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Abstract

A code library BEAMPATH for 2 - dimensional and 3 - dimensional space charge dominated
beam dynamics study in linear particle accelerators and beam transport lines is developed. The
program is used for particle-in-cell ssimulation of axial-symmetric, quadrupole-symmetric and z-
uniform beams in a channel containing RF gaps, radio-frequency quadrupoles, multipole lenses,
solenoids and bending magnets. The programming method includes hierarchical program design
using program-independent modules and a flexible combination of modules to provide the most
effective version of the structure for every specific case of simulation. Numerical techniques as
well as the results of beam dynamics studies are presented.
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1 INTRODUCTION

The design of particle accelerators with high brightness beams requires careful control of
particle dynamics with space charge forces of the beam. The particle-in-cell (PIC) method is awell
established technique for space charge dominated beam study. Numerous codes cover a wide range
of problems connected with the simulation of beam transport and acceleration in linacs and circular
accelerators using 2- and 3- dimensional approach. Among others the well-developed codes are
PARMILA [1], PARMTEQ [2], WARP3D [3], SIMPSONS [4], ACCSIM [5], SAMBA [6],
ORBIT [7], TRACK3D [8], TOPKARK [9]. In spite of the many years of experience in high-
current beam dynamics simulation, the number of problems to be solved and their complexity are
increasing. The BEAMPATH code has been devel oping since the beginning of 1980's as a many-
purpose tool for studying beam dynamics with space charge in linear accelerators and beamlines
[10]. The scope of the program includes beam transport in a channel with arbitrary order
multipoles, solenoids and bending magnets, beam acceleration with space charge in radio-
frequency (RF) cavities, waveguides and radio-frequency quadrupole (RFQ) structures (see Table
1). The aim of the project was to create a flexible software, which could be adjusted for frequently
changeable problems. As aresult, this single code covers many issues, typically distributed among
different codes:

- 2D and 3D space charge effects for different beam geometry,

- spin depolarization effects,

- beam loading in accel erating waveguides,

- particle tracking in commonly used beamline elements and accel erating structures,

- symplectic integration of particle trajectories,

- generation of typical beam distributions as well as dealing with user specified distribution.

In this paper a detailed description of humerical algorithms as well as data on accuracy and
efficiency of the program are presented.

2 SELF-CONSISTENT PROBLEM FOR NUMERICAL BEAM DYNAMICS STUDY
WITH SPACE CHARGE

Consider the propagation of an intense charged particle beam in an accelerating-focusing
channel. For the beam dynamics study, the particle-in-cell method is used [11]. The beam is
represented as a combination of alarge number, N >>1, of modeling particles (macropaticles) with
the same charge-to-massratio, g/m, asin the real beam.

The transported beam is substituted by a combination of charged lines (strings). The bunched
beam consists of charged clouds. The dynamics of particles in the RF field is simulated inside a
quasi-period of the structure with the length of A = % A, where v = 3c is the average longitudinal

velocity of the accelerated particles, ¢ isthe velocity of light, A = 2nc/am is the wavelength and o is



the circular frequency. The quasi-period moves in the longitudinal direction with the velocity v.
The quasi-period is limited transversely by an aperture of the structure. The simulation is
performed in 6-dimensional phase space of particle positions x, y, z, and mechanical momenta py,
Py Pz

At the initial moment of time, phase-space is filled with macroparticles using a random
number generator (see Section 5). Particle trajectories are integrated in the field which is a
combination of external field and self space-charge field of the beam. During simulations the
macroparticle is stopped if it touches an aperture boundary (transverse loss). If the particle leaves
the quasi-period in the longitudinal direction (longitudinal loss), its trajectory is integrated, but the
Coulomb influence on the other particlesis neglected.

The single-particle Hamiltonian in curvilinear coordinates x, y, z (see Fig. 1) isgiven by:

H=c v m2c2 +( PZX " GA2)? +(Px-GAX)? + (Py-GAy)* + qV (2.1)
+
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where Py, Py, P, are components of the canonical-conjugate momentum of the particle, Ax, Ay, Az
are components of the vector-potential, V is a scalar potential of the structure and R(z) is a the
radius of curvature of areference trgjectory. The Hamiltonian equations of motion are
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Instead of vector potential A and scalar potential V it is more convenient to use an electric
field E =- q oA/t - gradV and a magnetic field B =rot A. The transformation from canonical

momentum P to mechanical momentum p= P- qﬁ gives a set of equations of motion:
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Integration is performed with a fixed time step, dt, utilizing the integrator of Section 3. Timet is
selected as an independent variable rather than a longitudinal coordinate, z, because in the latest
case the right - hand sides of equations of motion have to be divided by the square of the velocity,
vz. Because the particle velocity, v, = p,/y, is a dependent variable and is defined with some error,
the integration of the equations of motion in this case is less accurate.

Electrical and magnetic fields acting on the particle are a combination of external fields,
Eext, §ext, and space charge fields of the beam, ESC, §SC (seeFig. 2):

The external fields are given functions of coordinates and time (see Section 6). The space
charge field of the beam is renewed at every elementary integration step via solution of the
Poisson's equation in the moving frame (see Section 7). This approach provides self-consistent
treatment of the problem, because particles move in the field, which depends on particle dynamics.
In subsequent Sections the numerical algorithms and results of numerical simulations will be
discussed.

3 NUMERICAL INTEGRATION OF RELATIVISTIC PARTICLE TRAJECTORIES IN
CURVILINEAR COORDINATES

The numerical integrator of particle trgjectories in PIC models has to keep as many properties
of the original physical system, as possible, and, to be effective, stable and accurate [11]. The main
properties of a Hamiltonian system are symplecticity (preservation of phase space volume) and
conservation of energy (for systems with time-independent Hamiltonian). The numerical solution
depends on the arbitrary value of the integration step and is not equivalent to the exact solution of
differential equations of motion. The integrator cannot keep all the properties of the original
physical system [12]. In the BEAMPATH code the well-known integration scheme [11] with
modifications for a curvilinear system of coordinatesis used.

3.1. Integrator of particle trajectories
Let us introduce dimensionless variables:

qA Bx
mc '’

(3.1)



analogously for y and z components. As seen in Egs. (2.4), the increment of particle momentum is
a combination of that in the electric field, in the magnetic field and due to curvilinear acceleration.
The integration procedure at every step tis divided in the five stages. At each stage, integration
schemes of the first order are used with neglected terms of the order of o(t?). They require
calculation of the space charge field of the beam only once per integration step, which saves
computational time.

A. At thefirst stage, the particle performs a half-step acceleration in the electric field

pxn—pxn"' Exn Py,n=Pyn+ Eyn, Pzn = Pzn + Ezn (3.2)

B. After that, the vector of the particle momentum accomplishes rotation in the magnetic
field, utilizing an implicit centered scheme:
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C. At the third stage, the particle performs curvilinear acceleration. The value of py is
conserved at this stage, py n+l = py n+1- 1he difference egquations for radial and longitudinal

momentum with curvilinear acceleration are
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Equations (3.6) and (3.7) are coupled. The increment of the radial and the longitudinal components
of the particle momentum at this stage consists of several steps.
C.1. Advance of radial momentum:
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The total momentum under curvilinear acceleration is conserved, as follows from Egs. (2.4):
1 2) = _ Pz PzPx . -
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To achieve reasonable accuracy in the conservation of momentum, the steps C.2 and C.3 are
iteratively repeated 3-4 times.

D. At the fourth stage, the particle again performs a half-step acceleration in the electric
field:

Px,n+1 = pt<fn+1 +% Exn Py n+1 = p;fn+1 +% Ey.n, Pzn+1 = p;,*n+1 +% Ezn- (312

E. At thefinal stage, the particle performs the advancing of position:

Px,n+1 Py n+1 Pz n+1
Xne1 = Xn T2, Yoo TYn 120, Zgq = Zp+1 (3.13)
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The scheme presented here accomplishes the general-purpose integration of the particle trajectories
in 6-dimensional phase space. Let us consider some specia important cases.

