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Fermionic sectors for the Kodama state
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Diffeomorphisms not connected to the identity can act nontrivially on the quantum state space for
gravity. However, in stark contrast to the case of nonabelian Yang-Mills field theories, for which the
quantum state space is always in 1 dimensional representation of the large gauge transformations,
the quantum state space for gravity can have higher dimensional representations. In particular,
the Kodama state will have 2 dimensional representations, that is sectors with spin 1/2, for many
topologies that admit positive scalar curvature. The existence of these spin 1/2 states are used to
point out a possible answer to certain criticisms raised recently in the literature.

PACS numbers:

It is well known that the state space for Yang-Mills
field theory with nonabelian gauge groups in canonical
quantization is invariant only under asymptotically triv-
ial gauge transformations, i.e. those connected the iden-
tity of the gauge group. However, non-abelian gauge
groups also have gauge transformations not in the iden-
tity component, the so-called large gauge transforma-
tions. Equivalence classes of these large gauge trans-
formations, equivalent under a gauge transformation in
the identity component, form a group isomorphic to the
group of additive integers [1, 2]. Thus this group is
Abelian and has only one-dimensional irreducible rep-
resentations. Specifically, a Yang-Mills state vector Ψ
transforms under gn, a large gauge transformation of de-
gree n as

gnΨ = einθΨ

where the one dimensional representation is fixed by a
single parameter, θ. These are Yang-Mills θ-states.

Although the appearance of θ states is most familiar for
the case of Yang-Mills theories on spatial hypersurfaces
with trivial topology, these groups (of equivalence classes
of gauge transformations not in the identity component)
are Abelian even for the case of nontrivial hypersurface
topologies [3]. Hence θ-states in Yang-Mills gauge the-
ories only carry one-dimensional irreducible representa-
tions of the large gauge transformations irrespective of
hypersurface topology [15].

In stark contrast, state vectors in gravity on spatial
hypersurfaces of nontrivial topology can exhibit a much
richer structure. In canonical quantum gravity, the dif-
feomorphism group plays the role of the nonabelian gauge
group and, as in the case in Yang-Mills theories, the state
space for quantum gravity is invariant only under diffeo-
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morphisms connected to the identity. Correspondingly,
the state space of quantum gravity carries the irreducible
representations of equivalence classes of diffeomorphisms
not in the identity component. Notably, in contrast to
Yang-Mills field theories, the irreducible representations
of these equivalence classes of diffeomorphisms not in the
identity component need not be one-dimensional for all
hypersurface topologies. In fact, these irreducible repre-
sentations can carry spin 1/2 [4, 5, 13].

The goals of this paper are to provide a simple deriva-
tion of these spin 1/2 representations for an interesting
class of 3-manifolds and to discuss their relevance to some
recent comments about the Kodama state from Witten
[6].

The Kodama state [8] is a holomorphic wavefunction
expressed in terms of the Ashtekar connection. In the
Ashtekar formulation of gravity, the geometrical content
of the theory is expressed in terms of a densitized inverse
frame field Ea

i indexed in a SU(2) gauge group and a
complex left-handed SU(2) connection Ai

a. Thus the the-
ory in these variables exhibits both diffeomorphism and
gauge invariance. Precisely, the full invariance group of
the theory is the semidirect product of the diffeomor-
phism group and the gauge group.

The Kodama state is given by the expression

Ψ±
K(A) = N e±

3

GΛ

∫
YCS(A) (1)

where the Chern Simons three form YCS(A) is

YCS(A) = A ∧ dA +
2

3
A ∧ A ∧ A. (2)

The Ashtekar formulation is thus both gauge and diffeo-
morphism invariant and quantum states in this formula-
tion are annihilated by both the gauge constraint and the
Hamiltonian constraints of general relativity. This state
is notable in that its annihilation by the constraints, for
example

ĤgravΨ(A)K = 0 (3)
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Hgrav =
1

lp
ǫijkEaiEbj(F k

ab + GΛǫabcE
ck) (4)

where F k
ab is the curvature of the complex SU(2) connec-

tion Aai, holds not simply in the semiclassical limit but
as a quantum statement, that is with considerations of
operator ordering. The semiclassical limit of this state is
a self-dual solution of these equations corresponding to
de Sitter spacetime. Thus the Kodama state has been
conjectured to be a candidate ”ground state” for grav-
ity with positive cosmological constant. This state has
been considered mainly on S3 topology. However, there
are many 3-manifolds that admit semiclassical solutions
with positive cosmological constant that are locally de
Sitter spacetimes. Moreover, a special class of these so-
lutions, 3-manifolds S3/Γ where Γ is a finite subgroup
admit holomorphic wavefunctions of the minisuperspace
form first studied by Kodama [8].

