and its value from the ‘snap- Fellowship award PF3-40028 (ER-R). It was also supported in
shot’ spectrum at~ 10 days; andiii) the observed temporal part by NASA grant NAG 5-13292, and by NSF grants AST-
evolution of the source size and the theoretical predistion 0071019, AST-0204514 (A.L.).

APPENDIX
THE ANGLE 6, ON THE EQUAL ARRIVAL TIME SURFACE WHERET IS LOCATED

The time at which a photon emitted at a lab frame tiggeand at spherical coordinates{, ¢) reaches the observer is given

by
t =tiap— (R/C)cod (AL)

and shall be referred to as the observed time, where for odewee the direction to the observer was chosen to be alang th
z-axis (i.e. atf = 0). Let the location of a spherically symmetric shock frémtany other emitting surface for that matter) be
described by = R(t;3p) and that of an axially symmetric shock front by R(tjap, #). We shall now calculate the angle on the
equal arrival time surface (which is defined oy const) wherdR;, = max@®sind) is located. At this point on the equal arrival
time surface we have

0= (BRsme) _ (BRsme) +(6Rsm9) (6t|ab) = R(cos) +Ry sinf) + fcsing (6t|ab) 7 (A2)
t tiab 0 t t

00 00 OMiab 00 00
where we use the notion8R/dtian)s = B:c andRy = (9INR/H),,. From Eq. [A1) we have

0= (ﬂ = B(sin@ —Ry cOSH) + (1 - 3 cOSH) Qat'ab> , (A3)
AC, FCO. Box 20450, MS29, Stanford, CA 4% t
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TABLE 1. COMPARING THE VALUES OFPHYSICAL PARAMETERS DERIVED FROM DIF

FERENTOBSERVABLES
external| physical | observables 1 odel 1 model 2 major source uncertain py
density | parameter| being used of uncertainty a factor of
=0 c F (10d) 002437 04007 ocva” v °F max ~10-100
- 51/Mo R, () 08 5 xRPinmodel1(2) ~10(~5)
‘=2 o F(10d)  03Lgy, 01007, ocve vm Fomax ~2-3
- 51/ A Ry () 2 1.2 xRYinmodel1(2) ~5(~2)
_ 24 15 R. (0bs) &1'(F,) ~13
k=0 r@sd) Ru 2.1 2.4 R (obs) & jet model ~11-12
_ 24 2.4 R, (0bs) &I'(7.) ~13
k=2 r'25d R L .
( ) + 2.6 2.8 R (obs) & jet model ~11-12
R F 0.023 0.10 R, & T'(f«)in Eq.d ~10
k=0 ce L Tvsra 0.035 0024 R, &I(FigB)inEq@ ~5-10
F.(10d) 0241/214_2 0.078/3,/1‘; model & value ofv¢ ~3
R F 0.023 0.023 R, &TI'(f.)inEq.H ~10
k=2 ce L Tvsra 0.020 0017 R, &I'(FigB)inEq@ ~5-10
F.(10d) 0361’51,/11, 0.17ui/143 model & value ofv¢ ~3

NoTE. — Estimates for the physical parameters of GRB 030329 eerikom different observable quantities for different miad# the jet lateral expansion.
The value ofE /Ais estimated from the spectrum at 10 days (upper line) amd fhe fit to the observed image size (lower line). The valuB(@b d) is evaluated
both asl'(6..) according to B2 (upper line) and from the fit to the observedge size (lower line). The value &fin first two lines is evaluated first using Hg. 8
with the values of (25 d) from the corresponding lines. In the third line thauweabfee is from the spectrum at 10 days (third line).

so that ~
Otiap\ _ R [/ Rycosd—-sinf
< 20 )SE< 1=, cosh > | (A
Substituting Eq.[[AK) into Eq[{A2) we obtain
. 1/ 0R sind [ OR
coA =0 —Rysinf=—=| — | —— | == . A5
bR c (6t|ab>9 R (89 )tlab (AS)

For a spherically symmetric sho& = 0 and co$, = 5,(6.) = 3., where in this casg; is the shock velocity at the point on the
equal arrival time surface wefe= 6, andR, is located. For a shock with axial symmetry we have

ﬁr_li(-)\/l_ﬁrz'Hig (AG)

1+R? ’

O = B/ 1+R (A7)

where, is the shock velocity component normal to the shock fronharest frame of the upstream medium, which is the one
that enters into the shock jump conditions (Kumar & Gran@0

cos, =

and

THE APPARENT VELOCITY

~ The apparent velocityia, = [(1+2)/c](dR_ /dt), for a point source moving with a velocifyat an angl@ from our line-of-sight

is )
Gsing

5ap: m . (B1)

