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ABSTRACT

The main problem, deforming a subalgebra of a Lie
algebra, is treated algebraically, requiring an extensive
‘development of methods of defining multipleications on Lie
algebra cohomology cochains. Some applications to differ-

ential geometry are also presented.
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I. INTRODUCTION

As we have already seen| 2], one of our mainproblems can be described in
the following way: Suppose G and I, are Lie algebras, with ¢ a hombmorphism
of G to L. It it possible to "deform' these structures in the sense of defining:

a. A Lie algebra structure [X,Y], on G varying with the'parameter A

A
reducing to the given Lie élgebra when A = 0.
b. A one-parameter family of linear maps ¢X :G—-L., each of which is
a homomorphism of the [ , ]7\ Lie algebra structure on G.
Thednonu-Wigner idea of "contraction" of Lie algebras and representations and
the Gell-Mann method of "expanding' representations both suggest that this is
the fundamental problem.

In this paper, we shall develop the full algebraic formalism necessary to
discuss this deformation problem. As can be seen from Ref. 4, this necessitates
studying the "multiplicative' structure on the cochains associated with Lie
algebra cohomology. We have delayed presenting this theory because of its
complexity, but in this paper we can present a relatively simple independent
exposition, and show how it is applied to the interesting deformation problems
in a straightforward way. There is considerable overlap in results with work
done by A. Nijenhuis and R. Richardson][5, 6,9, 10] . However, the methods
presented here are perhaps better adapted to the explicit calculations that are
necessary to apply the theory to interesting problems of group representations
and differential geometry.

It is extremely interesting to notice that our basic problem (deforming Lie
algebras and tbeir representations) and that of K. Kodaira and D. C. Spencer [3,11]

on deformation of differential geometric structures are basically the same. We



will present some work designed to show this connection, without getting involved
with the full detail of this.
I would like to thank P. Griffiths and R. Richardson with whom I have had

many conversations about the material presented here on deformations.

. THE MULTIPLICATIVE STRUCTURE ON COCHAINS

Let '(:;V be a Lie algebra. Suppose Vl’ V2 and V3 are vector spaces, and
that ¢1, ¢2, q>3 are I:epresentations of G by linear transformations of Vl’
V2, V3, respectively. Suppose also that « : V1 X V2 - V3 is a bilinear map,

commuting with the action of G, i.e.,
$4(X) (a(vl,vz)) = a (¢1(X)vl,v2) + @ (v1,<p2(X)v2) for XeG,v €V, V,eV, .

Let Cr(¢i), i=1,2,3,r=0,1,..., be the r-cochains of ,9, with coefficients
in these three representations. (At this point, we will need the notations and
concepts of Lie algebra cohomology theory as presented in (2) Part II.)

Our aim is to show that « induces a bilinear map, which we also denote by ¢,

of CT(¢)) x C¥(p,)—C"

¢3)> for each pair (r,s) of non-negative integers.
T s r+s
Now, for r=s=0, C (qSl) =Vy;, C (q;l) =V, C (¢g) =V, . We

require in this case that « be the same as the map we are given. We will now

. 1
proceed by induction on (r+s), assuming that o is defined on ¢t x c® 5

for r'+ s'<r + s, and show that it can be well-defined on c® x ¢5. For this
purpose, we ''postulate' the following law connecting the multiplication and the
operation of contraction by an element of G.
: AN
r
XJo(w,0) = a(X Jwj,0) + (-1)7 a(w,X Jw,)

for 2.1
XeG, w,e CT (), wae C(d.)
R | 1“2 U

-2 -



Following a pattern established earlier, this rule enables us to define of Wis w2)

by induction on r + s.

(@, wo) (Xpseees X ) =Xy Ja(wl,cuz) (XgsevenX

ey = UKy _qul, WKy v v e X

r+s T+ S)

() ooy, X Jo)X,, ., X ) for X X, €G-

T+S 1°°° """ 'r+s

We must show that a(wl, w2) actually is a cochain, i.e.,depends skew-

symmetrically on Xl’ coe ’-Xr +5° The abve formula (and the induction hypothesis)

X . We must

makes it obvious that it depends skew-symmetrically on X3, ERED S

and X,.

consider interchange of Xl 9

X

@01, 5Ky )

=X, Ja(X,J wj,w) + (-)F xz_l a(@, X, o)X, ..., X

1o )

= a(xz_j‘xl_l w W) + (-121"1 a(Xlel,XzJa)z)

+ (—l)ra(Xszl,Xl_’wz) + (—1)2r oz(wl,XzJ Xl_J w2)

o

greee

(X , X

r+s)
This makes it evident that the dependence on Xy and X2 is also skew-
symmetric.

Having defined a(wl,wz) so that Eq.(2.1)is satisfied, we must now inves-
tigate by the same sort of inductive reasoning how the other algebraic operations

we have defined on cochains are compatible with this product. First, consider the

Lie derivative:
Xaw,,w,) = a X(w)wA)+ oz(cu X(w,)) for w,e CT(¢.),w, e Co(o.),XeG
1'% 1" %2 1% 1 10 %2 2 A€

2.2



Proof Let YeG. We must show that Y applied to both sides of Eq. (2.2)
gives the same result, if it is assumed that Eq. (2. 2)is true for cochain of lower
degree. (Notice that for r =s =0, it just expresses the fact that o commutes

with the action of ;)
YK (o), 0,) = X( Yda(wy, wp) - [X, Y] da(w;, 0, =X (a(Y.J w5 )
(D7 oo, Y wy))- e (X, ¥)d e, 0) - (D7 ofey, (X, Y]Jw,)

of [X, Y] oy, 0, + @ (YJX(wl),w2> + @ (Yle,X(wz))

!

(-1 @(X(wy), Y g )+ (-1 ey, [X, Y] S wy)

+ (-pF a(wl,YJX(w2)> - (X, Y1 0, 0,) - (<) (@), X, Y] Jw,)

]

v [a(x@), )+ a(0p X@))]  aea

Now, turn to the following formula:
T r T
d a(w,w,) = a(dw;,w,) + (-1)T gw,dw,) for wy€ C (¢y),w,€ C (9, -
2.3

Proof For XGQ\.

x._|d oz(wl,wz) =X (oz(wl,wz)) -d (X_la(wl,w2)> =, using that Eq. (2.3) is true

for forms of total degree less than r + s,



a (X(wl),w2> + (wl,X(wz)) -d (a(X_]w\l,wz) + (-1F ow,,X Jw2)>

1]

a (X(wl),w2)+ a <w1,X(w2)> - o (d(x_.lwl),wz)

- ("1)1‘—1 O‘(Xlesdw?‘) - (_l)r <Ol(dw1,X_,w2) -« <w1,d(X_]w2)>>

a(Xdel,wé) + awy, X Jdw,) + -1)F X Jw,,dw,)

- (-1t a(dw;, X Jw,) = xJ (a(dwl,wz) + (-1F a(wl,dwz))

This proves Eq. 2.3.

Equation 2.3 indicates that the map o« on cochains induces a bilinear map

r+s

(that we also denote by ) on cohomology classes, «: Hr(cpl) X HS(¢>2)~H (¢3) .