3.2. Particlemotion in electric field

Many low energy injectors utilize electrostatic quadrupole lenses and radio-frequency
guadrupole linacs. The reference orbit in such structuresis a straight line /R = 0 and the magnetic
fieldisB = 0. In this case the integrator is reduced to the following scheme:
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This scheme is symplectic, i.e. phase space volume is conserved [13]. Actually, the Jacobian of
transformation from "old" variables, X, pPn, t0 "new" variables Xn+1, Pn+1 iS equal to unity (for
simplicity consider only the one-dimensional case, but the result is valid for the multi-dimensional
case aswell):
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At the same time, this scheme does not conserve the total energy of the particles [14]. For
analysis consider the non relativistic case (y = 1). The first of equations of (3.14) can be rewritten
as

Pre1- 5 En=Pn+1 En. (3.16)
Square of both sides of Eq. (3.16) gives
- S~ = 20 o= 2 —
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Combination of Eq. (3.17) with the second equation of (3.14) is[14]

2 o s o
Pn+1 _Pn _ B Xn+1-Xna
5 o En ( 5 ). (3.18)

The left-side of Eq. (3.18) isthe change of kinetic energy of the particle, while the right sideis only
an approximation of the change in potential energy:

Xn+1% s ~
f Edx ~ Ep (’leﬂ). (3.19)
X

n
For a one-dimensional harmonic oscillator E, = - ®?x,, equation (3.18) becomes
p%+l + ®? X%+1 - T 0%Xn+1 Pre1 = PR + 0% X3 - T 02X Pn . (3.20)
In a harmonic oscillator the energy invariant is E = p2 + ?x2, whereas the application of a

symplectic integrator results in the appearance of an additional term - t w?xp [12]. Therefore, the
symplectic integrator, Eq. (3.14), conserves energy up to the order of t.



A more general theorem [12] states that the symplectic integrator of the m-th order describes
the evolution of an associated Hamiltonian H:

H=H+1t"Hy +0 (t™?) (3.21)

where H is an original Hamiltonian and the other terms are
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Eqg. (3.21) indicates that the symplectic integrator corresponds to a physical system, which is
dightly different from the original one. For an integrator of the first order, Eq. (3.14), the error in
energy remains of the order of t, which coincides with the estimation of Eq. (3.20). Meanwhile, if
the integration step t is small enough, the difference between the original Hamiltonian, H, and the
associated Hamiltonian, H, is not significant.

3.3. Particle motion in magnetic field

Consider the rotation of a particle in a uniform magnetic field §:{O, 0, Bz}. The
transformation from "old" variables to "new' variables is given by formulas (3.4), (3.13), which are
reduced to the following scheme [14]:

_ o (1-0)
Px,n+1 = Px,n 2 *Pyn—"" >
1+ @ 1+ CD
(3.23)
2
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The transformation, Eqg. (3.23), conserves the total momentum of the particle [11]:
p>2<, n+1t pyz/, 1 = P, nt pyz/, ns (3.24)

which is essential, otherwise the particle trajectory would be unphysically swept into a spiral [14].
Also, phase space volume is conserved by Egs. (3.23). But in an arbitrary magnetic field, the
integrator (3.4), (3.13) is not symplectic. In general, mechanical momentum and particle
coordinates, are not canonical - conjugate variables.

These examples demonstrate that for particle tracking it is necessary to find a reasonable
compromise between the different properties of integration schemes. With the appropriate choice
of the value of the integration step, t, the beam parameters become insensitive to the variation of 7.



Usually the value of integration step with respect to RF period or plasma oscillation period
isT = 102" 10-3, which is enough to insure good accuracy of the calculations.

4. SPIN MATRIX FORMALISM

The rotation of spin Sof a particle with charge g, mass m, velocity B =Vv/c and energy vy is
described by the Bargmann-Michel-Telegdi (BMT) equation [15]:

Qf\&

x [(1+Gy)BL + (1+QBy, + (GY"‘

r% Q 7, (4.1)

where G is an anomalous magnetic momentum of the particle, Eisan dectrical field, and B, and
B, are components of magnetic field, perpendicular and parallel to particle velocity, respectively:

B, =L WxB)xv, (4.2)
v2
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Assuming electromagnetic field is constant over a small distance 6z, the solution of the BMT
equation can be written in matrix form as [16]

a(B?+C?) ABa+Cb  ACa-Bb||s,
u ABa-Cb 1- A(A%+C? BCa+Ab||Syq , (4.4)
ACa+ Bb BCa-Ab 1- a(A2+B?)||S,,
R L o
A B B B C B (4.5)
a=1l-cosg, b=sing, ¢=P,0z, (4.6)

where parameters Py, Py, P, are given by the following expressions:

[(1+Gy)(Bx - X' By) + (1+G)x'B, ta2 v (7 + G)(Ey-Y'E], (4.7)

x= myv
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P, = m?(v [(1+Gy)(-X'Bx - ¥'By) + (1+G)(X'Bx+B, + y'By) + (‘;’7 (117 + G Ex- Eyx)] - (4.9)

and prime means derivative over longitudinal coordinate, '=d/dz. Matrix equations (4.4) are
integrated simultaneously with particle tracking.

Matrix (4.4) describes spin precession in Cartesian coordinates. If particle travels in a
bending magnet, spin is corrected at every integration step according to the matrix

Sy |cos® 0 -sind|[Sxo
S =0 1 0 |ISy0| . (4.10)
sind 0 cosf I[S;0

which describes rotation of system of coordinates for angle 6 = -(zn+1 - zn)/Rn @ every integration

step.
5 BEAM DISTRIBUTION GENERATOR IN PHASE SPACE

At the initial moment of time every particle occupies a starting position in 6-dimensional
phase space depending on the specific particle distribution. In most cases the longitudinal
distribution corresponds to a z - continuous beam with a finite spread of longitudinal momentum
Apz. Simulation of longitudinal phase space for a z-uniform beam is performed as a generation of a
uniform particle distribution within the interval - BA/2 <z < BA/2 and a Gaussian distribution in
longitudinal momentum around the average value of p;:

giN = N - (pz - pz)22] _ (5.1)
Pz 2mAp;  2Apy)

The generation of a bunched beam distribution in longitudinal phase space is described below, see
Eq. (5.22).

For the simulation of particle distribution in transverse four-dimensiona phase space x, X', y,
y', consider a class of distributions with elliptical symmetry [17]. The distribution function
f (x, X', y,Yy') depends on parameter F, which has a meaning for the value of the radius-vector in 4D
phase space:

‘v V' = dN _
f(x, xy,y)= W_ f(F), (5.2)
F=Ce+viy, (5.3)

wherev =3, / 3y is aratio of beam emittances. Parameters Cy, {y describe afamily of ellipses:



= (ax -a00° + (X), (5.4)
= (ay -ay)?+ (ayy)2 , (5.5)

where a, ay, ay, & are defined by the values of the semi-axes X1, X5, Y1, Y and tilts of the
beam ellipses o, oy at the phase planes, see Fig. 3, [18]:

ay = vxl COS201y +)<2 sinouy (5.6)
-1 X1_ X2
ay 2o %X, Xi ) Sin 20t , (5.7)

with analogous expressions for ay, a,. The distribution function is normalized under condition:

ffff f(x, Xy y)dxdxdydy'=1 . (5.8

Equation F = const defines a hyperellipsoid surface in phase space x, X', y, y'. From Eq. (5.2) it
follows that phase space density is constant at the hyperellipsoid surface and varies from the
surface to surface. For a fixed value of F, the projection of distribution, Eg. (5.2), at phase planes
(x, X)), (y,y') are élipses with unequal areas:

(5.9)
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Different beam distributions are compared by root-mean-square (rms) values

<x2>:f f f f x2f(x,xy,y)dxdx dydy" (5.10)

with analogous expressions for <x'2> , <x x>, <y2>, etc. The projection of the beam on phase
plane (X, X") isdescribed by an rms ellipse (see Fig. 3)

@A<X>yy2 9 (ASXX>) 3 g0 4 (AKX Y02 = 5 (5.11)
EN Ix Ix

with analogous expression for the plane (y, y'). The area of the rms ellipse is ma,, where 3 is a
natural (non-normalized) rms beam emittance

=4 <x2><x 2> - <xx> 2. (5.12)



The problem of generating of particle distribution in phase space is to find 4N values
Xi, X'i, ¥i» V'i, i =1, 2,..., N, which correspond to a given beam distribution function f(F). The
parameters for the rms ellipses X1, X2, ax, Y1, Y2, oy at phase planes (x, X) , (y, y') areinitial
data. To implement the algorithm, the distribution of values of F is required:

_dNE)
9= . (5.13)

where dN(F) is the number of particles within the interval (F, F + dF). To find the distribution g(F),
let us substitute new variables F, 0, ¢, v (0<6 <2r, 0< ¢ <2r, 0<y <n/2) for the old

variables x, X', y, y' according to the following transformation:

X -a&x=VF snysne,

é ={Fsnycose,
(5.14)
Vv (& y' - ay)=VF cosy cosd,

Wl = YFcosysn® .
a, |

The phase space element is transformed as

dx dx' dy dy' = %FdF sin 2y dy do do . (5.15)

Then the number of particlesin the phase space element is

dN(F, v, @, 8) = f(F) % F dF sin 2y dy do do . (5.16)

Integration of Eq. (5.16) over the angle variables 6, vy, ¢ gives the number of particles dN as a
function of the value F:

2n 2n /2 )
dN(F) = f(F) % F de d(pf de f sin 2y dy = % f(F) FdF. (5.17)
0 0 0

From Eq. (5.17) the distribution of the value F is

g(F) = 7‘572 f(F) F. (5.18)

The algorithm of particle generation in phase spaceis divided into three steps:
A. Calculation of the coefficients ax, a ay, a, according to Egs. (5.6), (5.7) using the given

parameters for the rms ellipses X1, X2, o, Y1, Y2, oy at the phase planes (x, X) , (v, Y').



