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ABSTRACT 

The nucleon isovector Pauli radius, < R 2 
2v >, is calculated using 

sidewise dispersion relations to be significantly larger than the predictions of 

p d.ominance, in accord with observation. It is also predicted that < Riv> is 

significantly larger than the pion charge radius, < R,” > . Elastic scattering 

of pions from electrons at very high energies (viz. Serpukhov) will give a 

clear confrontation with this prediction. 

In this note we report on the application of sidewise dispersion relations 

to the calculation of the electromagnetic structure of nucleons. This formulation of the 

dispersion relation of the electromagnetic vertex as a. function of the nucleon mass was 

developed first by Bincerl and expresses the appropriate form factor as 

03 

F(a2) = ; 
/ 

dW2 

(M+/J)~ w2- M2 
Im F(W2, 12) . 

Im F is the amplitude for a virtual photon of mass Q2 = t to be absorbed by a nucleon 

and form a real intermediate state of total mass W which then couples to an off- 
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shell nucleon of the same mass as in Fig. 1. The threshold of the dispersion integral 

lies in the physical region, and to the extent that the absorptive amplitude is dominated 

by its low mass contributions, W - M, we can approximate it by the threshold 

electropion production amplitude times the pion-nucleon coupling strength. For real 

photons the exact low energy behavior of the photopion production amplitude is known 

and is given by the Kroll-Ruderman theorem. For virtual photons the low energy 

limit of electropion production is constructed using PCAC and current algebra. 

An earlier application of this idea to the calculation of the nucleon g-2 

value led to encouraging results. 2 Both the isovector character of the nucleon moment 

and its approximate numerical value were reproduced fairly well when only the 

contribution to the absorptive amplitude between M 5 W 5 1.5M was retained, and 

the threshold theorems were used. The usual grief which befalls the perturbation 

calculations was found to be in the high mass contributions 1.5M < W < 00, which 

the perturbation approximation severely distorts. This threshold dominance view 

also reproduces second and fourth order electron g-2 values and has made a 

definite prediction of the contribution, recently refined by more detailed studies 

of Parsons. 3 

Our motivations in undertaking this study were twofold: 

1. The familiar dispersion theory studies of the nucleon electromagnetic 

form factors are based on a continuation in the photon mass. The vector dominance 

model which has emerged from these analyses has been successful for processes 

involving real p” mesons, for example, as well as relating these to processes involving 

real photons interacting with hadron& -viz. y + p 
0 

--p+p” or X--- Y +Y- 

However, it is inadequate to describe the observed rapid decrease of the nucleon form 

factors for large momentum transfers 1 tl 2 lO(GeV/c)‘. For processes in which 

there appear virtual photons of such high masses a more elaborate analysis with 
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several vector mesons or resonances in the JpG = 1-+ channel joining the photon to 

hadrons is needed. This is not surprising,because the dispersion integral 

F(t) = 
p (a2) do2 

cr2- t 
(2) 

converges only very slowly, with all contributions to the spectral function p (u2) 

being weighted essentially equally up to large cr2 = - t . It is certainly an extravagant 

optimism to assume that only one octet (or nonet) of low-lying resonance contributions 

dominates in Eq. (2) in this case. On the other hand, the photon mass is only a 

parameter in the present calculation,and the denominator in Eq. (1) is unaltered if 

we extend these studies to finite l2 values. 03 

2. A mean square radius of a nucleon is given by <R2G6 
/ 

da 2p (a 2)/o 4 
2 

in the usual approach, Eq. (2), and heavily weights the low mass contribut$!!ns to 

P F2). By the same token, however, it puts great emphasis on contributions to the 

spectral amplitude from the two body ~?r continuum of mass u 2 
N 4f.J2 in addition 

to the p” resonance, and the evaluation of this contribution to p (c2) requires knowledge 

of the analytic continuation of the amplitude for ~71 - NF below its physical 
n 

threshold of 4M”. Using the sidewise approach of Eq. (l), no such analytic continuation 

is required, and the amplitude in the threshold region emphasized in this approach is 

constructed with the help of PCAC and current algebra. The p dominance model 

predicts a radius of < R2 > = 6/M 
2 

P 
= 0.4 f2 for the isovector form factor,whereas 

experimentalltfor the isovector part of the Pauli magnetic moment form factor a 

much larger result is obtained 

2 
< R2V ’ = 0.7f2 (3) 

and our goal in this calculation is to achieve a better account of this difference. 

