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DETERMINATION OF THE QUALITY OF MULTIPOLE MAGNETS 

Introduction 

The techniques for analyzin, 0‘ the quality of multipole fields by spectroscopy have 
previously1 been described. It has been shown that one can use the results to express the 
vector magnetic induction of a multipole magnet in closed analytical form. As a practical 
matter, as the techniques for fabrication of multipole magnets have been improved with 
the inclusion of hyperbolic pole shapes, one must more than ever consider the quality of 
the multipole as a whole, taking into consideration the perturbation from the ideal field 
caused by end effects of the element. This quantity is the linearity of the gradient field 
integrated over the length of the element. In general, the deviation of the gradient over 
the length can bo considerably difforcnt than the deviation ,zt ono longitudinal position. 
This condition is caused by the vector sum of the higher harmonics, and by differences 
in phase along the longitudinal axis which changes the magnitude and phase of each inte- 
grated harmonic. 

We have analyzed a great number of multipole magnets and have developed methods 
of final representation that give in functional form 

+CO 

___ = f(r, 0) 6GdZ .- = g(r, 0) G 
for the elements, 

-Go 0 

where 6B = B - G,r and Go is the gradient at the center. We have written a computer 
program that uses as input data the directly read harmonic amplitudes at many discrete 
longitudinal positions and then computes the total integrated perturbation at various posi- 
tions across the aperture. Output from the computer is in the form of tables and graphs 
of the above functions which allow easy analysis of quality and can be used in beam trans- 
port calculations directly. 

Mathematical Basis 

Using the results of multipole spectroscopy it has been shown that the vector mag- 
netic induction may be expressed in closed analytical form as: 

Br = 

B6 
= -bg 2 

n=2 m=2 
vm(& (2K22)) rn-lcos(nB -o!,,) 

where 

i 

1 
v = for n=m, n=3m, n=5n, n=7m, . . . etc. 

mn 0 for all other n 

k mn 
= voltage amplitude for harmonic mn 

Q mn = orientation angle for harmonic mn 

‘J. K. Cobb and R. Cole, Proceedings of the International Symposium on 
Magnet Technology, 19651 p. 431. 
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For the coordinate systems used, refer to Fig. 1. 

One usually expresses the quality of a quadrupole lens graphically as the deviations 
of field B and gradient G in the following manner: For B = 0, 7~/2, 7r, 3n/2 , 

BY -’ GoX 

GOx 
= fotx) ; 

BX - GoY 
G y = g,tY, for field deviations 

0 

and 

Gx-Go = f tx)‘. GY - Go 

GO 
1' 

GO 
= g,(Y) for gradient deviations 

Also for 0 = 7r/4, 3V/4, W4, 7d4. 

B B 
X 

- G,” 
= ho(x) ; 

- G,Y 

GOx 
--+ = jotY) 

0 

and 

Gx - Go 
G -G 

GO 
= hltx) ; y- = j,(Y) . 

0 

Since along 8 = 0 we are interested in the Y component of fields and gradients , 
then B,, is the expression for B., when 6 = 0. So 

1 

2 2 v v (2 (2K22)) X=lcost~mn) BY =-pon3m=2 mn 

aBY 
GX= ax =- I-1, g g2 Vrnll (& Pii,,))(” - wn4 COSPrnn~ 

at x=0 

Go =-2~, v22 K22 

Then 

6B 

I 

BY 
- G,X 

Be-= GoX 8=o= 

-I-1, g&4 &P~22~~-1cos@mn~ ~~~~~~~~~~~ 

-2p0V22K22X 

x”-2 cos t Qlmn) 

= 2 2 2 xnm2 COS(C~~,) 2; ~~~;ed values 
3 3 

(1) 
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hBY 
Now Gx = ax so similar treatment yields 

6G 
G 

I e=o= 

On the axis 0 = r/2 

6B 
- GoX 00 k 

mn 
B I 

,BX 

e=lr/2 Gox 
=h - 

k22 
F2 

,e=r/2 3 3 
cos (n r/2 - arnn) 

6G 
G 

GY - Go = 
e q/2 GO 

00 05 kmn 

=cc - 
e T/2 3 3 k22 

(n - 1) Yn-2 cos (n7r/2 - Qnm) 

(2) 

(3) 

