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ABSTRACT

The collinear group SU(6)W enables us to discuss vertices, form factors
and other collinear processes in an SU(6)-theory which is consistent with relativ-
istic invariance. It leads, however, to a classification of the particles which is
different from that of the "static" SU(6)S. The general "W-spin" properties of
an arbitrary spin state constructed from any number of basic spin -;— objects are
discussed in detail. Explicit formulae for expressing the eigenstates of VVZ as
linear combinations of ordinary spin states are given and some properties of the
transformation matrices are discussed. The relation between W-spin and ordinary
S-spin in the framework of the SU(2) (X} SU(2) algebra is generalized to an arbi-
trary Lie algebra of the form G X G. Some examples of such generalized W-type
algebras are considered and the special case of SU(6)W and SU(6) s is discussed
in detail. An explicit formula for calculating the SU(6)W properties of an arbi-
trary component of a representation of the non-chiral U(6) (XX U(6) is given.
Some explicit transformation matrices between the eigenstates of W-spin and

S-spin are given in the appendix.



I. INTRODUCTION

It has been pointed out that the difficulties encountered in formulating a
relativistic version of the staticl SU(6) theory can be avoided, for various
sets of processes, by applying the approximate U(6) @ U(6) symmetry to
particles at restz and its appropriate subgroups to collinear and coplanar
processes. In particular, the collinear group SU(6)W3’ 4 which commutes
with the Lorentz transformations in the z direction (and with the Dirac
‘Hamiltonian for a free particle moving in that direction) enables us to discuss
three-particle vertices, form: fac’cors3 and processes such as two-body decays
and forward and backward scattering. 45

The difference between the "old" SU(6) classification of mesons and
baryonsl and their SU(6)W classiﬁcation4 stems from the different relative
phases of the "ordinary S-spin'' and the "W-spin'' raising and lowering operators
for quarks and antiquarks. 4 In order to classify particles according to SU(G)W
or SU(2)W, it is sufficient to define the W-spin operators for states having zero
momentum, as the classification remains unchanged when the particles are moving
with an arbitrary momentuﬁl in the z-direction. The W-spin operators for quarks

and antiquarks at rest are defined as follows:4

For quarks: W =8; W =§8§; W =28 . 8]
9 "¢ "a "¢ "q q
For antiquarks: W. =-Si; W= =-S_; W2 = g2 2
) q a 4q a q a -

Clearly, for any system which includes only quarks or only antiquarks we
find: VVZ = —Efz. This simple relation does not hold, however, for systems

containing both quarks and antiquarks. Moreover, §2 does not necessarily
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commute with Wz and an eigenstate of V—V’2 may be described, in general, as
a linear combination of eigenstates of _§2 having different total ordinary spins.
It is our purpose in this paper to discuss the general problem of calculating the
W -gspin properties of an arbitrary spin state, and to present explicit formulae
for the general W-—>S transformation matrices.

Our discussion is based on the assumption that all the involved spin states
are constructed from basic spin % objects which may or may not be identified
as physical particles (quarks and antiquarks). All we really need is the assump-
tion that the spins Sq and Sq, satisfying Eqs. (1) and (2), respectively, are
well deﬁned6 for all our states. In a simple quark model Sq is the total spin of
the quarks and Sé.1 is the total spin of the antiquarks. However, our arguments
do not depend on the existence of quarks. They can be applied to any one of the
following situations:

a) All states are classified at rest into the representations of the non-chiral
U(6) X' U(6). (For spin purposes, U(2) X} U(2) is, of course, sufficient.) It is
then automatically guaranteed that the particles are described by known linear
combinations of eigenstates of _§(21 and _§§ where Sq is the spin associated with
the first U(6) [or U(2)] group and SE1 is associated with the second. Notice that
in this case we do not assume anything about the existence of quarks (although we
may still use them as a convenient mathematical tool).

by Particle states are classified according to a symmetry group which includes
the non-chiral U(6) X U(6) as a subgroup. In this case Sq and SE1 are, again,
defined as the spins associated with the two U(6) groups. However, these spins
are not necessarily identical to the total spins of the quarks and antiquarks,
respectively. Sq and Sf_l are now redefined as the total spins of the positive

parity and negative parity basic spinors, respectively. 7 In a (compact) U(12)
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or a (non-compact) U(6, 6) kschemés in which both positive parity quarks and
negative parity pseudoquarks are proposed, (at least as mathematical entities)
Sq will be the total spin of all quarks and antipseudoquarks whereas S(i is the
total spin of all antiquarks and pseudoquarks.

