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DETERMINATION OF THE QUALITY OF MULTIPOLE MAGNETS

Introduction

The techmques for analyzing the quality of multipole fields by spectroscopy have
prevxously been described. It has been shown that one can use the results to express the
vector magnetic induction of a multipole magnet in closed analytical form. As a practical
matter, as the techniques for fabrication of multipole magnets have been improved with
the inclusion of hyperbolic pole shapes, one must more than ever consider the quality of
the multipole as a whole, taking into consideration the perturbation from the ideal field
caused by end effects of the element. This quantity is the linearity of the gradient field
integrated over the length of the element. In general, the deviation of the gradient over
the length can be considerably different than the deviation at one longitudinal position.
This condition is caused by the vector sum of the higher harmonics, and by differences
in phase along the longitudinal axis which changes the magnitude and phase of each inte-
grated harmonic.

We have analyzed a great number of multipole magnets and have developed methods
of final representation that give in functional form

+00 +00
f 5B1§Z = f(r,9) and jf '6GGdZ = g(r, ) for the elements,
“o0 o

where 6B = B - Gyr and G, is the gradient at the center. We have written a computer
program that uses as input data the directly read harmonic amplitudes at many discrete
longitudinal positions and then computes the total integrated perturbation at various posi-
tions across the aperture. Output from the computer is in the form of tables and graphs
of the above functions which allow easy analysis of quality and can be used in beam trans-
port calculations directly.

Mathematical Basis

Using the results of multipole spectroscopy it has been shown that the vector mag-
netic induction may be expressed in closed analytical form as:

c0 k_
- 3—* T mn n-1_. , _
Br - THs / 2 : Ymn <k22 (2 K22)> r sin (n6 amn)

n=2 ms=

n-1
mn< 22 (2K22)> r cos (ng - amn)

n=2 m=2
where
) _ {1 for n=m, n=3m, n=bn, n=Tm, ... etc.
mi 0 for all other n
kmn = voltage amplitude for harmonic mn
@ = orientation angle for harmonic mn

J K. Cobb and R. Cole, Proceedings of the International Sym
posium on
Magnet Technology, 1965 p. 431.



For the coordinate systems used, refer to Fig. 1.

One usually expresses the quality of a quadrupole lens graphically as the deviations
of field B and gradient G in the following manner: For 6 =0, 7/2, m, 3n/2,
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o 0
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Also for 0 = w/4, 3w/4, 5w/4, Tn/4
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Since along 6 =0 we are interested in the Y component of fields and gradients ,
then B., is the expression for B.,, when 6 =0. So
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Now GX = "g‘)‘( so similar treatment yields
Gy -G X Xk
6G X 0 Z Z mn -2
oG] - & 9 = R o1y XP7% cos (a ) (2)
S |o=0 % loo T T e mn

On the axis 8 =7/2
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For the minor axes where 6 =7/4 and 37/4 we are interested in the Br com-
ponent and we can derive
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In this analysis we have not considered the r component of field at 6 =0 and
6 =7/2, nor have we considered the 6 componentat § =7/4 and 6 =37n/4.

Experimental Technique

Ideally, using a long coil that extends completely through the magnet one could
measure directly the integral of the field and gradient deviations by measuring the com-
ponents kmn/k22 and .

Another possibility is to use a coil of small longitudinal extent and measure the com-

ponents km /k,., and @ at a great number of longitudinal positions. By making a
numerical nlftegration one may form the quantities :
) 00
6B 6G
f 5 dz and f T dz
-0 -0



at least along the major and minor axes. For our work we prefer to use a coil of small
longitudinal extent, typically 1.0 inches but with as large radius of rotation as is possible.
in the quadrupole to be tested. The large radius allows us to have maximum sensitivity
for the harmonics which we pick up. Figure 2 shows the coil shape that is used in the
analysis. As the coil is rotated in the magnet the voltage induced in the coil is fed into an
audio -frequency wave analyzer and the absolute amplitude of each harmonic as well as the
fundamental (quadrupole induced) is recorded for that longitudinal position. The output
from the wave analyzer is fed into an oscilloscope where the phase angle of the particular
harmonic is found by measurement of its time-distance from the quadrupole fundamental
sinusoidal wave form.* Since the quadrupole fundamental sinusoidal wave form goes
through two complete cycles per coil bundle revolution, a magnetic pulse trigger is simul-
taneously fed into the oscilloscope which triggers the oscilloscope once each coil revolu-

tion. Thus for each longitudinal position z the amplitudes k and k22 and the phase
angle @ are measured. mn

