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ABSTRACT 

We have evaluated the 71~ scattering lengths, using current algebra but 

without the use of a power series expansion or extrapolation of the scatter- 

ing amplitude. We have used the usual LSZ reduction and PCAC in terms of 
II 

an axial current J = A + cB$ where A is the usual axial current, c is the 

Goldberger-Treiman constant, and Q, is the pion field. The scattering am- 

plitude is decomposed into four terms: Two of the three terms which are due 

to the equal-time commutators, are evaluated by assuming that the usual cur- ’ I 

rent algebra of the current A holds for the current J, Other terms are evalu- 

ated in terms of the single-particle intermediate states, among which we show 

that only s-waves contribute at threshold, Assuming that the E-resonance is 

the only s-wave dominating the low-energy (rn) scattering, we find a relation 

between the form factors arising from the equal-time commutators of the 

current J, and the E-pion coupling constant. Finally we obtain the scatter- 

ing lengths, corresponding to isospins 0, and 2 and E-resonance width 200 MeV, 

-1 -1 as a = o 0.278 m and a2 = -0.044 m . 
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I. INTRODUCTION 

Both experimental data and theoretical arguments have been extensively 

-used in the discussion of the +?T scattering lengths. l-7 Study of low energy 

r-r scattering has been made by many authors, using dispersion relations, 

phase shift analysis, and the current algebra. Due to the lack of adequate, 

accurate experimental data, the results of these calculations cannot be compared 

to well-established experimental numbers. Even so, the smallness of the scatter- 

ing lengths as obtained by Weinberg3 from a soft pion treatment seems valid. 

However, some plausible arguments raise questions on this calculation. 

The main objections to the application of the soft pion treatment, 8 which have 

been pointed out by some of the previous authors, may be summarized as follows: 

First there is the well known PCAC assumption of the scattering amplitude with 

respect to k2, for 0 5 k2 5 rnz , where k is a pion four-momentum. 9 Yet this 

assumption, as pointed out by Sucher et al. , 10 contradicts the result of the -- 

power series expansion of the amplitude which is involved in applying the soft 

pion limit in r-7: scattering. Also, it is known that the results of the soft pion 

treatment of Weinberg do not satisfy the Adler sum rule. 11 

As a contribution to the clarification of these points we evaluate the T-R 

scattering lengths, using a technique described in a previous work 12 which 

allows all the pions to remain on the mass shell. This method avoids using the * 

power series expansion of the amplitude, the Adler consistency condition, 13 

and the extrapolation. We use, as usual, the Lehmann-Symanzik-Zimmermann 

(LSZ) formalism14 to partially reduce the 7r-r scattering amplitude. The matrix, 

element involving the pion fields is then reworked into one involving the current 

J = A + c&$, where A is the usual axial vector current, c is the Goldberger- 

Treiman coefficient, and Cp is the pion interacting field. Note that apJp= c(a2+ m 2, Cp. 

I 
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The current J contains no pion pole; this and the fact that the action of the 

Klein-Gordan operator on the pion field is included in this equation will allow 

us to find manageable expressions with the pions on the mass shell. 

Our expression for the scattering amplitude consists of four terms: Three 

terms Woo s , W”, and W1 due to the equal-time commutators, and one term, W, 

due to an unequal-time commutator of the current J. For the evaluation of W6 

and W1 terms we assume, as done in Ref. 12, that the commutation rules of 

the current J are similar in form to those normally used for the current A. 15 

The test and study of these commutation rules in the 71~~ case is another objective 

of the present work. 

