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I. INTRODUCTION

The concept of peripheralism and the range of its applications have
been extended considerably in ‘the last few yéars. In its original form
it was a method for extrapolating to pole térms arising from single
particle exchange contributions irn transition amplitudes. Although these
poles are often found close by, they are never within the physical region,
and so an accurate procedure for extrapolating ffom experimental points
to the nearest lying pole is required. One hoped to learn from this the
coupling parameters or unstable particle cross-sections appearing as
residues at the poles.

As an extension of this idea it was next suggested.that one choose
particular processes and very limited kinematic conditions so that some
partigular, well defined class of Feynman graphs will have unusually
small energy denominators. In the analysis of the corresponding cross
sections it is aésumed that these graphs, generally with single particle
- exchange poles near the physical region, dominate over all others. 1In
this manner several channels are isolated from émong the full wealth of
strongly interacting channels and épproximate theoretical predictions
can be presented for experimental testing. Although this is & rather
primitive approximation scheme it is more attractive than a weak coupling
perturbation expansion in powers of the strength of the interaction among
pions and nucleons and offers the possibility of relating different
experiments to each other. In this spirit a number of calculations were
perfohned and the successes of the predicted relatiocns with experiment,

though far from quantitetive or uniform, were sufficiently compelling to
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‘trigger & series of more refined analyses attempting to supply some of the
more important ingredients missing in the first approximation.v These
efforts have developed recently into & major program of detailed analyses
of the corrections due to the possibility of absorption into the numerous
competing open channels that deplete the amplitude in the channel under
study. Many promising results have been achieved in this way, and
quantitative fits to spectra, angular distributions, énd sﬁin correlations
have been achieved for a number of interactions.

With this most recent ﬁevelopment the emphasis of peripheralism

has switched from the search for approximate relations between various
experiments and from the prediction of gross qualitative features to
a program of detailed analysis. Perhaps the collisions of strongly
coupled particles are too rich with detailed information on the nature
of their interactions td be analyzed theoretically in full detail. But
we may have here a rather valuable phenomenology for many processes. As

we shall see very little of the original "peripheralism" is still in

evidence &t this stage. However, along with many successes, serious
deficiencies will be found and remain unsolved by theory.
Our review will proceed chronologically and will describe this

evolution in the saga of peripheral processes.
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II. EARLY DEVELOPMENTS

The forward pion-nucleon dispersion relations play & unique role
in strong interaction physics, presenting an exact relation between
experimental quantities. Equation (1I1.1), for example, is an exact
relation between T (w), the difference between the = p and n+p forward
scattering amplitudes at eneréy w, and oﬂ+P(w') - cﬂ-P(w'), the difference

of their total cross sections (Gdldberger, 1955);

2 1
T (w) = b w ]dw J [ Plo') - o" p(w ] (11.1)

They are related in Eq. (II.1l) to the pion nucleon coupling constant £
which appears in the residue qt the pole in the forward scattering ampiitude
for single nucleon exchange in the energy or ® channel as illustrated in
Fig. 1. By extrapolating the scattering amplitude below the threshold

for physical scattering, wt = 4, the pion mass, to the pole at w = u2/2M,

2
a value of f = 0.08 is found, namely

2
2. |2ai
li; Q- ta/ZM Re T (w) p = £©
o —u-/2M -

(11.2)

Once this pole was successfully isolated and its residue, or coupling
parameter, accurately measured, it became of prime importance to identify
other processes also containing this pole term and to attempt to isclate
and measure its residue by similar extrapolation procedures. Chew (1958)
proposed the study of elastic nucleon-nucleon scattering at high energies
and suitably restricted kinematics with just this purpose in mind. 1In

this case there is a pion exchange pole as illustrated in Fig. 2
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appearing in the momentum transfer channel. It contributes a term to the

scattering cross section for unpolarized nucleons of the form

a R(t |
R ) N (I1.3)
Pinc(t Ho)

where pinc is the laboratory 3-momentum at the incident proton and where
t is the invariant momentum transfer, i.e. t = (pl - pl')2 in terms of
the kinematics shown in Fig. 2. R(t) is a momentum transfer dependent
factor free of singularities in the neighﬁorhood of the pole, and can be
expanded in power series about t = pe within a circle of radius 3u2,
which extends into the physical region t < O. At the pole,-R(t) is Jjust
the product of'f2 and known kinematical factors arising from'isotopié
spin considerations and the p-wave coupling of pseudoscalar mesons to
nucleons. In particular, if we concentrate on charge exchenge neutron-
proton scattering, as is convenient in order to avoid interference in the
analysis from-both Coulomb effects and the forward diffraction peak for

elastic channels, the amplitude in Fig. 2 may be written as

-1 o2 L a(ry5,]] [a;pisp s alpys;)] e e
t-u

Upon squaring this amplitude, averaging over initiael and summing over

final spins, the differential cross-section for the process may be written as

> 2 >
do _  hnf vi I t
5 =z IF() P (11.5)
T T -

.



where

P=lgl iM)2
and
2y _
F(O) =F(p ) =1 (11.6)

The normalized "form factor" F(t) includes all corrections to the pion

propagator and vertex functions anrd becomes unity at the pole as defined.
The numerator facfor te arises from the p-wave pion-nucleon coupling. We
can &lso write Eq. (II.5) in terms of the center-of-mass momentum p and

the scattering angle (backward for exchange scattering) 6 through the

relation

t - pg = - 2|p|2 [1 + p2/2ip|2 - cos e] (11.7)

and extrapolate to the pole at cos 6 =1 + p2/2lpl2 by studying the
cross-section as a function of angle at fixed center-of-mass momentum.
The aim here is to establish that the pion-nucleon coupling constant
"measured" by this extrapolation is the same as was found in the forward
pion-nucleon amplitude, Eq. (II.2).

A very high degree of accuracy has been achieved by these anal&ses
and the pion nucleon constant as determined by both methods agrées to
several percent Eﬂmnilton and Woolcock (1963), Chamberlain (1960),
Ashmore et al (1962)] . The extrapolation interval for the

forward =N dispersion analysis is p - (p2/2M) ~ 130 MeV from the phySical



threshold at w, = u, where T(w) develops an imaginary part at the onset

of the unitarity or right-hand cut in the energy, or w, plene. The ex-
trapolation in nucleon-nucleon scattering may be over & very small interval
in cos 6 if we are working atva large momentum so that p/p<¢< 1. Also
other singularities corresponding to two or more pion exchange are

further removed from the physical region as shown in Fig. 3. The branch
point at the onset of additional singularities occurs at t = Mua or the
square of the minimum mass of a two pion state.

However the extrapolation to the pole in this case has been very
difficult to accomplish with high accuracy, the reason for this originating
from the p-wave character of the coupling of pions of odd intrinsic parity
to nucleons. This means that the pole term Eq. (II.5) to which we are
extrapolatiﬁg vanishes at the edge of the physical region as t —0,
corresponding to the very peripheral collisions with zero momentum transfer
and large impact parameters. For such collisions the velocity of the
exchanged pion and hence its p-wave absorptiqn emplitude vanishes. 1In
fact Eg. (II.5) shows that the pole term goes through a second order zero
at t = 0 on its way to the pole. Since its contribution to the obsérved
cross section is negligible it is no wonder that it is very difficult to
isolate this term.

The foregoing discussion shows clearly that quantitative meaning
can be attached to the pole analysis for one-pion exchange only if small
energy denominators are joined by large numerator functions. We therefore
turn our attention to processes with reasonably large amplitudes in the

peripheral limit. Consider for example, the cross-section for

T+ p—>n+n+Dp
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in the vicinity of the pion pole shown in Fig. 4. This study was first
proposed by Goebel (1958) and by Cheﬁ and Low (1959) as a method for
obtaining information about the‘nn scattering amplitude which occurs at
the vertex B, and which cannot be measured directly. The residue at

the pion exchange pole at t = pa in this process has the form

R=Ct o , ' (11.8)

where C is a known.kinematical facfcr. So given the value of f, the pion-
nucleon couplihg constant determined from the earlier.extrapolation, we
may determine a value for Unn by extrapolation to this pole. The vaiue
we obtain for O is not, of course, the physical pion-pion cross-section
as one of the piohs is necessarily off the mass-shell in the determination.
Presumably however 1t is approximately equal to the physical cross-section.
This assumption that Unn does not change appreqiably in an energy interval
. of ~ 140 MeV as the mass of one of the external pion lines is extrapolated
to < 0 is similar to that made in Eq. (IT1.6) in relating the pion-rucleon
coupling constants as determined from nN and NN scattering pole terms.
Without this assumption of a smooth tehavior and of slow variation over
the energy range ~ u = 140 MeV, no gquantitative analyses relating different
cross-sections of the strongly interacting particles to each other can be
achieved.

