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ABSTRACT 

Computer studies of random walks in two dimensions 

are reported. The concept of degeneracy D is introduced 

in which only D steps are allowed at any one lattice point. 

Properties of the probability distribution function for the 

distance covered in N steps are discussed. The lifetime 

of a walk of degeneracy D is also examined. 
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I. Introduction 

The study of the statistical properties of random walks has had a consider- 

able history1 because of its intrinsic mathematical interest and its application to 

a variety of physical problems. This note will be restricted to a study of such 

walks on a two dimensional square grid. The classical (and most familiar) un- 

restricted random walk permits any number of steps on any lattice point. In the 

limit of a large number of steps, this problem gives rise to the familiar Gaussian 

distribution of end points. 2 
Certain physical applications involve a random walk 

problem but with restrictions on the steps allowed. 394 In the simple theories of 

the size of long polymer molecules, the problem of the excluded volume is taken 

into account by forbidding more than one step at any lattice point. ’ This type of 

restriction also occurs in theories of particle production in high energy collisions 

which was the original motivation behind the present work. 6 

Because such walks do not at present have a complete analytic solution, we 

have relied extensively on computer simulations in this study. Hopefully, the 

results presented here may be of use in future physical applications and may also 

suggest directions to be explored analytically. 

Our main concern will be with random walks on a square unit lattice and the 

distribution function for the distance achieved from the origin after N steps. The 

study of walks allowing a maximum of 2,3,4,. , . steps on any one lattice point 

represents a natural extension of the excluded volume walk. We will therefore 

introduce the concept of degeneracy denoted by the integer D. By definition, in a 

random walk of degeneracy D, it is forbidden to step more than D times on any 

one lattice point. The classic free random walk corresponds to an infinite de- 

generacy, and the excluded volume problem has D = 1. 
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It will be shown that the random walks for small D (D 5 4) are remarkably 

similar and have a simple dependence on D. However, the finite degeneracy case 

is very different from the unrestricted or infinite D case. It must be kept in mind 

that our numerical, or better, experimental, analysis is limited to N 2 50 steps. 

Thus any statement that requires an extrapolation to infinite N is dependent upon 

an assumption that we are dealing with a rapidly convergent variable. 

In the next section, the numerical procedures are discussed and an outline 

of the remainder of the paper is presented. 

II. Numerical Procedure and Analysis 

The numerical results were determined by examining a large sample of 

random walks simulated on the SLAC IBM 360-91 computer. 7 Each step in a walk 

is random to the extent that a series of pseudorandom numbers can be generated. 

In practice, this is not a problem. A generalized random walk is easily con- 

structed by introducing a two dimensional array M(ij) and setting all locations 

equal to zero. The walk starts at the center location or lattice point. Whenever 

a I( step” is taken to the point ij , the number one is added to M(ij) for that parti- 

cular location. Thus M(ij) records the number of steps taken at each lattice point. 

The first time an element of M(ij) exceeds D, the walk is terminated and the process 

is repeated for another walk. 8 

In taking a step, the computer is asked to randomly select one of the four 

allowed directions on this grid. The resulting step is then taken and M(ij) is in- 

cremented as is the step count N. Figure 1 shows an example of such a walk for 

D = 1 and N =15 steps. For each walk, the values of rN, r$ rN(MAX), etc. are 

recorded. Statistical distributions in these variables can be generated by performing 
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a large number of uncorrelated random walks. Functional fits as well as possible 

correlations can then be studied. The main quantities of interest which are to be 

studied as functions of D and N, the total number of steps in a walk, are: 

rN - the distance from the origin to the endpoint at step N. 

<r > N - the mean rN value for a large number of walks of N steps. 

TN - the fractional number of walks that are terminated on step N + 1 

by the degeneracy constraint. 

Two other quantities which will be briefly discussed are 

r - N the average distance from the origin of each step in a walk of 

length N. 

rN(Mm) - the maximum ri (i=l, . . . . N) in a walk of N steps. 

In Section III the dependence of < r-i B on N and on D is examined. Com- 

parisons with Fisher (D =l) and with the known dependence of < r2 N > = N for the 

unrestricted walk (D = m) are made. 