B. Generation of the distribution, g(F), using the inverse function method. For that an integral
distribution of the value F is calculated

F
qazf g(F) dF . (5.19)
0

Then the inverse function F = F(G) is generated taking the value of G uniformly distributed in the
interval (O, 1).

C. For each value of F, two random numbers Cy, Cy are taken, which satisfy Eq. (5.3). The
values Cy, Cy, define two specific ellipses, Egs. (5.4), (5.5) among a family of ellipses with fixed
ratios of X1,/X2,Y1/Y2 and angles ok, ay. On each ellipse an arbitrary point is taken with the
following coordinates [18]:

x = {x ax cos Py,
: sin
Xf@@mm-iW
(5.20)
y = {y a, cos By,
, . sin
V= (@ cospy - S0).
where the values of By, By are randomly distributed within the intervals:
0<Bx<2m, 0<By<2m. (5.21)

The values x, X', y, y' obtained from Egs. (5.20) define the point in 4D phase space which belongs
to distribution f(F). The steps B, C are repeated N times until N points fill in the phase space
volume.

The method described is used in the program as the generator of the following initial
distributions in phase space: KV, "water bag", parabolic, Gaussian. Definition and characteristics of
such distributions are given in Table 2. For Gaussian distribution the random number generator,
presented in Ref. [19] is used because the inverse function method, Eq. (5.19), is too slow in this
case.

The same technique is used for the ssimulation of a bunched beam distribution in longitudinal
phase space (z-z') utilizing an rms beam ellipse:

12. d
(A<Z>2. 9 (A<2Z>) 77 4 (A<T>)z2= 5, (5.22)
3, 3z Iz



The results of simulation of different distributions are presented in Fig. 4 and in Table 3. The
error of representation of the rms beam emittances by the generator which was developed is 10-2 -
10-4. For each distribution, the error decreases approximately as 1/N, which is typical for filling up
an area utilizing arandom number generator.

6 CALCULATION OF ACCELERATING AND FOCUSING FIELDS

6.1. Electromagnetic field in RF gap
Thefield inside an RF gap is represented by the Fourier-Bessel series (see Fig. 5):

M
Efz1,t) =- cos (ot + o) Y, Em lo(tmr) Sin (@),

m=1

M
E/(z,r,t) = cos (wt + @p) z Em 2nm l1(umr) cos (m),
(6.1

M
Bo(zr0 = Lsin(@t +90) ¥, Em 2% ly(uqr) sin (252,
m=1 Mm?\z

2
pm =271/ () -1,
A

The electrostatic field of axial-symmetric lenses is described by the formulas (6.1), assuming o =
0, ¢o=0, and py = 21ch Two approaches to define the coefficients, Eny, of the series (6.1), are used

in the program.

A. The field inside the gap is calculated separately utilizing an electrodynamics or
electrostatic code. Coefficients Ey,, are derived from the aperture field distribution function
E,(z,r=a) at the equidistant pointsz; = %ML

Ez,a) = Mz_l Em lo(md) sin (Ttvml) - (6.2)

m=1
Multiplying equation (6.2) by sin (%) and applying a discrete Fourier analysis, the coefficients

are.
M-1

— 2 o) '
Em= M o(imd) igl E/(z,@) sin (nvml) - (6.3)

B. The longitudinal aperture field component E,(z, r = @) is assumed to be a step function of z
(seeFig. 5):



0, OSZS%

Ez(a,z)z{ Eo, %Szgé—+g, (6.4)
1 < d
0 2*9s 9%5

with anti-symmetric extension of the field at the next gap. The lengths of neighboring drift tubes
are supposed to be unequal to each other, | # d. From the expansion, Eg. (6.1), the longitudinal

field component at the aperture radiusis:
M
Exa2)= 3, Emloftma) sin (P1M2) . (6.5)
m=1
Multiplication the left and right sides of expression (6.5) by sin (275?”"2) and integration over

period L = | +d+2g gives the following expression for Fourier-Bessel coefficients:

mm(l +g), . mmg
P sn (519)

_ 4E, mm(l+g) g, S"
Em_Io(uma)[ L ](f) [nm(l+g)1 (M)
L L

(6.6)

In Fig. 6 an example of the field distribution in a gap using method B is presented. The
number of Fourier harmonicsin EQ. (6.1) depends on the process and typically isequal toM =5 -
10.

6.2. Multipole lenses

Electric and magnetic fields of multipole lenses of the order n (n=2 for quadrupoles, n=3 for
sextupoles, n=4 for octupoles, etc.) are represented as a step function in the z-direction with field
components:

E =-E (RL)“'lcos(ne +8p) , B, =- By (RL)“'lcos(ne +8o) ,
0 (0]
(6.7)
Ey=Eo (RL)”'lsin(ne + 8,) Bg =B, (RL)”'lsi n(nd + 6y) ,
0] 0}

where E,, B, are pole tip fields, Ry is a pole radius and 6, is a skew angle. Another option
available in the program is interpolation of the 3-dimensional grid function of the field components
B(Xi, ¥j» zx), E(Xi, Y, Zk).



6.3. Axial-symmetric magnetostatic field
The magnetic field of solenoids and axial-symmetric permanent magnets is calculated as

- _r2ds —_r @B _dB r2
B,= B(2) et B =- 5 o 8), (6.8)

where the field at the axis B(z) is given at fixed points. Another option available in the program is
the interpolation of a 2-dimensional grid functions B,(z;, r;), By(z, ;).

6.4. Bending Magnets
The magnetic field inside a bending magnet is described by the Taylor expansion up to the
terms of second order [20]:

B(Xy.2) = By (-n % +28 ;‘é) , (6.9)
By(xy2)= By[1-nX +0 Y+ (E YT, (6.10)

where By is the vertical component of magnetic field along the reference trgjectory with radius of
curvature R, nisthefield index and £ is a nonlinear coefficient in the magnetic field expansion:

2| B ﬁ]xzolyzo . (611)
Ry

=2 Ix=0y=0" &=

At the entrance and at the exit of the magnet, the slope of the particle tragjectory is changed because
of the pole angle o according to the linear matrix transformation [20]:

1t 0 0 0|
X go 0
== 1 0 Of [x

XI= | R Xa 12

y 0 1 0| | Yo (6.12)

y/ 0 0 - tg(o -y) 1| 1Yo

R
The correction angle y is given by the expression [21]
- 9y (A+sinoy 1 1. 9
v =K () (S0 [1- Ky K () tgol] (6.13)

where g is the gap of the magnet and coefficients K1, K2 are defined by pole geometry.



6.5. Radio Frequency Quadrupole Structure (RFQ)
The acceleration of ions in an RFQ linac is performed in a four-vane structure modulated in
the z-direction with the spatial period of L = BA. The RFQ field in the i-th cell of the structure is

given by [18]:

Ex =k [ %+ (1) 4T lauar) (Bi) (F) sin(w12)] cos (ot+po) , (6.14)
By =k [ % + (1)1 4T Iy(uar) (&) () sin(u12)] cos (ot+o) (6.15)
E,=4 ;’; (-1)! T Io(par) cos(isz) cos (ot+go) , g = é" , (6.16)

where U|_ is the potential difference between the electrodes, a is the aperture of the channel, x is
the focusing efficiency and T is the acceleration efficiency of the structure.