¢) The W-spin can bé defined for any system of physical quarks even with-
out a U(6) X U(6) classification. This can be done for any particle which is
constructed from S-wave quarks and antiquarks (and, possibly, pseudoquarks
and antipseudoquarks), provided that the total number of basic particles in the
system is well defined (e.g., a given particle is a three-quark object with no
additional quark-antiquark pairs).

d) Electromagnetic and weak currents, defined on the basis of a quark
model can be classified according to SU(2)W and SU(6)W9. In this case, positive
parity currents will have Sc} = 0 and, consequently, S =W. Negative parity
currents do not necessarily satisfy this, as for them Sf:i # 0, and their W-spin
values will be determined by their Sq and SE1 according to our formulae.

e) Particles off the mass shell may have "virtual components' with spins
different from their ordinary spin (e.g., the S = 0 fourth component of a virtual
vector meson). The W-spins of such components can be easily determined by
using the following rule: The so-called '"large components" (those with 'YO=+1)
of a Dirac four-spinor describing a JP = 12—+ object behave like quarks (and
contribute to Sq); the "small components' (with Y, =-1) behave like pseudoquarks
(and contribute to Sq). The large components (’Y0 =+1) of the four spinors of the

antiparticle behave like antiquarks (with Sq) and the small components ('yo = -1)

like antipseudoquarks (with Sq). Every spin state is then constructed from basic
+
JP = —é— objects with their antiparticles, using the Bargman-Wigner formalism

(or any other free field equation for arbitrary spin). The Sq and S(_l values are
then well defined, both for the "real™ and the 'virtual'' components.
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Notice that in this case, the results may depend on the number of basic Dirac
spinors which are used. For example. The virtual components of an 8S=1
meson which is described by one pair of basic spinors (e.g., according to the
Duffin-Kemmer equation)will differ from those of a vector meson obtained from
three pairs of basic spinors. This ambiguity is present in any field theoretical
description of a particle with an arbitrary spin.

The material of the paper is organized as follows. In Section II we discuss
the SU(2) ® SU(2) algebra which includes both the W-spin and the S-spin
operators, and we present explicit formulae for the W<«—S transformations.

‘ Some properties of the transformation coefficients are discussed in Section III,
while in Section IV we generalize our procedure to some bigger groups. Finally,

in Section V, the transition coefficients between SU(G)W and SU(G)S are calculated.

II. W SPIN FOR ANY SPIN

Consider a particle state having well-defined values of Sq and Sal and a total
spin S, and denote the z-components of these spins by Mq, M(_1 and M,

respectively. We know that:

—- >
S=8 +8. (3)
a 4
wZi=s=M=M_ + M._ . (4)
q 9
From Egs. (1) and (2) we obtain:
w=s" -5’ (5)
q d
W =S -SC : G
a . (9)



The six operators s:;, s;, SZ, sg, Sc:1’ sg form an SU(2) ® SU(2) algebra, 10

the generators of which may be also chosen as S+, S, W+, W, R = Mq - Ma1

z Using the well-known properties of SU(2) and

z

dM=M+ M_ = W =87,
an q q
SU(2) & SU(Z)ll [ which are locally isomorphic to SO(3) and SO(4), respectively
we can calculate the explicit formula for applying the lowering operator W~ to a
spin state |S, M >. Defining
S +S_ =r

g (7

S -S_ =t (8)

we obtain the following exp]c'ession:12

w5, M>= Fﬁ(rs*;—% SSTMET) (S | S, M-1> -

W

1 e M1 [aern? - 9] 52%-t9)
s \/ (25+1) (25-1) |s-1, M‘? MG

1. fis-Me2) (5-Mr 1y [+ 1) % - (5+1) %] [(s+1)% 2]
&1 \/ (25+3) (25+1) lSFl’ M-1 >

In order to express the eigenstates of Wz in terms of the S-spin states, the
following procedure may be used. For any set of values of Sq and Sq we start

by considering the state | r,r > satisfying:

r=S=W=M=8_+85_
qQ 4qg



Using Eq. (9), we apply W_to thié state and obtain all 2W + 1 components of
the W = r multiplet. The maximal w2 component of the next W-spin multiplet
(W=r - 1) is then found from its orthogonality to the state |r,r - 1>, and all
other components of the W =r - 1 multiplet can be, again, obtained by applying
W . By continuing this procedure we can express all the W-spin multiplets in
terms of the appropriate ordinary spin states, and we can calculate the trans-
formation matrices between the eigenstates of -52 and Wz for any value of Sq,
Sa1 and M.