Our remarks apply with equal validity to many other processes where

similar unmeasurasble cross-sections occur, eg. extrapolation of np(n) KKp



gives GnnKi’ and extrapolation of Kp(w) Knp gives K’ where our notation
for a process indicates the exchanged particle in parentheses.

The next extension of the peripheral idea again rests bn the importance
of the near-lying pole. If this pole is close by, then it is reasonable
that the peripheral diggram should dominate in the physical region nearest
the pole. This assumption is motivated theoretically by the fact that
the energy denominator is very small in this region and the transition
amplitude falls off rapidly with increasing momentum transfer. If the
exchanged particle is very light, then the effect is obviously even more
marked, and so should work best with pion exchange. Experimentally, too, a
forward peaking is observed in many processes and can be attributed to
large impagt parameter collisions, such as the peripheral model provides.
In this manner we can see that the cross-section for np —2np should
have a maximum at low momentum transfer if the nn interaction is not
negligibly small. A larger cross-section and perhaps simpler experiment

- now suggests 1tself for determining unstable particle cross-sections as
illustrated in Fig. 5, where now only the two high-energy pions emerging
in the forward direction within an angle 6 ~ p/k of the incident pion of
energy k are detected (Drell, 1961). The exchanged virtual pion is allowed
+to plough into the target nucleon and to initiate reactions to any possible
final states. In this way the full pion-nucleon cross-section is developed
at vertex‘A in place of the small amplitude for absorbing & slow pion,
and so the physical value of oﬁﬂ may be determined from studying the

forward cross-section of the production process.



Since the simple peripheral model offers such a straightforward
method of calculation it is easy to carry the calculations far into the
physical region away from,the single particle exchange pole, and compare
the results with experiment. It is not surprising that such & simple
picture cannot reproduce the experimental data far from the pole, because
we can now no longer regard the exchanged particle as quasi-real as we
could in the forward regidn. "Off;mass-shell" corrections arising from
the virtual nature of the exchanged particle have to be made and other
particle exchange gfaphs cdnsidered as well. This realization triggered
a whole series of calculations which include form factors corrections to
the vertices but we shall leave the discussion of these until the next
Section.

Up till now we have discussed extensions of the peripheral idea
without subjecting the model to any serious test of its validity. In
fact, even if one allows some arbitrary form factor dependence at the
‘ vertices, the assumption of single particle exchange in & process makes
very simple and unique predictions about the angular distribution of the
scattered particles. These predictions are supplementary to any made
about momentum and energy distributions and can form the basis for tests
of the one-pion-exchange (OPE) model as pointed out by Treiman &nd Yang (1962).
and Goldhaber (1964). For exsmple, in the particular case illustrated in Fig.
4, it is clear that the spin zero meson exchanged cannot communicate infor-
mation between the vertices A and B about the direction of the momentum trans-
fer but only about its magnitude. From this it follows that there can be no

correlation between the production plane of the pions in the rest system



of the incident pion and the scattering plane of the nucleons. In other
words, in terms of the angles illustrated in Fig. 6, the distribution

of the produced pions is independent of the azimuthal angle ® and therefore

has the form

W(e,p) = 2: a_ cos™ 6 (1I1.9)

If furthermore the production occurs through & single resonance
channel of well defined spin and parity as in Fig. 7, the decay distribution

is limited to the form

w(e,p) = ZIE ®on cos® 6, (II.10)
n=1

where N is the spin of the resonant state.

In this particular case as well, if we observe the decay distribution
in the rest frame‘of the p, there can be no component of spin along the
incident pion direction (which, in this frame, is parallel to the momentum
direction of the exchanged pion). This requires that the p have only
longitudinal polarization along the incident pion direction and implies

that the decay distribution vanish at e = 90o and thus have the form
o .
W(6,9) =cos 6 (11.11)
Similar but more complicated arguments can be made when the exchanged

perticle has non-zero spin. {?todolsky end Sakurai (1963), Gottfried and

Jackson (196&1:)]. These will be discussed in Section IV.
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So far, the only extension of the simple peripheral model we have
considered has been the addition of form factors at the vertices.
Another possibility is that some form of interaction between the target
and scatterer may occur in addition to the peripheral exchange. In
particular, in the high energy region (sbove 1 GeV) one expects that
elastic diffraction scattering will occur in the initial and final
states as shown in Fig. 8. Even if this initiel and final state scattering
does not cause any spin or helicity change in the amplitudes, i1t is now
possible for information on the direction of the momentum transfer to be
carried between the target and the scatterer, and so our previous pre-
dictions on decay correlations will no longer be valid. We shall show
that observed deviations in angulsr and t distributions from the simple
peripheral ﬁicture can be attributed either to form factors or tc such
initial and final state interactions. Changes in the decay distributions,
however, can only be explained by rescattering corrections.

Statements can &lsc be made ébout the energy dependence of the
cross-section but so far there has been little theoretical progress

on this point as will be most apparent in Section V.
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III. THE PERIPHERAL MODEL WITH FORM FACTORS

We now consider in more detail the application of the peripheral
mechanism to inelastic processes. The approach we use 1s to look for
particular Feynman graphs which have very small energy denominators in

the kinemetical region we &re considering. We turn again to the reaction
n+ N—=i+nx+N,

In sddition to the formation of nucleon isobars in the scattering channel,
which contribute calculable asmounts over known energy and momentum ranges,
there are poles in the matrix elemgnts coming from peripheral exchanges.
Of these, the pion i: the lightest state and has a pole lying very near
to the physical regicn which is expected to influence the reaction most.

Direct experimental evidence for this assumption is provided by
looking at the anguiar distributions for = + p — n + A+ n at 1.59 GeV/C
as shown in Fig. 9. We see there a marked forward peaking which suggests
'the dominance of & long range interaction mechanism sqch as single pion
exchange.

According to the usual Feynman rules, the amplitude for such a

diagram has the form

- :

T = VAVB/(t TR I (111.1)

where t as before is the negative squared four-momentum transfer in the
production channel and VA’ VB are the contributions from the vertices

A and B in Fig. 4. These vertices can be expressed generally as form factors



depending on t multiplying the spinor factors as computed for the lowest
order Fe&nman graph. YA and VB éoﬂ%éin all éqﬁtributions from diagrams
vhich contribute to the vertex "blobs" of Fig. 4, but do not includé
initial And final state interactions of the form shown in Fig. 8, which
we shall discuss later.

At the nNN vertex, & spectral form can be written for the foim

factor. We define a form factor F(t) by

Vaw = 4(pp) 75 & F(t) ulp)) (111.2)

where u and .u are final and initisl Dirac spinors for the nucleons, g is
the rationalized nlN coupling constant (ge/hn = 1h4.4) and'F(ue) =1. F(t)

then satisfies & dispersion relation of the form

F(t) =1+ —(l%—“—) -[2 °(t2) dt (111.3)
| Lo (- wT) (2= t)

‘The weight function in the spectral integrai hes a threshold at t = 9p2,
the square of the least massive state to which a pion couples, and may
assume.negative as well as positive values, so no general statements about
F(t) can be made. F(t) is a dispersion-theoretic form factor as distinct 1
from & Dyson irreducible vertex function and thus includes corrections to
the virtual pion propagsator.
There are analogous "form factor" corrections at the four particle
nn scattering vertex which depend upon the distance of the exchanged pion
from thé mass shell at t = ug. These unknown form factors depend only on
the momentum transfer. On one hand they must be introduced phenomenologically,

since accurate calculation is impossible. On the other hand, as they do not
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depend on the energy of the reéction, the adequacy of an approach which
keeps only the cless of diagrams that correspond to one pion exchange can
be readily tested. The energy dependence of the cross-sections at fixed t
is the same as the Born approximation result from lowest order perturbation
theory, and the various angular decay tests, sﬁch as the Treiman-Yang test
(1962) can be applied.

This form factor approach has been applied most extensively in a
series of papers describing work initisted by Ferrari and Selleri and a
review of the fits with references complete up until 1962 is given in
Ferrari and Selleri (1962). A more recent discussion with references
may be found in Selleri (1964). In our expression Eq. (III.1l) for the
matrix element, the unknown part appears as a product of form factors,

G(t) sand it.is this product which is fitted, using & Clementel-Villi (1956)
form: |

G(t) = A - B/ (t - cu?) , (III.4)

the constants A, B and C being found from experiment. By an analysis

of the processes

+
p+p—~pt+tn+n

p+p—~ptp + x°
Ferrari and Selleri (1963) found the following values for the constants:
A=0.28, B=3.k2, C=5.75, (11I.5)

which gave a quantitative fit to the processes up to about 1 GeV. A
significant feature of the analysis was that the same product of form

factors could also reproduce the cross-sections for other one pion exchange
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reactions such as nN —>pN, =N —+pN*, KN -*K*N*, Nﬁ —+N*ﬁ*. in other
words, once the product was.determined phenomenologically for one such
reaction, the theory was determined fof a whole class of reactions over
en apprecisble range of energies.