In Section IV the functional form of the rN distribution is studied. It will be 

shown to approximate a simple displaced Gaussian, which scales as < rN(D) >. 
” 

Section V looks at TN(D) and for large N fits it with an exponential. The 

D dependence is also shown. A few additional comments are made in Section VI. 

This study emphasizes the gross behavior of the above variables and does 

not claim to understand all the fine structure. The tables list the “experimental” 

numbers in detail. The figures however emphasize the qualitative features of 

the data. 
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IIL The Mean Square Displacement 

Let us consider properties of the mean square displacement from the origin 

after N steps, defined by < r:(D) >. Following Wall and collaborators, 
7 and 

Hiley and Fisher, 5 it will be assumed that < r:(l) > varies as a power of the 

number of steps N if N is large. To explore the D dependence of this quantity, 

we compute the ratio 

R~(D) = < r$)z <r;(D)>* 
I 

If RN (D) becomes constant for large N, then the power behavior of the mean 

square radius is independent of D. The dependence of RN (D) can then be easily 

extracted. One might expect a simple dependence of D from the following quali- 

tative argument. A value of D 1 2 can be considered to be a D = 1 random walk on 

D parallel planes. Thus one could expect that the value of < ri Y achieved after 

many steps to be smaller by a factor of D. (This will not be the case for large D 

at fixed N since the resultant mean square radius cannot be smaller than N, which 

is the value expected for infinite degeneracy.) 

Using the computer procedure described above, the values of < r:(D) > were 

computed for D =1,2,3,4, and ~0 and M = 1,2,3, and 4. Numerical values are 

presented in Tables I and II. In Figure 2, the ratio RN (D) of Eq. (l) is given as 

a function of N. The results are very suggestive that R, ( D) g D and also that 

the exponent of the power behavior of < r:(D) > as a function of N is independent 

of D(for small D) . Using this result, it was assumed that 

< r:(D) > = +Ny+... , (2) 
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and one finds that A 2 0.80 and y = 1.5. The values of y that were extracted 

from the data for D = 1 using neighboring N points are shown on Figure 3. In 

Figure 3 the dotted line uses the extrapolation procedure of Ref. 5, that is the 

first term of Eq. 2, to extract y. This procedure is extremely sensitive and 

yields large fluctuations in y for N 2 10. The solid line in Figure 3 is a different 

extrapolation procedure which is an attempt to smooth out these fluctuations. These 

results are in good agreement with the values given by Refs. (5) and (7) who fit Eq. (2) 

for the case D = 1 and found y = 1.4’7 rt .02 for N = 00 . 

A more specific assumption concerning the behavior of the mean square 

radius which could be tested is that 

< r:(D) > = NG(N/D2) . 

The value G(0) = 1 follows from the known value in the case of infinite degeneracy. 

One also expects the G is larger than one for finite argument and to increase like 

a power (y -1) for large argument. This form is consistent with all our results 

but the tests are not conclusive for D = 3 and 4. 

IV. Scaling of the Distribution Function 

Now we shall define tests to see if the end-point distribution function scales. 

Scaling for a fixed D is defined in the following way. If the probability P(r, N) of 

ending up in rdr after N steps is a function of r/F(N) and there is no other N de- 

pendence (except for the normalization constant which must go as F -2 (N)), then 

the distribution will be said to scale. This property in turn implies a simple 

behavior for ratios of moments of the distribution. It is convenient to introduce 

in the scaling case 

P(r, N) = F -2 (NJ Q@/F (NJ) (3) 
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and then co co 

I= s rdr P(r, N) = s &Q(Y) . 
0 0 

Hence it follows from scaling that the ratios 

< r N 
> 

I 
< rM ,1/M 

N 

are independent of N and depend only on M. Evidence will be given that the dis- 

tribution functions scale for the generalized random walks considered here. 

Numerical results for this ratio as a function of N and D for several M values 

are listed in Tables I and II. It is seen that for N greater than fifteen or so, the 

ratios seem to be approaching constant values. We then infer that the distri- 

bution functions scale. Furthermore, the values of these ratios for D = 1,2, and 4 

imply that their distribution function is pushed further away from the origin than 

the known D = 00 Gaussian case. This is as one would expect. 

