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ABSTRACT 

SOme consequences of a manifest lack of gauge-invariance in the 

usual field-theoretic approach to the calculation of the proton-neutron 

mass difference are pointed out. In particular, it is shown that the 

assumption Z = 0 (where Z is the strong wavefunction renormalization 

constant) is inessential to this problem of gauge-dependence. A prac- 

a- tical calculation of 6M = M - Mn, assuming Z = 0 and relying on the method 
P 

of low-mass dominance of Drell and Pagels, is carried out. The cutoff 

for this calculation, h* = 3.6 for (g*/&) = 15, is determined by requiring 

that Z = 0 be satisfied O(g*). If we accept the possibility that the 

prescription adopted by Bassetto and Paccanoni (BP) for extracting a 

gauge-independent result has some basis, then we find, on including the 

effects of the anomalous nucleon moments, that 6M = .- 0.4 MeV, in rough 

agreement with their earlier result. However, inclusion of the vertex 

corrections O(a), which are neglected by BP, leads to the unsatisfactory 

result 6M = f 0.8 MeV. 

c (Sub. to Phys. Rev.) 
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L. INTRODUCTION 

Recently, it was argued by Bassetto and Paccanonilthat the conceptually 

simple approach to the calculation of the proton-neutron mass difference 

afforded by field-theoretic sum rules 2 in the limit of vanishing nucleon 

wave function renormalization 3,4 could yield a mass difference with the 

right sign. The smallness of the result obtained 195 was attributed in part 

to an abbreviated treatment there of corrections O(Cr), which neglected the 

electromagnetic corrections to the strong vertices; indeed, it was con- 

jectured in Ref. 1 that were computational difficulties overcome, this 

"method would be reliable also on quantitative grounds". 

a- Although the first purpose of this paper is to provide a more quanti- 

tative test of this conjecture which does not at the same time require 

l'drastic" off-shell approximations', we will in the course of our dis- 

eussion be obliged to comment on the persistent infra-red problem which 

appears to beset the field-theoretic approach 196 to the proton-neutron mass 

difference, and which is connected to the'ordinarily gauge-dependent results 

derived from such an approach. On the other hand, if we accept the pos- 

sibility that the prescription adopted by Bassetto and Paccanoni 1 for ex- 

tracting a gauge-independent result for 6M may have some basis, the method 

of low-mass dominance developed by Drell and Pagels 7 allows us, for reasons 

indicated in the next section, to go ahead and calculate the vertex cor- 

rections O(Cr) as well. [We remark that the more difficult calculation of 

-- 

the contribution from photon exchange, which is a problem in "Jest enhance- 

118 ment , is specifically omitted here (as it was, for that matter, in Pagel's 

recent work' on the proton-neutron mass difference).] 
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2. z=o10 CALCULATION WITHOUT VERTEX CORRECTIONS 

To make clear that the assumption Z = 0 is inessential to the problem 

of gauge dependence in the field-theoretic approach, we observe that the 

Z = 0 calculation of the proton-neutron mass difference, 6M E M - Mn, may 
P 

be carried out either by taking the limit Z + 0 in the expression derived 

by Fried and Truong6 for the case Z # 0 [either Eq. (15) in the first or 

Eq. (11) in the last of Ref. .6, after including the essential e’-contribu- 

tion from Z .11 I, so that 
p,n 

6M = lim Z’$(e*) - Z-*iSA = A (e*) 
(2.1) 

Z+=Ol- Z-lG + z-%(Ep- 6,) 

..s = - $ - - J dW[ (W-Mb+(W) - (W+M)T- (W)], 
R 

GM=-+ ')I-[ (W-M~)$W 
R 

P 

with 

where*'l* 
a- 
Zzl-$ 

5 dWb+(W) + y(W)], 
R 

(2.2) 

(2.3) 

')-(W+Mn)+)$ (2.4 

b(e*) = - $ / ~N(w-M)T~(w) - (w+M)T: (Ql, 
-M+Xmin- 

'K, alternatively, by requiring, as in Ref. 1, that 

(2.5) 

Z 
P 

- zn = 0, 

Z 
P 

= Z + SpGM i- A(e*), 

'n = Z I- En6M. 