00 For the evaluation of the other two terms W and W , we assume that the 

main contributions can be gotten by inserting simple particle intermediate 

states. We show, however, that among these states only the spin zero particles 

contribute to the threshold values of these terms. We then further assume that 

there is only one spin zero particle significant for low-energy (rn) scattering, 

namely the C-resonance with me = 720 MeV; c = 200 MeV. 16,17 

For the calculation of the scattering lengths we take advantage of the 

transformation properties of the above W-terms under the interchange of the 

pion states. In doing this, we also obtain a relation between the form factors 

of the scalar and vector terms W” and W1, and the C-pion coupling constant, 

Our results for the scattering lengths a0 and a2, {corresponding to the 

isospins 0 and 2)) are a 2 = -0.044 m -1 and a o = 0.278 m-l for rE = 200 MeV. 
-1 

If the E-resonance width is 400 MeV, then we find a2 = 0.03 m-l and a0 = 0.3B3m . * 
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IL EVALUATION OF THE SCATTERING AMPLITUDE 

A. General Formula 

The two particle scattering amplitudes given by the LSZ formalism may be 

expressed as 

where 

-i(2Q4 a4(p1 + k’ - p - k) 

Tpby aa = (2792 (41~ok$‘2 c2 
(i-voo+wo+w~+w) (la) 

w”= ip4z e-ikz<pl~~G(zo) [Job (0), avJL (24 Ipo> (lb) 

d = k;J d4z e-ikz<p1@16(zo)[Jo (a), JE (O)]ipor> 

W =“k;lkv S d4z emikz <PIPIT J; (0) J; (z) IPQ> 

(14 

PI , 

and e 

woo= c 
s 

d4z e-ikz 
Wol (PO- Pb) - i ,z”, ( 

-}X<Pla I [ah JI”b (zMa(oj]lPQ> (14 

In these amplitudes, (k,a) and (p, o) are the momenta and isospin indices of the 

incident pions, while (k,, b) and (p’, 6) are the corresponding items for the final 

. 

pions . In writing Eq. (l), the axial vector current J is defined, as in Ref. 14, by 

fa = A;+c#$~ Pa) 

Here A is the usual axial current of the hadrons, 4 is the pion interacting field, 

and c is the Goldberger-Treiman coefficient. Equation (2b) is the usual PCAC 

relation, 9 and the Goldberger-Treiman constant is given by 

<O[A$O)lk, b> = c k?<O~~a(0)~l~, b> . 
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The amplitude (le) is due to the last term in the expression of the time-ordered 

product18 

(8; -t mf)(+-mi)T {+aG4 @b(Y)} 

=c -2 ‘I’ (8’ J;(x), av J;(y)t + c-~~(X~~Y~) [a,pJ:Cq t M’i] 

which is used in writing (la). Finally we note from definition (2~) that there are 

no pion poles in Eq. (1) 0 

We shall see below that under the interchange of the pion states, while the 

sum of W’s in Eq. (la) is invariant, each of the W’s is not. This fact allows us 

to derive two independent expressions for the (nn) scattering amplitudes in 

Section III. From these we shall obtain the scattering lengths for isospins 0 and 

2, as well as a relation between the form factor of the scalar and vector terms 

W” and W’, and the e-pion coupling constant. 

In what follows, we shall evaluate the W terms of Eq. (la) at the physical 

threshold. 

B. The Terms W” and WI 

To evaluate these terms we must deal with the commutation relations of the 

current J. Considering this, we assume, as in Ref. 12, that the commutation 

rules of the two currents J and A have the same form. Hence using the form~of 

the Gell-Mann commutation relations, 15 and neglecting the possible Schwinger 

terms, we write 

and 

atzo) @% J;(z)] = 2ifak v,(z) s4(z) 
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Here C is a scalar operator, V is the vector current operator, and dabc and 

f abc are the usual structure constants of the SU(3) scheme. The definition (2~) 

permits us to identify 

J z1 

7r* P (J 
I7 iJ2) 

Using (4) in (3a) 

I’ 

Combining Eqs. (5)) (4a), and (lb) we find for &=g= 0, 
,,._-. 

where 

<P,@ (0) 

and 

I Pa> = [(2r)3 J4p,pbJ-1Lp Yt,P2,P’2) 

t = (p - p’)2 

(4) 

(5) 

(6) 

(7) 

I 

f is scalar form factor which we shall discuss in Section III. 

