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ABSTRACT

To obtain high order integration methods for ordinary ditferential
equations which combine to some extent the advantages of Runge-
Kutta methods on one hand and linear multistep methods on the other,
the use of "modified multistep" or "hybrid" methods has been pro-
posed [1], [2], [3]. In this paper formulae are derived for methods
which use one extra intermediate point than in the previously pub -
lished methods so that they are analogues of the fourth order Runge-

Kutta method. A five stage method of order 7 is also given.
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1. Introduction

In papers by Gragg and Stetter [1], by the present author [2], and by Gear [3],
integration processes were considered which combine features of both Runge-Kutta
methods and multi-step methods. In fact these new methods were multi-step ana-
logues to third order Runge-Kutta methods in that one additional derivative calcu-
lation was made at some point between steps. There is no reason in principle why
more than one of these additional evaluations should not be made and the present
paper is mainly concerned with the case of two evaluations. It is found that an
order of accuracy 2k + 2 is possible and examples of processes where this order
is achieved and which are stable exist for k=1, 2, ..., 15. Detailed formulae
for some of these cases are given for k = 2, 3, 4.

For a stable k step method requiring r intermediate calculations per step
(that is a total of r + 2 derivative calculations per step) it seems worthwhile to
aim for an order 2k + r. For r = 0 this has been shown by Dahlquist [4] to be
possible only for k < 3. For r =1 it appears to be possibleupto k=7 [2] and,
as just noted, it appears to be possible when r =2 upto k=15. r =3 is apar-
ticularly interesting case as the Runge-Kutta case, k =1, does not exist.

However, using a construction that could in principle be used for cases of
higher k, we have found that there exists a two parameter family of methods of
order 7 with k =2, r = 3. One example of such a method is given here.

ThLe initial value problem whose numerical solution is sought will be written

as

L~ f,y) s v =, (1)



where y, f are vectors with N components. For some purposes it is more

convenient to consider the autonomous system

%XX =fy), yx)) =¥, (2)

where y is the vector (x,y) with N + 1 components, = <1,f(x,y)) and

Yo = s Vo)

2. The Corrector Formula for the Four Stage Methods

Postponing for the present considerations as tohow y ., ¥ n_y are tobe

computed, we write

k k

In = z : Ajyn~j *h blfn—u * bzfn—v * z : ijn—j (3)
j=1

j=0

for the formula with which Yy = y(xO + nh) is to be computed, h being the step

size. fj for any subscript j denotes f(x0 +jh,y.). If u,v are given constants

there are 2k + 3 coefficients Al’ AZ’ . Ak’ b b BO’ B vees Bk to be
chosen so we shall seek values of these coefficients so that
k k
0 = -p(0) + z ;Ajp(—h;i) +h{b, p'(-hu) + b,p'(-hv) + z ij'(-hj) (4)
=1 j=0

for all polynomials p of degree < 2k + 2. We shall suppose that u #v and that
neither equals one of 0, 1, 2, ..., k.

Consider the function

k
b B.
1 i
(z) =-= E + E (5)
b = Z+h3 (z+hu) (Z+hV)2 =0 (z+h3)2




so that the integral L(p) given by

- 1

L) = 5 f p(z) é(2) dz (6)
C

where C 1is a counterclockwise circle with centre 0 and radius R > max

(|hul, |hv} |hlk), expresses the error in (4) for a polynomial p. For L(p) to vanish

for p(z) any polynomial of degree < 2k + 2 it is clearly necessary and sufficient

that
|o(2)] = o(z] 7% (7
as |z|— <.
If we write
o) - Ii(knzhz“z( 1, _hU 1 _hv ) ©
LS AR T &

[T+ hj) 2
i=0

we see that (7) is satisfied and that (8) is of the form of (5) if the constants U, V, K
are chosen so that the residues of ¢(z) <given by (8)) at z = -hu and at z = ~hv are
zero and so that the residue at z = 0 is -1. Assuming that u, v do not have values

such that one of the right hand sides of (9), (10), or (11) vanishes we find
k

_ 1
/U= 9

j=0
k
1
2. a0
j=0

1/V =
_ 2 U 2 \Y 1 U 1 A\ (11
/K = H (£ + = -2 - 1+ = 4+ =- —=- 2
ki u u2 v v2 u2 u3 v V3
where H =1+-1-+ +}~ k>0, H. =0
k 2 . k, H 0