Computer Iandling of Data

To find the integrated values of k and o , an iteration through the individual
points is made which resembles the trgbzmdal rule:

Let
AX = Area in Xz plane

and
AY = Area in Yz plane

Sum. = ith iteration of the area
9i = ith iteration of the angle
1 N .
AY = kmnism amni(ziﬂ" Z l)/2 + Sumi_1 sin 91_1
1
AY = kmnicos oemni(zi+1 ~zi_1)/2 + Sumi__:.1 cos 91_1
Sumi = \./AY2 + A)g
- AY
ei Arc Tan AX

This process is repeated for each at the harmonics. From these integrated harmonics
+00
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are calculated for 0 and w/2 at various points across the aperture. Similarly for

+00 +00
_[ 6B, f 5G

— dz and L dz
-00 Br ~00 G}O

at /4 and 3n/4. These values are then plotted for final representation. Figures 5-11
show a typical computer output.

This technique of analysis can also be used for multipoles other than quadrupolesand
we have analyzed sextupoles in an altogether analogous manner at this laboratory. The
emphasis has been placed on analysis of quadrupoles for the simple reason that the
quadrupole is by far the most often used multipole configuration.

*See Figs. 3and 4 .
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FIG. 1--Coordinate system FIG. 2--Schematic of coil
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FIG. 3--Block diagram of harmonic analyzer system FIG. 4--Oscillograph of two superposed sinusoidal waves
(Quadrupole and Decapole)



9-2C1 QUANAUPCLE INTEGRATED HARMOwIC ANALYSIS NATE 12171987

FULL MAGNET
APERTURE AACIUS = 5,500
' COIL RaCJUS = 5.00C
CLURRENT = 1000.00
THE DATA PRINTS ARE

CIn MILLTIVOLTS)

POLE 2 3 a8 5 s 7 ) Q 10 14
z

0.6 2850%0 0,00 0.00 2.50®-000  2,50%.000  0,R0%+000 0,a08409C  0,40%=090  1,30P+180 1,50P+18¢
10,0 285090 2,00 0.00 2,50%"090 2,50¢.000 0,808,000 0,4n®,090 0,a0%=090 1,40¢¢180 1,50€4+180
14,0 285080 0,00 0,00 2.508-000 2,608.00C 0,80F+000 0,804,090 0,408=090 1,4004180 1.,50Ps180
18.0 29008p .50 0.02 2.90%=09p  2,00%+000 0.40P4000  0,a084090  0,.60%-090 1.30%+180 1,50F+180
22.0 2993130 0,n0 0.00 2.80®~09n 1,80%.000 0,7004000 0,40P4090 0,50"=090 1.5084+180 1.508+180
26,0 29000 0,00 0,00 2,60%=090 1,80%,000 0,7004300 0,8004090 0,502=090 1.0004180 1.%00+180
29,0 2900en 0,00 0,00 2,60%=00n  1,508.000 0,50P+000  0,40P.090  0,a08=090 {,3004180 nestap

31,0 287080 0,00 6,00 2,50€-090  2,70¥4000 - 0,50P¢000 €, 30R4090  0,308-09C  1,10¢+180 abaBe
32.0 2864080 Q.00 0.00 2.50P=090 9.108+1R0 0,6004000 0,3nPs090 0,308-090 0,708+180 1.80P+180
33,0 2819a0 c,20 0,00 2.20¥-090 22,0nP+1R0 0.70¥+000 0,400,090 0,a08=000 2,0022000 1.6004180
33,5 279040 v,00 0.00 2.308-090 26,508+180 0,500+000 0,4004090 0,408=090 4,300+000 2,20041580
34,0 27apmn 0,c0 0,00 2.50¥=090 25,5nP41R0 9.,3004000 0,50840%0 0,30#=090 5,0004000 2.3084180
34,5 268790 0,00 0,00 2,80¥-000 18,008,180 0,a0P4000 0,5084090 0,00 3.5004000 1,908+180
35.0 26000 0,90 0.00 2.70%-090 11.008+1B0  0,40f+000  0,502+090 0,00 2,40°4000  1.70P+180
35.5 2530%0  6,00¥-045 0,00 2,50%-090  4,00?4180 0,00 0,600,000 0,509-090  2,3004000 1,708+180
36,0 2ubnap 7.00¢=065 000 2.40%~090 1,Ank+1A0 0.00 0.60P+0C0 0,00 2.80%+000 1.80P+180
36,5 2390820 7.500=045 0,00 2,40%-09¢ 1.,80¥=090 0,00 0,708,000 0,508=090 3,800+000 1.,90P+180
37,0 2299e0 a8,00¥-065 0.00 2,408=090 1,70#-090 9,00 0,7084000 0,608=090 5,1004000 1,900418b
37,5 219990 9.00¥-045 0,00 2.500-090 1,7n#-090 0,300-000 0,70¥40C0 0,808=-090 4.508+000 2,000+180