6.6 Accelerating waveguide

Analysis of particle acceleration in waveguide is performed in approximation that particles
interact with the fundamental mode of disk-loaded waveguide with field components:

E, = Eo €02 [,(211) cosp , (6.17)
By
E, = - yE, €92 [1(Z) sing (6.18)
By
By = Bg E, €92 11(2%) sing | (6.19)
By

where o is awaveguide attenuation, ¢ is a phase of particle in RF field

o=2n'% % 4 g (6.20)

BA

©s is a synchronous phase and z is a coordinate of the front of RF wave:

ti
Z=27,+ f B (t)cdt . (6.21)



Beam loading effect is expressed as superposition of longitudinal, W, and transverse, W,
wake fields acting at every particle from other particles. Longitudinal wake fields are added to
longitudinal component of electric field, Ez, while transverse wake fields are added to transverse
components of Lorentz force, Fi=E, + [V X §] Ik

N
EAx.Y,2)=-q ), Wiz-2),
i=1

FX(X! Y, Z) =q i Xi 'Wt(z - Zi)! (622)
i=1

N
Fy(x,y,2) =02, yi-Wi(z-2),
i=1
where summation is performed over particles with z; > z. Wakefields are calculated separately and
tabulated inside program.

7 POISSON'S SOLVERS

The space charge potential of the beam Uy for an instantaneous space charge density
distribution, p,is calculated from the solution of Poisson's equation in a moving system of

coordinates:

AUp=-P . (7.1)

€o

Calculations are performed for beams propagating along straight line, neglecting curvature of the
beam. It is correct for the beam with transverse sizes much smaller than radius of curvature. For
calculations, three kinds of symmetry are used:

-z - uniform beam (2-dimensional problem in x-y coordinates),

- axial-symmetric bunches (2-dimensional problem in r-z coordinates),

- bunches with transverse quadrupole symmetry (3-dimensional problem in x-y-z

coordinates).
Utilizing symmetry in space charge density distributions results in a savings of the required
computer time and memory. Due to the quasi-periodic formation of bunches in RF accelerators, it
is possible to consider the motion of only one bunch. Space charge fields of neighboring bunches
are taken into account by imposing periodic boundary conditions for potential and space charge
density in the longitudinal direction.

For numerical calculations it is convenient to utilize dimensionless variables. Taking the
dimensionless potential as U = Uy, g/(mc2) and the dimensionless coordinates as in Eq. (3.1),
Poisson's equation is written as

AU=-Q (7.2)



where Q is adimensionless space charge density of the beam:

pA°q
Q= Sl (7.3)
€oMC

In Poisson's solver three stages are distinguished:

- the distribution of space charge of macroparticles among grid nodes,

- the solution of Poisson's equation on agrid,

- the differentiation of the potential grid function to determine the components of electrostatic

field in the moving system Ey, Ey, E,.
After that, a transformation into the laboratory system of coordinates is performed according to the
Lorentz transformation:

Ex=YEx E/=YE, E,=E,. (7.4)

Finally, the transverse components of electric field are multiplied by the factor of ¥ -2 to include the
effect of the self magnetic field produced by the beam:

E
EX-VZ By:%, Ey +VZ BX:% (75)
i

Y

7.1. Numerical errorsand conservation law

The important aspect of numerical simulations is the balance between accuracy and the
required resources of the computer to get an efficient solution for the problem. Control of accuracy
is required because the solution itself is unknown in advance. To attain good accuracy, the number
of macroparticles per cell has to be large enough, and the mesh size has to be much smaller than
the beam size. But even if these conditions are fulfilled, the following errors are unavoidable: (i)
errors caused by the discrete charge representation used in the macroparticle method, (ii) errors
caused by the approximation formulas used in place of the exact derivatives of the Poisson's
equation; (iii) errors of differentiation of the potential function to obtain values of electric field
components, and (iv) computer round-off errors.

For Poisson's equation the Gauss theorem is valid:

fEd§= deu. (7.6)

To control errors of calculations, the following parameter can be used



fﬁd§
S
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which has a meaning of error of the Gauss theorem. It is clear, that in exact calculations parameter
¥ =0. In Eq. (7.7) the denominator is equal to the total charge of the beam, which is known exactly
and does not depend on the numerical method. The numerator in Eq. (7.7) depends on the solution
of the Poisson's equation and includes all of the errors of space charge calculations. Control of
parameter O, EQ. (7.7), gives an integral numerical error. Since the Gauss theorem does not provide
information about the fluctuation of the solution in details, an extra criteria like averaged deviation
from the exact solution is required. Below we consider numerical technique and typical value of the
error in the numerical solution of Poisson's equation in different coordinate systems.

In particle-in-cell simulation the errors in space charge forces are of random character. It
results in an unphysical increase of effective beam emittance, even when a symplectic integrator is
used. To establish a quantitative measure of this effect on beam dynamics, consider the linear

oscillator X + m?x = 0, affected by random errors in space charge field calculations. The matrix for
the particle transformation in coordinates (X, p = %%X) at every elementary step, ot, is given by

(o)
Pn+1

where 6 = m ot is a tune shift of particle oscillation per integration step and Ap,, is a random kick
due to error 0E in space charge field:

(7.7)

cos o sino
-sino cos o

Xn ) (7.8)
Pn + Apn

_QqOoE,dt
Apn - 7m ® . (7'9)
For acircular beam of radius R, the error of Gauss theorem, %, Eq. (7.7), is
_dE(R)
“ER) (7.20)
where E(R) is an exact value of the space charge field at the beam boundary:
ER = I (7.11)

2meof3,CR ’



and 0E(R) is the deviation of space charge field from the value of E(R). The solution of matrix
equation (7.8) after n steps of integration is[22]
n-1
Xn =R cos (N6 +¥) +Y, Apjsin (n-i) 6

=0 | (7.12)

n-1
Ppn=-Rsin (n6+¥) +Y, Apj cos(n-i) €
i=0

where W isthe initial phase of oscillations. The root mean square values of the particle positionsin
phase space are

x> =L f X3 d¥, <pi>= i f PR dv . (7.13)

- -

Random kicks Ap; are not correlated, therefore

. 1 0 K #1i
Apcsin(nk)® Y Apisin(ni)e= { , (7.14)
i=0 ApP? sind(n-k)0, k=i

where Ap is the amplitude of arandom kick. After n steps, the rms values are

A 2. Ap)
=B+ p) <k =R+ (7.15)
Therefore, the normalized beam emittance after n steps, €, = 4/ <x4><p#>, is related to initial
emittance, €4, as

n - 4 (%)Zn _ (7.16)
€ R

Let us rewrite the value of kick, Eq.(7.9), as

B AET, (7.17)
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where T =2n/w is a period of the oscillations. Also take into account that the natural beam
emittanceis

=RPo (7.18)
B.C



Therefore, the amplitude of the random kick is

2
ap= 2nR (5E) @ 2R, (7.19)
Iz >

where |c = 4neo,moc3/g= A/Z-3.13-107 amp is a characteristic value of the beam current. The

following combination of parameters

b=2_RZ (7.20)
I Bg 5
C

is the ratio of beam brightness, | /32, to the normalization value, |./ R2, and can be called the
dimensionless beam brightness. Space charge dominated beam transport is performed when b >>1
while the emittance dominated regime is characterized by b <<1. Finally, beam emittance growth
due to random variations in space charge field calculationsis

€n-1+(2nbr 87E)Zn , (7.21)
€o E
where 1 =6t/ T is the dimensionless integration step. From Eq. (7.21) it follows that emittance
growth is the most essential for high brightness beams. In Fig. 7a an example of beam emittance
growth due to errors in space charge field calculations is presented. After 9000 integration steps
emittance growth for the KV beam with A/Z = 1, | = 416 amp, R = 1 mm, 3, = 0.015648,
5>=6.39 t cmmrac, b = 17, 8E(R)/ E(R) = 0.01 is €, / €, = 1.025. Beam was represented by 3-104
particles on the grid Ny x Ny = 512 x 512. Analytical estimation of beam emittance growth
utilizing formula (7.21) gives €,/ e, = 1.1. Without space charge forces the effective beam
emittance is conserved (see Fig. 7b).

Let us note that rms beam emittance growth, presented in Fig. 7a and described by Eq. (7.21),
does not violate Liouville's theorem, because it is growth of the effective phase space area
occupied by the beam. Both the numerical integrator, Eq. (3.14) and matrix, Eq.(7.8), are
symplectic, i.e. conserving microscopic phase space of the beam. Effective beam emittance can be
increased while microscopic emittance is conserved (see for example, Ref. [23], Fig. 4.8, page
198). Fig. 8 illustrates evolution of phase space area occupied by the beam. Without space charge
forces beam boundary in phase space remains unchanged. With space charge forces beam
boundary isdistorted due to random fluctuations in space charge field, which results in increase of
effective phase space area. Meanwhile, microscopic phase space area and number of particles
inside the area are conserved.