Suppose that Wy and w, are cocycles belonging to given cohomology classes

Gl and wz . Put a(cUl,Z'uz) =g (wl,wz) . We must verify several facts to

make this definition legitimate:
d (a(wl,w2)> =0, i.e., oz(wl,wz) is a cycle. (This follows from Eq. (2.3))

If Wy and w, are replaced by cu'l and w'z in the same cohomology class,

then

@ (wy,w,) = a(wr,wb) 2.4

For the proof, notice that:

a(d 6, w) = da(d |, w,) - (-1)r‘1a(91,

dwz) = da(@l,wz), i.e., oz(del,wz) =0
Thus,

AWy, w,) = a(wy ~ w'l, w, - w'z) + a(w! o) + oz(wl,w'z) - ofw! ,w'z), hence 2.4.



Finally, let us suppose that V1 = V2 =V that cpl = ¢2 = ¢, and that
a(vl,vz) = coz(vz,vl) for Vis Vo€ V, where c¢ is constant independent of \2]

and Vo
Then we have:

a(wl,wz) = (—l)rsc oz(wz,cul) for w, € cr(¢>), w, € cs(¢). 2.5

Proof Again, by induction on (r+s).

(r-1)s

XJa(wl,wz) = (X le,wz) + (_i)r a(wl,x sz? =(-1) c a(wz,x_] wy)

+ (_1)r+r(s—1) c a(X_J Wgy Wq) = - ¢ ((—1)S a(wz,x_’ @1)

+ a(X,sz,wl)) = (-1)rs cX Ja,(wz,bwl) q.e.d.

The general problem inherent in Eq. (2. 5) is that of determining how algebraic
relations among the representations of £, used to define cochains induce algebraic
relations among the cochains themselves. Let us turn to another example of this
that is of interest in the application of Lie algebra cohomology to deformation
problems, namely that related to "associative' laws.

Suppose we are given five vector spaces Vl’ ceey V5 with representations
qbl, ey qb5 of w(;& on each.

Consider bilinear maps

oz:VIXVz-—*V3; B:V3><V4—*V5 .

5)'
Similarly,. form g’ (vl, a'(vz,v4)> and 8" (vz, oz"(vl,v4)> » where the following

Form g <oz(v1, v2), v4) . (Vl’ sees Vg are typical elements of Vl’ ey V

bilinear maps have the following domains and ranges:



LI 4 v v . ' .V V. =V
@ Vg Xy 3 Bl 1 % 3 5

",y v v, - "oy V. =V
RS | X Vg 3 A 2 x 3 5

Suppose now that all these bilinear maps commute with the action of, ﬁ , and

that the following relations hold:

B (oz(vl,vz),v4> = af} (vl,a'(vz,v4)) + ba" (vz,a"(vl,v4)> 2.6

where a and b are scalar constants.
Our problem is to find if there is a relation similar to Eq. 2.6 among

cochains. Suppose then that:
T S t
wi € cT($)), wy€c(Py), WyE c(Dy)

Based on our acquired experience with this sort of thfng, let us try to prove the

following law as the extension of Eq. (2. 6)t0 cochains:

B8 <a(w1, wz),w4) = ap' (cul, a'(wz,w4)) + (-1)"Sppr (wz, a”(wl,w4))
2.7

As before, we apply XJ to both sides of Eq. 2.7, where Xeu(a}d with Eq. (2. 6)

starting off the induction.
X8 (a(wp,0,), ©,) =6 (X Jate),0,0,) + (D7 8 (a(wl,wz),wa'4>
= 8 (axJop,0p,0,) + (D7 B (otw), X dog), o)
+(-nF*S B (oz(wl,wz), wa4)

= , using Eq. (2.7),



2 (Xduy, @'y ) + (DET 0wy 000y, 0))
+ (_1)r<aB' (wl’ oz'(Xsz, w4)) + ('1)r(s—1)b3'<x-]w2a Cl"'(wl, w4)>>
+ (-7 <aB‘ CREUCIR PR L (178" (wgy @'y XJw4)>>

Now
xJ' (o aiwpo) =8 (X oy 0@y uy) + (DT § (0K Je'(0y0))
=8 (xdop, 0y 0y) +(_—1>r g (0 @'(Xdwy, @)
+(-)° B (0, @' (wg, X o) X8 (0g, awy,0,)
=" (x ooy eg) (D58 (opxtotey, )
=" (x oy, 0@y, 0) + (-1 < (g (X Jegp0)
s (-1)F g (wz,a"(wl,XJw4))>
These identities prove Eq. (2.7.

1. DEFORMATION OF LIE ALGEBRA HOMOMORPHISMS

We will now consider what is perhaps the simplest situation where one can
see now the "multiplicative" structure of the cochain is related to deformation
problems. Suppose that G and L are Lie algebras, and that 7\—o¢>\ is a
one-parameter family of Lie algebra homomorphisms from ug“ to AI.JA . Suppose

that:

-]

6,8 =D w9V
j=0



Let ¢' be the 'following' representation of vg“ by linear transformations on L:

P'(X)(A) = [(bO(X),A] for Xeg, Ae& .

Then, each wJ.(X) , for j > 1, defines a 1- cochain of l'(‘}mwith coefficients
defined by the representation ¢' . Let us examine the conditions determined by

the condition that each qu be a Lie algebra homomorphism.

N ([X:Y]) = [(P}\(X), ¢7\(Y)] , for X, Yeg,, or

ij ([X,Y]) 3J :Z [wj(X),wj(Y)] 7\i+j’ or

] 1]

j
o, ([X,Y]) = ; [0 %), D] = [¢,(0, @ (V)] 3.1
§-1
+ [0, 6 ()] +§_; (4%, (0]
k=

Now
dw (X, Y) = 9'(X) (wj(Y)) - $'(Y) (wj<X)) - w; ([X,Yl)
= [0, (1] - [8(V), 0 (X)) - o (IX,7])
Hence, Eq.(3.1jcan be rewritten as:
-1

do (X, Y) + Z [ 430, (1] = 0 3.2
k=1



Now let o be the map: L XTI —L_ defined by: «(A,B) =[A,B] .

Then,

oy @)X, V) =XJa(wk_J.,cuj)(Y) = o (wk_j(X),wj) - (wk_j,wj(X)> (¥)

o (wk_j(X),wj(Y)>- o (wk_j(Y),wj(X)>

[€X05 @;(0] - [y (V) 0]

Hence, .
k-1

=1

Thus, Eq.(3.2) can be rewritten as:

j-1

1 § : -
dwj +3 a(wj_k,wk) =0 3.3
k=1

If all the data depends analytically on A , then Eq. (3. 3) gives the condition
(for j=1,2,...,) that 7\—+qu be, for each ), an homomorphism.

