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INTRODUCTION AND SUMMARY 

The heating by electron scattering on the ions trapped in a compressed elec- 

tron ring can in principle lead to ion energies sufficient to permit escape from 

the potential well. A correct treatment of this question presumably would include 

the effects of random and systematic fluctuations in electron density’, in which 

many particles might act collectively in exciting the ions. 

The purpose of the present note is to investigate the much simpler problem 

in which the ring is assumed to be uniform and quiescent, and the scattering 

events are assumed to be random and uncorrelated. 

Three separate processes may be thought of: (1) Single scattering, in which 

the recoil from one large-angle scattering event imparts escape momentum to 

the ion; (2) Azimuthal drag, in which the recoils from many small-angle events 

result in a cumulative tangential acceleration of the ions; and (3) Random walk, 

or statistical accumulation of impulses normal to the electron velocity. 

As had been expected, under typical conditions for the ERA* these processes 

all lead to insignificant losses of protons (lifetimes much greater than one second). 

In the case of highly ionized heavy ions, the random walk and azimuthal drag 

effects could have lifetimes on the order of the ionization time. ** 

* 
See e.g., A. M. Sessler, ERAN-1 

** 
R. H. Levy, WC/ERA-2 

“r Work supported by the U.S. Atomic Energy Commission. 
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(Presented at Working Conference on the Stability of Electron Rings, La&&ce 
Radiation Laboratorv, Berkeley, California, January 29 - February 10, 1968.) 



I 

KINEMATICS, ETC. 

The following inequalities are assumed to hold: 

P << p << MC and p >> mc 

where P is the ion momentum, p is the electron azimuthal momentum, M is the 

ion mass, and m is the electron rest mass. The collision kinematics (see sketch) 

then are extremely simple. To first order in small quantities, it may be shown 

that the ion recoil energy is . 

E = i P2/M g $ pi sin2 e/z (1) 

and the recoil angle is 

sin $ g cos o/2 (2) 

The cpulomb scattering cross section is 

Z2r2 0 cos2 e/2 (T=------ 
4y2P4 sin4 e/2 

(3)” 

2 2 wherero=e /mc =2.8x 10 -13 cm, Z = ion charge/e, p = (electrons azimuthal 

velocity)/c r 1 and mc& = pg. We neglect nuclear form factor and center-of- 

mass corrections to the cross section. 

* 
In the present note, y will always refer to the azimuthal energy. It will be assumed 

throughout that /3 = 1 for the electrons. 

-2- 



SINGLE SCATTERING 

The rate of loss of ions by single large-angle scattering is 

lii/Ni = $ 
e2 

J 
U 2nsinOdO 

6: 

(4) : 

where J is the current density in the ring; 8, and 8, are the minimum and 

maximum angles which lead to escape from the well. 

To estimate the angles 6, 2 we consider an ion starting at the major ring 
, 

radius and moving in a harmonic oscillator potential with initial momentum 

P sin $, related to the maximum amplitude by 

where o 1 
cdy s ; 

..~_.~.-~.~.- 
= the ion frequency. 

(5) 

(6) 

_ . . - 
Here a and p are the minor and major ring radii, respectively. 

Roughly defining the escape momentum as &Mola andusing Eq. (l), we 

find 

Integration of (4)) using (2), (3) and (7) gives 

N cZ2r2 
k/N = e2 2° i 

ra PY 
(8) 
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Typical numbers from ERA-l are: 

y = 47 azimuthal energy 

p = 3.7cm major radius of ring 

a = O.lcm minor radius of ring 

Ne= 1013 number of electrons 

Equation (8) then gives (for hydrogen ions) 

Ii/N. = 0.7x 10 -4 -1 set 
1 

as the rate of ion loss by single scattering. For slightly larger values of Ne, 

Eq. (7) cannot be satisfied; i.e. , no single scatter can knock out an ion if the 

well is deep enough. 

Inclusion of nuclear form factor would make the result even smaller. 

Since the loss by single scattering is negligible, it will be assumed that plural 

scattering, involving a few large-angle events, may be ignored. 
I 

AZIMUTHAL DRAG 

The rate of accumulation of azimuthal momentum by forward recoil is 

/ 

li- 

oPcos$ 2nsinede 

0 min 

where emin is the minimum angle at which any scattering can occur. It will be 

assumed here that Bmin is determined by the maximum impact parameter, that 

is the maximum distance at which an electron can pass by an ion. In this case, 

the relation for an ion near the center of the ring is 

8 
22 r. 

Z- 
min a-f 
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Integration of (9) then gives 

To estimate the rate of ion loss, we assume that the azimuthal acceleration 

is adiabatic on the time scale of the ion oscillation frequency. Then the centri- 

fugal force of the azimuthal motion may be equated to the electrostatic restoring 

force 

= Mv2/p z i2 t2/(Mp) (11) 

Using (6), (10) and (11) and assuming that the ion is effectively lost if Ar = a fi, 

we find 

1/t = ( 12) 

The above numerical values then give 

1/t = 1.7 x 1o-3 -I set 

for the rate of loss of ions by the azimuthal drag effect. 

RANDOM WALK 

The impulse normal to the electron velocity, due to the passage of the i-th 

electron, is 
‘i 8. 

bPi= Pisin $i = 2p0sin -2- cos-+ 

It is assumed here that the cyclic and betatron motions are irrelevant; this may 

be justified either by saying that the coherence of a given electron on successive 

passages is destroyed by the scattering processes, or simply by assuming that 

no resonance conditions as (1 - Q)a, x WI are satisfied. * 1 Then the 

* 
Instabilities associated with resonances of this type are treated by T. K. Fowler, 

WC/ERA-3. 
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cumulative impulse is 

P = c bPi cos o1 (t - ti) 
tp t 

(9 = ion frequency) in which we assume that the same electron on successive 

passages is a “different” particle. To find the expectation value <P2> , we 

note that <6Pi bPj cos w1 (t - ti) cos w1 (t -tj)> = i <( 6Pi)2> eij, because 

the events have been assumed to be uncorrelated; and that the weighting factor 

as a function of scattering angle is a( ei) A Qi. Then replacing the sum by an 

integral and using previous results, we find 
7r 

<p2> E Jt 1 

s ( 
2p. sin i cos P 

2 
5 

1 
o(8) o 27r sin e d0 e 

‘min 

2N 
z e (13) 

Suppose that we define the escape energy as 

E” = 
NeZ e2 NeZromc2 

ZE 
TP TP 

which is twice the energy required to lift the ion from the center of the well to 

Ar = a. (This is consistent with the definition of escape momentum used previously.) 

Then using <E> = & <P2> , we have 

<i>/E* E$ Zmroc 
Ma2 

Qn 3 _ ; (14) 
0 

for the rate of ion loss by the random walk process. 

The numerical values used previously then give 

<i> /E* =1.4x1o-2 -l . set 
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