To evaluate the amplitude‘wl, we write the matrix element of the vector 

current Vt . as 

[@*I3 pi&y (P+PY g(t) (8) 
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We note that f has all.the properties of the isospirrcurrent, thus we may 

identify g(t) with the electromagnetic form factor of the pion. In this case, 

the CVC hypothesis and normalization of the pion charge to unity, give 

g(t = 0) = 1 

In general, combining Eqs. (8)) (3b), and (lc), we have, for2 = &= 0, 

Wl = 2m (2?l)-3 
c 
6 trb 6 ap - *oaabp 1 g(o) 

I 

C. The Term W. 

To evaluate the terms W, we use Eq. (ld) in the following form: 

w = wpw2 

lPn>xPn I w1 = -(z$~<p’Plk; J”b (0) tp kvJ; (0) IP,@>~(3)~n-~-!$ 
n n0 -po-ko 

w2 = -(2r)3~<Pp’lkyJ; (01 lpn>‘pnI k; J; (o)lpc”> 8(3+;n-z+t) 
n 

p no- pi)+k 

(lla) 

P4 
I 
: 

where we have introduced a sum over a complete set of intermediate states. For 

the summation over spin n, we introduce the projection operators 

O@ 
-2 a p 

0 = mn P, P, (124 . 
: 

O@ -,-2 o! P 
1 =, golp ‘n pn pn 

(12b) 

(lie) 

where mn is the mass of the particle 1 n> , and Oo, 01, and O2 are the operators 

for .spin n = 0, 1, and 2, respectively. For the higher spin states the operators 

o”P’ap, l l l 

n 

can be expressed in terms of the spin 1 projection operators. 

-7- 



. . ._-_ 

We now note that because of the S3-functions in Eq. (ll), the states with spin 

higher than zero do the threshold value of the amplitude W. To see this we consider 

the matrix element of the current J, e.g., 

<plJP(0)Iph,n> = plAPAo’+ f2APBc”+ f3 BPAo%f4BPBo+f5G E ,w (W 

for spin 0 or 1 states 

<~lJCt(O)lp~,n> = [flApAap’ + f2APB(upp+ . . .]EaP(“) 
-. 

(13b) - 
‘_ -- 

for spin 2, and so on. Here f’s are form factors, A’ = (p+pn)‘, BP = (p-~,)~, 

and e ,s are the polarization vectors satisfying 

C&P = oafl 
spin 

n=O, 1 ( 13c) 

CE aPp = &Q-P 
spin n=2 

and similar expressions for states with spin n > 2. Using expressions such as (13), 

and projection operators (12) in (11) we encounter terms such as AoOl , aP A,OyPBn, 

4 BaOl A 
P 

, etc, multiplied by S3($,-k* 5). The a3-function and the fact that we ’ 

are at threshold guarantee that the momenta have only time components; excepting 

spin 0, all the projection operators will have only pure space components. Hence 

only spin zero intermediate states contribute at threshold. 

Considering this point we have 

W=- -$- &) & (*)2kme -2mj-’ *a(r *bp+m;l oQsob] (14) 

where me and gerT are the mass and coupling constant of the e-resonance, the only 

I=0 single-particle intermediate state known in the r-7~ interaction. 
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D Woo . - Term 

For the evaluation of this term, we may write Eq. (le) as 

woo= - 
lzf13 C Bn 

[ 

(PnO’ pO) 
aaaapb6 (3) 

n t m2 En ‘,g - $1 
n- 

ww 

+ 
en0 -Pb) 

t;-m2 
$b 8~ 8’” @ ,-P+y - 1 

2 with tn=(Pn-p) , t;=(p,-~‘)~, 

Bn=@‘-Pn)p < P’P(J’(O) IPnn><‘PnIJ”(0)IPo:>(p-Pn)v (15b) 

Here again, because of S(3) -functions in (16a), the argument given for the term W, 

Eq. (11)) shows that the intermediate states with spin higher than zero do not con- 

tribute to the threshold value of Woo. Hence, the only single-particle state in 

Eq. (16a) which contributes at & = 2 = 0, is the e-resonance. Considering this 

and combining Eqs. (16)) (13a), and Eqs. (Al) to (A3) and (A6) of the Appendix, 

we find 
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III. SCATTERING LENGTHS 

A. Amplitudes at Threshold 

The well known expression of the (nn) scattering amplitude is given as 

with A, B, and C being functions of the usual independent variables s, u, and t. 
19 