Notice that Eq. 3.3, for j =1, gives the condition we already know,
namely dwl = 0. As we haveseen[ 2], the cohomology class determined by
wy in Hl(qb) is the first "obstruction" to showing that each member of family
7\-.¢}\ of homomorphisms is equivalent under the group of inner automorphisms
of L. to ¢, itself. In fact, the known theorem {5]is that, ifg_‘and L.are
finite dimensional, if Hl(cp') =0, then ¢7\ is equivalent to ¢, for A
sufficiently small. The proof involves as its basic tool the implicit function
theorem. It is sometimes possible to extend it to certain infinite dimensional

situations by a judiciocus use of the implicit function theorem in Banach spaces.

- 10 -



However, the situation of main interest to us, where wl.i is the space of skew-
Hermitian operators on a Hilbert space, does not seem readily amendable to such
techniques. We will then present the primitive, but more explicit technique for
carrying out such calculations.

Let L be the group of inner automorphisms of }ﬁ. L is the group of

transformations of &.‘.‘\ generated by those of the form:

o0 j»
Exp AdA : B—Exp Ad A (B) =Z LA—C;,@— (B) = B+ [A,B] +?1,; [A,[A,BI}“
=0

where A and B are elements of }.i{

We now have:
Theorem 3.1 Suppose that Hl(cp') = 0. For any sequence Al’Az’ oo oOf

elements of &r consider the following formulas:

$.J(X) = Exp (Ad }\jAj) ... Exp (AdAA)) 6,(%), ¢J (%) = Z w) (%) A
k=0

Our assertion is that this sequence can be chosen so that
J = .
w; (X) 0 for 0 <k <j,all ZeG 3.4

Proof Choose A, so that dA, = w, . Then, for XeG,,
—— 1 1 1 ek

Exp (AdxAl)(¢o+ wy A LX) =(1+ AAdA1+ ...)(¢o+ W A+ (XD
= 0,00+ A (1A 6NN +wy(X) .
=90+ ([A 6,001 + [9,(X), Agl) + ...

= qbo(X) + (terms involving )\2, 7\3 S aes)

~11 -



Proceed by induction on j, assume that: qb){ X =0,X + wj(X) M+

by 3.3, dwj: 0 . Choose Aj so that

dA. = w, ,
) J

again using the fact that Hz_((pt) =0,

j+1

) j
Put ¢, (X = AdExp (A Aj)<<l>j(X))

=(1+7\jAdAJ.+...)(¢O(X)+.wJ.(X)}Ej+...1
- i ;
= ¢ (9 + A ([AJ., 6,@] + dA, (X)) +...

= ¢0(X) + (terms involving )\J+1, vl gq.e.d.

Theorem 3.1 is purely algebraic, of course. However, put

gj = Exp (Ad AjAJ.) ... Exp (AdA Al)’ an element of L.

If gj converges as j—co, to, say g(A), note that:

Adg () ¢, (X = 6,(X) |

i.e., each of the homomorphisms qu is equivalent under L to (1)0, i.e., the
deformation A — ¢). of homomorphism as "trivial." The next step in the pro-
gram should be to consider conditions for the convergence. In this paper, we
will pass them by.

Next, we consider a situation where the algebraic structure on the cochains
plays a more important role. Suppose H2(¢') is not zero. Given a cohomology
class in Hz(q)'), we inquire whether there actually is a deformation
A9, = ?wj A of ¢, With , in that cohomology class. There is a

standard answer that this is so if H2(¢') = 0. We shall now proceed to con-

*tder the formal aspects of this.

-19 -



As we have seen, it suffices (inodulo the convergence problems for the series

y

¢}\ = ¥ w]J\]), which we will again pass by, to show that a sequence WisWosens

i

of cochains satisfying 3.3 exists, starting off with Wy given. However, this can

easily be done by inductions: Assume Wypene w]. exists, satisfying 3.3. We

shall show that cuj 1 exists.

 Put:

D
]
1
no|

1

We must show that d6j+1 =

would guarantee that w, could be chosen as the cochain such that

i+l
dw].+1 = 9j+1 . Now

er—d

i

k=1

j k-1
DI
)

k=1 f=1

j k-1
3 2, 2 e
2

k=1 f=1

Consider

]

Z @51 k0 )

k=1

E : a(dey, wig )

]
y (dw3+1 k’ k) CY(C"J+1 -k’ dwk)
k=1

oy p @9 @3y k)

W g 2wy

]+1 1’) + a<wﬁ’

j k-1
Z Z (©p @@y p @445 )
s )

Make the following change of variables in the summation:

k-~-2-4¢

j+1l-k-k-1{

- 13 -

For then, our assumption that H2(¢') =

o(w

ko “jr1-K) )

3.5



Then, also £—j+ 1 - k. The limits of summation remain the same. The sum

3.5 is then:

4 Cande

=1
j k-1
= z , Z @ a“"k e 99 “j1k)
k=1 £=1
=2 d9j+1
This gives the identity:
i k-1
PIEES 35 MR IR
#1772 k- *@p “e1o k) Oip1 -
k=1 ¢=1
or
j k-1
46,1 =-1 Z Z °‘ wp_p ¢©p wj+1—k))
=1

However, we can also make a different change of variables in the summation

in3.5: j+1-k—0;k-2—j+1-k. Then, also {—k-2.

The limits again remain the same. 3.5 then becomes

j k-1
}: e T ‘”z’)
k=1 =1
i k-1
Z a(wk—!l’ a(wp, wj+1—k))
-1 =1

- 14 -
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Hence, j k-1
46y = 'Z Z vy p @y 93 00) -
k=1 £1

This is incompatible with 3.6 unless

d9j+1 =0

Summing up, we have then formed:

Theorem 3.2 Suppose that H2(¢>') =0, and that w. is a l-cocycle. Then,

1
there exists 1-cochains W, Wy ot such that the formal power series
w [
— 2 ; J
(f))\(X) - ¢O(X) + w‘]o() A
F1

satisfies the equations which, if the series converges, implies that each qb)\

is 2 homomorphism from &to \l;Jm

IV. AI.GEBRAIC ASPECTS OF THE DEFORMATION OF LIE ALGEBRAS

As we have just seen, the formal properties of deformation of homomorphism
to all orders involves a multiplicative algebraic structure on the cochains. We
shall now consider the similar, but mofe complicated, structure involved in de-
formations of Lie algebras alone. (This has been recently considered by
Nijenhuis and Richardson [6] and S. Piper [8] but since our work here is from
a slightly different point of view, we shall briefly indicate how it can be ap-
plied to this case.)

Suppose @, is a vector space, with [X’Y]A a Lie algebra type of product,

defined for all values of the parameter A. Consider its Taylor expansion:

[x,Y], - ) wj(x,Y)xj
j

-15 -



Let ¢ be theadjoint representation of the initial Lie algebra [X, Y]o = [X, Y] ,

i.e.,

oY) = (X, Y]

Then, each cuj is a 2-cochain of G, with coefficients in the representation ¢.
The algebraic conditions imposed on these cochains are determined by the

Jacobi identity, which should be true for each value of A:
[X, [y, Z}A] \ = [[x, v, z] L [Y, [X,Z] A]A . or

ij (x, w, (Y, z»xj“‘ - Z wj<wk()(,Y), z') + wJ_<Y, w0, (X, z>> A or

ik ik

K
Z o, <X, @y Z)) - <wk_j(X,Y), z) - wJ.(Y, @y & Z)) =0
=0

The terms for J=0 and j=k just form the six terms of dwk(X, Y, Z), hence

we have: .
-1
do, (X,Y,2) +Z wJ,(X, @y Z)) - o, <wk_j X, Y), z) - wj(Y? oy &, Z)) =0
1o

4.1

Now, after the pattern found for the case of deformation of homomorphisms
considered earlier, one would expect to find the second term of 4.1 to be a
multiplicative operation on cochains. However, at first sight, it has a different
form than any we have considered before. We will now show that it does in fact
fit into the same pattern as the unified theory of such multiplications given in
Section 1II.