In spite of this success, there are sgﬁeral serious shortcomings to
the form factor approach. First, on a purely theoretical level, there is
the question of trying to relate the parameters Eq. (III.5) to "reasonable"
or "physically simple" approximations to the diépérsion integrals. For
example, can one understend the t dependence of G(t) near t = 0, or is
this dependence tob rapid? Since a(t) represeﬁts 8 product of form
factors at the two verticés of Fig. & divided by a propagator form factor,
there is however no direct way of relating the constant C to the kndwn
physical singularities.

Secondly, as we shall see later, the observed angular correlations
of final state partiéles cannot be reproduced by a simple form factof
modification of the single particle exchange aemplitude.

In addition we have limited ourselves so far to reactiohs below 1
or 2 GeV. If we attempt to take the form factor approach to higher energies,
even for the simplest case of one pioﬁ exchange, further adjustments to the
model are necessary in order to reduce the excessively high predictions
of the model for large momentum transfer. Several authors have treated
the exchanged particle as a Regge pole. [Islam (1963), Islam and Pinon
(1963) Shaw and Wong (1963) Gottfried and Jackson (l96ha)] This has the
required effect of reducing the high energy cross-section, but introduces

more parameters into a fit which already has a certain amount of arbitrariness.
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Another approach is that of Amaldi and Selleri (1964), who expressed the
product of form factors G(t) as & sum of two terms of the Clementel-Villi
type; one to give a rapid decrease at small momentum transfers and the

other with a long tail to fit the deta at relatively large momentum

transfers, viz:

6(t) = 0.72 0.28

+ I11.6
1-(t- ua)/u-’(B W1 [(t - ug)/32 “217 ( )

Again this seems a rather ad hoc procedure, and so leads one to believe
that some other mechanism not yet taken into account may be operating.

Finally, fits with the form factor model are far from satisfactory
for processes involving vector exchange. Not only must the value of C
in Eq. (III.5) be much smaller (in fact smaller than uz) if a Clementel-
Villi form factor is used [Daudin et al, (1963)] , but the energy dependence
of the reactions cannot be satisfactorily fitted for processes which are
dominated by an exchange with spin greater than zero.

For these reasons, various authors have suggested that initisl and
final state interactions must be considered in order to understand the
peripheral mechanism correctly. This approach, which we discuss in the
next section, suggests that the form factor model is inadequate for
dealing with eanything but medium energy phenomena, and that, even there,
it may only be one of several slternative ways of parametrizing the true

physical situation.
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IV. . THE PERIPHERAL MODEL WITH ABSORPTION

A. Derivation of the Model

We have seen in the previous section thet in spite of the success of
the form factor approach to ineléstic peripheral processes at medium
energies, the techniqde needsbsucﬁ sérious modification at higher energies
that its whole validity must be‘qqestioned. The peripheral mechanism was
suggested by the obvious dominance of the forward pesking in all reactions
we have studied sd far. However, & naive calculation with the unmodified
model is unable to account for all the observed peaking, implying a
mechanism more peripheral than we have discussed so far. The forward
peaked cross-sections'suggest a lohg range mechanism, but it is well
known that the pole approximation has appreciabletcontribution from the
low partial waves; the S-wave, in particular, being strong enough in many
cases to violate the limit imposed by unitarity. At the same time, at
very high energies, the production process under considerastion may con-
stitute only a small part of the total cross-section. For éxample, in
an experiment involving 2.08 GeV/c n+ incident on hydrogen, some of the

cross-sections measured were [?ames and Kraybill (l966ﬂ

P | —po 2.19 * 0.19 mb
Tp N PN 5.62 * 0,20 mb * o ’ ‘
—+N x 0.62 £ 0.08 mb
—xp A 3.03 £ 0.07 mb —+x'p o° 0.91 % 0.10 mb
. . ~x'pa’  1.81 * 0.19 mb
wrpnn n® 2.29 * 0.07 mb + o . .
' —=+xpn  O.74 * 0,14 mwb
rxt i n T n 0.22 t 0.02 mb
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Intuitively, one would expect‘the horé complex interactions to be initiated
by collisions involving low partial waves, and conversely this would imply
that the low partial wave interactions are less likely to contribute to the
process under discussion. In‘other words, the existence of many competing
open channels should imply a reduction in the ldw partial wave interaction
amplitudes to any one channel while leaving the higher partial waves
essentially unchanged. This wouid require a reduction- of the production
cross-section and modify the angular distributions, producing as we shall
see an enhancement of the forwerd angle cross-section as given by experiment.
The idee that such final state interactions musﬁ be included in order
to describe the peripheral mechanism correctly is not new. Beker and
Blankenbecler (1962) considered the coupling of many open channels by
dispersion theory and found strong absorption in the low partial waves.
A simpler approach was used by Sopkovich (1962 a,b) to calculate angular
distributions for pp -+AA. He used the Glauber (1959) high energy
approximation for the production amﬁlitude, distorting the amplitude by
an optical potential to describe the initial and final state scattering.
The results of this calculation were however dependent on the parsmeters
used to describe the optical potential.

_ An even simpler model to explain the observed diffraction effect in
the same process (Fig.10) was proposed by Dar et al (1964). This wes
essentially Fraunhofer diffraction scattering from an illuminated ring.

If the ring has radius R, then one can write
k,

49 . A(1L + = cos 6)° [J (q R)]a, (1v.1)
aq - kf o)
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where A is a normalization factor, JO is the cylindical Bessel function
and ‘% =i{f - _}31, the difference between final and initial momenta. The
parameters A and R were adjusted to fit the data. Obviously this is a
gross oversimplification of the true physical situation, but it gives a
very simple qualitative explanation of a possible mechanism. A more
convincing approach along similar lines 1s to assume that below some
fixed angular momentum L all partial wave projections of the single
particle exchange matrix element are zero. This forms the basis of a
model of Bugg (1963) which was used to fit n-p charge exchange scattering.
The same idea,iskdiscussed in more generality by Dar and Tobocman (196L),
and was used by Dar (1964) to fit a wide variety of processes involving
pseudoscalar and vector exchange. These analyses were made using the
impact parameter representation of the scattering amplitude rather than
partial waves, which is appropriate when one is dealing with high energies

and small angles and so a large number of partial waves are contributing.

In this case, we can replace the partial wave sum

o0

T, = 2+ 3) Tpk) Bylcos )
{=0

Tpy = [b dv T(k,b) J_(& v),

vhere k is the incident 3-momentum in the center-of-mass, kb = 2+ 1/2,

by an integral

JARRE \/-t is the magnitude of the invariant 4-momentum transfer and JO is

-19-
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the Bessel function of zeroth order. We have also made use of the

small angle approximation

P£(cos 6) = I [(2& + 1) sin (9/2)]

in deriving Eq. (IV.3).
We see that the integration variable b may be identified with the
classical impact parameter, leading to a simple physical interpretation

of the representation.

The impsct parameter representation of the single particle exchange

scattering amplitude is given by

2 -1 '
A= (M-t) " = [ b db KO(Mb) JO(Ab),

where KO is the zeroth order modified Bessel function of the second kind.

If we now assume that the integrand is zero below a fixed radius R, we

have

= Mb Ob
Amodified _[ b db Ko( )Jo( )

MR(ME- t)7t ‘KI(MR) J_(AR) - iK_(MR) Jl(AR)}

and we can therefore fit experiments with a single phenomenological

parameter R.
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Values of R found in the fits varied between 0.7 and 1.3 fermis.

As we see in Fig.l0, which is a £1t to the pp — AL data of Baltay et sl
(1962) the model is able to fit convincingly the diffraction peak away
from the forward angles, but also predicts & diffraction minimum at small
angles which does not appear in the experimental data. The same fault
appeared in the diffraction ring model. Fits to most other processes,
however, such as K+p(n) K*N* as shown in Fig. 11 do not suffer from

this defect.

The anomalous diffraction minimum in the fit of ﬁi —+AKX is a con-
sequence of the sharpvcut-off in the matrix elements and can be removed
by rounding the edge of the distribution. To do this ome must however
introduce more parameters into the fit.