7.2. Particle weighting on a multidimensional grid

The region occupied by ensemble of particles is divided into uniform rectangular meshes of
dimension Ny-Ny, N2-N; or Ny-Ny-N; (see Fig. 9). Charge of every particle with coordinates (xp,
Yn), (fn, Zn) Or (Xn, Yn, zn) is distributed among the nearest four (2D problem) or eight (3D problem)
nodes. Every node receives contribution from charge of an individual particle utilizing area
weighting method (see Figs. 10, 11). The charge density at node points, Q j, Qk j, Q j k isa
combination of contributions from all particles which are inside the given elementary mesh:

N ) /.
Q, = 2 Qqy (1-|Xn - Xi |) (1-Iyn Yi |) ., X-y problem, (7.22)
=~ hy hy
N | -1 | Zn - z«|
Q=D Qo (1 Iy (@-Mn"=h " r-z problem, (7.23)
n=1 hl’ hZ
N . -V -
Q= Quzl- [ -Xily (g [Yn=Yily g [Z0-2ly o0 bronlem, (7.24)
n=1 hX hy hz

where Qxy, Qrz, Qxyz are dimensionless space charge density of individual particle and hy, hy, hy,
h, are mesh sizes.

Beam of transported particles has a current of | = Q Bc, where Q is a beam charge per unit
length. In grid weighting method, Eq. (7.22), one particle occupies area of hy-hy. Space charge
density of individual particle is Q /(N hy hy). Dimensionless space charge density of individual
particle in Eq. (7.22) is given by

Quy Q 2 9 _4n1 % . (7.25)

_thhy 80m02 BN Ichxhy

Current of bunched beam is | = Quuneh / T, Where Quunch is acharge of onebunchand T = A/cisa
RF period. Therefore, space charge densities of individual particle in Egs. (7.23), (7.24) are

2
-1 Qbunch A q 21 7»3
QrZ N an hr hz 80 mC2 N IC I'J hr hz ' (7.26)
1 Quoen  AMd _agi 23
= 1 bunc =4n | , 7.27
Q(yz N hX hy hz 80 mC2 N |C hxhyhz ( )

wherer; = (j-1) hy isaradius of j-th node.

Utilization of grid and distribution of charge of every particle among grid nodes is equivalent
to charged clouds model instead of point charges model. It results in smoothing of particle
distribution and suppression of particle-particle collisions in the model.



7.3. Soace charge solver in 2D Cartesian coordinates
Space charge field of a z-uniform beam is calculated from the Poisson's equation in two-
dimensional Cartesian coordinates
0°U 9%V
2+ 2= =-Q(xy), uo) =0, 7.28
e gy QM. UM (7.28)
with Dirichlet boundary condition for potential U at the surface I of an infinite pipe with
rectangular cross section of ax b (see Fig. 9a). Unknown potential of the beam and space charge
density at grid points are represented as Fourier series:

Ny-1 Ny-1
Ui=Y Y Unm sm(ffr" )sm(nmj) (7.29)

n=1 m=1
Ny-1 Ny 1

Q=2 > Qm Sm("”')sn(nmj) (7.30)

n=1 m=1
As afirst step, Fourier coefficients in space charge density expansion (7.30) are calcul ated:
Ny-1 Ny-1

Qum = Y Y q sn(“”‘)sn("”“) (7.31)

NXNyIljl

Calculations are performed utilizing standard routines for Fast Fourier Transformation REALFT,
FOUR1, SINFT [24]. Substitution of expansions (7.29), (7.30) into Poisson's equation (7.28)
provides algebraic relationship between Fourier coefficients of space charge, Qnm, and potential,
Unm:

(T (my?

Calculation of Fourier coefficients, Eq. (7.32), is a second step in solution of Poisson's equation. At
the third step the space charge potential is calculated utilizing expansion (7.29). Components of
electrostatic field are found by differentiation of potential grid function:

_ Ujtgj- Ui
Ey = 2h, , (7.33)
Ey — UI J+tl - Ulj 1 (7_34)

2h,



In Table 4 results of test problem for different values of grid points, N, = Nx x Ny, are
presented. Initial values of space charge density were generated randomly in two directions within
the interval of (0, 1). The value of error of the Gauss theorem, 9, was averaged after 104 different
realizations of random initial data. As seen, error has a value of 10-2 ...104 and drops inversely
proportional to the number of grid points, O ~ N@l.

7.4. Space charge solver in 2D cylindrical coordinates
Space charge field of the train of axial-symmetric bunches is calculated from the Poisson's
equation in two-dimensional cylindrical coordinates:

19 ,0Uy 02U _
r oy (rar 2 Q(r2) , (7.35)

with Dirichlet boundary conditions at the surface of the tube of radius a, Neumann condition at the
axis and periodic condition in z-direction (see Fig. 9b):

U@z=0, aaL‘r'(O, 2)=0, Uurz=U(z+L), L=BA. (7.36)

Poisson's equation (7.35) is substituted by finite-difference anal og:

1

Uy, j+2(1 + 2(j-1)

2- 1)) 2Uy J(1+ r )+Uk11(1'

# U ()2 + Uiew, (192 = - Q1. (7.37)
z z

The first step of solution of Poisson's equation is Fourier expansion of unknown potential and
space charge density in z-direction

U = 2 Un() exp( - 22V D) (739
Q=3 Q) oxp(-i 22D (7D, (7.39
m=1 z
Coefficients of Fourier expansion are defined by inverse Fourier transform:
Unm) =L 2 Uig exp (i 27D (M) (7.40)



2n (k-1) (m-1),

N (7.41)

Nz
Qm(@) =1 Y Qqgexp
Nz k=1

Substitution of expansion (7.40), (7.41) into finite-difference analog of the Poisson's equation
(7.37) results in athree-diagona matrix equation:

0 Um(j+l) +Bj Um(J) Y Um(j-l) =wj, m =1,....Ngz, (7.42)
Wj = - Qm () 2, (7.43)
with matrix coefficients:
. 1 . g mmy? _q. 1
oj=1 +2(j-1) , Bj 2[1+2(hZ smN—Z) 1, vi=1 2-1) (7.44)

Matrix equation (7.42) is solved utilizing the run method [14]. Solution is represented in a
recurrent form, when unknown value of U (j+1) is defined viaknown value of Uy(j) as:

Um(i+1) =Un(j) Xj +Y;, (7.45)

where Xj, Yj, j =1, .. Ny - 1 are auxiliary vectors. Substitution of Eq.(7.45) into Eq. (7.42) provides
the following recurrent expressions for Xj, Yj:

Xj_lz-L’ Y= Wit (7.46)

Initial values of Xy, -1, YN, -1 are defined by Dirichlet boundary condition at the surface of the

tube Xy, -1=0, Yy, -1 = Un(Np). Then recurrent expressions (7.46) are used to determine the values
of X;, Yj, from the top of the grid, j = Ny - 1, to the bottom, j = 1, for every value of m (straight

run). Neumann boundary condition at the axis is used to define the first value of potential
coefficient

Y1

Un@ - Un(®) _,
1- X,

h ) Un(1) =

(7.47)

Other coefficients Un(j), j = 1,.... N, - 2 are found from recurrent expression, Eq. (7.45) (inverse
run). It gives the solution of three-diagonal matrix equation, Eq. (7.42). After that, the potential at
grid points is calculated using Fourier series (7.38). Components of electrostatic field are
calculated via differentiation of potential function (7.33), (7.34).



In Table 5 results of numerical solution of Poisson's equation for axial-symmetric bunch with
Gaussian distribution

2 4y2
=1 ep XY 22y (7.48)
(2n)32 62 o, 202 202

with ratio of semi-axes ¢ /6, =1/4 are presented. Potential and components of electrostatic field of
the Gaussian bunch in free space are given by [25]

(o)

24\2
Up = dg exp[- Xye 22 (7.49)

an¥2%e,(202+q0/ (203+q)  (202+Q) (20%+q) |
(0]

(o]

dg YR 2 g (7s0)

exp ,
. 213126 (262+q)P/ (202+0) (20%+0) (203+q)

EX:'X

analogously for Ey, E,. In every point, numerical solution, ngj)mer (r,2), is different from the exact

one, Eg:])dyt (r,2) . To exclude the effect of boundary conditions, the aperture size was chosen to be

a=5candthe periodwas selected as L = 105,. The accumulated error among all particles,

normalized at the maximum value of space charge field, Emax, gives an averaged error (see Table
5):

= =(n)
5= 1 i (JEgl]J)mer (r,z)‘ - ‘Eanalyt (r,z)‘) .