It turns out, however, that this procedure, though very simple in principle,
is not very convenient for caléulating a given WS coefﬁcenf, when other
coefficients are not known, because it requires a successive application of Eq. (9)
to higher states. We therefore present here an alternative procedure of calculating
the W-—S transformations, expressing the coefficients themselves in terms of the
ordinary SU(2) Clebsch-Gordan coefficients. Consider a system with a given set

z

of values for Sq, S(-i and M = 8% = W%, Itstotal S and W may be in the range

max (|t],M) W <r
max (|t|,M< S <

where r and t are defined by Egs. (7) and (8). All states having the given
values of Sq, S(—i, M may be labeled according to any one of the following sets
of quantum numbers:
I. S, M, S_, M-
Q@ 9 qa q
. s, M,S, S-.
Q q

m. w, M, Sq’ S(i
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The transformation between the eigenstates of the operators of set I and those of
set 11 is given by the usual SU(2) Clebsch-Gordan coefficients. For every set of
values of Sq, Sc_l and M we define the usual matrix:13
S
A S ,S., = (S M S_M.|SM) . 10

Mq(q g™ (01qqql ) (0
A similar matrix gives the transformation between sets I and III. However, all
the SU(2) Clebsch~Gordan coefficients in this matrix are multiplied by the phase

Sg—Mg

factor (—1) 9 " which reflects the minus signs in the definitions of WE for
antiquarks [Eq. (2)] . The transformatlon matrix B is then defined by

S=~M-
BY (S » 8-, M) =(-1) 4 (s M _S_M_|WM) . (11)
qa’ q 9 aq94d q

The transformation between the sets of operators II and III can now be easily

calculated. 14

w
Cq (8,8-,M) =
s Sy S5 M)

A

(12)

]

Z (—1)Sq_Mq(SM| 5, M SgMg) (S M SM IWM)
— a4 qq

q

where AT is the transposed of A.

Using the standard phases of the ordinary SU(2) Clebsch-Gordan
coefficients and the exact form of Eq. (12), we automatically obtain standard
phases for the CW coefficients. Some of these coefficients are given in the

S

appendix.



OI. SOME PROPERTIES OF THE COEFFICIENTS CVSV(Sq, SQ’ M)

Mg W

For Sq=0 or Sci = 0, Eq. (12) degenerates into CW= (—1)S<T 6S

S
This is consistent with our previous observationthat Wz =_§2 for any "pure"
system of quarks or antiquarks. This last equality is now extended to
systems in which all quark spins or all antiquark spins are coupled to
ZEero.
For Sq = Sc_1 = —;—, we obtain the already well-known W-S spin flip for
the vector and pseudoscalar mesons. The two M=0 states of the qq system have
S=0,W=1landS=1, W=90 reSpec’cively.4
For Sq = SQ’ we obtain from Eq. (9) an interesting ''selection rule.' Since
t= Sq ~ S(~1 = 0, no transition between two states with the same S-spin can be
induced by applying W . Consequently, states with odd and even values of
S cannot be mixed in the same IW, M > states and vice versa. The qf system
is, of course, a simple example to this rule.
The matrix C\S)V is symmetric. This reflects the symmetrical relation

between the S-spin and the W-spin generators in SU(2) (2 SU(2).
15

It can be shown that:

e =p e = (13)

where Pint is the intrinsic parity. We know that:
imW
e Xlw,Mm>= ()" M|w,-m> (14)
imS
X N S-M
p_e X[s,M>=P_ (-] |s, -M>. (15)
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Consequently:

W _ S-W LW
Cg SpSpM = (-1 Pint * Cs B S5 ™ (16)
or:
S-W-25_
w q W
C. (S ,S., =(-1 C S ,S-., - . 16!
s S ™ = () s 8 Sy~ (16')
For the case M =0 we find:
25_
s-w _ q _
> =y =P, (17

Namely, for an odd number of antiquarks the zero helicity state connects odd S
toeven W and even S toodd W. For an even number of antiquarks even S
can be connected only to even W and odd S to odd W.

6. It is clear that states with high S-spins have, in general, components with
small W-spins. This means that W-spin conservation does not lead to any
general AS selection rule. This is extremely important, as otherwise the
m-7 or N-7 decay modes of resonances with high spins (2,—3—, —;—, etc.) would

be forbidden in an SU(2)W invariant theory.