Writing (8) in partial fractions and comparing with (5) we find

2
_ KU k'
b, = ol K (12)
1T gw?
=1
|2
KV K
by = - o2 K (13)
I w2
=1
B.=Kk2—.1 g g _ .1 _ Y (14)
J i (j-u) 2(]—11)2 (i-v) 2(j—V)2 ’

>
i

2
. KG‘) L U, + 2 e e L 2B,(H,-H_)
! (G-w”  (-w (-v) (-v)
(15)
At this stage it is convenient to examine the error in (4) when p(x) is not a

polynomial of degree 2k+2. We will suppose that p(x) € 02k+4 fa,b] where

[a,b] contains 0, -hu, - hv, -hk. We can expand p(-h), p(-2h), ..., p (-kh),

hp'(-h), hp'(-2h), ..., hp'(-kh), hp'(-uh), hp'(-vh) in Taylor series about 0 up

to terms in p(2k+3) (0) with remainder terms O(h2k+4) as h— 0. Substitute

into the right hand side of (4) and we obtain, since Al’ Az, cany Ak’ bl’ bz,

BO’ 1P Bk were chosen to make this expression zero for a polynomial of

(2k+3) (o) 243 ok+4,

degree 2k+2, only an expression €p + O¢h ), where € isa

. 3 . .
constant. To determine € we write p(z) =z (z +h])2, for which

=1
p(2k+3) (0) = (2k+3)! . We now have

h2k+3 (2%+3)! € = 571?1_ fK(k'.)z h2k+2Z z+1hu + hU . "z+1hv— hv 5 iz
C 2(z + hu) 2(2+hv)

(16)



from which 2

€ = K{!) (v U+ U-v ) 17

T (2k+ )t 2

By applying this argument to every component of y in turn we find the

2k+3 2k+3 2k+4
( ) (=) h

errur in (3) tobe €y + O¢(h ).

3. Stability Considerations

So far the only restrictions that are imposed on the parameters u, v are
taat they are not equal, that each differs from each of the integers 0, 1, 2, ..., k
and that the right hand sides of (9), (10), (11) do not vanish. However, for a given
k , it may happen that some combinations of u,v do not yield a formula (3) which
is stable when used as a {inal "corrector.” Excluding the "principal root" at 1,

let R be the greatest magnitude for a root of the equation,

- Az - -A =0 (18)

R is a convenient measure of the stability of the formula: if R < 1 the
aethod is (asymptotically) stable and if R > 1 it is unstable.

For k=1 only the principal root is present. For k= 2 it is found that
R = [(15uv - T@+V) + 4) /(15uv - 23(u+v) + 36) | .

Tor higher k it has seemed most convenient to study R as a function of
w, v numerically. For k=2 it happené that R < 1 whenever u,ve¢ (0,1).
Tizure 1 shows the contour lines R=1 for k=3, 4, 5, 6, 7, 8 and u,ve(0,1).
TFor each curve, the value of the corresponding k is written beside it. Here a
convention is adopted in that the side of the curve where k is written corresponds
to the region for whichR < 1. We see from this figure, that the region for which

u, v ;ive stability tends to decrease in area as k increases. The same pattern

coi..aues up to k= 15 but there does not appear to be any region where R < 1

-8 ~



for k = 16. To illustrate the behaviour of R for k=6, 7, ..., 15, Figs. 2 and

3 are presented. As u varies from .51 to .64 the values of v which minimize
R and the values of the minimum R have been computed. Since the v which
minimizes R is approximately .3u it was found convenient to plot v - .3u as a

function u (Fig. 2). The minimum value of R is plotted in Fig. 3.