Construct a representation ¢' as the '"adjoint representation' of ¢>‘. Ex-

plicitly, let V be the vector space of all linear mappings A: & — g‘\

- 16 -



For Xe€G,
¢'(X)(A) =[Ad X,A] = AdX A - A AdX 4.2
Let « be the bilinear mapping: VX &a@eﬁned by:
(A, X) = AX)
Then, it is readily seen that‘a commutes with the actionof G via ¢ and ¢'.

 Define a mapping B: C'(¢)— Cr_l(cp') as follows:

wr &Koo s X ) 0o X))

is an r-cochain, then:
COTe SRS SERTe SEFH SIS SIPID N LAY (DY SYPRRES S

is a linear transformation G—G.
_ WA,
Lemma 4.1 dpB(w) = B(dw)
Proof By induction on r. By definition, if r=0, B(w) =0, dpw = 0.

Assume it is true for cochains of degree less than r, and let w € C(¢).

YJﬁ(w) (Xl’ rec Xr_z)(}{‘) = Q)(Y, Xl’ A ’Xr-2’ X)

(Vo) Ky, - X5 )
= VI K, -0 X ),

ie., YJB(w) = A(Y Juw)

-17 -



¥(B) (X, Xy )00 = 600 (B (%, X)) @9
- B (¥, X ) X, P ...
= oM, 0y n X 10X -0 X S [YX])
-w ([X] X D -
= Y@ &K, B =B(Y) &K X ),

ie., ¥(p) = (¥ ()
4.3

Finally then,
Y (dB(e) - Adw) = Y(B()) - 4(¥IBG) - B Y Ip(e)

= p(¥() - ap(¥J@) - prvddw)

By induction hypothesis,

da¥Jw) = d(¥Jw), hence YJ(dB(w) - B(dw)) =0 .

Since this holds for all Ye &\Ler_nma 4.1 is proved.

Suppose now that  and ' are elements of Cz(qb). Let us compute:

a (B(w'), w), which is an element of C3(¢>).

- 18 -



% (Bl ©) K. Y, 2) (a(B(XJw'),w) - Q(B(w'),XJw)>(Y,Z)

il

(a (B(X—Jw'),YJw)> - o (Ypw), Xdw) + o p), 0, (@)

o (&t w(¥,2)) - @ (Y I8, 0, 2)) +a(ZI8w), 0, V)

B(XJO)')‘ (w(Y, Z)) - BYJw" <w(X, Z)_>+ B(ZJw" (w X, Y)>

1

w'(X, w(¥, Z)> - w'(Y, w, Z)) + w'(z, wX, Y)) .

Then 4.1 can be written as:
k-1

dwk+; a(ﬁ(wj),wk_j>=0 k=1,2,... 4.4

With this formula in hand, and the rules we have derived for computing
d a( ﬁ(wj), wk—j)’ it is now a routine matter to carry through the Kodaira-Spencer
"deformation program, ' as sketched, for example, in [4} ; it may be considered

as an exercise for the reader.

V. SIMULTANEOUS DEFORMATIONS OF LIE ALGEBRAS
AND THEIR HOMOMORPHISIS

As we have seen [2] , the Inonu-Wigner idea of '"contraction' of the Lie
algebra together with its representations suggests the study of the following de-
formation problem: Let &Nbe a vector space, and let *I;'\be a Lie algebra,
Consider one-parameter family (X,Y)—-'[X, Y]A of Lie algebra structures on

G, together with a one-parameter family. qb}\ : 9—4/& of linear transformation,

each of which is homomorphism of the A-th Lie algebra on G, i. e,
A,

NCRINEIINCRENG)
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As before, let us expand in a Taylor's series:

[X1 Y]}\ = ij(xr Y)}"J
J

6, ) = Zk:q{omk

The cochains w; satisfy 4. 4.
5.1 now leads to the equations:
j+k j+k
6 (v.(X, x3+-[0. , ]7\ =0,
:;j k (256 7) 139 63
or

- o (o505 ) [5,09, 0] = >-2
0 |

Suppose we relabel

(x,Y] =[x, Y], = 0, & 1)
X =9, X = 6,

Following the pattern already established, split off from 5.2 the terms cor-

responding to j=0 and J=k .

6 (1) - [0, 0,00] + 6 (B, YD) - [B,09, 6]
k-1 ' 5.3
20 Gy ®0) - [0, 6] =0
F1
Our next task is to ihterpret the first four terms in 5. 3 via Lie algebra
cohomology. First, 61 is an element of Cl(cp'), where ¢' is the repre-

sentation defined by:
¢'X (A) = [0(X),A] for Ae], - 5.4
- 20 -



Then,

46X, Y) = ¢ (9 (8, M) - ¢'M(6,9) -4 (X, Y]
- [om. 0] - [600. 0] -6, (< Y)

Wy is a 2-cochain with coefficients in the adjoint representation of &
¢ is a linear map: G —A which commutes with the action of G via the
N A B Mo,

adjoint representation on g'and via ¢' on f‘»& le.,

il

@ (s0) = [009, ¢¥]

¢ (X, Y]
= ¢ ( AdX (Y))
Thus, ¢ (w) is well-defined as an element of C%(¢) by the formula:
Bl &, V) = ¢(w X, )

The reader may readily verify that it follows from this remark that the mapping

¢: cfad g —cXon

commutes with the ¢-operator, Lie derivative, and inner product. Thus, 5.3
can be written as:
k-1
() - 44 ) X, + ]; 6y (93 )
5.5

- [B00- 0] =0
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We must now interpret the remaining terms by constructing the appropriate
multiplicative structure on the cochains. The fourth term in 5.5 is easy: Let
a' be the bilinear map: ,I;k X I';\—o’I;\ given by

a'(A, B) = [A,B]

Then,

(o 50, ;)0 = (2(0;09,6y ) - o 05034 (D

The interpretation of 9 i (wk—j(x’ Y)) is more c;)mplicated. Following the
pattern used in the last section, let V be the space of linear mapping of 'Ci — ,I,k
A typical element of V will be denoted by E. Construct a representation ¢'" on

V as follows:

" B M = o' (EW) - E(AX®) = 609, EW - E(X, ¥)),

cfor X, YeEG EeV

Define a linear mapping 8': C (¢')— Cr-1(¢") as follows:

BOYE X N® = 0K, X, (X for XX, X €G .