38,0 202090 10,008+0a5  1,2044000  2,50€-09n  3,80P.000 0,300-090  0,70¥.000 0,a08=090 7,40#4000 2,10P«180
3.5 190120 11,512¥=085 1,3384090  2.50¢-0%3 11,50%+200 0.90P+180 0,70¥+000 0,408~0%0  7,00P+000 2,10P+180
39,0 1B00R0  12,00¥-045 1,400,000 2,80043180 22,008,000 0,8004135 0,906,000 0,307,000 $,5004000 1,708+180
39,5 16500 13,00¥.049 1.50€,0n0 2.20P.180 32 00¥,000 1,008 4135 0,90¢,000 0,30%+000 4,60€4000 1,70604180
40,0 150080 14, ,N0%-0a5 1.60P,0n0 2,40¢,580 40,009,000 0,R0P,4135 1,00€,000 0,408,000 3,60P 4000 1,80P4180
20,5  1300%0 14,07€-0a5 2,308,900  2,70F,3180 464,00P,000  1,310P4335 1,100,000 0,90P+000  2,70P4000 1,100+180
al.0 118980 14.00¢=035 2+20P+0n0 2.209+180 42,00P+000 D.80Fe135 1.20P4000 0.a0P¢000 1.8004000 1.008+180
41,5 105080 14 00¥=08s 2,400,000 1,700,180 37 ,00%.400 1.1004135 1,308,0C0 0,40"4000 0,80#.000 1,0084+180
42,0 89nm0  13,50¥.045 2.40F 4000 1,00%4180 29,00¥,000 1,20P4335 1,308,0C0 0,408 +000 0,60R+180 1,2004188

42,5 77080  12,50¥=9%a5 2,400,000 0,40%.180 20 ,50F 000 1,400 4135 1,200,000 0,00 1,4084+180 1.30P+180
43,0 65080 11,50"-085 1,808,000 0,00 12,008,000 1.,20P4135 1,00€,000 0,309~045% 1.7084+180 1,008+180
43.5 550P0 10.50%~045 14508 +000 0.00 6.70P4+000 1,0084935 0,B0F40C0 0,308=045 1404180 0.508+180
a6, FLOLI 9,509-0a% 1,2080.0n0 0,00 3,008,000 D,60¥+;135 0,508,00C 0,208=045 0,909+180 0.500+180
44,5 38000 8,208-045 1.008+0n0 2,20w+090 1,208,000 0.308+135 0,2084+0C0 0,20m=085 0.40€+180 0,408+180
45,0 30080 7,00P=035 0,908,000 0,30P=090 0,300,000 0,00 a 00 0,00 0,500+180 0,208¢180
45,% 2500  6,108-045  0,80%4000 0,00 0,00 0,00 0,00 0,00 0.00 €,00
26,0 190%0  5,20%=045  0.80%+0n0  0.00 0,00 0.00 0.00 0,00 0.00 6.00
46,5 14080 4,n0®%=nas5 0,908 enn0 0,00 0,20Ps000 0,00 0,00 .00 0.00 0,00
a7.o 1ogeo 3.00®-0a5 Q400 0.00 .00 0.c0 0.00 0.00 0.00 0,00
a7.s apdn  2,50P=ps5 0,00 0,00 0,00 0,00 0,00 0.00 0,00 0,00
a8.C 5690 1.80%=035 Q.00 0.00 0.00 0,00 ,00 0,00 0.00 0,00
48.5 39e0 0,00 0,00 0.00 0.00 0.00 0,00 0,00 0.00 0,00

FIG. 5--Input data

G=201 QLADRUPCLE IRTEGRATED HARMOMIC ANALYSIS DATL 121-1967
THE NATA POINTS ARE
(NPRMALIZED TN APERTURE RADIUS)

(1N PERCENT)