4. The Predictor Formulae

We now consider a method for computing the values of Ypou® Yn-v and the
"predicted” value of Yo The formulae proposed are

k k

Yn-u ~ Z Agpyth Z Byt (19)
71 =1
k k

Ty = 2 Ao¥n-i ¥ BlPorfpu 2 Byoitn-i (20)
=1 =1
k k

Yn - Z A3jyn—j *h b31fn—u * b32fn—v * Z B3jfn~j (21)
=1 =1

The value of Y, given by (21) we will write as ?n and the final "corrected"
value as 'jr'n . For simplicity we will suppose that X, = 0 and for compactness of

notation we will consider the autonomous form (2) of (1). Thus we consider the

overall procedure for finding y(0) from y(-h), y(-2h), ..., y(-kh) using the
formulae
k k
y(-bu) = D Ajy(-hi) +h D By (y(-hp), (22)
=1 =1



€

Y(0) - y(0) = h2k+1<b1e§21<> +1, e 41 e<2k>>

k ' k
y(-hv) = Z Azjy(—hj) + h[bzlf(y(-hu)) + Z szf<y(—hj)] ' (23)
j=1 j=1 | '

k k
$0) = Agy(-h + h‘:bmf(y(—hu)) +b32f<y(—hv)> + Z Bajf<y(-hj)>] (29
j=1

j=1
k k

FO) = 20 Ayhy + h[b1f<y(—hu)) +b,£(y(-tm)) +bgf(F@) + 37 ij(y<-hj))],
j=1 =1

(25)
where we have written b3 in place of BO .
We can choose the coefficients in (22) so that y(-hu) is given exactly when

the components of y(x) are polynomials of degree 2k-1. When this is done, sup-

pose the error can be written in the form

gzm § R gy n 2k 6§2k+1) (2R o 2R €(121<-x-z) (2D (242 <th+3) .

The same is true for (23), (24), and we suppose that the error for these formulae
con be written in the same form (with subscripts 2, 3, respectively on the €'s)

where it is supposed that exact values are used for all quantities on the right‘-hand
sides. If exact quantities are used on the right-hand side of (25) the error in this

(2+3) () 3 23 2k+4

guantity is ey + O(h ) where € is givenby (17). Using the

same type of calculation as in [2] we now find the total error in y(0), the approxi-

mation to y(0), due to all sources. It is given by

ot (k)

2 33 oy

L p2K+2 <b {2k+1) +b, 6;2k+1) ‘b 6(2k+1)> Bf o (k)

161 3°3 3y
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(28 (2K) (20 o 2 ok
* {Dobg €y Fhgbg & +bghgo6 oy y

2
<b1u ¢ (24 bzvez(Zk)> f;—; fy(Zk)

(k+2) . (2k+2) (2k+2)\ of (2k+2) | v(2k+3)l
1 *hyé +bg€s ) &y °

+ h2k+3 <b

2
(2k+1) (2k+1) (2k+1) 2k+1
22161 +oghg € + bgbgy€y ay y &

¢ (2K+1) 2kt 1 2k+1
] <b1 - >> (@)
oy’
b

By 2'P21%1 " 2% By

R
Bagby €2 <§£) B9 _p (@K 0% of (2
oy

3
2k+3 ] 1 (2k) (2k) 2_(2K 2 of 2K
+h 3 <b1u 61 + b2V € ) (—5:;3- f y( ) 68 23y y( )>

\

- <b2b21+b3b31> e L Lem| et azf £ (20
! 3732 2 ay
v ay

2\ 2 2
+ 2 ¥ <ef2k)> +b2(€2(2k)) +by <e§2k)) (‘Zk)> " o<h2k+4>
ay>

(26)

In this expression, the various factors involving derivatives of y and f are
supposed to be evaluated at y =y(0). Asin [2] , the various products of such

factors are to be interpreted in a conventional way. Thus one would associate
2. X '
with y(n), f, -Q~f~, Q—f—-, . « ., the tensors y(n)l, f f. < afl ) f1 y e
oy ' oy? oyl /' k

Two tensors in juxtaposition are supposed contracted over subscripts in the first

member and superscripts in the second in such a way that the terms actually



occurring above have only one non-contracted superscript. Note that a term of

order h4k+1 is present in (26), When k >1 this term could be absorbed into
o (112k+ 4) _
: . .. 2k+2
If the method is to be accurate to terms in h then we see from (26)
that
(2k) (2k) (2k) _
b, €77 + b262 +bg €77 =0 (27)
(2k+1) (2k+1) (2k+1) _
blel + bze2 + b3e3 =0 (28)
(2k) (2k) e(2K) _
b2b21 61 + b3b'31 61 + b3b32 2 0 (29)
(2k) (2k) _
bju€e” +bve; ™ =0 (30)

We now derive formulae for the coefficients in (22) and (23) so that these are ac-
curate for polynomials of degree 2k-1 and so that (27) is satisfied. We then find
formulae for the coefficients in (24) so that this is also accurate for polynomials
of degree 2k-1 and so that (28), (29) and (30) are satisfied.

