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ABSTRACT
An infinite class of chiral invariant pion-nucleon Lagrange
functions is discussed. Each member of this class is shown to
be equivalent, under canonical transformation, to the one in which
the commutator of the axial current with the meson field is an
isotopic scalar. If the chiral symmetry is broken in this special
canonical frame in a manner that ensures the partial conserva-

tion of the axial current, then the theory is unique.
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The application of chiral SUE)@SU2) current algebra techniques to processes
involving the emission and absorption of a large number of soft pions can become
very cumbersome. Recently, Weinbergl has pointed out that this computational
complexity can be reduced by employing an effective Lagra.ngiem:2 that is chiral symmetric
save for a part that yields a partially conserved axial current. Since such an effective
Lagrangian satisfies all the constraints imposed by current algebra, it may be used in
lowest order to obtain the kinematical and isotopic spin structure of the current algebfa
results for the behavior of scattering or decay amplitudes when the four momenta of various
emitted (or absorbed) pions vanish. Higher order corrections cannot alter this structure;
they canonly produce renormalization of coupling constants. The correct values of the
coupling constants can be inferredl from the general structure of the current algebra
method.

Weinberg1 obtained an appropriate effective Lagrangian by first performing a
canonical transformation on the ¢ —model3 and then sending the mass of the unphysical
o-particle to infinity so that it is removed from the theory. It is the purpose of this note
to investigate an infinite class of chiral invariant pion-nucleon Lagrange functions of the
type introduced by Giirsey.4 This class is restricted only in so far as the canonical
pion field momentum is required to involve the first but no higher derivatives of the
pion field, with no dependence on the nucleon field. We shall show that in the limit of
perfect chiral symmetry5 every member of this class is equivalent, under canonical
transformation, 6 to the one in which the commutator of the axial charge with the pion
field is an isotopic spin scalar, a commutation relation characteristic of the ¢-model.
Thus, in this limit, the physical scattering amplitudes are uniquely defined, although
their off-mass-shell values can be altered by canonical transformation. The chiral
invariance can be broken in only one way if the divergence of the axial current is to

be proportional to the pion field. The theory is therefore ambiguous essentially only
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to the extent that this strict PCAC is not maintained. For the most part we shall
make use of the freedom of canonical transformation and exhibit the theory in its
simplest form. Nevertheless, its more general structure is also of interest,
particularly with regard to ils extension to larger chiral transformation groups such
as SU(3) ® SU(3). This general structure is outlined in the Appendix.

We begin by considering a free, massless nucleon Lagrange function7
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It is invariant under not only constant isotopic spin rotations,
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but a constant chiral isotopic spin transformation as well,
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and is thus invariant under a chiral SU(2) ® SU(2) group of transformations. The
chiral invariance is upset by the addition of a nucleon mass term m (Z . However,
it can be restored if the mass constant m is replaced by a function M of the pion
field ¢a’ if the latter transforms appropriately. We shall require that no derivatives
of the pion field occur in M so that the canonical pion field momenta n: is simply
related to @ o¢’a' Invariance under isotopic spin rotations and parity conservation

require that M be a function of )’5 T _qé, so we write

Lo=-7 [y% a+M(y5z-5g)]¢ . @)



In order that the Lagrange function be Hermitian, M(z) must be a real func‘cionf,5
&
M(z*) = M(z). (5)

Chiral invariance is maintained if the pion field ¢ is transformed into a new

field ¢' which satisfies
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or, within an eigenstate of )’5 with eigenvalue y:s =i,
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{The transformation law Eq. (6) in the other eigenstate yé = -1 is just the
Hermitian adjoint of Eq. (7 ).]
The implications of the transformation law Eq. (7) are made clear if we

define a real, unitary function
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M(z) = U(z) H(z") ©)
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If this decomposition is inserted into

LTy s TL
MET ¢) MET ¢nT = e MiT-0) MiT-$) e , (1)
we find that H(—¢2) is invariant under the chiral transformation
2
2 2
H(-¢') = H(-¢") . (12)

Since only isotopic spin rotation can preserve the length of the meson field that
can take on arbitrary values, this demands that H is a constant, which by a

parity convention may be taken to be positive,

H(—¢2) =m > 0. (13)

Accordingly,

Ly=-% i ormuo s e)]y (14)

with the chiral transformation property of the meson field depending upon the

choice of the unitary function U(z) and defined by

i
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The unitary matrix U(iI-_(é) represents a continuous group of SU(2)
transformations. The various different choices of the unitary function U(z)
correspond to different pavameterizations of thisgroup which are related by

canonical transformation of the meson field. We may exhibit this by noting that



the unitary matrix may be written as

1/2 :
. , 2 .2 . 2
viz-g) = [1-20%00] ¢ 1i1-pa), (16)
where f is a scaling parameter (coupling constant) introduced in order to make
the function g dimensionless. This arbitrary function defines a canonical

transformation of the meson field from the old field ¢ to a new field @ by
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o, = ¢, 86%) = Vg VI, an
with
V = exp { -1i f (dr) nz ¢a g(¢2)} . (18)