These coefficients are related to the amplitudes Ao, Al, and A2 which are the 

amplitudes corresponding to isospins 0, 1, and 2 respectively. That is 

AO =3Ai-B+C 

Al =B-C w4 

We may calculate these amplitudes by evaluating the expression (16a) from 

Eq. (la) and our treatment in Section II. Thus, inserting Eqs. (Isa), (14)) (lo), 

and (6) into Eq. (la) and omitting, conveniently, the 6 (4) -function in the latter 

equation, we find 

Tpbyaa= i L I[ 
Y3-3y2+4y-1 + g&oJ 

GE r2ty-92t y-2j T I 
y3-&4 Y-3 

2( Y-l)2(Y-2) 

Here y =m,/m, 
F(0) = 47r mm2 f(t=O) w-4 

Gc = (2.76 73-l mm2 
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Also L is a convenient length used in Ref. (3)) as 

L= 
9; m 

CT 0.115 m 
-1 

8,r,giM2 
(184 

where gr is the pion coupling constant,, (gz/4@ = 14.6, gA is the axial vector 

coupling constant, gA = - 1.23, and M is the nucleon mass. In writing our equa- 

tions we have taken the Goldberger-Treiman coefficient as 

C 
gAM =- 

. gr 

Combining Eqs. (16) to (18)) we find for&=x = 0, 

A2= -i-L 1 F(O) + a _ G 
7r 

y3-3y2~4y-3 
E Y2(Y-1) (Y-2) 

AO = i 3L 1 +.+ G, y3- Y2+4r -1 

1 Y2(Y -1) 2(Y -2) 
+A2 w4 

In order to obtain the scattering lengths froni these results, we shall make 

use of the transformation properties of the W-terms in Eq. (la), or those of the 8 

coefficients A, B and C in (Isa), under the interchanges of the pions. We consider 
*’ 

the interchange (k’, b)s @I*, p) which corresponds to the amplitude 

Since the amplitude (la) is invariant under different reduction of the pion states, 

for a given set of invariants s, t, and u, the two amplitudes (19) and (16a) are 

. 
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equal, and the crossing symmetry gives 

A’ = A 

B’ = C (21) 

C’ =B 

Thus A0 and A2, Eqs. (18)) are invariant, under the above transformation. 

On the other hand, we may calculate the amplitude T 
bp, aa 

by interchanging 

(k’, b) and (p’, fl in our master amplitude (la). If we do this, we find the same 

amplitude (17a) in which the last two coefficients are interchanged. From this 

result and Eqs. (19) and (20)) we find B = C in (16a), or 

F(O) = !$ _ G Y3-3Y2 + 4Y-3 

Y2(Y-l)2(Y-2) 
(22) 

in (17a), which is valid for the threshold k= p = 0. Note that inserting (21) in CI 
(17a) gives Al = 0 at k = p = 0, in agreement with the Bose statistic, - 

\, 

B. S-Wave Scattering Lengths 

The scattering amplitudes corresponding to isospins 0 and 2 are obtained by 

writing (-i n/2) times the scattering amplitudes A0 and A2 given by Eqs. (18). 

Hence using the relations (21)) and taking the mass of the e-resonance as 

me = 720 MeV, 17 we find 

F(O) =g(o) -0.006 me2 & .’ 
71 .) (234 

a2 = -L g(O) - 19.8 X10m3 m -2 g:lr7T 
4n (23b) 

3L 
1 

g2 
a0 = 2 g(O) -i- 19.1 X 10s3 rnw2 3 

> WV 
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The scattering lengths (22) are expressed in terms of the e -pion coupling 

constant given by Eq. (A3) of the Appendix. Experimentally, the width of the 

e-resonance is not well established and is estimated to be between 150 and 400 

MeV, more likely 200 MeV. Hence using me = 720’MeV and 4 = 206 MeV in 

m-2 f!& z 32 

.( ) 

(24) 

Using this and Eq. (9b) in Eqs.. (22)) we find the on-mass-shell values of the 

scattering lengths, as 

a2 = -0.044 m-l (=a) 

= 0.278 m -2 
aO (25b) 

Note that if the E -resonance width is c = 400 MeV, then Eqs. (22) give 

a2 = 0.03 m-l 

aO = 0.383 mm1 . 
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IV. COMMENTS AND CONCLUSION 

The essential points in this on-mass-shell treatment of ?I-?T scattering may be 

summarized as follows: we have calculated the scattering lengths, using the LSZ 

reduction formalism, PCAC and crossing symmetry relations. 