We denote by Z(p) Tp(p, p +P) the electromagnetic vertex for an off-shell 

nucleon of (massj2= (P+Q2 = W2to emit a virtual photon of (mass)2 = P2 and become a 
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real nucleon on the mass shell p2 = M2. The general form of this vertex and the 

technique for projecting out the Pauli magnetic moment form factor F2(12) have already 
L2 

been discussed and we need only quote the results here. The Ward identity expressing 

differential electromagnetic current conservation assures us that the proton Dirac 

P 2 charge form factor Fl (f ) obeys a subtracted dispersion relation in W2. Whether 

this subtraction term is the constant 1 or a function of Q2 is a matter of assumption, 

as is the decision whether the subtraction is to be made at W2 = M2, say, or at 

w2 = ~0. We thus choose to confine ourselves to the F2(12) dispersion relatiozand in 

order to avoid complications of anomalous thresholds we stick to the scattering region 

P2< 0. 

With the threshold dominance assumption we retain only the two-body nN 

intermediate state in computing the absorptive part: 

5 (p, s)P+p+I) 1 = !&&j%[ 
4?ef7 s’ c 

-iii (p, s)J;u(k, s’) u (k, st)gr5Tc I (4) , 
where Z (p, s) Jl u(k, s) 

1 
lsf da is the amplitude for electropion absorption, 5 s 6 

is the two-body phase space for the intermediate real pion of momentum q and 

nucleon with & = - q and spin s’ in the center of mass system, and U (k, s’) gP5 7c is the - 

general expression for the 7r - N vertex for the nucleon emerging off the mass shell 

withk+q = p +B and (k+qJ2 = W2 (see Fig. 1). 

For the electropion absorption amplitude at threshold W2 = M2 or 

W = M + /& we time reverse the low-energy theorem for electropion production as 

derived by Adler and Gilma: assuming PCAC and the current algebra for axial and 

vector currents . Very simply, this amplitude is, in the massless pion limit, the 

three electroproduction pole terms, the usual non-pole term for gauge invariance, 

and in addition the PCAC and current algebra prediction for the threshold s-wave 

contributions of the dispersion theoretic continuum. We extrapolate this result to the 
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threshold region for a pion of physical mass p + 0 to obtain in the above indicated 

order 

Ti(p,s) Jlu(k,s*) = igTi(p,s) $+t+M 
(~+a)~- M2 ‘ST’ + Y5 Tc 

$- h+M 
(p- qJ2 - M2 vp 

ml- Q) 
’ 

PC, 731 

(q- Qj2 - p2 
-F, r5 2 - (5) 

V 

’ * (Tc F2” + Gc3 F;) - Y51 
2M2 

+ FM (Yp- P' 'J (GA 
Y5 v PC, T31 

Q2 
--=j) 2 u (k s’) 

where VP = yp (F,S+ 73 FT) - (i (T pv Q” / 2M )(F; + T3 $‘i F1 and F2 denote the usual 

Dirac and Pauli nucleon form factors, GA is the axial form factor, and S and V denote 

isotopic scalar and vector parts respectively. 

For the pion-nucleon vertex we have the general form 

ii(k, s’)gr5Tc = gYi (k, s’) y5 + K (W2) M-pj-pl 2M 1 7 (6) 
C 

where the form factors K, (W2) are themselves determined from sidewise dispersion 
1 

relations as exhibited by Bincer with K+(M2) = 1 defining the Watson-Lepore coupling 

constant. To be consistent with neglecting the resonance variations in electropion production, 

we also neglect them in K,(W2) and obtain the pseudoscalar meson perturbation 

theory result K,(W2) = 1 and I’, = y,. 
8 

To illustrate most simply the separate terms contributing to the absorptive 

part of Fl, PI we compute the coefficient of the two-body phase space factor w in Eq. (4) 

at threshold q = k = 0, W = M + p. - - This simplifies all angular dependence since the 

electropion production is pure S-wave. 9 Using threshold kinematics 
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q = & (p + Q) = kk, we can rewrite 

Ii(p,s) J;u(k,s’) = +$i(p,s) yPE; - 1 2M 
[ 

QV 
‘kE;+Q EC 

P 3 1 y5 u(k, ~7 (7) 

where the EC are scalar functions of H only. Introducing Eqs. (6) and (7) into Eq. (4), 

performing the spin sum and projecting out the absorptive part of interest at threshold, 

we find 

ImFi(W2 = (M+Y)~, Q2) = $+! E * 2 $I -2 [I+ 0 &I (8) 