Thus the entire class of Lagrange functions which we have considered are

equivalent under canonical transformation to one with

it

o (¢2) +ift- @, (19a)

~

Uir-9)

where
1/2
[1 -fo?] T, (19b)

It

o (@)

and we may restrict the discussion to this standard form. The simplicity of this

standard form is made clear by the structure of the infinitesimal chiral response

p—o = ¢+ 6O o 20)

defined by the infinitesimal version of Eq. (195)

UGT o) = UGT'®) -3 | T 6y UGT'D) |,

namely,
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We may now easily construct a meson Lagrange function that is invariant
under the chiral transformation (21) in addition to the usual isotopic spin

invariance

bl

G P, T Pyt 6(1} D, (22a)

5a)¢a = T €ape Owp P - (22b)

We shall write this Lagrange function in first order form so that the correct

canonical variables are clearly defined. Since

1
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the kinematical term 1’15 aﬂ gba that occurs in this function will be invariant

if the conjugate field transforms as

(C) 1 _ 2,71 u

é Ha = - ¢aa(¢) f évb Hb , (24a)
O u _

0TI, T o- €. W @, (24b)

We shall restrict the meson Lagrange function to depend at most quadratically on
the conjugate field n/;l‘ so that this field is linearly dependent on auqba. With
this restriction, and a conventional normalization of the field variables, the

Lagrange function is uniquely determined by the chiral and isotopic spin invariance:

= -g# Lopug -1 ou
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The fields Hoa’ qba form a canonically conjugate pair

[£a0: ] =1 b (26)

t=t’

while the spatial component HE is a dependent field variable. It is defined by

the action principle as

k k 2 k _
-ofe vk -ffo e, =0,
or
-1
ny - 0@ o5 [oe" o,]. (27)

Vector and axial vector current operators can be defined in the usual
fashion by replacing the constant infinitesimal isotopic spin and chiral transformation
parameters by space-time functions and computing the response of the total

Lagrange function to this extended variation. We compute in this way

_ ol _ Al
6 Ll tdl) = - Vo Oy wamAY 9,8 vy (28)
with
4 _ 5 oul s
Va =Yy 2 Taw IIb €pac P’ 29)
and
— M. 1 1 2
A =gy 1‘}’5—2-Ta1//—~f-a(§b)n':. (30)

The time components of these current operators satisfy local commutation relations
appropriate to the chiral SU(2) ® SU(2) group. The naive application of the

canonical commutation relations gives the more general equal-time commutators
Vo), Vo) =1ie€., Vo) §(x-r" (312)
a’’ b t=t' abc ‘¢ ~ a7 ‘
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[Va(X), Vlg(x')] t=t’ =1 6abc Vl;(x) 6 (}v 2‘) ) (31b)
PP Y 2 _
o o) .
[:Va(x)a Ab(X’)] t=t' =1 eabc Ag(X) 0 (£_£') ’ (323)
0 k,, . k . -
[Va(X), Ab(X )] t=t! =1 eabc AC(X) 6(};_2) (32}3)
o s e lowh o |
1 akt 6(££) €abe T o(d )¢C} ’
o] X k
[a269, Ve | popr = 1 €gpe AR 8L @3)
~io oz e, T o@)9
k ~~ abe f c)
o o : 0
(A2 A3 ] s = 1 e, Vol B (342)
o, k, , ~ . k ot
[A60, AR] o = 1 g, Vo006 () (34b)
-i 8,1 r—r')loqb22 +q)¢;b]Z
k{6(~~ [f @) 8y, * PP j°
The quantities that involve the spatial gradient are the so-called "Schwinger terms."
The structures that we have listed are those that follow from a straightforward
application of the canonical commutation relations. However, this method yields

"~ no Schwinger terms that are associated with nucleon field, a result in contradiction

to general principles, and one that shows that great care must be exercised in
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handling the bilinear forms that compose the current operator. Therefore,
our results must be taken only as a heuristic indication of the nature of the
Schwinger terms. We note that the Schwinger term which occurs in the axial-

vector commutator {AZ’ A};:‘ differ59 from that which occurs in the vector

commutator [VZ, Vk ] .

b

The commutator of the time component of the axial current with the meson

field operator reproduces the structure of the chiral field alteration Eq. (21).

[120, @,0)] g = - 8 Fo@D 10 @ (35)

The special canonical frame that we have used simplifies this commutator, for
in general it also contains terms involving . P and is not an isotopic spin scalar.