By analogy with (5) we write

L Ly kB, ’
b @)= -+ ) e +h Y ——b (31)
1 z+hu = z+hj €4 (z+hij)
k Kk
A b B.. :
1 2i 21 2 3
ga(z)=-~———+2—-—l.-+h< +2;———-L—2> (32
2 z+hv = z+hj (@+u) =1 (z+hj)
k A, b b kK B,
¢3(Z)=—%+ ?%T*h< 2o = +Z“‘*3L2‘> (33)
j= J (z+hu) (z+hv) j=1 (@+hj)

-10 -



and

L®) =z /p(z) p@) dz , §=1,2, 3 (34

C .
so that Ll(p), Lz(p), L3(p) is the error in (31), (32), (33) respectively for a

polynomial p(z) . Lj(p) is to vanish identically for j=1, 2, 3 when p(z)
is of degree 2k-1. Hence,

-2k-1
)

l¢;@)] =o0(lz] , i=1,2, 3, (35)

It is clear that «pl(z) must be given by

k 2
[ l (u-j)
n2k =1

P02 = - z+hu k (36)

(z+hj) 2
j=1

J:

where the numeraﬁor has been chosen so that the residue at z = -hu equals -1.

Thus
k
1 @-n
=1
i= (37
U o [kt G-0] 2
A,.=B -l~+z[H. -%;J
13 By | 7u R ) (38)
We write ¢,(z) in the form
k
BT o-n® ,
JL
(z+hv) n (z+hj) (z+hu)
=1

-11 -



so that
k

ﬂl:[l (V-R)z 1 R
B, = —4 P+Qh + (40)
26w (6Dt o] (“ I ep? )

k

2
»
ﬂ]:[l -0 <_ Q_ ., 2QR>

A_.=
2l Gov [&-t G-1i) 2 Gu?  Gw?

(41)

+ By, (2[1{]._1 . Hk_j] + J—f—v>

k 9
QR ﬂl (v=j)
= i 42)

b K
@-v T -2
I

21

The form for <p2(z) given by (39) has the correct behavior at infinity and at
~h, -2h, ..., -kh, -uh, -vh. However, P, Q, R must be fixed so that the residue
at -hu is 0 and the residue at -hv is -1.

We thus have

= ——— +2

1 - 2 .2 .1
v-u —U+u+ ’ (43)

o=

k

1

j~-u
=1’

1 R _
P+Q <u_v + (u_v)z) =1 _ (44)

To obtain a third equation for P, Q, R we use (30).' In the same way as

for € we obtain for e§2k) , j=1, 2 the expression
-2k k
(2k) _ h €2 45
ej - 27ri (Zk)! Jljl(z'*'hl) S’j (Z) dz ( )
C

-12 -



so that

k
@ 1 2
‘T JE[I (u-j) (46)
(2k) P k 2
QT le . 0

Using the expressions (12), (13) for bl’ b2 and substituting in (30) we find

P= v (48)

<,a2(z) is now determined. We must now choose ¢3(z) of such a form that
(27), (28), (29) are satisfied. This can be done by defining 903(2) by the

equation

b 9@ +b,p,(2) + by p@) +£0(2) =0 . (49)

To see this, we observe that P4(2) defined thus has the correct behavior at
-hu, -hv, 0, -h, -2h, ..., -kh and at infinity. To see that (27) and (28) are

satisfied we see that

-2k-m
(2k+m) _ h 2k+m
€ = T (ke z p;(2) dz (50)

C

for m=0, 1 andj=1, 2, 3. Making use of (49) we see that

k -2k-m-1

(2k+m) _ __ h 2k+m+1 _
2 = Zm gemyr ) 2 p(z) dz =0 (1)
j:’.l C

since |e(z)] = O(|z] _2k'4') as |z|—oco. To see that (29) is satisfied, we

multiply (49) by (z+hu) 2/’h and by (z+hv) 2/h and take the limits as z—-hu

- 13 -



and z —-hv respectively. We find

bybyy +bgbyy -uby =0 , (52)
b3b32 - vb2 =0 , (53)

so that (29) follows immediately from (30). Using (49) we now list expressions

for all the coefficients in (24).