Why do the equivalence classes of the diffeomorphism
group have a richer representation structure than those
of nonabelian gauge theories? The answer lies in the fact
that the elements of the diffeomorphism group are more
restricted than those of a nonabelian gauge theory. A
smooth diffeomorphism is a differentiable invertible map
whose inverse is also differentiable. A gauge transforma-
tion is simply a map - its inverse is not required to exist.

A convenient derivation of the θ-states in Yang-Mills
theories and their generalization for gravity is that based
on analyzing the topology of the reduced configuration
space of the theory. When canonically quantizing a sys-
tem whose configuration space is a manifold with non-
trivial topology, it is well known that the quantum state
vectors carry unitarily inequivalent irreducible represen-
tations of the fundamental group of the configuration
space [7].

When quantizing theories with gauge or diffeomor-
phism invariance, the relevant configuration space is the
reduced configuration space. For example, the reduced
configuration space for Yang-Mills theory in canonical
quantization is S(Σn) = A(Σn)/G(Σn) where Σn is the
topology of the spatial hypersurface, A(Σn) is the space
of connections on Σn and G(Σn) is the group of gauge
transformations on Σn. Similarly, the reduced configu-
ration space for gravity formulated in terms of a metric
is S(Σn) = Riem(Σn)/Diff(Σn) where Σn represents the
spatial topology of our spacetime. Riem(Σn) is the space
of riemannian metrics on Σn and Diff(Σn) is the group of
diffeomorphisms of Σn. The formulation of the reduced
configuration space for gravity in terms of the Ashtekar
variables is similar to that for gravity in terms of a met-
ric, but complicated by the fact that the invariance is
the semi-direct product of the diffeomorphism group and
the gauge group. Furthermore, it is known that even
in the case of trivial topology, the configuration space
in Ashtekar variables under reduction by only the gauge
group ( gauge fixing the diffeomorphism group) has non-
trivial fundamental group, leading to CP violation [10].

Under gauge fixing of the gauge group, the configura-
tion space for Ashtekar variables again transforms under
the diffeomorphism group and for sectors corresponding
to nondegenerate frames, has the same structure as that
of the space of riemannian metrics. So again the con-
figuration space for Ashtekar variables will have a rich
topological structure from the diffeomorphism group it-
self.

The reduced configuration space S(Σn) is not a man-
ifold unless the group acts freely on the unreduced con-
figuration space. For example, Yang-Mills connections
with symmetries are fixed points in A(Σn) and produce
orbifold singularities in the reduced configuration space.
However, these singularities can be removed either by
removing the connections which admit symmetries from
the space of connections or by restricting the gauge group
to be a subgroup of G(Σn) that does act freely, for ex-
ample G∗(Σ

n) ⊂ G(Σn), the group of all gauge transfor-
mations which fix a fiducial point in the space of con-
nections. Similarly for gravity, the configuration space
S(Σn) is not a manifold unless the group Diff(Σn) acts
freely on the unreduced configuration space. We denote
the subgroup of the diffeomorphism group which acts
freely as DiffA(Σn) as the group where A is condition
on the diffeomorphism group such that the group action
is free. Then SA(Σn) = Riem(Σn)/DiffA(Σn) is a mani-
fold.

In the case of gravity, for a suitable choice of condi-
tion A, one can always act on SA(Σn) via a discrete
group in order to obtain the S(Σn). A natural choice
of condition is to consider DiffF(Σn) the group of all dif-
feomorphisms that leave a frame fixed at a point of the
manifold. This subgroup of the diffeomorphism group
acts freely on the configuration space as any isometry
of the manifold necessarily changes either the basepoint
or the frame[16]. Now, in three dimensions, the isom-
etry group of the manifold characterizes the homotopy
structure of the diffeomorphism group according to the
generalized Smale conjecture. This conjecture [11], pre-
cisely that the diffeomorphism group of a 3-manifold Σ3

is contractible to its isometry group, has been proven
for many cases of the spherical spaces(Hatcher [12] for
Σ3 = S3, the Smale conjecture itself ) . Hence frame fix-
ing diffeomorphisms, which remove isometries act freely
and SF(Σn) is a manifold.