This simplicity is reflected in the algebraic closurelo
0 1 2 .
[8960, F0 0"y = 1 TN 0,09 (36)

If we require that the chiral symmetry is broken in a manner that makes
the divergence of the axial current proportional to the pion field, and if we also
require that the commutators of the axial charge with the meson field close in the
sense illustrated above, then our model remains unique. We obtain this strict
PCAC if we add to our Lagrange function
L= EE c (cbz), (37)

B f?“

for then the chiral variation of the complete Lagrange function is

2

() N u
5L+ L L) = -l g6 v F 0, by,
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and the principle of stationary action gives

2
u _ u
au Aa = ® . (38)

f a
The expansion of the symmetry breaking Lagrangian (37) in powers of

the meson field gives a meson mass term and multiple meson scattering terms

""EB = const. ——;— 2 ¢a¢a —'—é— f2 (d)aqlga)z Faee (39)
The lowest order meson~-meson scattering term which occurs here, together with
that contained in the chiral symmetric meson Lagrangian (25), yields
immediately the current algebra result of Weinbergll for pion scattering
lengths. These differ from the scattering lengths computed by Schwinger2
using an effective Lagrangian method. This discrepancy arises because the
axial current-meson field commutator in Schwinger's model is not an isotopic
spin scalar, and hence the model does not possess the commutator closure
illustrated in Eqs. (35) and (36). A canonical transformation can be performed
on this model so that the commutator closure is obtained, but then the PCAC condition

is destroyed.
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APPENDIX

We shall outline here a method which does not employ the special canonical
frame used in the test. It may prove useful for the extension of the theory to
larger chiral symmetry groups. This general treatment requires first a
discussion of the properties of the matrix U that occurs in the nucleon Lagrange
function (4).

The matrix U(iZ -¢) is not only unitary

uaz-¢) = UCiTg) = UGTe) T, a.1)
but also unimodular

det UGT-¢) = 1. (A.2)

The latter is easily established by noting that the determinant is invariant under
isotopic spin rotations, so that gba may be taken to be non-vanishing only for a =2

where

det U(iT,dy) = det U(i'rzsbz)T = det U-iT, %)

[det U(i'r2<7>2)} .

which, with U(0) = 1 and continuity in ¢, implies the unimodularity. If we write,

to first order,

U [iZ' (isusg)] = [1 +1 6h(¢)] UaT-¢)

then the unitarity condition (A.1l) requires that ¢h is Hermitian, while the first

order formula

det [1 i 6h(¢)] = 1+itr 8h(®)
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and the determinantal constraint (A.2) requires that §h has a vanishing trace.

Hence12

9 ey = -
55, Uz @) = 1 dy (@) Ty UET'P) .

Since the derivative operation is eommutative,

and
[Ta’ Tb] =2 €abec Tc’
the derivative function dab(qS) must satisfy the integrability condition

(6] (o) _
é—d’—a 4, (@) - 5&; d, (@) = -2 d @) 4 @) €gec -

Combined infinitesimal isotopic spin rotations of the meson field (22a,b)
the nucleon field (2) leave the unitary matrix invariant,
-5 Tow _ 3 Ibw
U(iz'f) = e Uiz f )e ,

and imply that

A

% [U(i’t.f)’ Ta:, B eabcqbb dcd@) Tq UﬁZ‘f) :

If we use these results to express

o

UGiT

2‘&1

= d, (@ iT, UGT'$)

o
ot
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(A.5)
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in terms of the field ¢, we learn that the derivative matrix is an isotopic spin

invariant in the sense that
€ bime d @) = € _ (@) +e,  d (@) @.7)
cde’d agbe ab acd db bed "ad ’ '
We are now in a positidn to determine the nature of the meson field response
- 4 (C) _
|- E

to the infinitesimal version of the chiral transformation defined by Eq. (15). We

have

© , 9 . i
0 g:5{:1_ agﬁa U(lz ,(E) -7 2

) (A.9)

and, employing (A.3) and (A.6), secure

C
5( ) ®a dab(¢) =-0V) - 0y €499 dep(@) »
or

), _ -1 "
6 Py 6Vb [dba () €bea (’bc] ) (A.10)

The structure of this transformation law can be clarified considerably. To
this end, we multiply the isotopic spin invariance statement (A.7) and the

integrability condition (A.4) by appropriate numbers of the inverse derivative
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matrix d—l(c,é) to get

o -1 -1, -1
€cde¢d8—$— dp @ = €04 Ay (@) + €4 d 4@, (A.11)
e
and
-1 0 -1 -1 o -1 _ -1
d,q(#) 5oy d @) -4 @ 5¢; d (@) =2 €,;,d;,.@ - (A.12)

The isotopic spin invariance (A.11) implies that d_l(qb) may be expanded as

1) = 5, AlGDY + B8y BED + € 6, CO) (A.13)

while the integrability condition (A.12) requires that the scalar coefficients

satisfy
[A+¢2 B] [c-1]= 0, (A.142)
B[C—l]—[AﬂL(]ﬁzB} f—2~0=o, (A. 14b)
(P
AB+CZ—ZC—2[A+¢2B] E‘;igA =0 . (A.14c)

These equations possess a solution only if C=1, or C=2 with A=B=0.
The latter case must be excluded, for it.gives a singular matrix d—1 ().

