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ABSTRACT

We use the expression of a Toeplitz determinant as an
average over the unitary group of the same dimension,to exhibit
its asymptotic behaviour, recovering an expression first derived

by Szego and Kac. Further related problems are suggested.
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I
Toeplitz determinants arise in various problems of physics, a famous ex-

ample being the computation of the correlation function in the two-dimensional
Ising model. It turns out that such determinants can be expressed as averages
over the unitary group of the same dimension. We shall make use of this remark
to derive a number of their properties. The asymptotic behaviour of these de-
terminants was first established rigourously by Szeg(')'1 in the case of positive
definiteness of the corresponding matrix,using the theory of orthogonal polynomials
with which Toeplitz determinants are intimately connected. Alternatively Kac2
used combinatorial analysis and probability theory to derive the result in the
general case. We shall see that it emerges quite naturally in the present context.
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Let a ..., be an infinite sequence of complex numbers to

0 %10 210 B %
which we attach the formal generating function:
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f (z) = Z az" o
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The m-th Toeplitz determinant of f (z), which we denote by Dm(f ), is defined as:
Dm(f) = det % ap_q ;0<Dp, q<m-1 } . (2
It is clear that as long as we let m vary on a finite range, say m < N, we can
limit the series (1) by dropping all terms with !n] larger than N, in which case
it reduces to a finite Laurent series. |
it
We now recall the introduction of an invariant integration over the group

Um of unitary m x m matrices. 3 Each such unitary matrix U can be diagonalized



in the form:
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the order ofthe eigenvalues being immaterial. In the general case,when the eigen-

values are all distinct, V is arbitrary to the extent of multiplication on the right
by a permutation matrix (a discrete set of operations) and by a diagonal unitary

matrix., These matrices form a group equal to the direct product of m unitary
m
groups in one dimension ® U1 The invariant measure on Um can then be

factorized as:

dU=dvd? . 4
3

. n .
Here dV is a measure on the quotient space Um/ Q Ul’ and d§ is a measure

on the classes of Um Up to a constant factor, d§ can be written as:

i 2
i¢ do.
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dé == |A <e > I1
m: 0gi<m-1 27 ©)
The symbol A(eid)) stands for the Vandermonde determinant:
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If g(U) is a scalar function definedon U, its mean value (g)m is defined to be:
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Uy, Um

The index m reminds that the average is taken on the group Um . Inparticular

if g is a class function: g(U) = g(UlU UIl ), it is a symmetric function of the
i

roots e = of U andone has:
2 . 2
<g>m=/g(5) dS:"’nT!_ / g(a) Ale | 0<i<m-1 ST ’ (0
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We return to the series (1) and assume the coefficients a, to be interpreted as

the Fourier coefficients of f (z) for |z| =1:

21

a = g% o n¢ f(ei¢) . (8)
0

In the computation of D, ( f) one can use that fact that a determinant is a linear

function of each of its rows, so that:
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The determinant in the integrand is equal to
i 2, me. [ig,
O<ngm-1 Ale
e

We can further replace this expression by its average over all permutations of the
: i
dummy variables qbk . Since under such a permutation AP<e k> is left in-

variant except for the signature factor (—1)Pof the permutation we obtain :

- . 2
mi, <2 (-l)P ¢! Z n ¢, > A (e1¢k) = lA <e1¢k>’
"\ P O<n<m-~1 n

Finally:

277 (m) 2

4 . .
D_ (1) = mi' / Osks%—l [_;ﬁli f(el‘pk)} ‘A <el¢k>| ) , ©)
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We can use the series (1) to define on U the matrix valued function:
400

F(U) = ; a U, (10)

with the same properties of convergence as f (z) had. It is then recognized that:

ié
k -1
IT fle = det F(&) = det F(VoV
0<k<m-1 ( ) (0) v )

Comparing equations (7) and (9) we have:
D (f) = {det FU)>_ . (11

One observes some immediate consequences. If f(z) for |z| =1 is real
positive,then Dm(f) > 0. Furthermore, if a < f(e10)< A then a< m,/Dm(.f) <A,

hence the quantities m‘/ Dm (f) have at least one limit point.
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Another series of remarks stems from the fact that one knows on the unitary
group Um a complete set of class functions, namely the characters of its ir-
reducible representations (complete means for instance complete in the LZ-

sense). Equation (1) can be considered as the scalar product of det F(U) with

the identity character. Let X{Q}, where ﬂo < 21 < eee< ﬁm—l is an increasing
sequence of integers, be the character of the corresponding irreducible repre-
sentation of U :3
m
. . . L ¢
ip i ip . n’P
A(e k> X (e °...,e @ h - Z(*UP ¢l Osnsm-1 & (12)
e} T
In this expression P stands for a permutation of the integrers { 0, 1,..., m—l} .
We can generalize the Toeplitz determinants by defining:
D{Q} (f) =<X (U)det F(U)>_= det {a ; 0<p,q<m-1 (13)
m {Q} m L-q’ ST

The last equality is obtained by essentially reversing the steps which led to Eq. (11).