One may readily verify, following the pattern established for the similar
mapping B defined in Section IV,that 8 commutes with d, inner product,

and Lie derivative. Now, define a bilinear map %: V X g& _‘,I,t by the formula:

Y(E,X) = EEX)

Again, it is readily verified that it commutes with the action of ‘g& as ex-

pressed by ¢'", Ad& and ¢'. Then,

. \
‘}’(B (0 j)’ wk__].‘)
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is a 2-chochain in Cz((p'), since B'(Oj) is a 2-cochain,
Y(BY (OJ) s wk—j ) (X, Y) = 7([3' (9]) ’ wk_j()(; Y)) = 9] (wk_j Oi’ Y))

Finally, 5.5, the basic ""deformation equation,' can be rewritten as:
k-1 1
¢(wk) - d9k+ ; y(B'(GJ)a wk—j >+§ a'(Gj, Ok_J) =0 5.6

Again, the algebraic part of the deformation program can now be con-
sidered to be in standard form, since the rules for applying it to all the terms

in 5.6 are known.

VI. STUDY OF THE FIRST ORDER TERMS OF THE DEFORMATION EQUATION

We continue with the problem studied in the last section, and, in particular,

with the main deformation Equation 5.5 or 5.6. Let us write it out for k=1

¢(0;X 1) = 46X, ) 6.1
Both sides of this equation are cochains of ’('}‘_ with respect to the representation
¢' of EL given

'@ = [0X),A] for XeG, A€L.

Notice that ¢' is a reducible (but not necessarily completely reducible!)

representation, since

' (G) (¢><G>)c¢<G)

Also, the cochain on the left hand side of 6.1 takes its values in this invariant

subspace ‘PQ of ;’J\ This suggests that we 'divide out" by this subspace,
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i.e., construct V= ,}i/ CP(EQ, and define ¢" as the quotient representation
of ¢"in V. Then, if X -—*Gi (X) 1is the cochain that assigns the image of

Gl(X) in V, we see from 6, 1 that:

1

d91=0 ,

i.e., 0'1 isa 1—c,;ocycle,‘ hence determines a cohomology class in H1 (o™
or the "first obstruction" to the deformatidn problem. This first cohomology
class is typical of the Kodaira-Spencer theory.

Let us discuss in an informal way what happens if H1(¢>”) =0 . Then, we

can find an element A, of L such that:
1 pory

[6@0.4] - 6, €p(q) for XeG

Let us suppose further that ¢ is one-one. Then, there exists an element

Y., such that:

X
[ox,4] - 01(74) = ¢(Y,) for XeG 6.1

Now,

]

[¢([X1,X2])A] - 8 ([Xy. X,))

()

[oce).a] . eecy]+ [ocx, [qb(XZLAj]
+deyx,, X, - [oeey, 6,%)] + [6059. 6,0)]

= [l 41, oecp)] + (66, [66), Al]+ ofu; X, X)

- [(P(Xl)1 [qb(Xz)aA] - ¢(YX2)] + [¢(X2)’ [¢(X1)’A] - ¢(YX1)]
= ¢<w1(X1:X2)> + ¢[X1’YX2] - [X2’YX1]>
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hence,
Y[Xl'Yz] = w, X, X) +[X1,YX2] —[XZ,YXIJ 6.2

But, notice now that relation 6. 2 is just that which asserts that d applied
to the l-cochain X —'YX Qf 9“ with coefficients in the adjoint representation
of g\1s just wy i.e., w, is acohomology. We know the interpretation of
this: The one parameter family A— N of homomorphisms G — 1L can be
changed to 7\—-'67\ = ¢7\T7t’ where T}‘ is a one-par_ameter family of invertible
linear maps: '(i — & so that the cocycle of type wy attached to this new
family A— 6)\ is zero. The new cochain of type 01 is now a cocycle itself,
hence determines a cohomology class in Hl(qb'). Again, since the pattern of

further development should be clear, we will not carry the analysis further

at this point.

VII. DEFORMATION OF SUBALGEBRAS OF LIE ALGEBRAS

Suppose wI»L is a Lie algebra, and & is a given subalgebra of L. We want
to study possible deformations A— QX which assign to each value of A a sub-
algebra of A, reducing to the given one at A= 0. The situation may be mbre
general than the one considered ﬁreviously, in the sense that the dimension of
these subalgebras may not be the same, hence one cannot set up a common
isomorphism between their underlying vector spaces. Yet, to apply our
"Taylor's series" methods, it is necessary to parametrize the problem in
some convenient way. We can do this by using the '"dual” method of
parametrizing subspaces, namely assuming that there is a one-parameter

fgmily A— P)\ of linear projection operators IL,— I such that:
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a) P}\ = P}\
b) P)\(]d =32\, hence, since 499\ is a suba}gebra, 7.1
c) PA[P}\X, PAY] = [p,x, P}\Y] for X, YeL_
Having described the problem in this way, we are free to use the standard
methods, i.e., expand P}‘ in a.Taylor's series, interpret the individual
terms as cochains, then interpret the conditions on the cochains resulting
from 7.1 in terms of multiplicative structures on the cochains.
0
= J
Py z PJ}\ ,
=0
where each P, is a linear map: L1,
. b} e
7.1 a) gives the condition:
itk z : i
P.P A = P A, oOr
Z ik —d ]
1k i
k
E Pij-j =Pk,k= 0,1,..., or
0
k-1
PP +P P-P = E Pij-j 7.2
F1



Consider 7.1 b):

' J+k+g j+k
Z Pj[ka, PBY] A - Z[ij, PkY]A or

ik, 2 ik
2
P.|P.X), P, . = X =
J[ J(X),Pl_J_k(Y)] Z[PJ P (Y)] 0=1,2,..., or

0<jk<1 =0

. 1

P [P(X),Pjz (Y)] + Z Pj-[ka P(Y)]= [PX, PEY] +[P£X, PY]+Z [PJX P, JY}
jk={ Fl

or

P[PX, PkY] + P[PkX, PY] + P [PX PY] [ PX,P Y] [PkX, PY
k-

1
_5_ [PXP Y] p.[p .X,PY]
i k-
F1
7.3

The first step is to consider the left hand of 7.3 separately as a function

of X and Y, which we define as Gk(X, Y). Notice then that:

§.5Y) =0 if PX=0=PY 7.4
6%, ¥) =P [PkX,Y] -[ka, Y] = - ) (¥.PX) 7.5
if PX=0, PY=Y (I = identity map of ,L‘_'QI&)

Now, let V= (-P)(), i.e., V= { Xel; PX=0}, identify V with

},’.\/ﬁ’ and define ¢ as the representation of ,(:i in V resulting from passing

- 27 -



to the quotient via the adjoint representation of G in L . Then,
AN A

X (Y) = 0-P) [X,Y] for Y€V 7.6

We can now rewrite 7.5 as:

6, (X, Y) = ¢(Y)<Pk(X)> for X €V,YeG 7.7
Now, work out 7.3 for X,Y eg.\ Put:
@@ = 0-P) P
wy X =PP (X
Interpret wy asa 1-cochain of g&«with coefficients in V. Then,
6,07 = P [X, PkY] + P[ka, Y] + P [X ] - [X PkY] - [ WX, Y]
@-P) 6,05Y) = wy (X V) ~ 909 (wp (D) + 6D ) = - dy K, V)
for X,Yeg, 7.8
P6 (X,Y) =PP (X,Y]) = o, (X,¥]) for X, Yeg. 7.9

7.8 is the key identity linking the deformation equations 7.3 with co-

homology. (dwk is of course the coboundary of the cochain Wy with respect

to the representation ¢ of G in V.)