A more‘natural way of introducing absorption into the peripheral
model is an extension of the distorted wave approxiﬁation of Sopkovich,
and was first suggested by Durand and Chiu (196k4a,b, 1965a,b) and Gottfried
and Jackson [Gottfried and Jéckson (1964c), Jackson (1965), Jackson et al

(1965)] . This gives for the elements of the T matrix:

oL L
2, 18f 2 181
Tfi =e Bfi e ’ _ (Iv.7)
£ £ ,
where 81 and Sf are the initiel and finel complex scattering phase shifts,
and E?i is the partial wave projection of the amplitude for unmodified
single particle exchange. The success of this formula in fitting pseudoscalar

exchange processes is indisputable, but, as we shall see, the theoretical

justification is not so firmly based and the success is not meintained in
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fitting processes with vector exchange. To understand the derivation of
this formula we shall follow closely the potential theoretic derivation of
Gottfried and Jackson (196kc) using the impact parsmeter representation.
An slternative derivation of this result as the solution of two-channel
coupled partial wave equations is given by Durand and Chiu (1965).

In the distorted wave Born approximetion, the transition amplitude is

approximaeted by the matrix element
= < \‘f V \‘f > V,B
Tfi f l l i ! (I )

where the interaction potentiel V causing the transition is considered wesk
enough to be treated as & perturbation. W§+) is the wave function of the
system in fhe initial state. It represents an incoming wave for a particle
propogating through a complex potential U<+). ¢§'), the analogous wave

funetion in the final state represents an outgoing wave emerging from &

()

potential U We work to 8ll orders in U(i), the optical potentials for
the incoming and outgoing states respectively, and to first order in the
perturbation V.

As we are working at high energies and with small momentum transfers,
it.is appropriate to use the Glauber (1958) approximation for the wave

(£),

functions. This gives for V¥

i+

Wc(lt)(P,,z) ~ exp [iqi . ,25] exp [(-i/vt) f;w U(t)(R + gz:)_ dzc] (17.9)
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where v_ is the relative velocity of the particles in the given state,

q, and q_ are the initial and final 3-momenta respectively, and we have

~

+q .

~

assumed one 3-dimensional degree of freedom z chosen along k = q,
The impact parameter vector b is perpendicular to k and r = b + Kz.

In this approximation, the expression for the scattering amplitude is:

A
Ty ==fd2b / dz exp[i s - g‘] V(b + kz) x
- 00
-4 b4
~ A
exp [{;i— /U(')(b + K2 )¥ dzl'] exp [% / U (g + £2") dz_"]
- ’ +

Z -0

In order to make the equations more tractable, 1t is necessary to make
further assumptions about U(t). The simplest is to assume that the

elastic interactions are the same in the initial and final channels,

i.e. U(+)- = U(-) = U and v, =V_=E v Equation (IV.10) then becomes
2]
Tpy = 2n /Jo(Ab) exp [21&(1:)] B(b) b av ,
o
where

oo

28(b) = - %,— f U(p + Kz) dz

-00

is the phase shift of a wave packet traveling through the potential U,

at an impact parameter b, and

B(b) = / V(b + xz) dz
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is the unmodified Born spproximat:on for the amplitude. Another case in
vhich & simple approximastion can be found for Tfi is when the fange of V
is much smeller than that of U(+) or U('). In this case, Eq. (IV.10)

reduces to:

«©

Tpy = 2n f b db Jo(.Ab) B(b) exp {1[5'(*)(1:) + 5(')(b)]} . (Iv.1k4)
o ©o8 :

For the problems we are considering, however, this is hardly & valid

assumption, and so the Gottfried-Jackson derivaetion is based on the

assumption that the initial and final elastic scattering smplitudes are

equal. A comparison of Eq. (IV.1l) with Eq. (IV.3) now gives for the

distorted wave Born approximation

T(b) = £218(b)

B(p) , (Iv.15)
where we have set 5(+) = 5(') = 5. We now see that the model of Bugg

and Dar and Tobocman comes directly from this equation by writing:

O for P <R
18(0) | (IV.16)

1 for b >R
In order to calculate Eg. (IV.15) in any given case, a further

approximation is also made for the scattering phase shift 85(b). If we

assume that at high energies the elastic scattering cross-sections are
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essentially imaginary, and that the experimental angular distributions are

vell fitted by a Gaussian form:

oqq 1,2 o
Terastic - 1 Tx %P [’ 3 AA] » y (Iv.17)

with O the total cross-section, q the center-of-mass momentum and A a

slowly varying function of energy , then we have for &:

| exp [21 S(b)] =1 - C exp [— be/éA] , | (1v.18)

with C = ch/hnA. Note that C < 1, since, for imaginary 8,
exp [21 5(1:)] >0 | (IV.19)

Recent measurements [fqr example, Foley et al(l965)] have shown,
_however, an appreciable real part (up to 30 per cent) in np and pp cross-
sections even at forward angles, indicating that the above parametrization
is at best approximate. In actuel calculations, Gottfried and Jackson have
also generalized Eq. (IV.15) to the impact parameter form of Eq. (Iv.7):

18, (b) 15_(b)
e B(b) e ~

T(b)

/2 (Iv.20)

5 o »11/2
[; -C, e 7+l Hgg) ] B(b) [} -C_ e 7 gn) ]
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where C+ and C_ are the amounts by which the lowest partial waves are
absorbed in the initial and final states respectively, 27i Ai qi =1
and x = gb; Xmin is introduced here so that it is possible to achieve
full absorption in the S-wave with C = 1. |

The inclusion of spin in the formalism necessary to predict the
correct form of angular distributions and resonance decay correlations
requires only a straightforward generalization of Eq. (IV.7) using the
helicity formalism of Jacob and Wick (1959), and one writes:

<t ot
< Ayt l £| * f 1 {’I * i \
AMu' [Tl >=e <Atpt B> e (1v.21)

where Mi, M'u' are the helicities of initial and final particle states
respectively. In generalizing the spinless equation to this form we

have made the additional assumption that the Jiffraction scattering in

the "blobs" of Fig. 8 does not change the initial or final state helicities.

B. Decay Correlations

In our discussion of the mechanisms responsible for the production
of resonant states, we have so far treated the resonances as stable particles.
In any experiment, however, one usually recognizes these resonances by
studying their decay products, and, as we discussed in Section II, the
anpular distribution of these decay products contains information on the
method of formation of the particle which is additional to that obtained

from momentum and energy distributions. We shall consider again the



reaction np(n)pp, but our remarks.are readily generalized to other pro-
cesses, and & discussion of the genergl case may be found in Gottfried
and Jackson (1964D).

We begin by writiﬁg'the amplitude for the decay p —nn in the rest

frame of the p. It is possible‘to show, using general helicity arguments,

that this has the form

Am(9:¢).= (3/kﬂ)1/2 6;0(9) exp [?vm], (1v.22)

where dio(e) 1s a reduced rotation matrix [&acob and Wick (19592] and
where we have expressed our polar angles 6,9 with respect to p, the
momentum of one of the decay pions as shown in Fig. 6; ﬁ is the com-
ponent of.the p's spin in an arbitrary direction of quantizstion.

The probabiiity for decay in the direction (6,9) of the produced

p may now be written as a function of A in the form

*
W(6,9) =2, AL AL P (1v.23)
m,m'
where Pom! is the canonical spin-space density matrix of the p. Choosing
again the 3-momentum axis of the incident pion as the spin quantization
direction we may express p . in terms of the helicity matrix eleme=its

< p'x'ITll > of the process P, -*p“, Py

= N Z d;u(\lf) < u)ul'rlx >* < p'x'lT]x >t (-¥) (Iv.2h)

P m'p’
MTAp VN

mm'
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In this equation, the angle V¥ is defined by

| 1.2
sin ¥ = 2mpp sin 6 { [t - (mp+ u)Q] [t _ (mp_ u)e] ; / ’

N is chosen to give Pt 8 unit trace, and mb is the mass of the p.

In terms of Egs. (IV.22) and (IV.23) we can now write for W(6,9):

w(e,p) = (3/bn) :E: exp [}(m-m')@] dio(e) d;,o(e) P

m,m’

mm! ’

which gives the complete angular dependence of the decay cross-section
directly in terms of the density matrix elements, or alternatively,
in terms of the matrix elements of the production reaction.

In addition to the trace condition, we may further relate the

elements of the density matrix by the Hermiticity condition

and by paerity conservation, which requires that

¢}

m-m'
- -m,-m' = (‘l) P

mm'

Thus for a resonance with J = 1, the density matrix has the explicit form

P11 P10 P1,-1
= »*
P Plo Poo ~Pio

(Iv.25)

(Iv.26)

(1Iv.27)

(Iv.28)



where all elements are real except plO’ and

In terms of these elements, the explicit form of the p decay distribution

is then

- 2 2 2
W(6,p) = (3/4x) Poo OB 6 + Py sin e - pl,-l sin 6 cos 29

: (IV.30)
- JERe plO sin 26 cos @ ,

where we see that all the density matrix elements except Im Pig are known
from & measurement of the decay distribution.