If det F(U) is square integrable one then has the expansion:
i¢ ig : i¢ ig
det F(U) = f(e °> f<e m'l) =Z{£}Dﬁ}(f) X{£}<e ..., e m‘l)

D, (I ) =Z{£}[ﬁ§ @,

which yields in particular:

)

IDm(f)|2 < D ().

By using similar arguments one can easily show that given a non-negative function

f (ele) on the unit circle, the m-th orthonormalized polynomial in z with respect



to the measure f(ele) %—?—T , is equal to:

Py = [Dp (1) Doy (f)]'l/ 2 det (z-0) £, (15)

so that the study of these polynomials is very similar to the study of Toeplitz de-
terminants.
VI
In this section we compute Dm(f) explicitely in the case where f(z) enjoys the

following properties:

» f (ele) is the inverse of a finite trigonometric polynomial (we shall call the

"degree' of such a polynomial an em9 the largest n 2 0 such that

2 2
[an + '}fn| 7 0).
(i) Once a choice of branch has been made at a given point log f(e1 0) is a
bounded and periodic function of 8 .

Property (ii) is crucial for the asymptotic property of Dm(f ) in general. If

1
¢ (610)

f (ele) has this property so does We need the following three lemmas:

Lemma 1 :
i9 . . . 9, - ke

Let g(e™”) be a trigonometric polynomial g(e ") = }; g1.C satisfying
property (ii). There exist two polynomials in z of degree at most equal to n,
gl(z) and gz(z) taking the value 1 at z = 0,and nonvanishing inside the closed
unit circle ]z] < 1, such that

2m
i6 d i6 i6 -i6
ge') = exp[ 2 g >J g,(e") gole™) . (16)
0

This is an easy extension of a classical result of Fejer and Riesz.



Lemma 2 : (Cauchy)

1 _ A(Xla"-aXN) A(yl"”’yN)

= A(Xls L] XN) A(yla L :yN) Z X{ﬂ}(X]_’ LU ’XN)X{Q}(y]_’ s ’yN)
)
For a proof of this we refer for instance to Ref. (3).

The next lemma combines the previous two and gives Dm(f )y foran f (ele)

satisfying conditions (i) and (ii) when m is larger than the degree of the trigo-

nometric polynomial g(ele) = ——119—- . In view of lemma 1, we can write:

fe™)

h 1
fizy=¢e ° I T
' 0<ksn-1  (1-x,7) (1-ykz' )

ka‘(l , lyk{ {1 (18)
2
hO = exp %97% log f(ei¢)

The quantities { X

gl(z) and gz(z); some of them may vanish.

} and {yk} are the inverse of the roots of the polynomials

Lemma 3  With f givenby (18) and m >n:

mhO 1
D _(f)y=e II T o .
m  o<pgen1 ¢ EYY (19)

mh
The proof is straightforward. First we dispose of the factor e ° by observing

that Dm()\f) =A™ Dm (f) . Next we can clearly assume m = n by adding factors

with X, Or y, = 0 in (18). So that it is sufficient to study Dm(f y for

£ () = 1 - s %] Yk <1. Letd be a diagonal
0Sksm-1 (1-x.2) (1-y3z ™)
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D, () =

matrix as in (3). By applying lemma 2 :

0<p, q<m-1 (1~xpe1¢q) (1-—ype_1¢q)

det F(5) =

-1

- - XX (8) Xppn ) X (8 )
05%;1.,%_1 {9 X040 Xy
0<gL <8y <l 1

The characters are orthonormal by integration on Um, so that we reach the de-

sired result:

D (f) = Xigd Xy = 1T

043, . <2 0<p, gem-1 %Y

m-1

We are now in position to state the main identity of this section. Let f (z) satisfy

the hypothesis (i) and (ii). We write it in the form (18). We can set h0 = 0 since
h

the multiplicative factor e ° is easily taken care of in Dm(f ) .

One defines:

z-y
P(z;x,y) = II <l— ZI})( > = 2 %_ x, Y)ZQ 5 (20)
0<p<n-1 o 0<t

qﬁﬂ(x, y) can be expressed in terms of the elementary symmetric functions of { x}
and {v}

Theorem The following identity holds:

e — N 1

.69 0. . ... 0] 6,609 609 . 6 5,3
n-m-1

6153 ¢ (%W .. 0| |0 G0 e e

noowg e o
0<p,q<n-1 p’q
¢ ‘(X,Y) N N2 ¢, (v, ¥
Ln—m-l 1L : B

If n<m the determinant on the right hand side is replaced by 1.