N

(7.51)

n=1 |Emax|

In the considered case the error, 8, iswithin the interval of 102 - 1073,

7.5. Soace charge solver in 3D Cartesian coordinates
Space charge field of the bunched beam with 3D quadrupole symmetry is calculated from
solution of the Poisson's equation in three-dimensional Cartesian coordinates (see Fig. 9¢):

22U 92U 92U
+ + =-Q(x,Y,2) , 7.52
e oy ez QX Y,2) (7.52)

with Dirichlet boundary condition for potential U at the surface of a rectangular pipe, periodic
conditions in longitudinal direction and conditions for quadrupole symmetry:



U@,y,2=U(ay,2=U(X0,2=U(x,b, 2 =0,

u(e,z2)=Uf(r,-6,2),
(7.53)
ur,e,2= U(r6 +m2) ,

UX,Yy,2)=U(x,y, z+L).

The problem is solved in the half of domain 0 < x < &/2. It saves computer memory and CPU time,
but restricts our study by on-axis beams with quadrupole-symmetric cross section. The method of
solution of Poisson's equation is based on 3D Fast Fourier Transform [26].

Unknown potential and space charge density functions are represented as Fourier series:

Ny-1 Ny-1 m
UIJK‘LE Z Ugﬁ)nosn(nn')sn( yJ

=1 m=1

l 1
Ny-1 Ny-1 Nz
Y Z r(c)|sn(nn')sn(nmj)cos(2“k|)+U(S) sm(’tn')sn(nmj)sn(znk')]

n=1 m=1 I=1

kN My
(1) z z () gn(nnl)sn(nml) (7.54)
=1 m=1 Nx Ny
Ny-1 Ny-1 -
Q=13 X Qﬁ%’nosn(’mwsm( J>+
=1 m=1
1 _
Ny Ny-1 52 . :
2 [Qr sin (R s () cos (GEK + Qi sin (1) sin (Y ‘)sn@“k')]
n=1 m=1 I=1
gk N
A Q”stn(n”')sn("mj) (7.55)
2 O 2 Nx

Coefficients of expansion of space charge density are defined by inverse Fourier transformation:

Ny-1 Ny-1 No-1

@=—-8_3% %y qksn(“”')sn<“m’)cos(2nk') (7.56)

i=1 j=1 k=0



N1
Y Qi ksn(“n')sn(n J)sm(znkl) (7.57)
k=1

(S) 8 Nt
XYW =1 j=1

with analogous expressions for potential expansion. After substitution of Fourier expansion (7.54),
(7.55) into Poisson's equation (7.52), coefficients of space charge and potential expansion are
connected by algebraic relationship:

ACs)

Ui = —— Qm”'2 —_— (7.58)
(e (B2 20

After calculation of coefficients, EQ.(7.58), the potential is found as Fourier series (7.54).
Electrostatic field at the point of every macroparticle is found via numerical differentiation of
polynomial [26]: N
E=-gradU (X Y, 2), (7.59)

UK ¥, 2) = aX +ay + agZ + agX’ + asy” + asZ°+ ayxy + agXZ + agyz,  (7.60)

o = X=X g=Y Y 5=Z2-Z (7.61)

The polynomial, Eqg. (7.60), describes potential in the vicinity of each macroparticle. It is a
continuous function of coordinates, which provides “local smoothing” of discrete potential
function, U, defined at grid nodes. Differentiation of Eq. (7.60) also gives continuous function of
coordinates, which is more smoothed than piece-linear function obtained from commonly used
finite-difference method. Differentiation with local smoothing is especially usefull for 3D space
charge problem with limited number of macroparticles and grid nodes.

To provide differentiation of potential, the 27 nearest nodes to each particle are selected with
the closest node (i, j, k). Deviation of the polynomial, Eg. (7.60), from grid values of potential, is
minimized in selected 27 nodes:

i+1  Jtl k41

z Z 2 [U n, Ymi Z) - Unm, I ]2 =min (7.62)

n=i-1 m=j-1 1=k-1

From Eq. (7.62), the coefficients g, i=1,..9 are [26]:

. 1 kel
=¥@ﬂ® Z 2 (Uit m 1 - Uit m 1) (7.633)
m=j-1 1=k-1
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ouU
% =--(0.00 =% DD %(Un,jﬂ, 1= Unj1,1) (7.630)
y n=i-1 1=k-1
BU i+1  jt1
=52 000 =33 ¥ FUnmka-Unmki), (7.63¢)
Z n i-1 m=j- 1
320 1 k+1
22=" (0,000 =3 > > (Uisw,m 1~ 2Uim 1 *Uia,m 1) (7.63d)
oX? m=j-1 1=k-1
92 U i+1  k+1
2= 2000 =g 5 2 2 Unjea1-2Un 1+ Unja, ). (7.63¢)
n=i-1 |=k-1
23 = j(O, 0,0 =1 z z (Unm k1 - 2Unmk +Unm ki), (7.63f)
0z n=i-1 m=j-1
02U 1 % 1
a=-.--(000) = = (Ui+g,j+1, 1 - Uisg,j-1, 1 - Uiy jeg, 1 + Uiy g, 1) (7.639)
Xy S
ag = afq 0,0,0 =1 Y L Uit m ket - Uist, mkr - Uit mkst + Ui k1), (7.63h)
0X0Z 3 el 4
820 1 j+1 1 )
=— (0,00 == = (Unj+1, k1 - Unj+1, k1 = Unj1 k1 +Unjr k1) . (7.630)
ayaz 3 n=i-1 4
Components of electric field are:
Ex =- (ag + 224X + a7y + ag?) hl , (7.64)
X
=-(ap+2ay + ayX + 89N) (7.64b)
hy '
E,=- (ag + 2a6Z + agX + agy) hl . (7.64c)
VA

In Table 6 results of space charge field calculation of Gaussian bunch with distribution, Eqg.
(7.48), are presented. Error §,Eq. (7.51),is within the interval of (1.5-5)-102. In contrast with

Table 5, errors are not very sensitive to grid size and number of particles. It isaresult of smoothing



of potential grid function utilizing polynomial, Eg. (7.60). Computing time, required for 3D space
charge simulations on Alpha Server 2100 5/250 computer (250 MHz CPU) is

t=(1.3-Ng + 3:N)-10°° se, (7.65)

where Ng = % Nx-Ny-Nz is a number of grid points. Required computing time is a linear function

of number of grid points, Ng, and number of macroparticles, N, which istypical for fast methods of
space charge calculations [11]. The same dependencies are valid for 2D Poisson's solvers in
Cartesian and cylindrical coordinates.

7.6 Space charge solver for 2D relativistic beam with large energy spread

Considered Poisson's solvers are used for a beam with small energy spread Ay/y<<1. In many
applications, including beam bunching in klystrons and RF photo-injectors, it is required to
simulate dynamics of a relativistic beam with large energy spread Ay/y ~1. This is achieved via
simulation of particle-particle interaction utilizing Green function method.

Field created by arelativistic ring (see Fig. 12) with charge density p, length h, internal radius
r., external radiusr, propagating in an ideally conducted pipe of radius awith longitudinal velocity

Vs and energy ysisgiven by [27] :

) Jo(VnD) F1-sgn(z - zo), |2-2> /2

E2= Ys€o 51 V (\?n) fr, r2)'{ Fo-sgn(z -zg), |z-zd<h/2’ (7.66)

_p 1( oy Fl, |z z§> h/2
By=SE, (7.78)

02
where

F1 = [expvms,)) - ep(virs ] explvirs 2 29) (7.79
F2 = [exp(vms 22%) - exp(-vis 222)] exp(-vits1) (7.80)
Fa =2+ [exp(viits * 2%) + exp(vits o)l exp(-vitel1) (7.81)

f(rs, 12) = r2-d1 (v 2) - 11-J1(vn'd) . (7.82)



Space charge field acting at every particle is calculated as superposition of fields created by all
other particles. This method is much slower than Poisson's solvers described above, because it
requires number of operations proportional to square of number of particles.

8 CHOICE OF MODELING PARAMETERSAND TEST PROBLEMS FOR CODE
VALIDATION

Particle-in-cell models are characterized by large number of parameters, which are defined
by compromise between required accuracy and required computing time and memory. Spatial and
time discretization of the self-consistent problem affects stability of numerical solutions.
Combination of model parameters (integration step t, number of macroparticles N and number of
grid points Ng.) has to provide the most comprehensive and accurate description of the modeling
system using the optimal resources of computer.

For adequate simulations, the size of macroparticle, or, has to be larger than average distance
between particles Ar and smaller than characteristic distance, D, where variation of space charge
density is significant. In present model, particle sizes are equal to mesh sizes hy, hy, hy, hy. If
particle size is too large, ér = D, charge distribution in model becomes too smooth. It results in
loosing of effects connected with specific space charge distribution. On the contrary, with or < Ar,
unphysical variation of space charge density appears and particle-particle collisions are
overestimated in the model.