VII. DEFORMATIONS OF COMPLEX STRUCTURES IN MANIFOLDS

There is a close relation between the deformation-of-subalgebra problem

and the Spencer theory of deformations of pseudogroups on manifolds [11] .
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This way of developing the theory should provide a realistic algebraic model
for D. C. Spencer's monumental work, and provide a unifying framework for
many differential-geometric problems. Since the deformation of complex
structures has served as a model for most of the work of Kodaira and Spencer,
it will be instructive to study it from our point of view before proceeding
further.

At this point we will have to use the theory of manifolds, for which we
refer to Helgason's book [1] which also contains, in Chapter 8, a short ex~
position of the notion of complex manifold. (All manifolds, maps, tensor-
fields, etc., will be of differentiability class Coo) . Let M be a manifold.

FM) deﬁotes the ring of real-valued functions on M. V(M) denotes the set

of vector fields in M: Each element X€V(M) is a derivation f—X(f) of F(M).
V() is both a Lie algebra over the real numbers(relative to the Jacobi bracket
operation (X, Y) —‘[X,Y]) and a module over F(M), i.e., if f€ F(M), XeV(M),
fX is the derivation f'—f{X(f) of F(M). The relation between these two types -

of algebraic structures on V(M) is given by the following rule:

[X,£Y] =X@)Y +£[X,Y] for feFQD), X, YEV(M)

A complex analytic structure on M is defined by an F(M) - linear map,
typically denoted by J, of V(M) — V(M) such that:
2 . -
a) J” = - (identity)

by [X, Y]+ I[%, Y] = X, IY] + [JX,JY] 8.1

Such an operator can be used to define the notion of complex analytic function
on M; A complex-valued function f+ ig is complex analytic if

X)) = JX(g) for all XeV(M) o 8.2
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(For example, consider the case M= R2, i.e., the space of two real vari-

able x and y. 5}%— and ?af are vector fields. J is defined by

()W E)

Equations 8.2are then just 'the Cauchy-Riemann equations.)

This differential-geometric version of the notion of complex manifold
emphasizes the relation to the underlying ""real" manifold structure, and its
similarity to other sorts of differential geometric structure, such as
Riemannian manifolds, homogeneous spaées, symplectic manifolds, etc. In
this picture, however, the integrability conditions 8.1 are in a rather un-
managably complicated form. As is customary in this subject, we introduce
complex-valued functions and vector-fields on M in order to simplify it.
FM, C) is the ring of complex-valued functions on M, i.e., F(M, C) = F(M)

+ iF(M). V(M, C) is the set of derivations of F(M, C), which is in fact, just

the ""complexification' of V(M), i.e.,

VM, C) = V(M) +1V(M)
Consider a J satisfying 8.1. Extend it to an F(M, C)-linear map of

V(M, C) - V(M, C) by the rule:

J (V(M) + iV(M)) =J(van) + iJ(V(M))

P=3 (I+1) (I = identity operator)

Dol =

Then:

P2 (1-J2+21J):-;:(1+1J)=P 8.

AN
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i.e., P is a projection operator V(M,C) = VM, C)

Notice that:
P* (the complex conjugate of P) = —é— I-inH=1I-P 8.3

. *
ie., P

is the projection operator on the complementary subspace to
P ( v, C)) .
The advantage of introducing these notions is that the integrability condi-

tion 8.1 b) takes the very convenient form:

P(V(M,C)) is a subalgebra of V(M,C), i.e., -

P[PX,PY]=[PX,PY] for X, YeV(M,C) 8.4

Conversely, an operator P satisfying 8.2-4 defines a complex
analytic structure on M: Define J = -i (2P - 1), and verify reality that 8.1
is satisfied.

Of course, a deformation of a complex structure on M would be a one-
parameter family A—J 2 of J-operators, eéoh satisfying 8.1, reducing to the .
given one at A = 0. Alternately, we can consider it as a one-parameter
family A —-'PK of F(M, C)-linear operators: V(M,C)—V(M,C), satisfying

8.2-4 for every A, reducing to the given P at A =0. Hence, we are ina

special case of the general theory sketched in the last chapter:

L=VM,C), G= P(V(M, C)), V= (I-P)(V(M,C)) = P*(V(M, C)) ,

¢ (Y) =PX Y] for Xeg YeV.
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Notic: now that both & and V are stable under multiplication by F(M, 0,

i.e.. -bothare I'(M,C) - modules. If

- k _ p*
P, = E PA™, and o =P'P, ,
k

with each Wy interpreted as a 1-cochain: Q{*V’ notice that each Wy is
F(M, C)-!inear. This suggests a study (that we will begin in Section 9) from a
purely alycbraic point of view of Lie algebra cohomology with an additional
module structure imposed. We can immediately check that dwk isalso

F(M, C)-lInear:

4w, (%, 1Y)~ 60wy (V) - @ (1Y) (1, X0) - wy (X, )
- P'[X, P*P V)] - P¥[ty, P*P, (x]] - P*P, [X, Y]
= X(f) P*P*Pk(Y) + PP (D P*(Y) - X() P*P (V) + fdw, (X, Y)
- fd Wy &,

Thin suggests that, in constructing cohomology groups, we restrict our-
selves {o cochains that are F(M, C)-linear. They, in turn, can (in accordance
with the general principles of differential geometry [1]) be interpreted as
tensor-ficlds on M. The corresponding cohomology groups are called the
Dolbeat!! cohomology groups for the complex structure on M.

Lot us look fov a geometric interpretation for the 0-cycles, i.e. , —the -

elemenlt X€V sueh that:

¢(Q(2) =0, i.e., [g&z]cg“
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If Z satisfies this condition, so does X=-§— (Z +ZY X is a real vector
field (i.e., in V(M) itself), and is, in fact, just the '"real part" of the complex
vector field Z. (Z* denotes the complex conjugate: If Z = X + 1Y, with

X, YEV(M), then Z*=X -iY.) Z* also satisfies:

& 2] - &

From this, one sees that AdZ commutes with P, hence also with J, i.e., -

{X,JY]=J[X, ] for YEV(M) .

This says that X is a vector-field generating a one-parameter group that
preserves the complex analytic structure, i.e., is whatone calls (in the

!
theory of complex analytic manifolds) a holomorphic vector field. They form

a Lie algebra, that we denote by ’i\ Thus, we have a sequence of vector

spaces.
d .