Our discussions earlier show us that for unmodified pion exchange,
with or without form factor corrections, only boo is non-zero (and unity
in this case), but this is no ionger true if appreciable absorption
corrections or contributions from other particle exchanges occur. Of
course, such allowed exchanges in this case ere limited, the next lightest
exchange being an @ which contributes only to pll and pl,-l' Present data

[for example, Hagoplan et al (1965)] indicates significent contributions
from both ¢, &nd P11 (Fig.12). The existence of a non-zero p,, ferm
in parﬁicular is strong evidence against any form factor model of this
process which allows only one pion and w exchange without initial and

final state absorption.
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C. Applications

The absorption model has been applied néw to a large variety of
processes mediated by pseudoscalar and vector exchange. These include
AN —pN [Durand and Chiu (19658), Gottfried and Jackson (196ke),
Hagopian et al (1965), Jackson et al 1965):[
np —pN*(1238) EABBBHLM Collaboration (1965), Jackson et al (1965)]
np —aly*(1238) [ABBBHLM Collaboration (1965), Svensson ( 19655)]
T p —-1%n [Ba.rger and Ebel (1965), Hogeasen and Hogaasen (1965)]
1 n —wp [Jackson et al (1.965)]
7N =N + spin 2" E{Sgaasen et al (1965)]
Kp —KN*, Kp —K*N*, Kp —K*N, Kp —nY*, and the analogous reactions
with K [Jackson et al (1965)
Pp — niN* ~ [Alexender et al (1965)]
np —pn (charge exchange) [Durand and Chiu (1965a), Ringland and
Phillips (196hﬂ
NN —YY [Durand and Chiu (1965a), Hogaasen and Hogaasen (1965)]

NN — NHy* [Svensson (1965b)] .

The common feasture of many of these interactions is the dominal:xce of
the forward peak, and in most cases the distributions are confined almost
entirely to momentum transfers less than O.S(GeV/c)a. In the most pro-
nounced case, np —* pp, the important range of momentum'transfers has an
average of approximately 0.15 (GeV/ c)2

Cross-sections have also been calculasted using a mociified OPE model

P
for several processes involving photoproduction of resonant states LCambridge

Bubble Chamber Group (1965), Locher and Sandhas (1965)] . In these cases,
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one assumes of course that absorption occurs only in the strongly interacting

final state as shown in Fig. 13,

A detailed discussion of all these reactions is given in the cited
references and we shall therefore restrict ourselves to discussing the
fits to & few processes which show general trends of the model.

We begin by considering the process np —+pp which we have assumed
previously ié mediated by a one-pion-exchange mechanism. This interpret-
atién is confirmed~by‘a study of tae p decay distributionlwhich is
essentially of the'form cosae. We show.in Fig. 14 a comparisdn of
the sbsorption model £it to x'p —p'p st 2.75 GeV/c with the Amaldi-
Selleri form factor fit discussed in the last Section{ Included in the
figure is the unmodified OPE cross-~section for the reaction, which has

the form

2 2
L e ff 2 t—£t - (mp+ u)z‘] [Z ; (mp- 2 ]- (1v.31)
: )

B (t - n

'whefe Pine is the incident momentum of the pion in the laboratory system,
and g, gp are the nNN and pnn rationalized, renormalized, coupling ?6nstants
respectively. The assumption of "complete absorption” is made in this
and all subsequent fits using the absorption model. We see that the
unmodified OPE cross-section is too large by & factor of 50 per cent at
the low momentum peak and predicts too slow a fall-off with increasing
momentum transfer. On the other hand, as the absorption model cannot
be préferred to the form féctor fit to the cross-seétion, it is necessary

to make a detailed exsmination of the p spin density matrix in order to
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distinguish between them. Thg form factor fits predict poo = 1 and all
other elements zero, while the absorption model predicts Poo ~ 0;7 with
small contributions to the other elements. Presently ﬁ&ailable dats
(Fig. 12) is consistent with the latter value.

Fits have been made to the various modes of nN —pN up to 8 GeV/c,
and in all cases, provided one assumes complete absorption, an effective
fit can be made. Variations necessary in the initial state absorption
factors are consistent with one's knowledge of tﬁe élastic scattering.
In particular, the energy dependeﬁce of the totsl cross-section is well
fitted by the theory as shown in Fig. 15. We note, however, that the
variastion with energy is already correctly given by unmodified one-pion-
exchange. On integrating Eq. (IV.31) with respect to t, and ignoring
the almost negligible t dependence of the lOWef limit of integration
at the energies we are considering, we see that the total cross-section

has‘the form:

o = c/q2 , (Iv.32)

where ¢ is an energy independent constant. This qualitative predic@ion
of l/qinc dependence in the cross-section agrees well with experiment.
As the additiocn of eny t dependent variations in the mo@el can only
change the normalization of the cross-section, any correctly normelized
theory based on one-pion-exchange must automatically predict the correct
energy dependence of the total cross-section. It is not surprising
therefore that the absorption model can fit the energy distributions,

as the only energy dependence in its modification of one-pion-exchange

comes from the elastic total cross-section GT and the width of the
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diffraction peek in EQ. (IV.17)§w¢h of which have & smell variation
with energy. When the "complete Apsorption" philosophy is applied, this
dependence is not sufficlent to produce appreciable deviations in the
general energy behavior of the inelastic cross-section. On the other
hand, there appeare to be a small but systemetic difference between the
cross-seqtions for n+p -+p+p and 1 p —+p p which grows with energy and
which the model in 1ts present form cannot explain. This may perhaps

be due to the neglect of the'real parts of the elastic amplitudes in the
model which appear to be quite different in megnitude for the two charged
elastic modes [Foley'et-al (1965)] .

A study of the decay distributions in many other.processes also
indicates & single pion exchange mechanism, but with sufficient varistion
from the unhodified model pfediétions to require either & mechanism like
absorption or corrections from higher mass or spin exchange. For example,
the process K+p —~+ K*¥N* is particularly interesting bécause one can study
the decay distribution of both the K* and N*, and in each case one sees
4strong evidence for one-pion-exchange. The deviations in the density
metrix elements from one-pion-exchange in each case can be fitted by
absorption corrections and 4o not seem to Indicate a need for higher
spin exchange. Date for this process is only available at present in
the 2-3 BeV/c region, so no test can be made here of the energy dependence
of the theory.

The cases We have considered so far provide the easiest test of the
various models in fitting the data, as they involve both spin zero ex-

change and a pole very near the physical region. In order to test the
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validity of the fits to spin iero exchange processes in general; it wduld
be useful to examine reactions dominated by the exchange of a single spin
zero particle of heavier mass, for example, a K meson. Unfortunately,’
relatively little data is avaiiable on such reactions, s0 we must turn
our attention to the fits which have been made tb processes which also
involve vector exchange. Several reactions have been observed whose decay
distributions indicate evidence for both spin zero and spin 1 exchange.
For example, we show in Fig. 16 the angular distributions at 3 GeV/c for
the decay products (K° and ﬁ+) from the resonance K* produced in the
reaction K+p —+K*p. The density matrix elements are also shown in Fig.1lT7..
The marked cos 20 dependence in the decay distributions suégests a:dominant
vector exchange contribution, and this is confirmed by a detailed study of
the density.matrix elements. We notice that for cos 8 < 0.9 only pl,l and
pl,-l are appreciably.different from zero, and that the only evidence for
one-pion-exchange is seen at very forward angles.

Successful fits to the process at this energy have been made using
.the complete absorption model, assuming both n and p exchange as shown
in Fig. 18, A fit was also made to data at 5 GeV/c using the same coupling
constants (Fig. 19), but it was found that although the agreement was
satisfactory for A? <15 ue, the theoretical estimete was much too high
at larger momentum transfers. The failure of the fit to the energy de-
pendence of the data was 1néicated by the theoretical totél cross-section
estimate of 0.85 mb compared with the experimental value of 0.3 mb. The
lack of success of this model in fittin% energy distributions is even more

marked when one considers a processes where only vector exchange is allowed
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such as 7 p(p) n°n and #+n(p) wp. In these cases the model is off by
orders of megnitude in fitting the high energy distributions. This
failure agein reflects the fact thet the "complefe absorption" model is
essentially a scheme for t modification of the cne-particle exchange
smplitude. The cross-section as celculeted from unmodified p exéhange
gives a distribution which remains constant with energy, and so the
absorption model has little hope of predieting'ﬁhe'fall-off of the cross-
section with incressing energy which is found in the data. A more de-
tailed diséussibn of this point may:be found in Hggaasen and Hggaasen
(19658). To improve such fits requires further drastic assumptions

which we shall discuss in the next Section.
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V. K-MATRIX MODELS OF PERIPHERAL PROCESSES

In spite of the relative success of the absorption model in fit-
ting processes involving pseudogcalar exchange, it 1s obvious that the
procedure still involves a certain amount of curve fitting. Although
the initial state absorption paresmeters are given to us by experiment,
the "domplete absorption" philosophy used to determine the final state
perameters 1s apparently an ad hoc prescription which seems to work.
However, the fits to processes involving vector exchange are &s unsatis-
factory as ever; the energy variatiqn predicted being in gross disagree-
ment with experiment.