Good tests for correct choice of model parameters give calculation of processes, which have
analytical solutions. It is a necessary stage of the project to check the program and to verify the
optimal choice of model parameters.

8.1. Drift of uniform beam in free space
Spread of round uniform beam in free space is described by KV equation for beam envelope R

[18]:
R 57 2l - 9. (8.1)

For space charge dominated beam with negligible emittance, > = 0 and R, = 0, Eq. (8.1) has an

R -1+02522-0017 Z8, z=2Z 4l (8.2)
Ro RoA/ | a3
By

where Rq is an initial radius of the beam. In Fig. 13 results of evolution of envelope of the 150

approximate solution:

keV, 1 A proton beam are presented. Deviation of numerically calculated beam envelope from



solution of Eq. (8.1) isless than 10-4. Simulation utilizing 104 particles on the grid Ny x Ny = 256 x
256 with 360 integration steps takes 167 sec (here and below the CPU time is given for Alpha
Server 2100 5/250, 250 MHz CPU).

8.2 Drift of Gaussian beam in free space

If beam is not uniform, its density profile as well as beam sizes are changed in drift space.
Evolution of Gaussian beam with zero emittance in drift space under self non-linear space charge
forcesis described by the expression [28]:

Po &Xp (- 2E2) 63

p(n= :
3 +aF +aF? +agF3 +ayF* + asF° + agF°

where the following notations are used:

- -2e2
gO:FrTo, F= 1e><§2(5-),n:%3§, (8.43)
0 ) lc 0

r=rq (1 +%n F2-0.017 n32 k) (8.4b)
80=1+7 exp (-269), & = - 0.102 n32 exp (-259) (8.40)
2= 1 nZexp (-257), (8.40)
ag = 0.017 132 - 0.0425 152 exp (-29) , (8.4¢)
a, = 1.73410°3 n3exp(-28) - L2, (8.4f)
a5 =0.01275 %2, a5=-578-10"%4 3. (8.4g)

Formula (8.3) predicts uniforming of the Gaussian beam at the distance where parameter
n=3.8. In Fig. 14 results of evolution of 35 MeV, 4.7 A, D* beam with initial Gaussian
distribution and initial radius of Ry = 1.3 cm are presented. Simulation with 104 particles on the
grid 256 x 256 with 1200 integration steps takes 7.5 min. Numerical results indicate good
agreement with theory.

8.3. Beam equilibriumwith space charge

Beam distribution function f (x,y, px, py) is conserved in time-independent focusing field, if
beam isin equilibrium with external field. Stationary self-consistent beam distribution function is a
solution of Vlasov-Poisson's equations:



St AV, ot v,
n.ry(ax pX+ aypy) q(apx X + apy ay) 01
(8.5)

19 ,9%0__04
ror " or 30] Im f (X,Px.y,Py) dpx dpy,

-0

where V = Uy +7 2Ugy is a total potential of the structure and Ueyt iS an external focusing
potential. General treatment of the problem (8.5) for arbitrary distribution function was given in

[29]. In Table 7 self-consistent solutions for different beam distributions are presented.
Fig. 15 illustrates equilibrium of a 150 keV, 0.5 Amp, 0.07 & cm mrad proton beam with

distribution function

+ 242)2
f = foexp(- 2 PRy _ (x24y2) ), (8.6)
(e/R)2 R4
which propagates in focusing field
E(r) =- M (&7 + 2L R) erf (2], 8.7
0= gy R G\ 5, P o1 () (87)

The ratio of space-charge-depressed tune shift to undepressed one is v/vg = 0.05. Simulation
confirms that beam distribution remains constant, while particles perform nonlinear oscillations
within the beam. Conservation of beam distribution indicates equilibrium condition. Simulations
with 3:104 particles on the grid Ny x Ny = 512 x 512 with 6500 integration steps takes 163 min.
8.4. Drift of 3D uniformly charged ellipsoid in free space

Up to now we have considered 2D tests for transverse space charge forces. Fully 3D test is
available utilizing dynamics of uniformly populated ellipsoid. It is well known that there is no
distribution function in six-dimensiona phase space, which leads to a solution of the self-consistent
problem as a uniformly charged 3D ellipsoid in real space. However, self-consistent solution is
valid for a 3D time-dependent ellipsoid with zero phase-space volume [30]. In a free space,
evolution of ellipsoid boundaries, R,, R, R,, is described by 3D equations:

dZRX =3 o Qe MX(RXi Ryl RZ

< : (8.8)
2 2 Ry R
dz aB; v
d2Ry -3r, Qe My(RX, Ry, R, 8.9)
2 2 R« R ’ '
dz 9B, x Rz
dZRz_ Qe MZ(RX1 Ry, RZ
e =31, — Ry Ry . (8.10)

9B



where Q, is the charge of ellipsoid, r, is the classical radius of particles, and M,, M, M, are defined
by the expressions:

-
My(Re, Ry, Ry =1 ReRyR, ds , (8.11)
). RE+9VRE+IRG+9)RE+9)
-
My(Ry, Ry, Ry =1 RxRyR, ds , (8.12)
), RE+9VRE+9(RG+9(RE+9)
f‘” RyRyR; d
M,(Re, Ry, Ry =1 xRz 0 . (8.13)
T 2] R+ VR + IR+ IR+

In Figs. 16, 17 numerical results of drift of proton ellipsoid with Qe = 3 nK, initial values of
semi-axes Ry =2cm, Ry =1cm, R, =4 cm_and longitudinal velocity of B, = 0.01 are presented.
Calculations utilizing 2-104 particles on the grid %Nxx Ny x Nz = 64 x 128 x 512 with 200

integration steps took 158 min. Difference in analytical and numerical values of ellipsoid sizes are
within the limit of 3%.

8.5. Beam bunching
One-dimensional problem of beam bunching with space charge has an approximate
analytical solution [31]. Consider non relativistic beam of particles with energy qUq and radius R
propagating in a tube of radius a. Injected beam passes through the gap of length d with applied
voltage of U(t) = Up-sinwt. Particle bunching in drift space is characterized by the value of first
harmonic of induced current |1 as afunction of bunching parameter X
. (qZ
nCyo)

'lele(x), x=(glu'\:1) (‘”{’,Z)[S

1, (822)
Wg Z
(0%

where J; (X) is the Bessel function, M1 is the coupling coefficient of the beam with modulation

gap:
_sin(6/2)

0/2

M3 (8.23)

8 = wd/v isthe transit time angle through the gap, mg = VFp wp is the reduced plasma frequency of
the beam, wp =2 (c/R) VI /(Blc) is the plasma frequency for an unbounded beam and Fy is the
form factor of reduction of plasma frequency due to finite radius of the beam and tube:



254 R
%4

Fp =256 W . (8.24)
(0R /)2
Numerical value of the first harmonic of bunched beam is calculated as follow:
@) _ 2 «/ N 2 N 2
=g [ cosoty(@)] +[D, snoty(2)] , (8.25)
n=1 n=1

where ty(2) is the time when the n-th particle reaches the point z. Numerical example of bunching
of 150 keV, 1 A, R/a= 0.8 proton beam is given in Fig. 18. Simulations with 5-103 particles on the
N x N, = 256 x 256 grid with 4000 steps takes 13 min.

9 EXAMPLESOF BEAM DYNAMICS SIMULATION WITH SPACE CHARGE

9.1. Low energy beam transport

Beam quality in accelerator essentially depends on injection part. Many low-energy beam
transport system employ axial-symmetric lenses (both electrostatic and magnetostatic). Such lenses
are characterized by high values of spherical aberrations, which resultsin over-focusing of particles
with radius. Effect of emittance growth due to spherical aberrationsis estimated as [32]:

2 =1+K8 (9.1)
20
4
§=CsR0, 92)
54

where Cg is the spherical aberration coefficient, f is the focal length of the lens and parameter
K=0.1...0.5 depends on beam distribution. Another source of beam emittance distortion is
nonlinear space charge field of the beam. Emittance growth in drift space between lenses due to
nonlinear space charge of the beam is estimated by the same Eg. (9.1) with K = 0.014and
parameter 6 [32]

5=4 Z7'3 : (9.3

2B
In Figs. 19, 20, 21 results of 50 keV, 20 mA, 0.075 t mm mrad proton beam dynamics in
transport line [33] are presented. Low Energy Beam Transport line (LEBT) consists of two axial-
symmetric magnetic lenses with longitudinal field distribution presented in Fig. 19a. Magnetic field

of the LEBT was interpolated on the grid N, x N, = 432 x 15. Beam simulations with N = 104
particles on the grid Ny x Ny = 256 x 256 with 7540 integration steps takes 60 min. Simulations



clearly indicate beam redistribution in phase space due to nonlinear space charge forces and lens
aberrations.