I _
A3j‘b3 (A -DbiA) -byA, - B) , (54)
B.. =~ (jB.-b,B.. -b_B.) (55)
3~ b, UPP1P1y 7 P2 ,
b.. == (ub, -b.b 56
317 b, (uby - byby,) , (56)
b, == vb 57
32 b, VP2 . (57
3
5. The Truncation Error

In this section we shall find expressions for the coefficients in the asymptotic
_error term which we see from (26) to have the form
2

h2k+3{c1:52k+3) +ol OF (k+2) ¢, (6_f>

2
(2k+1) + Of (2k+1)
1 3y oy ¢ 3 W

oy

3 2 3 2
Of\° (2k) v O . Of (2K, 1 <a £ .2 (2k) . 0°f . (2K
+ ¢ et N -C,. —— f — Yy + = c S - f y 4 = fy

2
_ ot 81t (2K
°4 5y ayz y }

where we have supposed k >1 and the c's are given by (26). From (49 we

immediately find ¢} = - (2k+3) ¢, = - (2+3) € . From (52, (53), we find

- 14 -



1 . ’
that‘ Cy=Cy, Ca=Cqy € y=Cy . C, 18 given by
~2k~1 _
= (2k+1) (2k+1) _ _ b 2k+1
ey = by 1o - e [Prn@ +byvee] 7 e

(58)
Since f (blu gal(z) + b2v¢x(z)> p(z) dz = 0 when p(z) is any polynomial of
degree 2k, we may replace 22k+1 in (58) by any polynomial with the same lead-

k
ing term. We choose the polynomial (z+hu)n (z+hj)2 so that
=1

by [T )2
v v-j
ol 1

(]
2 (2k+1)!

[P (u-v) + Q] . (59)

k
. 2K 2k -2k, . "2
To find Cg = bzvb21€1( ) we evaluate 61( ) = (h /2m(2k)!> fgol(z) Hl(z+h3) dz
C =

to find

b, vb k
cg= - s 1] @’ (60)
, =1

Finally we find ¢ 4= blu2 €£2k) by making use of (30) and the value of fl(zk)

to give

blu(u—v) k 9
e e e N ) (61)
4 (2k)! =1

6. Particular Methods

In this section we list some special methods. Since the complexity of the

coefficients increases rapidly with k, we restrict ourselves to k=2, 3, 4. For

each such value of k we have selected two methods: with (u,v) = (—‘;i, —;—) and

-15 -



(u,v) = (—%—,—}1—) . For k=2 the two methods are

yn—2/3 = (16yn_l + llyn_z) /27 + h(len_1 + 4fn_2) /27 (62

Yno1/3= (4791 - 20, o) /27 +h(27f 73 - 226 1 - ) /27 (63)

PN

Yo = (—13yn_1 + 23yn_2)/10 + h(108fn_1/3 - 189fn-2/3 + 284fn—1 + 61fn_2)/80 (64)

Y, = (48yn_1 + yn_z) /49 + h(160fn + 648fn_1/3 + 11t05fn_2/3 + 280fn—1 + 7fn_2) /1470
(65)

and

yn-1/2 = Y9 + h(9fn__1 + 3fn_2)/8 (66)

- 819f _)/512  (67)

yn-l'/4 = (1309yn_1 - 1053yn_2) /256 + h(756fn_1/2 - 1659fn—1
< = ! -~
Vo= (-140y, _, + 198y, ,)/53+ h(G12f ), ~ 560f, ; o + 3640f , + 1574 ,)/1113
(68)
/N
Y, = (32y,_, +¥, o)/33+h(1113f +2048f gt 49288 1 s
+2548f | + 736 )/10395 . : (69)
For k=3 the two methods are
Vo-g/3= (9, o+ 32y, /81 +h(L96T, , +196f o+ 281 5/243 (70)

-16 -



Yn-1/3= - C -
n-1/3 (14992yn_1 6784yn_2 2943yn_3)/5265

+ - - -
h(118584fn_ 148400fn_ 145208fn_ 17336fn_3)/110565 (71)