P-6) 

(2.7) 

-, 
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, 

Note that the ordinary (Iorentz gauge) mode of calculation (see below), 

A(,*) is infra-red divergent. 

By relying on the method of low-mass dominance', we are able to con- 

sider a "practical" calculation of 6M which avoids the off-shell approxi- 

mations of Ref. 1. The rationale for this sort of approach is furnished 

by the "zeroth approximation a3 , 

z l- = 

= 1 -992(%h2 +$- l)= 0, 
32fi* 

a- which determines a cutoff 14 x2 = 3.6 for (g*/4,) = 15; this result seems 

not too unreasonable when compared with Pagel's' value of A*- 3. 

Were we now, as in Ref. 1, to neglect the electromagnetic splittings 

of the pion-nucleon couplings gNn, together with the contributions from the 

nucleon anomalous moments, keeping only the driving term corresponding to 
' 15 the intermediate state (p,~), we would find 

0 = zP - zn 
=~(~)(~-1)-~[(~1*t$-l) 

2 
+4&l+-- 

x . 
x2 )I -1 

+J&+ 

(2.9) 

-_ 

which expression exhibits a characteristic infra-red divergence. This 

divergence is not encountered in Ref. 1 because current conservation (and 

hence, gauge invariance16) has b een put into the approximation to the off- 

shell electromagnetic proper vertex, 

_- 



-4- 

v YP9 
p;py(P,Pl'q) = t (TV- Pl p1'9) , (2.10) 

I 

"by hand". If this prescription for a meaningful result has some basis, 

then its application to the calculation leading to (2.9) yields the result 

(now including the effect of the anomalous moments 17 as well), 

.> 

(2.11) 

f g [ (h*- 1) f (1, - x2 
l)] N - 0.4 j&V, 

which is in rough agreement with the result of Ref. 1. 18 

a- 

3. z= 0 CALCULATION WITH VERTEX CORRECTIONS O(a) 

_ - -In Ref. ‘1 it is suggested that the electromagnetic splitting of the 

p&on-nucleon coupling constants may be calculated from the vertex sum rule 

which derives from the high-energy behavior of the proper vertex function, 2919 

o= wl~~ '(j)(') 

= (g ' I") - ~ 
J 

dWImP(.)(W) 
W-M~ - ~ 

J 

dWImI'(j)(-W) 

W+M. l 
(3.1) 

R R J 

Because of our requirement that the condition Z = 0 be satisfied only to 

0(g2), we are able to neglect the effects on the 6g 
. 0) 

from coupling con- 

stant and mass-shift feedback 20 , and thus write the unsubtracted dispersion 
_- 
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relation, 

dW[Ia( .)(-W)l (Ny) 
W+M 

_. min 
(3.2) 

= 6p(j)(M); 

moreover, as explicitly indicated in (3.2), we limit consideration to the 

contribution to the absorptive part of l-' coming from baryon-one-photon 

intermediate states only. Since the proper vertex couples, through its 

absorptive part, only to the crossed photoproduction amplitude for which 

current conservation fails [That is, &'TV (Ny; crossed) # 0 where &' is 

the four-momentum of the real photon.], this calculation is also not gauge- 
a- 

invariant in the confines of two-particle unitarity. [For exsmple, one 

finds in the Lorentz gauge, neglecting the contribution from the anomalous 

-nucleon moments, 

63 
(pnO 

- @; 
n.O,=; L&x* 

{ 
+1,h2+&l( 2x 

x . 