The factor k arises from the fact that at threshold the TN system of mass W = M + in. 

is produced in an S-state of odd parity. This in turn projects into a positive parity 

nucleon of physical mass M only by an amount proportional, in lowest order, to its 

distance from the mass shell--i. e., W - M - /.A. We must now identify in Eq. (5) 

the leading order contribution to Ei and cancel the factor & if the threshold contribution 

is to be important and hopefully dominant. The last three non-pole terms of Eq. (5) are 

finite as fi - 0 and thus do not contribute to Eq. (8) in leading order. The first 

two s channel and u channel nucleon pole terms also contribute finite parts to Ei as 

iFi- 0. The only singular part in $ comes from the pion pole term near Q2 = 0, 

and we find 

2 Iql Im Fi [(M +,u)~, Q2] = & E 2 '3 FT(Q2) 
( 

1 
1 - Q2/2p2 ’ ) 

With Q2 = 0, Eq. (9) gives the same magnetic moment found earlier. 2 The 

slope of Im Fi as Q2 ---L 0 gives the absorptive part at threshold for the nucleon’s 

(9) 

radius 

d 

dQ2 
Im Fi 

I 
g2 PI [(M+/+L)~, Q2] Q2= o x z e 2T3 

1 < Rz > + - 1 2/A2 * 
(10) 
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From a more careful evaluation using Eq. (5) throughout the threshold region 

(M+/J)~ ( W2 5 LI~(M+/L)~, with A2 M 2 chosen to give the magnetic moment 

I-1V = 1.85, we find 

2 2 < R2V > = < Rn > + * f!~+ [I - J-f-$(*n(f) + ln(+) - l)] (11) 

=<R > + 0.5f2. 

We do not propose to take seriously any quantitative predictions of this calculation in 
10 view of the approximate nature of the method. However, there are important qualitative 

conclusions to be drawn from Eq. (11) with interesting experimental implications: 

1) The nucleon isovector (Pauli) radius is significantly larger than both 

the pion 
11 charge radius and the predictions of p dominance. This is due to 

important and known threshold contributions to the absorptive parts of Eq . (1). 

In the words of the uncertainty principle the size of the pion current distribution about 

the nucleon extends out as far as Ax - cAt N c?i/pc2 - E//.X. For the 71 meson 

structure, however, the selection rule of conservation of G parity dictates that 

T - T + p--i.e., the range of the pion current about a pion is restricted because of 

the requirement to make the p meson rest mass in the intermediate state and 

Ax N &/Mpc2 - YI/Mp C. Translated to more formal terms, the linear divergence with 

j asp--+ o appears in Eq. (11) because the nucleon experiences no change in mass in 

the intermediate state N - N + r and for the pion case it is not present. This suggests 

that the p dominant prediction of a radius 6/~ 2 
P 

= 0.4f2 should be a better approximation 

for the pion size than for the nucleon. A quantitative measurement of < R,” > and of its 
2 difference from < R2V > is eagerly anticipated. To avoid theoretical uncertainties 12 

and complications in the interpretation of er production and of r*- Q scattering results, 
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it will be necessary to do elastic scattering of pions from target atomic electrons at the mo- 

mentum transfers of > 180 MeV/c first availablJ3 at Serpukhov so that l/31 Q21 < Rf > 2 10%. 

2) There is no i singularity with vanishing p for the isoscalar Pauli form 

factor so that, to leading order, < R 2 > 
zp 

= <I$ >. 

Finally, turning to the large Q2 limit we find it impossible to cancel the 

-$ factor in Eq. (8), and thus threshold dominance does not appear to be a valid, or at 

least defensible approximation for large Q2. In this limit, the pion current term in 

Eq. (9) is unimportant, being 2 p2/Q2. The combined effects of s and u channel pole 

terms lead to 

Or 

Iql Im Fi N T 
2 

k F2 + & s 
Q 

Fl 1 
2 

F,(Q’) N 5 + FI 
Q 

and for large Q2 

GM(Q2) = GE(Q2)(1 + O(+)). 

Although suggestive of the “scaling law” this misses the “theoretically popular” 

limit of GM/G; x 2.79. Moreover, the main contributions to the spectral weight 

functions are probably not included by retaining only the threshold region 14 in 

the dispersion integral. 15 
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FIGURE CAPTION 

Pion-nucleon intermediate state contribution to the absorptive part of the 

nucleon current. 
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