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ABSTRACT

I is shown, directly from proper Lorentz-invariance and a

positive Hilbert-space metric, that the vacuum expectation value

<o [jo(x), i (37)] |0 > camnot vanish unless j“(x)|0>= jZ (x]0>=0.
Neither locality nor Killén-Lehmann type representations are needed.
The same is demonstrated for <0 l [SM(X), SIm(Y)] ‘ 0>, for any
antisymmetric tensor SNV . The explicit dependence of ju and

Suv on the fields with which they interact is an immediate conse-
quence in our approach., Similarly, it is immediate to show that
X&), X&) = Buj“(x), does not commute with j—g (y) for Yo = %q 3

unless X(x)[0>= XT(X) |0 >=0.
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I. INTRODUCTION

Schwingerl demonstrated that the equal time commutator [jo(;) , jk@’)]
of the time and space components of a conserved current j“(x) cannot vanish.
It was afterwards realized that the above commutator does not vanish also for

3-1 In those derivations, the assumptions of

the case of a non-conserved j”.
a local theory and the existence of K'zille’n8- Lehmann9 type representations

were made by the authors, We show that the non-vanishing of < Ol [jo(;) , JI({/)J } 0>
(we consider polar or axial vector currents, not necessarily hermitian) is inde-
pendent of the latter assumptions, 10 provided we do not have ju | 0>=0 and

jZ 0 >=0 simultaneously. Only proper Lorentz invariance, no massless

particles and a positive Hilbert -space metric are assumed, In the same ap-

proach, the non-vanishing of the vacuum expectation value < Ol [Sl «:ﬂ&)’ SZmG;)] iO >
for any antisymmetric tensor S;w , 1s demonstrated., This fact was pointed out
via spectral representations in a local theory, by Boulware and Deser.11 The
explicit dependence of jﬂ and Suv on the fields with which they interact4’ 11,12
is an immediate consequence in our approach. This is demonstrated for a scalar
field gradient coupled to a vector current and for a massive vector field with
vector and tensor sources. Inthe same approach, the non-vanishing of

< 0' [jj; (’}Z), X(_37)] iO > ,11 where X (%) :.8‘uju(x), is also immediate, provided

not both X and X1 annihilate the vacuum I 0>,
II. THE VECTOR CASE

Let us decompose the vector jH(X) into

j ®=J (% + b-
=3, BHQD(X) (1)
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where ¢(x) is defined by13

-1 )
o) = D7 %5 e
consequently
‘BHJ X) = 0
”( )
It follows that

<0

. 3, 9
[JH(X)’ JI (y):” 0> = <g#v - _I%_V_> Fx -y

where F(x -y) is invariant under proper Lorentz transformations. Thus

<0 I[Ju(x), qu(y)] lo>=0

and hence

[j HOREY (y)]

<0

Suppose that
<0][i, ®. 3 ][o>= o

then, from (3) and (7), taking the three-divergence of the latter,

<o|[JO(“x’), 357 (Ez’)” 0>+ <0

{cfa(i’), 3 akakw‘(ir')}‘ 0> =0

Using also

3, A6 =1 [Pu,A(x)]

0>= <0H:Jﬂ(x), JVT (y)” 0>+<0 } [BM(P(X)’ d,, <PT(Y)J ‘ 0

(2

(3)

(4)
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where PIJ are the generators of space-time translations, we obtain

<0|JO(§) HJ(]L ("y)lo >+ <0ng & HJO(BZ)lO> +

+<0|¢(§<’) }fﬁéqﬁ(y’)l 0>+<ol¢*<§) HBZ ¢ [0> =0 (10)
from which, using positive definiteness,
T [0> = 7l (x)lo>=o (112)
¢(x)|o>=¢T(>'<)lO>=0 | (11b)
these entail
0] 0> - jZ(x) l 0>=0 (11c)

Thus we have shown that the assumption

<o|[i,8. if G]]0>=0
leads to (11c). In a local theory, (1lc) implies ju(x) = 0 for a local ju. 14

Consider now a scalar field ¢(x) gradient coupled fo a vector current

jM(X) . The field canonically conjugate to cpT(x) is

INCERRICESRE (12)
Suppose that
<o|[if @, 6@ ]jo>=0 a3
It then follows ™
<o|[ 1@, 3y 66 - 3 G)[o>=0 (L4)

and assuming that <0

[jj; (—;2), qb(?)h 0 > vanishes leads to a contradiction.