For a spherical shock front moving at a constant velogity R, is located at a constant andglg which satisfies cas. = 5, =
Bsh = const (according to E._A5) so that the apparent velocithefedge of the observed image is simply given by substgutin

cos, = (3, in Eq. (B1). This gives
Bap=T.0. = \/T2-1. (B2)
We shall now show that this result holds for any sphericalmsetric shock front. At +dt we have
0. (t +dt) = 6, (t) +d6. , Byt +dt) = B, (t) +dB. , dj3, =dcod, o dt, (B3)

and since EqITH2) holds for a sphere moving at a constantiglave have

[RsInBHGE b, o Bistiidoel ik AaIcEAGEsD) - (B4)
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Now, sinceR, is located wheredRsind/00); = 0 then

Ry (t+dt) = [Rsind] (t +dt, 0, +d,) = [Rsind] (t +dt, 6,) + O(dt?) = Ry (t) + (1) 5. (t)cdt + O(dt?) , (B5)

and therefore Eq[{B2) holds for any spherically symmetniwck front.
Finally, for an axially symmetric shock front, we obtain bdn similar considerations as in the spherical case

_ fBrsing,
Pap= 1-j,cod, (B6)

whered, andg; are given by Eq4_A6 arffd A7, respectively.

SOLVING FOR THE PHYSICAL PARAMETERS FROM ASNAPSHOT SPECTRUM ATt > t;
The most common ordering of the spectral break frequentigsa < tnr IS Vs < vm < v, for which we obtain

(p-1)¥/° -4/5 -1 1/5 _8/15-4/15.-1/5
Vsa = 2.08 x 109Wp+2)3/5(1+2) € €g Ny E51 tdays Hz N (Cl)
_ 2
Um=1.35x 10 (%i) (p-0.67)(1+2)eey g °EZL *t32 s Hz | (C2)
ve=1.75% 108(p-0.46) - 1%°(1+2) ;¥ °n, >/ °E./3(1+Y) 2 Hz , (C3)
Fomax= 131(p+0.14)(1+2)%eg *ng °E) tad Di2e mIy, (Ca)
for a uniform external mediunkE 0), and
-1 8/5 _ ~ _ ~
Vea=3.85x 1@%(1@ o tey A gy e Hz, (C5)
_ 2
Vm=1.05x 10 (%ﬁ) (p-0.69)(1+2)e2eg *A *Esiti s Hz , (C6)
Ve=1.15x 10*4(3.45- p)e®*(1+2) ;¥ ?A.% 2Egy (1 +Y) 2 Hz | (C7)
F. max=201(p+0.12)(1+2)%g *AY *Esitgl Dr2s My, (C8)

for a stellar wind environmenk(= 2), whereY is the Compton y-parameteh, = A/(5 x 10 grcmi?), tgays=t/(1 day), es

is the fraction of the internal energy behind the shock inntegnetic field, anddx = Q/(10* x the cg.s. units of Q). The
emission depends only on the true energy in thefe&nd does not depend on its initial half-opening arfglesince at > t;

(or equivalently wherl™ drope belowd?) the dynamics become independentdgf i.e. the jet begins to expand sideways
exponentially with radius in a self similar manner that isependent ofly (Granot et all 2002). Solving the above sets of
equations for the physical parameters yields

fo(p) -s/6 - F, %2 _ )
Eis°’52:0'10%%;/6”"5{;2”3& Tmdy taaye(1+2)2Df p5(1+Y)Y2, (C9)
E-1=0.0136 Joe(P) s5/12 5/24 3/8 [ Fumax 3/4t5/4 L4 D32 (14 )4 10
T 0e(2.2) 20 "mas¥e1a | Tmgy dayd1+2) "D (1 +Y)7", (C10)
_00714M 25/6 25/12 3/4 [ Fumax 2 712 (1 4 APD-3 (1 4132 ot
Np=0. gn(z'z)ya,’Q I/m,13 1/0114 1mJy tdays( Z) L,ZS( ) , ( )

a - - Fl/ 1/2 -

T 2'42gt‘zoeﬁss((ZIO;)Vag/zV“fl/gyci14 (1 r:j;) taays (1+2)°Diog(1+Y) ™2, (C12)
_0355M 5/6 11/12 1/4 ( Fu.max /2 32 1 4 AD-L (14Y)/2 13
€e=VU. % e(2.2)1/&9 Ym13 Yc14 1 mJy tdays.( Z) L.28( ) ’ ( )

for a uniform density, wherdo(p) = €*2%°(p—1)/2(3p+2)™/?(p-0.67)>*2(p - 0.46)V/4(p+0.14) /2, goe(p) = €*43P(p-
1)%/*(3p+2)"*(p- 0.67y%/?4(p - 0.46)%/%(p+0.14y %%, gn(p) = e*7P(p—1)"5/%(3p+2)°*(p - 0.67) 2¥**(p—0.46) */*(p+
0.14)72, gog(p) = €™ (p~ 1) %(3p+2) K ERes, .67 B BraBes B2 Rt b CA Ghdd) = € #P(=2) ™ (p—1)"%(3p+2)*(p-
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0.67)1Y12(p-0.46YY4(p+0.14)/2. For a stellar wind environment we find

f2(p)