POLE 2 3 Ll 5 6 7 8 9 10 14
z

0.0 10cR0 V.00 000 0.12¥-000 0,13%+000 0.05®000 0,07P+080 0.03f=090 RS RLXSY.I+] 0.17¢¢180
10,C 10080 0,00 0.00 0.12¥-090  0.13¥+000  0,05¥4+000  0,02%409C 0,11°+180  0,17%+130
14,0 16080 0.00 0,00 0.12¢-090 0,13F+000 0.0584000 0,02P4090 0.119+180 0,1784180
18,6 10066 0,00 0,00 0,13¥=09c  0,10P,000  0,03fecCO  0,0204090 0,1004+180 0,169+188
22.0 1C0AG 0.00 G060 0,13¥=09n 0,06¥+G00 0,0884000 0,0204090 0,112+180 0.,16R+180
26.¢  100%0 0,00 0.c0 0.12¥=090  0,09#+000  0,04P+00C  0,04P+090 0.108+1R0  0,16%+180
29,0 10080 0,00 n,on 0.12¢=0096 0,0R¢+C00 0,03%+000 a,028s+09C 0,1084+180 0.158+1A0
31,0 100a0 0,00 0.n0 0.128=0%0 0,148+000 0.038+000 0,020409¢C 0,0894+180 0.150+180
32,0 10ceQ 0,00 0,00 0,32¥=090 0,87%4+180 0,0384000 0,02%,090C 0,056+180 0.15P+180
33,0 10Gm0 0,00 0.0C 0,10¥=000 1,157+180 0,0aPs000 0,03P4090 0.15%+000 0.188+180
33,5 100%0 0,00 e,0c 0.11F=09¢  1,39€+3180  0,03Pec0n  0,030409C 6,3384000  0,25P+180
3a,C 1Cue0 (19 €.00 G,12¢-00%C 1,3684+180 0,02P4+C00 0,039,090 c,020=000 0,39924000 0.26P+180
34,5 100°0 0.0C 0.rC 0.18¥=00q 0,58¢+180 6.02¢4000 0.03#4+090 0.60 0.28P+000 0,228+180
35.0 10080 ¢,06 n,co 0,16€=000  0,62P4180  ©,020.000 0,03%.09C 0,00 0.20%4000  ©,21P+180
35,5 10090 0,26%-085 o.00 0,13¢=C90 0,23%4180 0,00 0,0aP400C 0,048=-000 0.1ve+000 0,219+180
36,0 100#0 0,31P~005 0,00 0,13%-090  0,11¥+180 0,00 0,088,000 0,00 0.24P+000  0,23°+180
36,5 10CG 0,39%-045% 0.00 0.13%~050 0,11%=0%0 n,po 0,05¥4000 0,0a9-090 0,3aR4000 0,25+ 180
37.0 19080 0.36¥-04S 0.00 Q.1 uP=06n 0.11¢=090 n.e 0,05%+000 0.C3H 0,4884000 0,24B¢180
37,5 10080 0.,857-04S 0.00 0,158+090 0,11¢=000 n,028=090 0,06%4000 0,040=090 0,64P4C00 0,290+180

38,.C 10680 0,54%-0as 0.07¢s0n0C 0,16¥=09n 0,260,000 0,02P=COn 0,06%4000 0,CaP=090 0,7984000 0,33P+180
38.5 10080  0,47"=Ga5  0.CRP.0A0  0,18¥=080  0,80F.000 A 08B41R0 0,078,000  0,C4®=090  0,7994000  0,35R+180
39.0 10000  0.73%-0ab  0.C9¥+0n0  0,21¥+180  1,700.000  0,07P+135  0,099400C  0,0304000  0,659+4000  0,308+180
39.5 1o0e0 0.A7¥=04S 0.118+000 0.18¥+18C 2.84%+000 0.108s335 0,10¥«000 0,0u@¢000 0.609+000 0.320+180
20,0 10080  1,038<0a5 0,1384000 0.21F+1R0 3,908,000 0,09f+13S  ©0,12F.000 0,0594000 0,512+000 0,29%¢180
40,5 1000 1,188=045 0.198+000 0,288¢180 a,9A8.000 0,1884135 0,158+4000 0,0604000 0,65¢#4000 0,279+180
41,6 10080 1.,31%=045 ©0,23P+000  0,25K¢18n  5,71R4000  0,31%¢135  0,17F.000 0,070+000 0,332,000 0,27+180
41.5 10080 I TAET TS 0.,2604+0n0 0,22¢4+18n 9,16%4C00 7.17P4135 0,22%4000 0,0794000 0,14P+000 0.30®+180
42,0 10080 1.67¢-0a5 0.3304000 0,1584180 a,770+00C  0,22F+125 C.26P+40CC  N,092e000  0.142+180 0.820+18C