To pursue this point further, the distribution function for D = 1 and the sum 

of N = 23 and 24 is shown in Figure 4. These two values of N were combined in 

order to smooth out the fluctuations expected from even and odd values of N and 

the effects of the discrete grid. Such fluctuations are evident in Figure 3 and are 

not due just to statistical effects. Several different analytical forms have been 

used to fit this distribution. A good fit is achieved with the form 

re P(r, N) = ydy Q1 exp [-a(y-b)2 J , (5) 

where 

y = r/<r N >, 
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and the fitted parameters are a = 2.8 and b = 0.79. The parameters a and b 

are not independent but are related by the fact that < r N> provides an identity. 

The fit for this distribution is shown as the solid line in Figure 4. This form 

also fits quite well down to N ~12 and steadily improves as N increases. 

A function that provides a slightly better fit at small N is 

P(r, N)rdr = dy Qoexp (- c(W2) 9 

where c = 3.6 and b = 1.0. This probability function is not proportional to the area 

element (rdr). These two fits are compared in Figure 4. 

In Figure 5, scaling is illustrated for D = 1 and selected N values between 

11 and 41. The best X2 fit using Eq. (5) is shown as the solid line in this figure 

and the respective values of a and b are given in Table III. The constancy of the 

values of a and b is further proof of scaling for D = 1. 

The function given by Eq. (5) was also fitted to the experimental distribution 

functions for D = 2,3,4 and 00. The values found for a, b, and the corresponding 

< r > are given in Table III. One knows that for D = 03, a = rr/4 = 0.785, and b = 0. 

This is quite consistent with our results. It should be no ted that the values of 

r < 2 in the data contribute a large x2 to this fit, especially if < r > is small. 

It is just this region where one expects the finite structure of the grid to be signi- 

ficant. If r < 2 is omitted in the fit to the data, the values of a and b increase, in 

some cases as much as ten percent. For example, for D = ~0, a is increased to 

0.78 and b to + 0.02. 

The values of a and b are very constant for D = 1,2, and ~0. For D = 3 and 4, 

we conjecture that the monotonic increase in b is due to our limited N values. As 

D increases, the asymptotic limit for b is reached only at larger N values. However, 

forD =m, the initial value, as well as the limit value, is equal to zero. 
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V. Step Lifetime 

Let CN(D) be the total number of distinct random walks of N steps available 

on a two dimensional grid of degeneracy D. The probability that a walk starting 

at the origin will survive to the N th step is 

where C,(w) = qN. The probability that a walk again starting at the origin will 

be terminated (by the D constraint) at the (N+l)st step is 

TN(D) = PN(D) - pN+l(D) l 

The variation of TN(D) for D = l,2, and 3 is shown on a semilog scale in Figure 6. 

At larger N, an obvious exponential dependence is observed. An estimated straight 

edge fit to the form TN(D) = exp(-N/h(D)) gives A(1) E 2.6, A(2) z 8. 3, and h(3) =’ 20.0. 

The insert in Figure 6 suggests that h(D) may be equal to exp(D). In physical terms, 

A(D) is the average lifetime (in terms of the number of steps) for a walk of degeneracy 

D. For small N, TN does not have this simple exponential behavior since it must 

vanish for N less than 2D. 

Fisher and Sykes4 have presented evidence that the total number of non- 

self-interesting random walks has the form 

CN(l) = BN”!pN . 

For some very interesting rigorous results on CN(l) see references 9 and 10. Our 

fit yields p N 2,4 which is in reasonable agreement with the value 2.64 given by 

Hiley and Fisher. 5 
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VI. Additional Comments 

There are several additional interesting questions that can be asked about 

random walks which have physical application. The quantity < r N > measures 

the average displacement achieved between the first and the last step. Let us 

also consider the quantity < TN >, which is defined as the average distance from 

the origin to all covered lattice points. It is the average of the distances ri illus- 

trated in Figure 1. This quantity is given in Table IV for D = 1 and ~0. 