Our master amplitude (la) decomposes into four terms, W O”, W”, W1, and W. 
-1 For the evaluation of the scalar and vector terms, W” and W , we have the current 

algebra of the current J, which is assumed 12 
to be similar to the usual current 

- 

algebra. 
15 

For the evaluation of the terms W 00 and W, which do not appear in the 

soft pion treatment, we have introduced a set of one-particle intermediate states. 

Among these intermediate states, only spin-0 states contribute to the threshold 

values of W 00 
and W; so we have assumed that only the s-wave e-resonance con- 

tributes appreciably. 
. 

The results may be summarized as: (a) Both the scattering length a0 and a2 

are expressed in terms of the form factor g(O), given by Eqs. (9)) and the E -pion 

coupling constant germ . (b) The values a 
2 = -0.044 m-l and a0 = 0.278 m -1 are 

based on Eq. (gb) which gives g(0) = 1, the Goldberger-Treiman coefficient in which 
8 

gA = -1.23, and the e-mass and width, me = 720 MeV and 4 = 200 MeV. We see 

from Eqs. (22) that a0 is always positive, while the sign of a2 depends on the 

f-mass and width. For < = 400 MeV, we have a 2= 0.024 m -1 and a o = 0.383 m-l. 

(c) We have Eq. (21)) the relation between the form factors, F(0) and g(O), which 

belong to the scalar and vector terms W” and d , and the E -pion coupling constant, 

g 
EmT l 

. 
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APPENDIX 

Here we shall evaluate the amplitude W given by Eqs. (11) of the text, at 

the threshold p = & = 0, for the single intermediate states In > having isospin c 

I = 0. Also we shall give some relations which will be used in the evaluation of 

the term Woo given by Eq. (16a) of the text, ,. 

From the PCAC relation (2~) of the text we find 

(P,-P), <bpn 1 J:(O) 1 ~,a!> = ic m tn <wnI$aOI p,O ( 2- ) (A* 1) 

where tn = (mn-m)2, mn is the mass of the intermediate state in>, and a and Q! are 

the isospin indices of the pion. We may evaluate the matrix element of the pion 

interacting field $, by considering the decay of a state 
_- 

In> into two pions, Le., 

Own) - (a&) + (P,P) * 

By writing the S-matrix of this decay in terms of an effective Hamiltonian, and 

by the reduction formalism, 12 we find for an isoscalar state in>, 

<n,pn14a(0)lw> = -i gnnn 
3 

(279 (4P()Pn()) 
l/2 (A.2) ’ 

where m is the pion mass, and 1 

(A, 3) 

is the decay coupling constant corresponding to the width Fn of an isoscalar state 

In>. Combining Eqs, (A.1) and A.2) and let k+=g= 0, we find 

k,<n,Pnl Jp)I P,o0 = Cgnnn 
kO 

CW3 W--Q 
I/2 

( > 
m _ m 6, (A. 4) 

n 
. 
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Note that in the soft-pion case k. = 0 so (A.4) vanishes, Finally, using this we 

can show that 

In writing Eq. (A5) we have expressed the intermediate states 1 n> in Eqs. (11) as 

2 

In>= F. C(Ia’ Ia; In, I In > (A. 6) 
= 

n 

. 

Here Ia, and Ia are the isospins of the two colliding particles, and In the isospin of 

the state \ In>. Also C(IQ, Ia; In) is the Clebsch-Gordon coefficient. Note that 

at k = p = 0 the only known contributing single particle in Eq. (11)) is e with 

I, = 0, (see part C in Section II). Thus the sum in (A6) reduces.to one term, that 

is, It->= I= 0> . 

. 