In the case n <m this is the result of lemma 3. The idea of the proof for
n >m is simply to reduce it to the previous case by using properties of symmetric
functions. We have no space to give the argument here.
The whole point of the remarkable identity (21) is to establish the departure
of Dm(‘f) from the simple -expression 7 1

P, q (1’Xpyq)
answered by the theorem as long as we deal with functions with properties (i)

This is fully

and (ii). However, the restriction that f (eie) be the inverse of a trigonometric
polynomial is too severe. In the last part we shall indicate heuristically an
avenue to a direct proof without providing,however , a careful analysis of the
convergence of our process.
v
We should have remarked,when dealing with the functions { (eie) of section

VI,that writing:

log f(eie) =h (em) = 2 h eiké ,
-0o<k<+00

one has:

ipd

h(eie) =h -log g (- xpeie)(l—ype_ )

0<pgn-1
Xk yk
=h + Z ‘elke Z —% +e_1k{9 Z Tp-—
1<k 0<p<n-~1 0<p<n-1

So that, according to lemma 3, for m2n:

(22)

£y = th 1 _ mh0+ l%kkhkh—k
D (f)=e 7 = (23)

0<p,agn-1 (7%
The theorem of Szego and Kac states that this is in fact the correct asymptotic ex-
pression for an "arbitrary" function f (ele) . We now present a direct hint of this

i@ . :
he™) where h(ele) is ""sufficiently regular',

result. Assuming again f (ele) =e
we introduce the matrix function H(U) = Z hkUk on U and write,using
k
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A trA
det ¢ =¢€
Z h tr 0P
P

Dm(f) =< etr H(U) >'m - (e—oo< p<+o0 >m

Now it is very tempting to proceed as in statistical mechanics to define the
"cumulants” le()m) (rl, cees rp) of the unitary group Um through the follow-

ing algorithm:
> b tr P v
—o0<p<+0c0 A m 24
(e > T € Z L%p( )(rl""’rp)hrl"'hr @4
1<p -0<T < . .< rp<oo p
This relation can be thought as a generating function for the cumulants, which can
however be computed through finite algebraic manipulations. We set:

cgn)(m = 3 g(;n) (0 eeesr) By By (25)
~00<T <7 . ST <00 1 p

Then:

™ @ = CrHO)Y

(m) 1 2 1 ]2
Cy @ =5 fr HO)] >y, - 5[<tr HO Dy

o™ @ - Ll 8OIYy -1 < BO>CrEO] 4 <CEEO >

and so on,

One readily finds that:

(m) 4y
Cy  =m hO

(m) 70 _ (26)
C, "(h = ph h + mh_ h
2 1SZP:Sm PP m'*‘zlsq 4

(m) . _ g1 :
Cy’'(hy =2 Min {0,q,r,g+r-m, m hhh +h h h
3 0<qZI;<oo { }.(qr q-r q rq+r>
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Clearly %(mr , o, ...T ) vanishes unless r, +...+r_= 0. The function
PY1T2 P

1

¥(q,r) = Min { 0,q,r,g+tr-m, m } enjoys nice symmetry properties and is repre-

sented in the following diagram:

q

Y(a,r) : m

It vanishes for g+r < m . This is a general property, since it follows from the
previous section that for p > 2:

()

%p

(rl,...rp) =0 if Irﬂ ..t Irpl < 2m  (26)

Hence, if h_ decreases fast enough for n—»ooone has for p >2 lim C(m)(h) =0.
n m—-o0 p
If it can be established that this limit is uniform in p for p > 2 one will have the

Szego-Kac result:
lim  Pm® gk ik
)00 —;—ﬁh—o—- =e . 27)
VIII

The approach that has been sketched above raises a number of interesting
questions and suggests a few other problems: (i) to obtain a closed form for the
cumulants of the unitary group and study their properties; (ii) to provide under
suitable regularity conditions on the function h(ew) the uniformity on p of
lim C(m) (h) ; (iii) to generalize the Toeplitz determinants to averages over
I&:Tl:i symmetric functions of ¥(U) apart from the determinant. (iv) to study

similar problems when the sequence of unitary groups is replaced by another se-

quence of groups, the orthogonal ones for instance.
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There are various possible ramifications, including contact with the theory of
continuous integrals, which show how much interest can stem from such an ap-
parently simple looking object as a Toeplitz determinant. In the opening re-
marks of his treatise on orthogonal polynomials4 Szegd seems to imply that
the determinantal form of 6rthogona1 polynomials is of little practical use.
The preceding note was an attempt to challenge this point of view.

In Qonclusion it is a pleasure to pay a friendly tribute to J. F. Renardy

with whom some part of this work has been done.
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