1

2/3 2

Vs
= (-18:
§, = (-164007y_ , + 139716y, + 47015y .)/22724

+ h(995085fn_1/3 - 2405700fn_2/3+ 4;81924:8fn_1 + 3412836fn_2+ 359691fn_3)
(72)
v, = (9369yn_1 + 837yn_2 + 71yn_3)/10277
7
+ h(20976fn + 98415fn_1/3 + 39366fn_2/3 + 58536fn_1
+ 7506fn_2 + 321fn_3) /205540 (73)
and
yn-l/2 = (-225yn_1 + ZOOyn_2 + 153yn_3) /128 + h(225fn_1 + 300fn_2 + 45fn_3) /128

(74)

yn—1/4 = (6339487yn_1 - 2981088yn__2 - 2604735yr‘_3)/753664

+h(41247361 ) o - 13604745f, | - 247955408, , - 3851001f, o /3768320
(75)
”~\
§ = (-206118y, ; + 125037y, _, + 101758y, o) /20677
+ h(36524801 ; ,, - TT46816T ; , + 49298865 | + 756891301 ,
+ 11559891f ) /7960645 (76)

- 17 -



¥ = (5319y_ ; +513y ,+4ly /5873

~
+ h(207669fn + 589824fn__1/4 + 88704:0:fn_1/2

+ 7158691 | + 862201 , + 35491 ,)/2261105 . (77)

1 2

Finally, for k=4 the two methods are

Yn_2/3 = (-39200yn_l - 33075yn_2 + 108000yn_3 + 23324yn_4) /59049

+ h(196001_ +44100f , + 252001 .+ 1960f ,)/19683 (78)

1 2 3

yn_1/3 = (653682800yn__1 - 54440316yn__2 - 381259575yn_3 - 02034500yn-—4)/ 155948409

+ h(418263750f - 691608400f - 1248768990f
n-2/3 n- n-

1 2

- 351988001 _ ) /363879621 (79)

- 540581400f
n-3

/\ ——
§, = (-17463266y _, + 4428891y, + 12250002y . + 1782557y _,)/998184

+ R(404310691 ; /g - 122509179f, _, o + 3049345601 , + 4254249511
+ 164835435, + 9960664f _,) /23290960 (80)
Y = (301456y, ; + 65448y, , + 22640y o+ 1457y, ,)/391001
2\
+ h(14710080f, + 76606236f, _, o + 160219626 , /, + 629428801,
+20844054f _, + 3604260 o + 1190281 ) /15053585 (81)

- 18 -



and

Voo1/z = (-6125Y, ; - 3676y, , + 9261y, 4+ 2075y, ) /1536
+h(12250 ) + 36758, _, + 22056, o+ 1758 ) /512 82
Yp_1/4= (884331178y, ; + 449223975y, , - 1027077975y, 4 - 232028279y _,)
/74448896
+ h(T2817920f, _, ,» - 314524875 | - 12074784751 ,
- 737261595f . - 58733115f _,)/74448896 (83)

A p—
§_ = (-99742024y  ; - 45909828y, + 123367176y, o+ 27180523y, ) /4895847

+ h(148897792fn_ - 239486976fn_ + 1662170440fn_ + 5185974240fn_

1/4 1/2 1 2

+ 30563462161 _, + 240266188f ) /171354645 (84)

3

¥, = (8494880y, _, + 1482624y, , + 477408y o + 80127y _,)/10485039

N
+ h(342709290fn + 1191182336fn__1/4 + 1372225536fn_1/2 + 1575099680fn__1

+ 75396384fn_ + 2456234fn_4)/4036740015 .

+ 450881640f

2 3

(8%)

The coeffieicnts Ci» Cor Cg Cy in the expressions for the asymptotic

truncation errors of these methods are tabulated in Table I.
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1. A Seventh Order Method

In this section we consider a method in which three intermediate calcula-
tions are performed within a step. We consider only the case k= 2 although the
method of derivation would be the same for higher k. The method we seek then,

will be defined by the equations

Ynou = B11 Ypo1 YA Vg T RBE 3 B T o) (86)

Yooy = A1 Yoy T Agp Yy g ¥ By £+ Byy £ 1 +Boy f o) 87)

Yoow = Ag1 V-1t Agp Vg T B0gy )+ Pgo £ o+ Bgy £ 1+ Bgp i o) (88)

FaN

Vo= Ay Vo1t Ay Vpg ¥Rl by (P E By Bt Byt o)
(89)