0§V~ C (@) ...
S is the Lie algebra of the ""pseudogroup' of all complex analytic transforma-
tions of M. This sequence (called the ""Spencer resolntion' of the pseudogroup)
is exact, (i.e., the image of each homomorphism = the kernel of the succeed-
ing one) if and only if the Dolbeault cohomology groups vanish.
We will leave discussion of this well-known (to mathematicians) example at
this point, since we have merely meant it as '"geometric' motivation for the

general treatment in the next section,
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IX. LIE ALGEBRA COHOMOLOGY AND THE SPENCER RESOLUTION

Consider a geometric structure on a manifold M which leads to a Lie

algebra *§A of vector fields on M. The Spencer resolution construction gives

1’ E2, ... of vector bundles over M, together with a sequence

Di:[“(Ei)—ﬁ"(Ei_*_l) of linear maps, i=1,2,... ([‘(Ei) is the space of cross

a sequence E

section of the i-th bund1e> such that:

a)  I(E)=V@)
b) S = kernel Dl

il

c) D  .D.

;4105 0, i.e., image DiC kernel Di=

1’ i=1,1,...

Thus, we have a sequence

D,

0S8~V — [(E,)

The main problems of the theory are, first, to construct the resolution, then
to prove that under certain "convexity" conditions on M that the sequence is

exact, i.e., 1image Di = kernel D i=1,2,... We will now present an

i+1’
algebraic construction that might serve as a model for some of the ideas.

Suppose again that G, is a subalgebra of a Lie algebra I and that

v =v(‘}\/,11“. Let ¢ be the representation of 5. in V obtained by passing to
the quotient via the adjoint action of G in L. Let Cr(¢>) be the r-cochains
of G with coefficients in V, r=0,1,2,... Let d:Cr(¢>) —*Cr+1(¢) be the

coboundary operator. Let Zr(¢) be the cocycles Cr(qb), i.e., the kernel

of d. Then, of course, we have a sequence

d d

0—2%(¢)— c°(¢) — c(g) — C3(P) — ... 9.
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It is exact if and only if all cohomology groups of dimension 21 are zero.

Now, we have:

Theorem 9.1 Let N(S’,}\ be the normalizer of &m 'I;‘\ Then Zo(qb) is

isomorphic to N@/gs §,¢( hence, we have an exact sequence:

, d 4
0=8V=C(¢) —... 9.2

The proof should be obvious. If ZE‘I;J\ the image of Z in V= “I;\/(;;“ is in

the kernel of d if and only if

[X.¢J<G..
i.e., Z is inthe normalizer. Further, the quotient map N@ —V has w(a\
as kernel. q.e.d.

Now we may inquire under what condition Co(qb) =V itself can be made
into a Lie algebra so that the map §“—'V of 9.2 is a Lie algebra homomorphism.
We shall give one such condition.

Suppose that k\ is, as a vector space, the direct sum @ﬂ of sub-
algebras, i.e., V can, as a vector space, be identified with &'\ . We must

. PRI T . .
find the condition that the map N(g)\/g“ g}"l Jisa Lie algebra homomorphism.
. - - ',
Suppose that Z, ZleN(ﬁGi, with Z =X+ X', Zl —X1 + X1 i X, Xle& and

X, X'leg;\. Now

(z,x,]=(2z.2] -[Z2.X]]eg.
[X,21]=[z,zl] '[X"Zl]eg.\" hence
[z.x]- [X',2,]e S ~ : 9.3

Then,
212,72, |- Z,XY - X',Z €G Z,%.}) - Z,X' €G 9.4



Now, we have:
— 1 1
Theorem 9.2 Suppose N(@ = g@ (N@\(WN(GMQ). Then, the map

_ - 1= 0 . .
o N(E)\/E{"ﬁ\ C”(¢) is a homomorphism.

3
)

1
Proof Suppose that Z, Zle N(EL)\O N((l%ﬁl .

- . . L . . 1 1 _

By 9.4, projection of [Z,Zl] on G = projection of [Z,X1] on G ,
. . ' i 1 4

by 9.4, the projection of [X ,Zl] on G . Now, [X ,Zl] belongs to G :

but also equals [X', X1]+ [X',Xl'] . Note that: _
1 _ 1 t 1 o _
o).z, )- feonege-fox] o eg,
Since GNG' = (0), [X',X J= 0, i.e.,
EYLEE N 1
rojection of N(G)N N(G') on G), projection of N(G) NN(G") on G' |=0 9.5
[(p j Q)N NG on &), proj @ NNG) : I

This implies that projection of [Z, ZJ on’(;i = [X',X'l} , which shows that, with

the identification Co((p) = (& the map &—*Sﬂ is a homomorphism.

X. LIE ALGEBRA COHOMOLOGY WITH AN
ASSOCIATED MODULE STRUCTURE

In the last section we have abstracted out one feature of the complex-

manifold theory that has general algebraic validity. Now, we will present

another general feature.

Suppose that %\is a Lie algebra, and also a module over the ring F. We
will denote elements of g‘\by X, elements of F by f. Suppose that to each

XE'C‘}“we are given a derivation f—X(f) of F, and that:

[(X,07] =x(® Y+£[X,Y] , for X, YeG, f€F
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Suppose that X — ¢(X) defines a representation of & by linear transformation

on a vector space V, that V is also a module under F, with

¢X) (fv) = X(Hv+ { ¢X) (V) £

¢ (£X) (v) = £ (X) (V) 10.1

for XeG, vev
N
Let C?,(qb) be the submodule of Cr(cp) (the r-cochains of & with coefficients
on V) consisting of those r-cochains which are also F-multilinear, i.e., the

functions > STR ,Xr—. w(Xl, . ’Xr) that satisfy:
w(fxl,Xz, e X)) = fw (Xl, . "’Xr)
for feF, Xl”"’ XrGSA

As a consequence of 10,1, one proves easily that:

X(fw) = X(w + X(w) for weC (¢), [€F 10.

<X(w) denotes the Lie derivative of the cochain w>

- T T
Theorem 10.1 If weCF (¢), Xe’g& then X(w) € CF (o) .

Proof For f€F,

X(w)(le,...,Xr)=¢>(X)(w(fxl,...,Xr)>- (XX ] XD -
- X, [X X)) = XX, e, X)) + I ¢(X)(w(X1, . ..,xr)>
_X(i) w(xl,---,xr) 'f(.l.)([x,xl] e e ey Xl‘)

@, [XX]) =(ﬂ((w)(xl,...,xr)>
r+1

Theorem 10. 2 d(ci, (¢))C Cp (), T=0,1,...

_37_
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Proof We proceed by induction. For r=10: c‘oeC% (¢) means weV
do® = $(X) ()
dw(fX) = ¢ (X) (w) = f¢(X) (w) = fdw(X)

Assume it is true for forms of degree<r

dwX, F, X ...“,Xr)=(Xde)(fX1,...,X

1’ r)

= X(w) (X}, -+ -, X)) + d(XJw)(tXl, X))
= 1X(w) (X, - -5 X)) +fd(X..|w)(X1,...,Xr)

(by Theorem 10. 1 and the induction hypothesis),

=fdw(X,X1,..,Xr) g.e.d.

Thus, we can use cochains that are F-multilinear to construct a cohomology
group. They are obviously the appropriate group to discuss deformation of
homomorphisms, subalgebras, etc., that are F-linear.