It is also of some interest to know the maximum distance achieved from the 

origin during the course of a walk. This quantity, < R~(MAX) > , is illustrated 

in Figure 1 and is also given in Table IV. It is seen to vary with N in the same 

wayas< r N >. For D = l,< RN(MAX)> is ten percent larger than < rN > but for 

D = ~0, it is twenty-five percent larger. 
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TABLE1 

Excluded Volume Random Walks (D=l) 

N <r> tir <r2> &lr2 E; 38 c$iy 

1 1.000 

2 1.611 
3 2.047 
4 2.557 

5 2.951 
6 3.392 
7 3.748 

8 4.150 

9 4.480 
10 4.849 
11 5.169 

12 5.516 

13 5.83 
14 6.16 
15 6.46 

16 6.79 
17 7.07 

18 7.36 
19 7.65 

20 7.95 

21 8.21 

22 8.50 
23 8.76 
24 9.04 
25 9.29 

30 10.74 

35 11.99 

40 13.3 

45 14.6 

50 15.8 

0.001 

0.002 

0.002 

0.003 

0.004 

0.004 

0.005 

0.006 

0.007 
0.008 

0.009 

0.01 

0.01 

0.01 

0.01 

0.02 

0.02 
0.02 

0.02 

0.02 

0.03 
0.03 

0.03 
0.03 

0.05 

0.08 

0.1 

0.2 

0.3 

1.00 

2.67 

4.56 

7.04 

9,_56 

12.58 
15.55 

19.02 

22.35 

26.14 
29.86 

34.0 

38.1 

42.5 

46.9 

51.7 

56.2 

61.0 

66.0 

71.2 

76.2 

81.6 

86.8 
92.3 
97.7 

131.0 

164.0 

201.0 

242.0 

283.0 

0.01 

0.01 

0.02 

0.02 

0.03 

0.04 

0.05 

0.07 
0.08 

0.1 

0.1 

0.1 
0.2 

0.2 

0.2 
0.3 

0.3 

0.3 

0.4 

0.4 

0.5 
0.5 
0.6 

1.0 

2.0 

3.0 

5.0 

8.0 

1.000 1.000 1.000 

0.986 0.971 0.957 

0.959 0.929 0.907 

0.964 0.934 0.911 
0.954 0.921 0.894 

0.956 0.923 0.896 

0.950 0.914 0.885 

0.952 0.915 0.886 

0.948 0.909 0.879 

0.949 0.910 0.879 
0.946 0.906 0.875 

0.946 0.907 0.875 

0.944 0.904 0.872 

0.945 0.904 0.872 

0.944 0.902 0.870 

0.944 0.903 0.870 

0.943 0.901 0.867 

0.943 0.900 0.866 

0.942 0.899 0.865 

0.942 0.899 0.865 

0.941 0.897 0.862 

0.941 0.897 0.862 

0.940 0.896 0.861 

0.941 0.897 0.862 

0.940 0.896 0.861 

0.939 0.895 0.861 

0.935 0.888 0.852 

0.939 0.894 0.858 

0.940 0.895 0.859 

0.938 0.892 0.856 



TABLEII 

Random Walks with D= 2, 4,~ 

D=2 D=4 D=w 

N cr> <r2> i$ cr> <r2> j?Z <r> cr2> z, 

1 1.000 1.00 1.000 1.000 1.00 1.000 

2 1.308 2.00 0.854 1.207 2.00 0.853 

3 1.587 2.99 0.917 1.587 3.00 0.917 

4 1.869 4.26 0.905 1.753 4.00 0.877 

5 2.160 5.54 0.917 2.020 5.00 0.903 

6 2.423 7.01 .0.915 2.156 5.98 0.881 

7 2.676 8.49 0.919 2.372 6.99 0.897 

8 2.930 10.16 0.919 2.508 8.01 0.886 

9 3.159 11.79 0.920 2.691 9.02 0.896 

10 3.400 13.62 0.920 2.826 10.10 0.889 

11 3.62 15.44 0.921 2.995 11.18 0.896 

12 3.86 17.49 0.922 3.127 12.30 0.892 

13 4.07 19.47 0.922 3.284 13.41 0.897 

14 4.29 21.60 0.923 3.408 14.55 0.893 

15 4.50 23.8 0.924 3.550 15.67 0.897 

16 4.72 26.1 0.925 3.671 16.85 0.894 