FaN
yn = Al yn--l + A2 yn-2 + h(bl fn—u + b2 fn—V+ b3 fn—w + b4 fn + B1 fn—l + B2 fn—2)

(90)

where u,v,w are distinct from each other and from 0, 1, 2 and All’ A12’
e BZ are the coefficients for the method.
It is now our purpose to choose the various parameters so that
You Yn-v’ yn-w’ S’\n agreg with their exact values with error O(h4) and so
that Sr'n agrees with Ya with error O(hs). As for the previous methods we
shall identify the various coefficients in (86) - (90) as the numerators in the

partial fraction expansions of certain rational functions

¢1(Z), ?2(Z)’ ¢3(Z), ¢4(z)v ‘P(Z)'
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Setting h= 1 for simplicity we shall suppose that these functions are related by
D¢ (2) + by p,(2) + by ¢y(2) + by ¢, (2) + 20(2) = 0 o1

and that P10 Py ¥g @ take the forms

Ky
¢1(2) = - 9
1 (z+w) (z+1)2(z+2)2 ®2
K L M
2 21 21
¢ (2) = ~ 14+ — [1+ 9
2 (2+v) (@+1) 2 (z+2) 2 { z+u < z+u > } ©3
K L M L M
q(2) = - 32 5 {1+ z+?11 <1+ zful>+ Zi%, <1+ 32 >} (94)
(z+W) (z+1) “ (2+2) v
L M L M L M., \
e =y 5 VT 2 (T I (R
Z (Z+1) (Z+2) Z+u Z+u Z+V ZtV Z+W Z+W

For a rational function ¥ (z) let p (¥, Zo) denote the residue at z = Z, -
Also denote by B the set of functions bounded in. { Z: lzl 2 R} where R is
some real constant satisfyiné R > max {2, lul, Iv], |w] } Then using the type
of analysis in the previous sections we see that Kl, K?_.’ . .' . M3 must be

chosen so that the following conditions are satisfied.

plop 0=-1 , °6)
p(‘sz uw= 0 , 97
plgy M=-1 (98)
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p(q)3’ V) =0 ’ (100)
,DN)3, W‘) =-1 ’ (101)
p(® u) =0 ) (102)
p@, v) =0 , (103)
p(®, w) =0 , (104)
p(® 0) =-1 , (105)
250 (z) €B , (106)
2°9 (@) €B , (107)
zs{ blu cpl(z) + b2vq> 2(z) + b3w @3(z) } €EB , (108)
z7{b1ucp1(z) + b2vcp2(z) + b3w<P 3(z) } €EB , (109)

z6 {bluztpl(z) + bzvch z(z) + b3w2<P 3(2)} €EB |, (110)

6 v
z {(bzvb21 + b3wb31) ¢ (@) + b3wb32 @2(2)} €B . (111)

These constitute 16 independent conditions on u, v, w and the 15 constants

Kl’ Kz, vens M3 . Hence u, v, w cannot be chosen independently. A tedious cal-

culation yields the following relationship between these numbers

(6+12V22) - (6+8vV22) (u+v+w) + (8+6v22) (uv+vw+wu) - (1526v22) uvw = 0 (112)

1

W‘—"g N

where either value of the surd may be chosen. We select the values v= %,

resulting in u= (1312 - 4\/5—2)/819 or its conjugate. As it happens, the conjugate
value leads to an unstable method, so only the one value of u need be considered.

We are now in a position to compute Kl’ K2’ ey M3 and hence, the coef-

ficients A A ..., B

11’ B9 First we use (102), (103), (104) to compute Ml’ MZ’ M

2’ 3
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and (105), (106), (107) to find Ll’ L2’ L3. We now determine b1(= Zl.irixu (z+u)2¢(z)> ,
bz,b3 . M21’M31’ M32 are now found from (97), (99), (100); K1 is found from (96)
and then K2 and K3 from the simultaneous equations (108), (110). L21 is now
given from (98) and L31, L32 from the system (109) and (101). We are now in a
position to compute the remaining coefficients and to substitufe into (111) as a
check. For the calculations performed by the author, this check was indeed
satisfied.

Values of the coefficients are given in Table II in algebraic and in decimal
form. For the number (a + B\/2—§)/y the integers «, B, ¥ are given as is the
decimal value rounded to 20D. That a method of the form we are considering

should be (asymptotically)stable it is necessary and sufficient that -1< A2 £ 1.