The fundamental group of the moduli space S∗(Σ
n) for

Yang-Mills theory is easily calculated from the following
exact sequence [9]

· · · → πk(G∗(Σ
n)) → πk(A(Σn)) → πk(S∗(Σ

n)) → πk−1(G∗(Σ
n)) →

· · · → π0(G∗(Σ
n)) → π0(A(Σn)) → π0(S∗(Σ

n))

The space A(Σn) is always contractible to a point as the
space of connections is affine[17] Hence πk(A(Σn)) = 1
and the exact sequence yields

1 → πk(S∗(Σ
n)) → πk−1(G∗(Σ

n)) → 1.

This implies that πk(S∗(Σ
n)) = πk−1(G∗(Σ

n)). The ho-
motopy groups of G∗(Σ

n) are just the homotopy groups
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of the space of functions from Σn to G. As G∗(Σ
n) is a

group, all of its homotopy groups except π0 are abelian.
The group π0(G∗(Σ

n)) is the 0-th homotopy class of
maps from Σn to G and in all cases can be explicitly cal-
culated from the cohomology using obstruction theory.
The abelian nature of the cohomology yields the the fact
that π1(S∗(Σ

n)) = π0(G∗(Σ
n)) is abelian. This is im-

mediately apparent in the special case where Σn = Sn

for which π0(G∗(S
n)) = πn(G) as the homotopy class

of maps from Sn into G is by definition πn(G). Thus
the fundamental group of S∗(Σ

n) is always abelian and
the only irreducible representations of it are consequently
one dimensional. This means that no 2 dimensional rep-
resentations, i.e. spinorial representations, can occur for
Yang-Mills. In fact when Σn is an n-sphere and the group
G is semi-simple the fundamental group always contains
a copy of the integers. This implies that for this case,
there is always a continuous parameter in the theory θ
which can be tuned. Thus this parameter can be tuned
to small values in order to set physical effects arising from
its presence to agree with experimental data.

The fundamental group of the moduli space SF (Σn)
for gravity is also calculated from the exact sequence (5).
The total space for gravity is the space Riem(Σn) is con-
tractible so again the exact sequence (5) implies that

π1SF(Σn) = π0DiffF(Σn). (6)

However, in sharp contrast to the case of Yang-Mills the-
ory, the group π0DiffF(Σn) cannot be calculated from co-
homology and obstruction theory. The reason is unique
to the properties of the diffeomorphism group. Diffeo-
morphisms are by definition differentiable maps with dif-
ferentiable inverses, in contrast to gauge transformations
of Yang-Mills theory.

For n = 3, the fundamental group of SF(Σn) is typi-
cally non-trivial, implying that the quantum state space
of gravity is defined on a multiply connected configura-
tion space. The quantum states carry unitary irreducible
representations of the group π1SF(Σn). The generic sit-
uation is that for most Σ3 there are spinorial representa-
tions.

Of particular interest to the Kodama state is the case
of the spherical spaces, Σ3 = S3/Γ, where Γ is a finite
group that freely acts on S3. In this case, the fundamen-
tal groups of SF(Σ3) are SU(2) coverings of non-Abelian
SO(3) crystal groups [4]. A simple example of a space
Σ3 with rich non-Abelian structure for is the quaternionic
space S3/D∗

8 . D∗
8 is the group of quaternions, with el-

ements {±1,±i,±j,±k}. As S3 is the group manifold
SU(2), a nice representation of D∗

8 is given by the pauli
matrices and the space S3/D∗

8 is easily realized as a coset
space. A computation [4] yields π0DiffF (S3/D∗

8) = O∗,
the binary octohedral group [18]. In contrast, the compu-
tation for orientation preserving diffeomorphisms Diff+

yields π0Diff+(S3/D∗
8) = O the octohedral group [19].

A 2π rotation in DiffF (Σ3) can be constructed as fol-
lows: take B3 and B′3 to be two open concentric balls
in Σ3 centered around the point with fixed frame. Let

f be a diffeomorphism of Σ which is the identity in B3

and in the complement of B′3 in Σ3 and corresponds to a
2π rotation in B3 ∩ B′3. Intuitively this diffeomorphism
corresponds to rotating the ball B3 by 2π while keeping
all but a shell of its complement in the manifold Σ3 also
fixed.