The model we discussed in the last Sectioﬁ in the form given by
Eq. (IV.?) is not the only way of introducing the apparently necessary
damping of the low partial waves in the one particle eichange matrix
elements, however, and in this Section, we shall consider other approaches
which have been used recently to fitAperipheral processes. We shall see
'that none of the methods appear to fit the energy behavior of vector |
exchange processes satisfactorily, but at least we can gain a better
idea of why they fail.

_ In order to understand the derivation of these models we must restrict
ourselves to two-particle reactions, allowing, of course, a final state
resonance to‘be,§reated as a single paerticle. As most of the reactions
we have discussed so far fall into this category, this is not too serious

a restriction.
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A natural fremework for describing such reactions is provide?® hv
the N/D equations first introduced by Chew and Mandelstam (1960, 1961)
in their study of the pion-pion interaction. If we wish to relate a

series of two-body reactions using this formelism, we may write, in

matrix form

T

~

£

where we define a particular partial wave amplitude Tij(s) in terms of

the S-matrix by

£ L, _
it (s) = (Sij(s) _ 513)/21p1pj

In this equation,

Py = (E’ki/w)l/2

(v.3)
is a phase space factor associated with the ith channel, and ki’ W are
the center-of-mass three-momentum and energy in that channel.

In Eq. (V.1), D is a real analytic fuﬂction of energy except for a
right-hand cut on the real sxis from the first two-particle threshold to
infinity. N, similarly, is & real analytic function except for poles and
a left-hand cut.

In order to have a simple form for the unitarify equation 1t is

necessary to make the further drestic approximation of retaining only
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two-particle intermediate states. The unitarity condition can then be

expressed for each partial wave in the form

g’ = 1 gt

where the operator P has elements

PiJ = 513 o(s - Si) P4Py

We thus have that

D

Knowing the analytic propertles of D and its imaginary part we may

therefore write a dispersion relation in the form

8 =

_ ¥ F ds' PN(s')
D=1-—3 ‘[Ors‘-s)(s'-so)

In writing Eq. (V.T) we have made one subtraction and normalized D at 5,

to unity. Writing now

D = ReD - 1EN

we see that Eq. (V.1) mey be written in the form

T = 1Y/ (ReD - 120
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or

=¥ QE- 1 (V.10)

where
K = N/ReD : (V.11)

Equation (V.10) is the (multichannel) K-matrix equation [Heitler
(1944), Dalitz (1961), Goldberger and Watson (l96m)] and it has formed
the basis fof several models designed to fit peripheral processes. In
order to use these equations in any actual caléulation, it is necessary -
to make furfher simplifying assumptions about the form of N and Re D. The
singularities of N provide the exchange forces which drive the interaction,
and the strongest contributions to these come from the longest-range forces,

v

or the cross-channel poles nearest the physical region. If we slso assume

that the principael value integral in D may be neglected, we can write for

K,
K” =B (v.12)

where Bﬁ 1s the contribution from the one-particle exchange terms in the
ﬁyh.partial wvave. Most calculations using the K-matrix equations employ
this approximation for the inelastic elements, although the early cal-

culations of Baker and Blankenbecler (1962) which used the impact parameter
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form of Eq. (V.10) developed by Blankenbecler and Goldberger (1962)
also considered other models for K. We shall discuss the fits made
using the K-matrix approach later in this Section. A calculation of
Ross and Shaw (1964), which considered the effect of absorption on the
apparent position and width of the p in nN —pN was also equivalent in
predictions to the model of Baker and Blankenbecler, although it does
not have a well defined K-matrix structure.

The significance of the approximstions Egs. (v.10) and (V.12) is
easiest illustrated by a diag:ammatic representation of the one-channel
K-matrix equations as shown in Fig. 20, If intermediate state particles
a' and b' Ere on the mass-shell, which is equivalent to setting Re D = 1

in Eq. (V.11), then Fig.20a represents the one channel equation
T =3B+ iBT

which may be further expanded as shown in Fig. 20b as a series of ladder
| graphs.

In order to fit an elastic scattering process such as np —pp,
however, it is evident that ﬁhe coupling of at least the two channels
np.and pp must be considered in order to fit the data. It is found,
however, that a simple two-channel model is a very poor fit to the data
and the reasén is not hard to see. Even at energies of the order of
2GeV we say in Section IV that the np and pp channels represent only a
fraction of the total cross-section for np scattering and the coupling

of the other channels to the np channel will have a marked effect on the
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process under consideraiion. This fact was, of course, one of the main
reasons for introducing the idea of absorption in the first place. In
addition, it is not clear thet Eq. (V.12) is a valid approximation in
the elastic channels which presumsably are all strongly sbsorptive.
Nevertheless, to improve the calculation at least requires contributions
from more channels. However, even 1f we restrict ourselves to two-particle
channels which couple to the np system, there are a bewildering number
to be considered, e.g. e (1238), DN*, wN*, wp, nN* (1512), ete. To
include all these in a calculation, assuming that the K-matrix elements
are approximated by Born terms, requires a knowledge of all coupling
constants involved in the relevent Born smplitude. ‘Most of these are
still unknown, so, even at this level, such a calculation becomes
necessarily'phenomenological; all one can do is show that experiments
can be fitted with reasonable values for the many coupling constants
involved using, for exsmple, & symmetry scheme such as SU(6) as a guide
in determining the relative magnitude of the coupling.
| In addition if one wishes to extend the formalism further to include
three or more particle channels then the simple form of the unitaerity
equation, Eg. (V.6) is replaced by a complicated integral equation, and
the simplicity of Eq. (V.10) is lost. |

On the other hand, it is possible that all but the most important
channéls each have a smell effect on the process cénsidered and moreover
are produced in a reasonably incoherent manner, so ﬁhat their total effect
may be estimated by appeal to some form of randomness hypothesis. This

idea has been taken furthest by Squires [l96h, 1965 a,b, Kumar and
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Squires (1965)] and Trefil (1966), although all K-matrix fits make some
effort to include the effect of neglected channels.

The basic assumption in this approximation is that the meny unknown
coupled channels contribute to the scattering with equal weight but random
signs. The simplest approximation is to.assume that all elements of the
K-matrix have the same order of magnitude, but random signs. The random
phase hypothesis then requires that the off-diagonal elements of K2 be
small compared with the diagonal elements, and it i1s possible to show

by standard statistical arguments [Squires (1965a) Wigner (1955)] that

-2y.2
(L+e
T, = S——E——L B, (V.14)

where B12 as before is the inelastic one particle exchange amplitude and
y is the imaginary part of the elastic phase shift.

Of course it is physicelly unreasonable that all elements of K have
the same magnitude, and several improvements of this basic idea have been
suggested. These assume either that all the unknown terms of the K-matrix
- that is, those we cannot calculate - have the same weight and random
phase, but this weight is different from that of the known (calculable)
part, or‘that the unknown channels which couple directly to those under
c;nsideretion have a greater weight than the remaining unknown terms
coupling with each other. Each of these approximstions naturally introduce
further arbitrary perameters into the theory.

Fits to a variety of prccesses using the K-matrix model have now

been made. Dietz and Pilkuhn (1965a,b) mede an exhaustive study of
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K+p '*K*+p, including explicitly the effects of the K+p, KN*, K*N and
K*N* channels and sllowing for three and multiparticle channels with a
simple rendom phase hypothesis. Although setisfactory fits to the
inelastic process were obtained they required an excessively large
contribution from three body channels in the low partial waves, which
in fact alﬁosi masked the S-wave completely. Arnold (1964) considered
fits to several processes with reasoriable success, although no attempt
was made to test the energy depenaénceito the thebry. His fit to K N
charge exchange at 1.80 GeV/c is shown in Fig. 21. Finally Trefil (1966)
carried out a detailed study of forward and backward charge exchange
pion-nucleon scattering, and found that although the data at a given
energy can be fitted, the energy dependence of the theory is in dis-
agreement with experiment with the two random phase models used to
include unknown channels. Thus the K-matrix model in the form we have
discussed fails to eiplain the energy dependence of processes dominated
by vector exchange, and requires a stronger damping of the low partial
waves than seems given by the theory, -Just as we found in the sbsorption
model.