Notice the following way of defining an interesting cohomology situation:
Suppose & is a Lie algebra that is also an F-module, with ~I;\ also acting as
derivations in F, as before. Suppose that ,%\ is a Lie subalgebra of ‘I&\that
is also a submodule of ,9& Then, V= g/%\is an F-module, and the cohomology

theory sketched above can be used.

XI. DEFORMATIONS OF COMPLEX SUBMANIFOLDS
OF COMPLEX MANIFOLDS

Now, we proceed to abstract out of Kodaira's work [3] on deformation of
complex submanifolds an interesting algebraic structure. Let M be a mani-
fold, J: V(M) — V(M) a tensor-field, (i.e., an F(M)-linear map). Satisfying 8. 1.

For peM, let Mp be the tangent space to M at p. Each vector field
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X€eV(M) determines a tangent vector at p, i.e., an element of Mp, which is
{ts "value' at p, which we denote by X(p). J has a ''value" at p also, which
{s a linear map (which we also denote by J of Mp—o Mp such that J 22

- (identity). Then, as definition,

INE = I(XE)
Let N be a submanifold of M. For each point p of N, its tangent space,
Np , is a subspace of Mp. J(Np) may or may no:c be equal to Np. If it is,
for each peN, then obviously N inherits a J-tensor. If this is so, it is
veadily verified that the ""integrability condition" 8.1 is satisfied on N also,
i.e., N has a complex manifold structure.
Now, we can consider "deformations,' i.e., a one-parameter family

hY —'N7k of complex submanifolds of M. The "trivial'" deformations are those

of the form
N = 6, 9,

where A — ¢7\ is a one-parameter family of transformations of M that pre-
serve the complex-analytic structure on M, i.e., that are complex-analytic
wransformations on M.

Let us formulate this more algebraically. Suppose F(iVI, N) consists of
<he funcfions of M that are zero on N. Then, F(M,N) is an ideal in the ring
F@A), and F(N), the functions on N, can be identified with the quotient ring

FQD/F(M,N). A vector field X€V is tangent to N if:

x(F(M, N)) c F(M, N)
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Thus, the action of such an X by derivation on F(M) induces an action by
derivation on F(N) = F(M)/F(M, N). This defines a vector field on N, which
is just the induced vector field on N. Let V(M, N) denote the set of these
vector fields that are tangent to N. Then, the condition that N be a complex

submanifold is

J(V(M,N)) C VLN
Notice that
[V’ (M’ N)’ V(M, N)]C V(M, N)’

i.e., V(M,N) is a subalgebra of V(M).

Also V(M,N) is an F(M)-submodule of V(M). Thus, a deformation of
submanifolds, A — N (independently of the condition that each submanifold be
complex),can be considered as a deformation A — V(M, NK) of a subalgebra of
V).

Now, we can handle deformations of complex submanifolds. As before,
"complexify F(M) and V(M) to F(M,C) and V(M,C). Put P=1/2 (I +1iJ):
F(M,N) and V(M,N) can be complexified to F(M,N,C) and V(M, N, C). Then,
P(V(M, N, C)> is a subalgebra of P(V(M, C)) . A deformation )\—-NA of comple}-(
submanifolds leads to a deformation A —'P(V(M, NA, C)> of subalgebras of
P(V(M, C)) .

We have carried the analysis sufficiently far to make it clear that the
algebraic formalism sketched above applied to this situation also. However,
there is a new feature: We have Lie algebra k"(= P(V(M, C)», a subalgebra
&(*—- P(V(M, N, C))), and we count those deformations Aﬂgiof %as "trivial' which
are obtained by acting on ’(.}“by a one-parameter family of automorphisms of

'%ktaken from a given group of automorphisms. In this case, the Lie zlgebra
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of the group of automorphisms is “S“ the normalizer of P(V(M, C)) in V(M, C),
modulo P(V(M, C)) itself, i.e., the group is the group of automorphisms that
is induced by the complex analytic transformations of M on V(M,C). This,
is a slightly more general deformation problem that is considered here or in
Richardson's paper [10], but the same methods apply to it: We shall return to

this in another paper.

XII. DEFORMATIONS THAT ARE LINEAR
IN THE DEFORMATION PARAMETER

Lét us turn to another problem that is closely related to the "mﬁitiplicative"
structure on the cochains, namely the problem of deciding when a given defor-
mation is equivalent to one which is linear in the deformation parameter. (For
example, the "Gell-Mann formula" type of analytic cczntinuation of Lie algebra
representations [z]leads to such types of deformations, in a very natural way.)
Since we will only begin this discussion in this paper, we will consider the
simplest case, the deformation of Lie algebra homomorphisms. ‘

Let &\ and S.,‘ be Lie algebra, and let ¢: /g«—’kx be a homomorphism
from Sato B Let V be the underlying vector space to hand let ¢' be the

following representation of g'\ by linear transformation in 'I.J‘\

¢'® (M =[pX,Y] for XeG YeL

2 .
t we ", i.e. i i €L .
Let w C (0", i.e., w is a linear map s“ L

Consider:

¢).(X) =¢X) +Aw X for Xe'I'J‘\.
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Then,
6, (1, Y] = o (%, Y]) + A0 (K, Y] 6,09, ¢,(9]
= [609 = 2w @), 6N + Ao V)]

= (0@, 0] + AW, 6] +A[HE), w®)] + A W), W]

Now, let a:‘%‘\x 'I;‘:-**I&\be the map o(X,Y) = [:X,Y] . Then ¢ induces a

multiplication N
r+R

cT (¢ x cRip") - TR (¢

on cochains, as described above.

@(w, )XY =[wX,wd)]
We see that ¢)\ is a homomorphism for every A, if and only if:

dw=0 12.1

a¢(w,w) =0 12.2

4

Suppose now that a given wecl(cp') satisfies 12.1, but not 12.2. Then 12,1
says that wy is a cocycle, hence determines a cohomology class that we denote
by 51 . Can we change wq within its cohomology class so that 12. 2 is also

satisfied. Now, « induces, as we have seen, a multiplication
1 1 2
H™(¢) x H () — H'(¢))

Thus, a necessary condition is that
a(w,w) = 0
Now, it is easy to see that it is not always a sufficient condition. However,

we can add another condition which makes it also sufficient, and that is satisfied

in many examples.
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Theorem 12.1 = Suppose weZl(cp') satisfies

a(@,w) =0 12.3

Suppcse also that Zl(cp) can be split up as a direct sum

ac¢) @ W'

where W1 is a subspace of Zl(¢) satisfying:

awh, wh nacte) = () 12.4

Conclusion:
If o' isthe element of W1 which is the same cohomology class as w

then ¢A defined by:
$, ) = $(X) +20' )
- is, for each A, a homomorphism of ’C‘}k into k\
The proof is trivial:  12.3 says that a(w,w) = a(w',®") =0, i.e.,
a(w', w')edcz(cp'), while 12. 4 then implies that «(w', ") = 0. Then, 12.1-2

are satisfied with ( replaced by (', whence the conclusion.
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