Hence C=1 and

59, = - su A - ¢, by BE) (4.15)
with
2 [A(¢2)+¢2B<¢2)] ES?A<¢2> = AP B(@D) - 1 . (A.16)
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We turn now to the construction of a first order meson Lagrange function.

Since

C o -
6( )ay(f) ~0v [ag‘) dbi ©) - 6bca} au ch ’ (8.17)

the kinematical term Trél aﬂ qf)a that occurs in this function will be invariant if the

conjugate field ng obeys the chiral transformation law
C o -1
6( )ng = +6Vb [é‘g— dbC(d)) - ebéa] 7Té‘l . (A.18)
a

One can verify, with the aid of the integrability condition (A.12), that the

quadratic structure

u
Nob 2 Tub
with
N (@) = d. @) dp @ (A.19)
ab ca P cb )
a symmetrical, positive-definite matrix, is a chiral invariant. Accordingly,
using a conventional normalization of the field strengths, the chiral invariant

e 13
meson Lagrangian is given by

JZ,”— -7 5/1"” + = 7ra N (@) - (A.20)

The vector and axial vector current operators are identified by the response
Eq. (28) of the complete Lagrange function to isotopic spin rotations and chiral
transformations whose infinitesimal parameters are extended to space-time

functions. We find

vE= Gy r - alle, . @ . (A.21)
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/1 = e /—1 i ..]; - -1 u - ALl
AL Yy YR i v oo p-dy @) Ty~ €hac ¢C . (A.22)

In order to verify that the time components of these operators indeed generate
a spatially local group of chiral SU(2) ® SU({2) transformations, we couple

the currents to external, classical gauge fields Bg and Wél :

=L+ +af B+ VW . (A.23)
N T Ta

ua a ua

It is a simple matter to verify that under an isotopic spin rotation

5P A= e sw Al (A.242)
&0 VE = - e sw vE (A. 24b)

A moderately lengthly calculation that makes use of (A.11) and (A.12) gives the

chiral transformation properties

(C) J\# _ _ u
6 Ay €be % Voo (A.253)
£ vE= e aw, At (A. 25b)

Hence
8L =~V 8,80, - 245, sy,

- u - 4

B,ua Ac €abe dwb Bua Vc eabc ‘wb
- H

W,uavc Gaboéw Wua c €abe 6vb ?
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and the principle of stationary action gives the divergence conditions

u

/1 = - A u._
o Va 6abc W,Ub Vc 6abc Bﬂb Ac ’

e. B . VH,

o _ H_
a/.lAa €abe W,ub Ac abc “Ub "¢

These divergence conditions imply14

il

ey, Vo) §@r),

[V§<x>, V§(x’>] o

. - |
VZM Ay & i = 1 €gpg Ag x) 6@-x'),

-

ft

RS 0, 1] . 0
A, &), A (x )J i=t! -~ Y €ape V&) ¢ r-r'),

the local chiral SU@R)®SU(2) commutation relations.
The commutator of the time component of the axial current with the meson

field reproduces the chiral meson field transformation,
A%, () |y =~ 1AL (@) ve b b
a™’? 'pb¥ t=t! ab bac’e ~ o~
== 15 A@H+ oo B@H | sz
ab a b ity ~ 7

It is not difficult to show that the validity of the Jacobi identity applied to

(A.26a)

(A.26b)

(A.27a)

(A.27h)

(A.27c)

(A.28)

EL\Z, [Ag, G,ﬁc :|:| is equivalent to the constraint (A.16). This double commutator

is generally a complex structure involving various isotopic spin values. However,

if we require that B = 0, the axial vector-meson field commutator is an isotopic
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scalar, and the double commutator closes back to the meson field. With B =0

the constraint (A.16) requires that

1/2
A(qsz) = %— [1 - fchz ] = :fl- 0(¢2) ’

and we recover precisely the special canonical frame used in the text. This is
made explicit if we use (A.3) to construct the unitary matrix U. We may

"integrate along a straight line" using

O yuren

oA i by dgp (PN Ty, VET'EA)

i

ApN T iT @ UGT-¢A)

to obtain immediately

1/2
Ut -¢) = [1 —f2¢2] + i I'f,f
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