A*- 1 
$)+t+, 

) 
(3.3) 

g -1 
21 

which is, not surprisingly, infra-red divergent.] On the other hand, 

since the improper vertex (or form factor) couples through its absorptive 

part to the complete photoproduction amplitude, for which tpTp(Ny) = 0, no 

such problem in encountered 9 . If, as in Ref. 9, we choose to derive the 

electromagnetic splitting of pion-nucleon couplings from an appropriate 

assumption about the high-energy bevarior of the form factors, K 
(J)(') 

. ? 

so that, 9 

AM 

"'(p,j)- Sg(n,k).' i (3.4) 
[ (p,j)-(n,k)l’ 
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with22 
. 

(&l x2+ 1 - l)] 
x2 

j 

- 2 13($ - & x2) + 5 - 2Q(l - x2) - 8 &l x2] , 
x2- 1 

i 

_ ; 1s 3 &, x2 -t- (r- - 1) - 4Q(l - x2)1 
x2 i 

I 

then, from 

wp- ZJ = - 
KN coupling 

2g (26gf + sgO)(& x2 + ? - 1) 
32n2 

._ = - 2 [P (%i) 
3 g + $ ($,I, 

we find 

6M = + 0.8 MeV, 

_ 
which seems hardly promising- 

(3.5) 

(3.6) 

(3*7) 

(3.8) 
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Z denotes the value of Z 
P,n I (e2 

in the isotopic limit; Z is thus 
= 0) 

the strong wavefunction renormalization. 

11. Bassetto and Paccanoni (Ref. 1) rightly observe that the omission of 

this contribution led to the erroneous result reported in Ref. 6, namely, 

that 6M vanishes when Z = 0. However, it is still necessary to show 

that the two methods (of Ref. 1 and 6) lead to the identical expression 

[Eq. (2.1)] in the limit Z = 0. The term A(e2) is gauge-dependent 

(see below). 
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13. 

14. 

15. 

16. 

17. K= 1.85 is an "average" (absolute) anomalous moment. 

18. 

19. 

For simplicity, the contributions from the anomalous nucleon moments 

and from the e 2 corrections to +w have been omitted. The quan- 

tities e and A(e*) derive from Z 
P,n 

p n and are defined in Eq. (2.7). 
9 

The "zeroth approximation" refers to the limit of isotopic symmetry 

with (p/M) + 0 and to lowest order in g2. 

This is the cutoff in units of $9 where M is a mean nucleonic mass. 

We calculate according to the well known Feynman-Cutkosky rules 

(Ref. 7) in the Lore&z gauge [xc sg(X)ey(h) = - g,,], making use of the 

formulae, valid O(g2), 

Z 
p,n 

=l+i dW 
J 

+ 1 dw tic pyn * (-W-ie) 

a- R (W-Mp,n)2 ' (w+Mp,n)2 ' 

with 

2 = p/ = wy”. 

Of course, this insures that their result for ,6M is gauge-invariant. 

Also, for K = 0, we find 6M = - 0.1 MeV. 

The subscript j arises from isotopic dissymmetry. It is interesting 

to point out here that for e2 = 0, the unsubtracted relation 

0 .= ti+&%& 
W-M W+M ., 

R strong 
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is not at all satisfied O(g2); one finds 

2 z1 =l-ii? 52 ( 11 X2 + IL .& x2 - 2 . 
h2-1 1 

20. See Appendix III of Ref. 9. These effects are O(g4) in this cal- 

culation; their inclusion would necessitate adjustment of the cutoff 

x2 for consistency. 

21. But note that, the sum of all Feynman graphs O(o(g2) would, by ex- 

tension of Thirring's theorem 
( 
W. Thirring, Phil. Mag. 5, 1193 

(1956)), not appear to suffer from this disease. 

22. We undertook to recalculate these perturbations after finding some 

errors in Appendix III of Ref. 9. We wish to thank Mr. R. Langley 
.?.- 

for checking some of the preliminary stages in this effort. 
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