9.2. Effect of random errors in RFQ electrodes on beam transmission efficiency

Most of low energy ion injector lines are equipped with RFQ linacs, which alow to accelerate
high current beams. RIKEN heavy ion injector employs frequency tunable RFQ [34]. Random
errors in manufacturing of RFQ vane tips result in amplitude growth of transverse and longitudinal
oscillations. To obtain accurate estimation of this effect on beam dynamics, simulations were

performed with the following parameters randomly distributed at every cell within the maximum
error of + A: cell lengths Lj, aperture radius g, maximum distance from axis to electrodes maj, and

axis displacement 8rqj. Results of simulation of 1 mA Ar*8 beam dynamics are presented in Fig.
22. In Table 8 comparison is done for beam transmission efficiency Nt / Ng, and for the ratio of
final and initial transverse phase space densities of the beam

It - Ne/eg (9.4)

where Ng is the initial number of particles and Nt is the number of accelerated particles.

Simulations with No = 5000 and 1600 integration steps takes 2 min without space charge forces
and 140 min with space charge forces on the grid %NX x Ny x Nz = 32 x 64 x 256.

Random errors in the RFQ geometry induce particle losses in longitudinal and transverse
directions. Transverse losses are defined as a fraction of particles which are stopped during
simulations due to reaching boundary of the channel. Longitudinal particle losses are defined as a
fraction of particles which are behind the accelerated bunch. From the results of simulations it
follows that the error of 50 microns does not create any serious degradation of the beam
parameters while an error of 100 microns could cause notable decreasing of beam transmission
efficiency and reduction of phase space density. During machinery, the engineering tolerance of 50
microns was adopted for vane tips fabrications. Operation of RIKEN RFQ linac indicates that 90%
of transmission efficiency is obtained steadily [34].

CONCLUSIONS

Software for beam dynamics study with space charge in 2D and 3D geometry is devel oped.
Program BEAMPATH covers most of the problems for intense beam simulations in linear
accelerators and beamlines. Developed algorithms provide high accuracy with reasonable
consuming of computer time. Given numerical examples demonstrate efficiency of calculations.
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Table 1. Characteristics of the BEAMPATH code

Types of beam symmetry for space charge calculation:
Z - uniform beam
- axial symmetric beam
- quadrupole symmetric beam

Accelerating and focusing el ements
- arbitrary order multipole lenses
- axial-symmetric magnetic lenses (solenoids, permanent magnets)
- RF gaps and cavities
- radio frequency quadrupoles (RFQ)
- bending magnets
- accelerating waveguides
- user defined element

Typical CPU running time (for Alpha Server 2100 5/250 computer, 250 MHz CPU)

Without space charge, 2D interpolation of external

field onthe grid Ny x N, = 15 x 432 10-5_second
particle step
Space charge problem:
i = 10-5__second
On 2D grid Nx x Ny = 256 x 265 410 carticle Sep
i = 10-5__second
On 2D grid Nx x Ny =512 x 512 510 carticle Sep
ig 1 - 0-3__second
On 3D grid 2NxxNnyz 32 x 64 x 128 1 carticle Sep
i1 — 0-2__second
On 3D grid 2Nxx Ny x Nz =128 x 256 x 128 1 sarticle tep



Table 2. Characteristics of different phase space distributions, z2 = (é)2 +n (g;)z.

KV "Water bag" Parabolic Gaussian
Definition N_d(F-F 2N FgF 6n_ (1. F -~ N exp(--FE
02 F, ( o) 02 F2 0 02 F2 ( = 02 F2 p( Fo)
i - 2 Fo
Rms emittance ' Fo 2, > 2F,
. , Fo 2 Fo 2F,
Rms emittance ' . o Fo o -
2 2
H H p I:O a(@ 2 22 22 Z
Projection———=2>r (X, 1, z¢ £1 2(1- 3(1- exp (-
| m (x,y) ( I:0) ( Fo) p( Fo)
22 22 22
Projection p Fo r (X, X') 1, 7 £F, 2(1- 29 3(1- 2 exp (- )
Fo Fo Fo
. ) F 22 Z2 2 Z2
g P Fo ' o -ny -n2Y -nY
Projection N ry,vy') 1,2z, £ N 2(1-n Fo) 3(1-n I:0) exp(-n Fo)
Equation F=F(G) F=F, F=F,/G 2F3-3F, F2+GF3=0 (1-G)-(1+ FE) exp ( - Fﬁ) =0
(o] (0]




Table3. Errord=

wi of generation of rms beam emittance

Distribution Number of particles, N
103 104 10°
KV 1102 5-10-3 6-104
"Water Bag" 9103 5-10-3 5-104
Parabolic 2:1072 7-10-3 1-10°3

Gaussian 3102 7-10°3 3103




Table 4. Error of Gauss theorem, J, and required time, t, sec (Alpha Server 2100 5/250) for 2D test
problem with random initial data.

Grid t J
NX X Ny
16x 16 1.-103 1.9:102
32x 32 3.3:103 1.01-102
64 x 64 1.2:102 5.3-103

128 x 128 4.7:102 2.710°3




Table 5. Error in calculation of the field of Gaussian bunch in 2D cylindrical coordinates.

Grid Number of particles

32 x 32 7.6:10°2 7.4-10°2 7.310°2
64 X 64 29102 26102 25102
128 x 128 1.9-10°2 1.3-102 1102




Table 6. Error d and timet, sec (Alpha Server 2100 5/250) for space charge calculation
of Gaussian bunch in 3D Cartesian coordinates.

Grid Number of macroparticles, N
51038 5104 510°
DNy, d t d t d t

163264 48102 05 35102 16 35102 120
1632128 47102 09 32102 23 32102 160
326464 37102 16 21102 31 2.0102 160
3264128 3.7102 32 19102 47 1.8102  20.8
3264256 38102 65 20102 87 18102 305
64-128128 3.9102 135 19102 159 1.6:102 370
64-128 -256 4.2:102 28  2.0102 306 16102 58.0




Table 7. Self-consistent beam equilibrium with space charge (e -normalized beam emittance, R- beam

radius).

Distribution function Definition

Required focusing field

_ PE+py | x2+y?2 _.m2 11\ ey20
KV f=fod( (@R)? M Ho) E(r) = R g( IR ng
2 2 - _2or2
Gaussian 1==fo¢=;xp(-.2'0§+'O§-.2x Y E(y=- M2 r e, 41 (I-exp(-2r /R?)
(e/R)? R2 qRg R'R2 bgle  2(rZ/R?)
2 2
Water bag f=fo, 2 (V% 4 PPy g gy = mEr (& + Bl )
R2 (e/R)? qR%g R? cbg 3R2
- x2+y2  pZ+pg Rr 2 . 31 2 4
Parabolic f=fo(1- - ) E(r) =-M r[ + N ROV G
2R2  2(eR)? qR%g R2 lcbg™ 2R2 12R4
. Pg + Pg (x2+y) 2 ez, 2
Extended Gaussianf =fo exp ( - 2 E(r) = - MC [(&)2( Dt L) erf
0 exp ( (oR? ) (n ng[R iopg F ) ( )]




Table 8. Beam transmission efficiency and reduction of phase

space density in RFQ due to errorsin vane fabrication.

d, microns I I =1mA

Ne e Ne ot

No o No o
1. O 094 0.75 0.87 0.58
2. 50 092 0.73 0.85 0.56
3. 100 080 057 0.70 0.46
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Fig. 1. Curvilinear system of coordinates.
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Fig. 2. Layout of code BEAMPATH for particle-in-cell beam dynamics simulation:
1) generation of initial particle distribution in phase space
2) calculation of external field
3) calculation of space charge field

4) integration of particle trajectories.
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Fig. 7. Emittance growth of circular beam, T = 1/300: a) b= 17, SE(R) E(R)=0.01, b) b= 0.
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Fig. 12. On space charge calculation by Green function method.
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Fig. 14. Redistribution of Gaussian beam in drift space: a, b - PIC simulation, ¢ -
analytical solution, Eq. (8.3).
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Fig. 15. Equilibrium of non-uniform beam in nonlinear focusing field.
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lines - analytical solution of Egs. (9.19) - (9.21).
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B, =0.01 in drift space: (a) t=0, (b) t = 1.2-10-7 sec.
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Fig. 20. (a) Initial and (b) final particle distributions in LEBT.
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Fig. 21. (a) Initial and (b) final beam phase space density distribution in LEBT.
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