17 4.92 28.3 0.924 3.817 18.07 0.898 

18 5.12 30.7 0.925 3.935 19.30 0.896 

19 5.31 33.0 0.926 4.072 20.55 0.898 

20 5.50 35.3 0.926 4.188 21.82 0.897 

21 5.70 37.8 0.927 4.317 23.07 0.899 

22 5.89 40.3 0.927 4.431 24.36 0.898 

23 6.08 43.0 0.928 4.557 25.65 0.900 

24 6.28 45.8 0.928 4.671 26.97 0.899 

25 6.46 48.5 0.928 4.791 28.27 0.901 

30 7.32 62.1 0.930 5.37 35.3 0.903 

35 8.19 78.0 0.928 5.93 42.9 0.905 

40 9.3 101.0 0.928 6.49 51.5 0.905 

45 10.5 130.0 0.923 7.02 60.2 0.904 

50 11.6 158.0 0.924 7.54 69.5 0.905 

1.000 1.00 1.000 

1.207 2.00 0.853 
1.588 3.00 0.917 
1.752 4.00 0.876 
2.024 5.02 0.903 
2.164 6.02 0.882 
2.379 7.02 0.898 
2.503 8.00 0.885 
2.685 9.00 0.895 
2.800 9.98 0.886 
2.962 lo. 99 0.893 
3.067 11.97 0.886 
3.215 12.99 0.892 
3.316 13.99 0.887 
3.448 14.98 0.891 
3.539 15.95 0.886 
3.661 16.93 0.890 
3.751 17.92 0.886 

3.870 18.92 0.890 
3.956 19.90 0.887 

4.068 20.90 0.890 
4.150 21.90 0.887 
4.253 22.87 0.889 
4.333 23.87 0.887 
4.435 24.91 0.889 



TABLEIII 

Distribution Function ye -a(Y-b) 2 Fits 

Degeneracy N 
Steps a b <r> # 

Bins 

D=l 5+6 2.5 .76 3.13 6 

ll+12 2.7 .79 5.31 12 

17+18 2.8 .80 7.18 17 

23-t-24 2.8 .79 8.87 20 

31+32 2.5 .76 11.10 23 

40+41 2.7L.l .78+.01 13.50 28 

D=2 23+24 2.0 .67 6.12 16 

31+32 2.1 . 70 7.41 18 

40-l-41 2.lk.l .69&.02 9.44 20 

D=3 23+24 1.2 .42 5.05 14 

31+32 1.4 .51 6.15 17 

40+41 1.5 .55 7.41 21 

D=4 23+24 .92 .17 4.47 14 

31+32 1.09 .33 5.51 16 
40+41 l.OO~.Ol .40 6.09 20 

D=w 23+24 .75 -.05 4.26 14 

31-!-32 .74 -.04 4.95 16 
40-!-41 .74 -.06 5.61 18 



TABLE IV 

Random Walks with D = 1, 03 

<r> 2 <r> < %AX’ <r > < r2> 

9 4.48 2.94 4.84 22.4 10.9 

10 4.85 3.15 5.24 26.1 12.6 

15 6.46 4,13 7.09 46.9 22.0 

16 6.79 4.31 7.45 51.7 24.1 

22 8.50 5.39 9.47 81.6 37.9 

23 8.76 5.55 9.78 86.8 40.3 

Dcc.0 

9 2.69 1.90 3.18 9.00 4.98 
10 2.80 1.99 3.37 10.0 5.48 

15 3.45 2.39 4.20 15.0 7.99 

16 3.54 2.46 4.35 16.0 8.52 

22 4.15 2.85 5.16 21.9 11.5 

23 4.25 2.91 5.28 22.9 12.0 



FIGURE CAPTIONS 

1. Definition of the quantities of interest for a specific walk. 

2. The ratio test for the D dependence of the mean square radius. 

3. The power behavior of the mean square radius for D = 1. 

4. The probability distribution function for N = 23 + 24 steps and the fits as 

described in the text. 

5. The scaling properties of the probability distribution function for D = 1. 

6. th The number of walks terminated immediately after the N step by the 

D constraint. 



- “ “- - 

TYPICAL RANDOM WALK ON LATTICE 

with N=15 STEPS 

D= I (EXCLUDED VOLUME) 

rMAx= MAXIMUM ri 

Fig. 1 
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