Thus it is impossible to assume that < Ol [jii(;(), qb(o) (37)] | 0 > and
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<0 l[j;r (32), ¢(3’7)j| I 0 > wvanish simultaneously. This was obtained by Boulware
and Deser4’ 11 from detailed spectral representation arguments.
Consider now a vector-meson field A#(x), coupled to vector j# and tensor

SHV sources. The field equations are

HFF +mPA =j (152)
py oy Yy
Fo = 3,8, - 3,4, -5, | (15b)

where m is the bare mass of the vector meson. Assuming

<0[[ka =3 Fﬂo(}’)])o > =0 (162)
and
<0'[jg &, AL (37)]}0>=0 (16h)

we immediately obtain that j” , 0 > = jZ , 0 > =0. This is so because Eq. (16a)

implies
0= <0[[ji§ (9, B’ZFQO(&’)]]O > = < OI[J'};C%), jo(y’)J,w

[j;g @, A, (’y’)}

and (16b) implies that < Ol[jﬂ (;), AO(?)] ‘ 0> =0 (by arguments similar to

(7

0>

2
-—mo <0

those in Footnote 15).

In case that only (16h) holds we get
T & Q 7 : ey . e N
< OI[JE ), o Fﬁo(y)]lo > =< OI[J-J{—(X), Jo(y)]’o > #0 (18)

which may serve to determine the form of the dependence of jk(_é on AQ@ . 11



Another application is to theories where a relation of the type a“jM ® = X

holds. 11 Using Eq. (6) we get

<o|[xea, T w][o> = <o|[D6w. 3, 6T ][0 >

. | (19)
= - i{< ol eP2 1 ¢T () lo>+ < 0'¢+(y)P2H qb(x);ﬁ?zj; P
Thus
< ol[xéc’), it (‘y’)]lo > =0 (20)
implies
‘x(x)lo>=XT(x)lo>:0 (1)

In a local theory this also implies X(x) =0. 14

II. THE TENSOR CASE

Consider the antisymmetric tensor SP«V = - Sv e Let us define
Y
vV,o®= 073 S, @ , (22)
Then
8,8 =8, 00 +(3,V, 0 - 3,7,09) (23)
where
§ =-8 |
o Svu (24a)
and
3V (=0 S =0 24b
) 38, | (24b)
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Now,

> <o

m

[ S0 @ S (y)]

il

{

< 0][§kv ., 3,V T - 3" V7 (y)]lo >- <0

Z<Ol[§l<_m(x>’ g&n (y):”O >

m

._<o\[alv ), avZTv):Ho> - <o|[a v, (9, 3 VI ]\0>

where we have used < 0’[ ), v y)]l =0 . 16 From

| < ol[vu (), VI (y)]l 0> = <gu.v - 3%”—) G(x-y)

we obtain

<0 \[akvv *), aOVVT (y)] ‘o > = -3 <‘0 ][5V V.9, y V:)f (y)}[ 0>

Zmi[’é‘km(x), §J§n(y>]|o > - < ol[akvv ® -3,V 0, 3,V T —a”vg(y)] 0>
m

[akV,, 09 - 3, Vi, 5] (y)] ]o >

(25)

(26)

(27)



and thus, combined with (25),

Z < o[ak Skm 9 Soiﬂ (y)]lo > =

p—

- Eo S, 09, 8T (y)J{O > - 2<0

m -

[avo(x), vl (y)J ,0 >

<0

-

0> + < ol“s’r " HS @ lo >] -

Som (X) H gj);‘l’l (Y) om

I
e
P

+ 2 [< o!vo(x) PZHVOT ) lo > + <0‘v:)r () P2 H vo(x)‘o ﬂ%

(25)
Thus
< ol[skm&), st @)]‘o s =0 . (29)
implies
S0 o> = sl'y ’o >=0 (30)

' by arguments similar to those following Eq. (10). Again, locality implies also
S =0, 14
uv.
Returning now to the vector meson field AM of the former section, we can

immediately show that it is impossible to have

<o,[sgﬁ(">€),Am@'3]'o§=o (31a)
and
< OI[S;FM ®., T, ('y’)]‘o > =0 (31h)



simultaneously. For if it were so, then we would get
-’- — -> _ -i- — - _ —
<0]{st &, so,zm}]o > =< op[sm (9, 34,0 agA()(y)]\o > (39
However, since

< Ol [SZV (X)’ A)\ (Y)] ’O > = (gﬂ}\ BV - gvx 81_[) Rl (X_y) + GHVKUBUI{Z(X"Y)

(33)

we get from (31a),

[ao Ry (x)] x,=0" 0 3. Ry (=0 : (34)
Eqgs. (33) and (34) together imply that the right hand side of (32) is zero, thus
obtaining a contradiction, unless (30) holds.
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