42,5 1000 1.798=04% 0.3804000 0.07P41kr 3,9084000 0.29%4135 0,28f+000 0,00 0,390 4180 0.538+188
a3.0 1oc%0 1.95¢=045% £.34Pa0N0 0.00 2.70Ps0C0 N.30€+135 n,27¢snco 0.090=045 0,56@+180. 0,aRR+188
43,5 10020  2.10¥-0aS  0.33Ps0el 0,00 1,78840M0  0,2994135  ©,268400C  0,11%~C045  0,55f«180  0,29%+1RC
44,0 10CRO 2,77%-085  0,328400C 0,00 0,45€4000  0,21€+135  0,198+0C0 0,088=045  0,4264180  0,3484180
44,5 10040 2,378=0u5 28s0n0 V.07F=08%n 0,308,000 0.13f+4135 0,099,0C0 n,10R=00% 0,23R+140 0,3384188
495,C 10000 2,57¢-0u4% 6840n0 C,13%=090 0,15%+00C ©,00 o.co 0.c0 0.35%4+180 C,2104+180
8545 fonRo 2,a84-005 9P +0n0 .00 0,00 0.n0 0,00 0,02 0.00 0,00
26,0 100%0 1.01¥=0a% G.51Pe0nC .00 0,60 0,00 0,00 0,00 0,00 0,00
46,5 10080  3,14¥-045  0,78¢40n0 0,00 0,21F.000 0,00 0,00 0,00 0.00 0,00
47.C 10ce0 3,30¥-04% 0.0¢C €.00 o,ar 0,00 0,00 0,00 a,00 0,00
a7,5 100R0  3,30f-045 0.00 0,00 0,00 0,00 0,00 0,60 0,00 0,00
48,¢  100BD  3.Se¥=pas  0.0C 0.00 0,00 Q.00 0,00 0,00 0.00 0,00
48,5 10080 C,c0 0.0 O.ut 0,00 0.00 g,00 0,00 0.00 0,00

THE INTFGRATED vALyES ARE
CIN MILLIVOLTS)
25a#0 2R4,5YRa085  36,34R40N0 20U ,56€~094 493 ,53IP-001 71 R26,011 A5 328,069 7],538-084 54,230+180 460,8R8+180
{IN PERCENT)
10080 0.,11%=005 0,01P+0n0 0,128~09a 0,19f=001 0.038401% 0,030,405y 0,63%-084a 0,0204+180 0.18P+180

786A2
FIG. 6--Data points normalized to aperture radius and length integrated values



@=201 QUADRUPOLE

R
=6,0500
=5,7750
=5.5000
~5,2250
9500
~4,6750
-4,4000
=4.1250

THETA =
DELTAB/B
0.00459
0,00211
0.00083
<0,00022
-0,00002
=0,00008
~0,00006
=0.00001
0.00008
0.,00008
0,00011
0,00012
0.00012
0,00011
0.00010
0,00008
0,00006
0.00005
0,00003
0,90002
0,00001
0,00000
0.00000
©,50000
0.00001
0,00002
0,00003
0,00005
¢,00008
0.00011%
0,00015
0,00021
0,00028
0,00036
0.00047
0,00060
0,00078
0,00095
0,001186
0,00136
0,00151
0.00151
0,00119
0,0002%
“0.00133

0 NEGREES
OE  TAG/6
~0,0862n
=0,03547
=0.01763
-0,0077a
«0,00257
-0,00014

0,0008e
0.,00107
0,00095
0,00065
0,00034
0,0001y
«0,0000¢9
-0,00025
-0,0003)
=0,0003%
=0,0003g
=0,00033
=-0,00028
-0,00025
=0,0001%
-0,00008
0.0000n
0,0000a
0.00014
0,00025
0.006035
0,00024
0,00059
0,00075
0,90095
5,00120
0,0015,
0,0019,
0.00238
80,0029
0,003a0
0,00399
90,0042
0,00377
0,0019%
~0.,0024a
-0,01138
02807
-0,0575n

INTEGRATED HARMONIC ANALYSIS

THE CALCULATED POINTS ARE

THETA =
DELTAB/®

“0.00020
06,0002z
0,00035
0,0003q
0.00028
0.0002¢
0.000%4
0,00009
0.0000s
0.,00003
0.00001
0,00000
0.00000
0,00000
0.00000
0.00000
0.00000
@.00000
0,00000
0,00000
0.00000
0,00000
0.00000
0,00000
0.,00000
0,00000

=0,00001

=0.00002
=0,000084
~0,00007

-0,0001y

-0,00018

=0.00028

-0,00038

30,00053

-0,00072

-0,00095

=0.001t9
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FIG. 7--Calculated points of integrated field and gradient deviations
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