The reasons for the similarity in the failure of the two approaches
would be more understandable 1f it were possible to derive the sbsorption
model using an approach based on the N/D equations or dispersion theory
rather than potential theory. This has been attempted by several authors
[?all and Frazer (1965), Griffiths and Seperstein (1965), Omnes (196h4),
Watson (196521, but requires very stringent restrictions on the form of the
scattering emplitudes involved. The only reliable conclusion to be drawn is

that the K-matrix and absorption models ‘are consistent when the absorption
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is weak, but no convincing proof can be found in the more important
case of strong absorption. In particular, a two channel model of a
scattering process is clearly inconsistent with the absorption model
in the limit of stfong absorption. The explicit expression for the

inelastic amplitude in a unitarized two channel model ia

£
T s (v.15)
where 51 and 62 are the initial and final complex scattering phase
shifts respectively, and
st | et
M, = e \: e l (v.16)
is the absorption coefficient.
A comparison with Eq. (IV.7) shows then that the absorption model
in this case associates the unmodified amplitude with the term
QE -1 /2#&#& and this is clearly impossible in the strong
g,
gbsorption limit (7-—+=0). We note also that in terms of the elements
of the two channel K-matrix, T12 has the form
£ £
T, =Ky
idf_/ 2 iég '
= e K[, e /n& |A%‘ (v.17)
where
2 A L 2
4y = (1 - 1plxll)(1 - 1p2K22) + plpé(Klz) (v.18)
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If one now approximates K , by B ,, we have equivalence vith the absorption
model only in the limit of weak dbsorﬁtion (n 1) and high energies

(6 =+1). Tnis is not, of course, an argument against the absorption

model, which is designed to apply in the case of mény channels rather

than few, but merely points out the inadequacy of trying to study the
problem at a two channel level..

The more easily understandable structure of the K-matrix model,
however, allows us to investigate further the reassons for its failure
in the cases we have discussed. Presumably similar reasons also apply
in the céee of the ebsorption model. Apsert from the restriction to
two body processes, which cen be relaxed if one is prepdred to solve
unitarity equatione, the most drastic assumption mede in deriving the
model is that K can be approximeted by the Born term, or in other words,
that the‘cuts in N end D can be neglected. Probably a more realistic
-assumption to maké is that the off-mass-shell behavior of the exchanged
-particle is important,; as we &ssumed in the form factor model, and so
approximate K by & Born term with form factors. Presumably one can use
much less drastic form fectors in this case than were needed by Ferrari
and Selleri (1963), as unitarity is automatically built into our equations.
Calculations by Bander and Shaw (1965) using the absorption model of
aN —pN also indicaste thet these corrections must be small otherwise the
effect of absorption corrections on the density matrix of the p is re-
duced and the decay correlation data can no longer be fitted. However,

as we discussed in the last Section, such t dependent form factor
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corrections have no effect on the energy dependence of the theory;

this can only come from & mechanism which changes the energy dependence
of the K-matrix. As the momentum tranSfef collimation of this theory‘
that is, a suppression of high momentum transfer events, comes from the
summetion of the set of ladder diagiams in the scattering channel as
shown in Fig. 20, it 1s reasonable to assume that =a reductioﬁ to the

high energy behavior will come similarly from & sum of ladder 1terations
of the K-mstrix element in the crossed (t) channel as sﬁown in Fig. 22.

It was shown by Amati et al (1962) that the summation of such graphical
series leads naturaslly to & Regge pole behavior for the elastic scattering
amplitudes. The inclusion of "Reggeized" K-matrix elements in the vector
exchange model would cause & collimation of the energy distribﬁtions
required by_the data. It 1s not clear however [Arnold (1965), Jackson
(1965), Barger and Ebei (1965)] whether a similar application of the
absorption model to a Reggeized vector exchange is consistent, as the
absorption model may already contain.corrections of the form shown in
Fig. 22. Presumsbly, though, & correction of this sort must be necessary
if the model is to have the correct energy dependence for vector exchange.
On the other hand, & calculation in a K-matrix framework avoids this
possible ambiguity.

T oof course, we have suggested the impossible; a calculation involving
form factors, Regge poles and corrections for unknown channels would
involve so meny arbitrary persmeters as to be almost meaningless. Still,
it is apparent from our discussion that all effects may be there, and it
may be indeed true thet strong interactions are too rich in detail to

allow accurate quantitative enalysis over a complete spectrum of energies

and momentum transfers,
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‘On the other hand, given an understanding of the mechanisms involved
we have seen thﬁt we can still draw qualitative conclusions frdm‘proéesses
which ere peripheral in neture &nd this sllows us for exsmple to meke
order of magnitude predictions of the size of particle beams at higher

energies, as we discuss in the next Section.
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VI. BEAMS

In this concluding Section we revert to a much more primitive
level of theoretical discussion’in order to consider the photoproduction
of secondary beams of strongly interacting particles. (Drell, 1965)
Up to this point we have looked at transition amplitudes for two strongly
interacting particles (stable or unstable) in the initisl and final states
and analyzed the quantitative successes end shortcomings of the theoretical
analyses in fitting magnitudes of cross-éections, their energy and momentum
transfer dependence, and the observed decay correlgtions. The applications
to photoproduction processes which we now discuss ﬁake much less stringent
demands on the theory since we are concerned only with approximate pre-
dictions of fluxes of high energy pions, K mesons, and anti-baryons which
can then serve as projectiles in subsequent experiments. We are more
interested here in the practical use to which these beams can be put
than in casting light upon the detailed theoretical nature of the inter-
‘actions involved.

We consider first charged pion beam production via one pion exchange
as illustrated in Fig. 23. Under kinematical conditions such that a
high energy photon of momentum k produces & hlgh energy pion with
energy @ ~ k >> u, at a small angle 9q~ p/k, then the impact paremeter
is large, (~1/u = 1.4 fermis) and an almost real pion is exchanged
between vertices (A) and (B) in Fig. 23. The corresponding contribution

t
(Drell, 1960) to the differentisl cross-section in this very restricted
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phase épece'interval is, in the peripheral approximation,

2

> o | &in 9 ® (k - ) &»
’ U7,nt'(k’wq,eq) IS (- B cos 9455 E-S k3 o
' (VI.1
tot(k - )

The numerstor factor s1n2 Gq comes from angular momentum conservation

since a transversely polarized photon cannot transfer its spin to &

pion moving forward. c.: (k - ) is the total ;: - proton cross-section
: n

at a lsboratory energy k -w‘q end is an exact expression of the interaction

2

b

vertex (B) if we extrapolate to the pion exchange pble.at (k - q)2 ~u
or (1 - Bq cos Qq) ~+0. The'accuraéy of this extrapolation is questionable
for nuclear targets with atomic number A > 1 in which case the interval

of extrapolation from the physical region to the pion exchange pole,

( ~2u = 300 MeV), is large compsred to the excitation energies of the
target instead of being small as we require, (Bell, 1964) The accuracy
of this approximation for hydrogen targets is however the basic assumption
of the peripheral model.

Keeping this reservetion in mind we show in Fig. 24 the experimental
results for x photoproduction from beryllium [?1anpied et a1 (1963),
Blumenthel et al (l963i]. The agreement to within a factor of two |
near the peak of the theoretical distribution supports the optimism
of the peripherel model in its predictions that intense charged pion
beams may be produced by high energy electron accelerators. However,

the difference between theory and'experiment and in particular the
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failure of the observed angular diétribution to drop at the forward sngle,
n/k > eq —0 suggests the importance of the inclusion of other diagrams
in addition to the various corrections which have been made to the one-
pion-exchange result, Eq; (VI.i), and vhich are discussed with references_
by Drell (1965).

A leading candidate to explain thié difference 1is the amplitude
for coherent diffraction productior of p° mesons in the forward direction
followed by their decay into & n+, n~ pair as shown in Fig. 25. A for;-
ward diffraction peek in high energy photoproduction of zero straﬁgenesa
neutral vector mesons is theoréticaliy expected since they have quantum'
numbers in common with the photon. This peak has also beeﬁ observed

[Crouch (1964), Lanzerotti (1965)]_ with a very large cross-section, viz

(k,0°) 1.7] | -
[fi" o ]mo - [20 Gev ] e - e

The magnitude of this cross-section in'hydrogen is in agreement with

‘the predictions of & simple model [Berman and Drell (196&;] and also with

dimensional arguments, since

137 daqa

[_ngu] L1 [aa<k,o°>]

0

s}
where [fd(k 0

) ] denotes the forward pesk of elastic pion-nucleon
14
scattering. A discussion of the A -7 variaetion of this result may be

found in Drell and Trefil (1966) .
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. %
The resulting flux of n~ from the po decay 1s readily computed in

terms of the observed paremeters of the po production cross-section. It

peaks at an angle

(vi.4)
where mp is the po mass, k the incident photon énergy and w the energy
of the pion detected at an angle 6. 1In the neighborhood of this pesk,
the cross-section may be written, for k - w <w ,
2, 2 |
b m /UK 3/2 »
4o~ (io(k,oo)) e P _(‘”-/k) ql"”-;k y
dw dQ aa r—' k
- P, b
(vi.h)

exp |- vlie/m)® (6~ )°

ax

vwhere b~ 6A2/3 is a2 dimensionless parameter fit to the observed width
of the po diffraction peak.