In our case, it is found that A2 = -751 + 16022 =~ -0.53 so the method is stable.

8. Numerical Comparisons

In this section we present the results of numerical tests made using five

different methods to solve the initial value problem

F=sy/@@ax) -1y, yO) =1 (113)

and to give the result at x= 10 . For each method, stepsizes h= .4, .2, .1, .05
were used and the results are shown in Fig. 4 as plots of the error E against the
number N of derivative calculations performed. Attached to each curve is the
order of the corresponding method. The methods used were

the 4th order Runge-Kutta method,

the 5th order method given by (17), (18), (19) of [2],

the 6th order method given by (62), (63), (64), (65) in this paper,

the 7th order method with coefficients in Table II,

the 8th order method given by (74), (75), (76), (77).
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It should be emphasized that for many problems it would be unrealistic
to measure the effort expended in obtaining a solution in terms of only the number
of derivative evaluations. TFor the problem (113), for example, it would certainly
be appropriate to take into account also the number of other multiplications per-
formed., As far as Fig. 4 is concerned, this would have the effect of decreasing
the relative advantage of a high order over a low order method. However, apart
from the seventh order method which shows up rather badly, it appears that even

for quite large stepsizes, the higher order methods are preferable for this problem.
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LIST OF FIGURES

R =1 contours for k=3, 4, 5, 6, 7, 8.

v - .3u where v minimizes R for given u. k=6, 7, 8, ..., 15,
Minimum R for givem u. k=6, 7, 8, ..., 15,

Error E as a function of N for the solution of a sample problem using

different methods. The orders of the methods are attached to the curves.
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TABLE O

o B b

A11 1920 04532 38 54416 5493 53259 0.38241 94033 79411 97879
A12 3573 48727 -38 54416 5493 53259 0.61758 05966 20588 02121
Bll -523 38100 -8 59232 5493 53259 -0.10260 83933 98362 64633
B12 790 01654 -3 12140 5493 53259 0.14114 34015 44339 82287
A21 78 37472 -6 59016 5 31657 8.92758 48293 62169 12157
A22 -73 05815 6 59016 5 31657 -7.52758 48293 62169 12157
B21 -1769 07184 207 90000 675 20439 -1.17584 30710 62836 24075
B22 -4 47520 13878 5 31657 -0.71931 04014 15142 55364
b21 ~248 73684 22 64538 25 00757 -5.69909 80235 50856 99385
A31 2356 68275 -248 08500 49 68243 24.01373 99926 73556 40526
A32 -2307 00032 248 08500 49 68243 -23.01373 99926 73556 40526

31 -4 37253 79630 22536 17550 44167 68027 -7.50661 48265 39844 05295
B32 -539 51980 -22 81995 198 72972 -3.25343 81526 74812 15826
b31 -588 30744 33970 74 77481 18375 17 56892 17074 -13.52288 38441 74063 47633
b32 13 53320 13 93235 40 74756 1.93586 34973 81829 94895

41 3659 24924 -1943 56296 49 58737 -110.04554 38107 13772 93095
A49 -3609 66187 1943 56296 49 58737 111,04554 38107 13772 93095
B4l -6 31513 79588 4 62481 58232 44083 17193 34,88217 92792 85014 55736
B42 210 94684 741 45132 247 93685 14.87742 46203 01035 56676
b4l -2 71216 34824 37940 124595 63159 44878 4655 62378 75273 67.27110 69634 10131 18380
b42 41 87502 -133 65846 91 50659 -6.39340 54062 96196 43986
b43 -11 22984 8 86248 21 54385 1.40823 83540 13788 06289
Al 752 -160 1 1.53347 84282 51271 26950

9 -751 160 1 -0.53347 84282 51271 26950
Bl -8 63124 1 84040 2667 0.03753 89718 42510 39455
B2 -2 42355 51629 2910 ~0.06650 33457 30637 63826
bl -10 42768 14958 67067 222142 25284 35759 2404 08358 09774 -0,34467 43420 54428 78832
b2 43371 -8225 358 0.28467 76972 87325 02551
b3 -6 99300 1 50984 19765 0.44916 43349 95228 32616
b4 5787 -1207 1182 0.10631 82554 08731 41086