3/2
_ -5/6 -5/12 1/4 [ Fu, -1/2 -
Ei50752‘0-0674m’/a,9/ ’/m,1/3 Vc,/14(1 r:jxy) tda)//s(l-'-z) 2DE,28(1+Y)1/ 2, (C14)
3/4
£0y= 00161 LEW) 5132, 5724 38 (Fumar) 7" 570 1+2) DY 2 (1+Y)¥ (C15)
51—V QZE(Z.Z)V&Q VmasVeia 1mly day& L,28 )
ga(p)
A.= o.ozeng‘E 5 2)u§g3y;{ SR L+D(L+Y) (C16)
1/2
e5=0.680-928(P)_ 572, 54, -5/4 (" Fymax / t52/2(1+2) Dy 2g(1+Y) /2 (C17)
92.8(2-2) a9 “ml13%c14 1mJy days ) )
F -1/2
ee:o.SZMuggﬁy;T{gzy;ﬁ( ~max) (oh1+2)Drg(1+Y) M2 (C18)

026(2.2)

1mdy

where f2(p) = &M% (p-1)/%(3p + 2)/%(p - 0.69)*/1%(3.45— p)/*(p+0.12) ¥2, gr(p) = €*1°%(p—1)/4(3p+2)"/*(p-
0.69)4(3.45- p)**(p+0.12)%, ga(p) = €*??®(p—-1)"(3p+2)(p—0.69)>/%3.45- p) /2, go(p) = €**°¥(p-1)¥*3p+
2)3/%(p-0.69)°/4(3.45- p)*4(p+0.12) /2, g, o(p) = €011 (p-2)Y(p-1)"/%(3p+2)"/%(p-0.69) ¥/43.45-p) /4(p+0.12)"/%,

As was pointed out by Sari & Esin (2001), the expressionsiferphysical parameters that are derived from the instaatene
(‘snapshot’) spectrum do not depend on the external depsitfjle (i.e. on the value of in our case), up to factors of order
unity. This is because the instantaneous spectrum samplgshe instantaneous external density just in front of tfierglow
shock,hex(r). The expression for the external densitfor a uniform mediumK = 0) represents the density just in front of the
shock for a general density profile that varies smoothly aadggally with radiusn «— nex(r), where in our casgey = Ar < /m,.
However, for a non-uniform densityy: changes with radius and therefore with time. In our case,ssarae the functional form
of nex(r) is known (i.e. we fix the value df) and express the density normalizatidmas a function of the instantaneous values

of the peak flux and break frequencies.

We note that the expressions for the physical parametdfs<at < tyg are identical to those at< t;. This is because we
assume that the jet is uniform within a half-opening argyle: ™1, and therefore its emission is practically indistingutsiea

from that of a spherical blast wave with the same Lorentafactand radiusR, or equivalently® the same isotropic equivalent
energyEiso (Which for a spherical blast wave is equal to the true eneagg, for amodel 1 jet is Ejso = (2/91»2)E ~ 2I'°E) and

observed time (for the same values oy, €e, €g andp).

Att <tj, Eiso = constand is the more interesting physical quantity, while Eqs. [CID) and{C15) represents the energy within
an angle of""* around our line-of-sight which has no special physical ifigance at this stage. Af <t < tyg, however, the

situation is reversed arffl= const represents the true kinetic energy of the jet, aftbigfore of great interest, whilgs, ~ 2I'"°E
decreases with time and is no longer a very interesting phiguantity.

For modéd 2, the jet continues to evolve as if it were part of a spheridastowave with the samEjs, until tyr(Eiso), and
Eiso ~ (Z/HS)E = const. Therefore, the emissiontai t < tyr is the same as from a spherical blast wave with the dagge

except for the peak fluk, max Which is suppressed by a factoref(6oI')? = (t /t;)" ¥/ Hence, the above equations for the
physical parameters may still be used in this case with thetiutionF, max—— F. max(t /t;)® /™. In addition to this, in order
to obtain the true energy in the jet, the expressiorE¢Eqs.[CID anET15) should be multiplied byt()"CK/4H which is the
fraction of the area within an angle Bf* around the line-of-sight which is occupied by the jet.
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