The resulting pion flux from diffraction production on beryllium
targets is computed [N. Hicks (1965 unpublisheda t0o exceed that via the
pion exchange, Eq. (VI.1), as shown in Fig. ?6 when averaged over the
experimental conditions. Since Eq. (VI.4) increases roughly in proportion
to AA/3 it is reduced reletive to the one pion exchange result Eq. (VI.l)
for hydrogen targets. At the peak angle Gq = u/ah-the one-pion-exchange
cross-section is proportional to k for fixed ratio of pion to photon

energy, ah/k. A similar energy dependence 1s predicted by Eq. (VI.4)



at the pesk angle 6 = emax and at sgfficiently high energies such that
b mp2/hk2 8 1.5 (mp/k)2 A2/ 3 <1. Their varistion with fraction of
energy (1 - ah/k) transferred to the observed pion differs however and
by a study of this dependence together with the angular and A variation
it will be possible to clarify further the relative importance of these
two mechanisms for besams,

If one is interested in the behavior of momentum distributions near
the low momentum peak, then it is found that absorption factors of the
type discussed in Section IV are quantitatively of minor importence for
pion exchange and for large impact parameter collisions with b ~ l/u-

At 8 GeV, for example, the absorption calculation leads to no reduction

in the magnitude of the peak in np —+pp, in spite of the large collimation
produced in the tail. 1In any case, photo-induced reactions have no initial
state absorption factors to reduce the calculated cross-sections, and the
relevance of absorption factors for multiparticle final states as in Fig.

_23 is not theoretically established or observed ETones (1965)] . No such
absorption factors appear in the theoretical models of the diffraction
production which calculate ratios to observed strong interaction diffraction
processes. Therefore these pion beam predictions should be applicable at
higher energies than shown in Fig. 2k.

Turning to charged K-meson beams the pole for K-meson exchange is
approximately me N 500 MeV distant from the physical region. Equation
(VI.1) with'the K-meson replacing that n-meson mass has been experimentally
checked only very roughly so far but preliminary indications are similar

to what was seen in pion production. [?lanpied et al (196531. Neutral
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K beams, and in parﬁicular K2 beams, of comperable intensity are expected
from the K* exchange emplitude Fig. 27 as has been analyzed in‘detail aend
with full 1nclﬁsion of final state absorption factors [Drell and Jacob
(1965)] -

Finélly we make some predictions on the production of anti—ﬁucleon
or anti-béryon beams by comparison with the observation of backward pesaks
in pion-nucleon scattering by.Orear et al (1965) and their analysis by

Trefil (1966). The basic mechanism in the calculation of

y + p =+p + (anything)
as in

n+p—rp+tn

is assumed to be baryon, or baryon resonance exchange, but the details
of the mechanism differ in esch case in two important ways. First,
the photowinduced process has no initial state absorption, and all final
states are summed over. Thus, the effect of absorptive corrections is
expected to be much smaller then in the pion-nucleon case. Secondly,
the product of the electric charge part of the electromagnetic vertex at
A in Fig. 28 and the nucleon propagator will not change as the nucleon
goes off-the-mass-shell, whereas form factor effects will influence the
pion-nucleon case. However, even if we retain the full final state
absorption factors and the form factor reductions which were used in
Trefil's fit to the backward pion-nucleon scattering we are led to the

30

- 2
prediction of en anti-nucleon or anti-baryon beam of ~ 10 em /ster-

GeV at ~ 15 GeV energy. Similar intensities are computed [Berman aud
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Drell (1966 unpuolished)} for anti-baryon beams via the diffracti
mechanism in Fig. 29, but these numbers are highly sensitive to the
assumed form factors for the virtual p;nucleon or p-baryon vertices.
These numbers should of course be understood as little better than a

dimensional guide, but they lead to tremendous anti-baryon beam fluxes

from accelerators such as SLAC and are therefore of some practical

importance.
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FIGURE CAPTIONS

Nucleon exchange diagrams for pion-nucleon scattering.

One-pion exchange contribution to elestic nucleon-nucleon scattering.
Singularities in amplitude for elastic nucleon-nucleon scattering.
One-pion exchange contribution to the process n + N =-x + n + N.
One-pion exchange contribution to the process n + N =-n + 1 + (n),
where (n) denotes an arbitrary final state of two or more particles.
Coordinate system in the frame, O, of zero total momentum for the
pions produced in the reaction m + N = n + n + N. E&iﬁ the momentum
of one of the final state pioms, 3 is perpendicular to the nucleon
scattering plane and‘gn is the momentum of the incident pion as seen
in O.

One-pion-exchange contribution to pion production of a p meson.
Initial and final state interaction corrections for the one-pion
exchange contribution to the process n + N =& n + n + N.

Distribution of - t/p2 for the processes: a) n + p —xn + 7 + P;
b) i+ p—n 4+ A +n ‘%aken from SOBB Collaboration (196321 .
Comparison of experimental data for the process p + p +A + A and
the fit of Dar (1964). The theoretical curves were normalized to
give correctly the number of events in the first interval of the
experimental histogram. [?aken from Dar (l96hi] .

Comparison of experimental data for the process Kfp —*K*N* and the
theoretical fit of Dar (1964). The experimental data was taken from
Goldhaber et al (1963). The calculation of the one-pion exchange

curve is due to Berman as quoted in this reference Eéaken from

Dar (196&)] .



12.

13.

14,

15.

16.

17.

13.

Spin density metrix elements for the p  in the process n  + p —=p 4+ D
taken from Hagopian et al (1965). The curves give the theoretical
predictions of the sbsorption model at 2.75 GeV/c as quoted in this
reference. The t scale is given for 2.88 GeV/c and for M’m = 765 MeV.
Final state interaction corrections for the one-pion exchange con-
tribution to the process 7y + p —>p + p.

Comperison of theory and experiment for the process n++p —+p+ + p

at 2.75 GeV/c taken from Jackson (1965). The histogram représents

the deta of SOBB Collaboration (1965) as quoted in this reference.

The total cross-section for the processes ni + p -+pi + p as a
function of incident pion momentum taken from Jackson et al (1965).
The upper (lower) solid curve is a fit for n+(n-) assuming only
one-pion exchange with absorption corrections, the difference being
caused by different absorption effects. The dashed curve is the
cross-section fit with the Amaldi-Selleri (1964) form factor.

Angular distributions in cos 6 and ¢ for the decay products x° and

n+ from the resonance K* produced in the process Kf + p —+K* + p

at 3 GeV/c. The eangles are as defined in the text. [éaken from
Jackson (l965i] .

Theoretical and experimental K* density matrix elements for the
process K"+ P K+ p at 3 GeV/c from Jackson et al (1965). The
solid and dashed curves refer to different values for the vector

meson coupling constants as described in this reference.

Comparison of absorption model fit with experiment for the differential
cross-section of the process in Fig. 17. The solid and dashed curves

correspond to those of Fig. 17. {%rom Jackson et al (196521



19.

20.

21

22,

23.

2k,

26.

a27.

28.

29.

Absorption model fit to the process K+ + P -’K* + path GeV/c
taken from Jackson et al (1965). The curves are calculated with
the same coupling constants as those of Fig. 18.

Diagrammatic representation of one-channel K-matrix equations.
K-matrix fit to KN charge exchange cross-section for 1.80 GeV/c
beem momentum. [@aken from Arnold (l96hi] .

t-chennel ladder approximastion for a "Reggeized" p exchange K-matrix
element.

One-pion-exchange contribution to photoproduction of a charged
pion beam.

Comparison of experimental results for n~ photoproduction from
beryllium with predictions of the one-pion-exchange calculation
Eaken from Blumenthal et sl ( 19638 .

Coherent diffraction photoproduction of po followed by decay into
pions.

Comperison of one-pion-exchange and diffraction scattering fit

to pion photoproduction from beryllium. [?. Hicks (1965 unpub-
1ishedi] . The experimental data are taken from Blumenthal et al
(1963).

K* exchange contribution to photoproduction of a Ko beam in the
process ¥ + P —x° + L',

Nucleon exchange contribution to photoproduction of an antiproton
beam.

Coherent diffraction photoproduction of po followed by decay into

a proton-antiproton pair.
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