A diffeomorphism implementing a 2π rotation is de-
formable to the identity in π0Diff+(S3/D∗

8) = O, but
not in π0DiffF (S3/D∗

8) = O∗. This can be understood
intuitively as follows: In the case of π0Diff+, deforma-
tions can be extended into the ball B3. In particular, a
deformation corresponding to allowing the ball to coun-
terrotate about a fixed point to undo the 2π rotation
in the shell B3 ∩ B′3 is allowed. Hence the 2π rota-
tions is deformable to the identity in π0Diff+(S3/D∗

8).
However, such a deformation cannot be carried out in
π0DiffF (S3/D∗

8) = O∗; any deformation that results in a
rotation about a fixed point would rotate the frame and
hence is not an element. Moreover, there is no deforma-
tion to the identity with support in the complement of
B′3 in Σ3 because π0DiffF (S3/D∗

8) = O∗ is a subgroup
of SU(2) but not of SO(3). However a diffeomorphism
implementing a 4π rotation is deformable to the identity
in π0DiffF (S3/D∗

8) = O∗. Hence the zeroth homotopy
group of frame fixing diffeomorphisms of S3/D∗

8 admits
a spin 1/2 representation, precisely a 2-dimensional rep-
resentation that transforms under rotations via a unitary
representation of SU(2) indexed by π0DiffF (S3/D∗

8).

Indeed, the spherical spaces Σ3 = S3/Γ for Γ a non-
cyclic group always admit such a spin 1/2 representation
(see table IV of [4] and in fact only admit 1-d and 2-d
representations. Furthermore, the connected sum of two
closed 3-manifolds that admit positive scalar curvature
and a 2-d representation will also admit both 1-d and
2-d representations.

Note that in this case there is no free parameter as in
the case of traditional θ-states in Yang-Mills. One can
choose the representation, but having done so, its struc-
ture is fixed. Thus the specification of the representation
is an essential part of the initial conditions for the quan-
tum state space and once chosen, cannot be tuned by a
physical mechanism.

These SU(2) coverings of non-Abelian SO(3) crystal
groups groups also occur in the finite theory of quan-
tum shapes [14]. As in the above case, these quantum
states for quantum shapes have no θ parameter which
can be tuned. The irreducible unitary representations
indexed by the fundamental group of the configuration
space are either present or not present. Thus as in the
gravitational case, the theory of quantum shapes admits
fermionic representations.

What are the implications of the existence of spinorial
representations in gravity for the Kodama state? The
Kodama wavefunction is explicitly written in (1) as a 1
dimensional representation of π0DiffF(Σ3). This is ap-
parent as it is the exponential of an action, or a scalar
function of the geometry. Hence, as the action is invari-
ant under all diffeomorphisms, the state will be invariant
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under the action of any diffeomorphism corresponding
to a 2π rotation. However, we can construct a general-
ized Kodama state which is in the 2 dimensional repre-
sentation. Let f be a frame fixing diffeomorphism on a
3-manifold Σ3 that has a 2 dimensional representation.
Then

ΦK(A) =
∑

[f ]∈π0DiffF (Σ3)

χ([f ])Ψ±
K(A) (7)

where [f ] ∈ π0DiffF (Σ3) is a sum over equivalence classes
of frame fixing diffeomorphisms, χ([f ]) its character and
Ψ±

K(A) is given by (1). ΦK will transform as a spin 1/2
representation. Moreover, the constraints will be exactly
satisfied by this wavefunction by construction.

Furthermore, there is no orientation reversing diffeo-
morphism P for S3/Γ that admit spin 1/2 states [4]. This
property holds for all representations, not just the 2 di-
mensional ones but is correlated with the appearance of
spin 1/2 states.

These properties of a spinorial Kodama state could
potentially change the conclusions of Witten for such 3-
manifolds. Witten studied the normalizability of the Ko-
dama state for the Abelian and Yang-Mills gauge theo-
ries and found that the Hamiltonian constraint admitted
both a normalizable and non normalizable part. This
can be explicitly be seen, for example, by noting that if
one chooses a normalizable Kodama state and acts on it
with CP , the state will transform into a unnormalizable

Kodama state. This happens because the Chern-Simons
functional is CP odd. A Fock space can be constructed
from expanding about the Kodama state and one finds
that gravitons of one helicity have positive energy and
those of the opposite helicity have negative energy.

For the spinorial Kodama state, as discussed above,
there is no definition of parity. Hence, what is meant by
CP for such manifolds is not clear. In particular there
will be no map which can reverse the sign of the Chern-
Simons action and thus interchange Chern-Simons wave-
functions. In addition, for such spinorial states, one an-
ticipates that the association of the helicity of gravitons
with the positivity or negativity of their energy will fail,
as it may not be possible to associate a global helicity
with linearized gravitons. Finally, it is natural to ask if
the Kodama state itself is spinorial, are the linearized
fluctuations in some way also spinorial?

The fact that spinorial states exist for the Kodama
state is not the end of the story. One must perform a
more careful analysis of the properties of these states to
determine the properties of these fermionic states and
fluctuations around these fermionic states. Such work is
in progress.
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