For the minor axes where 8 = n/4 and 3 7r/4 we are interested in the Br com- 
ponent and we can derive 

6i3 
% I 

BX 
- Go” O” kmn n 2 

\e -7/4 
= Go” c - x - sin (n7r/4 - arnn) 

d k22 

6G =Gx-Go 
G 6 =-T/4 GO 

and 

6B 
B - Gay 

B 6 =&T/4= Gay 

6G 
G 8 =3~/4 

= GY ; Go 

0 

e=ir/4 
= 2 2 kmn (n - 1) xnm2 sin (n 7r/4 - ‘Y-) 

3 3 k22 

(5) 

(6) 

= 2 9 Lrnn (n - 1) ynB2 sin (n 37~/4 - 

e =3d4 22 

arnn) (8) 

3 3 

In this analysis we have not considered the r component of field at B = 0 and 
0 = 7r/2, nor have we considered the 6 component at 8 = n/4 and 8 = 37r/4. 

Experimental Technique 

Ideally, using a long coil that extends completely through the magnet one could 
measure directly the integral of the field and gradient deviations by measuring the com- 
ponents k,n/k22 and omn. 

Another possibility is to use a coil of small longitudinal extent and measure the com- 
ponents krnnjkp2 and arnn at a great number of longitudinal positions. By making a 
numerical m -egration one may form the quantities 

J 00 00 
6B 
B dz and s 2 dz 

v-00 -W 
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at least along the major and minor axes. For our work we prefer to use a coil of small 
longitudinal extent, typically 1.0 inches but with as large radius of rotation as is possible. 
in the quadrupole to be tested. The large radius allows us to have maximum sensitivity 
for the harmonics which we pick up. Figure 2 shows the coil shape that is used in the 
analysis. As the coil is rotated in the magnet the voltage induced in the coil is fed into an 
audio-frequency wave analyzer and the absolute amplitude of each harmonic as well as the 
fundamental (quadrupole induced) is recorded for that longitudinal position. The output 
from the wave analyzer is fed into an oscilloscope where the phase angle of the particular 
harmonic is found by measurement of its time-distance from the quadrupole fundamental 
sinusoidal wave form.* Since the quadrupole fundamental sinusoidal wave form goes 
through two complete cycles per coil bundle revolution, a magnetic pulse trigger is simul- 
taneously fed into the oscilloscope which triggers the oscilloscope once each coil revolu- 
tion. Thus for each longitudinal position z the amplitudes kmn and k22 and the phase 
angle ok are measured. 

mn 

Computer IInndling of Data 

To find the integrated values of k and Q! 
points is made which resembles the tr&!%oidal ru%?’ 

an iteration through the individual 

Let 

and 

AX = Area in Xz plane 

AY = Area in Yz plane 

Sum. = i th iteration of the area 
1 

6 
. th 

i =1 iteration of the angle 

AY = klmn sin ornn (z. 
i i 1+1 - zie1)/2 + Sumi 1 sin Bi 1 

AY = kmncos arnn (z~+~ - zAiD1)/2 + Sumi-: cos ei 1 
i i 

Sumi = JZ%Z 

‘i 
AY = Arc Tan xX 

This process is repeated for each at the harmonics. From these integrated harmonics 
+oO +oO 

1 
6Be - dz 
Be 

and J 
6Ge - dz 

-00 -Co GO 

are calculated for 0 and 77/Z at various points across the aperture. Similarly for 
t-00 +oO 

6B 
2 dz 
Br 

and / 
“Gr - dz 

-a0 Go 

at r;/4 and 37r/4. These values are then plotted for final representation. Figures 5-11 
show a typical computer output. 

This technique of analysis can also be used for multipoles other than quadrupoles and 
we have analyzed sextupoles in an altogether analogous manner at this laboratory. The 
emphasis has been placed on analysis of quadrupoles for the simple reason that the 
quadrupole is by far the most often used multipole configuration. 

*See Figs. 3 and 4 . 
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FIG. l--Coordinate system FIG. 2--Schematic of coil 

FIG. S--Block diagram of harmonic analyzer system FIG. 4--0scillograph of two superposed sinusoidal waves 
(Quadrupole and Decapole) 
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FIG. 5--Input data 
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FIG. 7--Calculated points of integrated field and gradient deviations 
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