IV. THE GENERALIZED W-SPIN

The SU(2) (X SU(2) analysis of W-spin and S-spin can be generalized to any

algebra of the form G X: G. We denote the generators of the two commuting G

- 10 -



algebras by g{, g{ ' and assume that they satisfy the usual commutation relations:

S T
ee)) - e - a9)
i’°2] ij°k

The "diagonal' subalgebra GD is then defined by:

D
g, = 8 *g (20)
Clearly:
D p|_ kD
< [gi’ng_ Cijgk (21)

We can now divide the operators of G into two sets:

G =K+P (22)

such that: (1) K is a subalgebra of G, (2) the operators in P transform like

one or more irreducible representations of K and (3) the commutator of any

two operators in P belongs to K. We may then define:

For gieK g\iN = gi+ gi' (23)
For giéP g?v = gi - gi‘ (29
Again:
W wWl_ kW
{gi’gj }" Cl]gk (25)
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and the g‘iN operators form an algebra GW isomorphic to GD. Both GW and

GD have the same subalgebra K, but they differ in all their other generators.

w and GD operators canbe

The general transformation between the eigenstates of the G
easily expressed in terms of the Clebsch-Gordan coefficients of G, using a straight-
forward generalization of Eq. (12).
The simplest method of finding all possible isomorphic GW subalgebras of
G X G is based on the analogous problem of finding all non-compact versions of
a compact algebra G. In both cases all we have to do is to find all subalgebras
K of G which satisfy the conditions (1) - (3). For every such K we can
construct another GW algebra (and, similarly, a non-compact version of the
compact G). Since we know the solution to the second problem (at least for the
classical algebras) we also know how to construct all GW algebras.
We now consider a few examples:
a) For G =SU(2) the only possible subalgebra K is U(1l). Consequently,
we have only one GW algebra: SU(Z)W [similarly, SU(2) has only one
non-compact form SU(1,1) whose maximal compact subalgebra is U(l)] .
b) For G = SU(3) we may have two GW algebras corresponding to the two

possible K-subalgebras — SO(3) and U(2). Denoting the SU(3) generators

by I*,U*,V*, IZ,Y, we may consider the SO(3) subalgebra:

+ U++V+
T =U +V (26)
Kz = 12



The other five generators transform like a K = 2 tensor:

Q-H— _ I+

Q+ _ U+_V+

P =Y (27)
Q =U -V

Q =1

We can now start from SU(3) @ SU(3) and define:

KIN = K!+K! (28)

\'

Qj = Q3 - QB’ . (29)
W W

The operators Ki s Qj form an SU(3) algebra.
Another W-type SU(3) which may have physical application can be
constructed by identifying the subalgebra K with the isospin-hypercharge

U(2) or with the U-spin-electric charge U(2). In the framework of the

2,16

coplanar SU(3) & SU(3) we can construct in this way an SU(3)

subalgebra whose generators are:
wi,wi,2wv,wv.,u,u, Y.
X X X X

Under this subalgebra the Wx = ( states of P+,w, p  form an

SU(2) triplet17 which can be used for calculating coplanar processes.
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In the framework of the non-chiral U(3) x> U(3) one might also

consider a W-type SU(3) algebra defined by

+ - .z + - + ~
I,I,I,'YOV,'yOV,'yOU,'yOU, Y.

Such an algebra might be a good symmetry even in the presence of the
usual SU(3) symmetry breaking since only the isospin-hypercharge
U(2) subgroup is common to this SU(3) and the ordinary SU(3). 18

¢) Inthe case G = SU(6) we can construct GW algebras in various

different ways, corresponding to the following possible subalgebras K:
U(5), SU4) x SU(2) X U(1l), SU(3) X SU(3) & U(1), SO(6), Sp(6).

We are interested in the case K = SU(3) X) SU(3) X U(1) since this

is the algebra of all generators belonging to both SU(6)S and SU(G)W

This SU(3) Xy SU(3) may be considered as the collinear subgroup of
SU(6) Sl9 [to be distinguished from SU(6)W which is the collinear sub-
groups of U(6) X U(6) ] . The explicit expression for the transformation
between SU(G)S and SU(6)W is obtained by using the method of Section II

and is discussed in detail in the next section.

V. SU(6),, AND SU(6)
W S

Both SU(6)W and SU(6) g are subgroups of the non-chiral U(6) X} U(6). We
denote the sets of SU(3) quantum numbers [()\,u)IIZY] for the two U(6) groups by
Aq and A(i , respectively, and the total SU(3) quantum numbers [those of SU(6) S

or SU(G)W] by A. Itis a priori clear that the transformation between SU(6)W
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and SU(6) g conserves, in addition to S% = WZ% = M, all the quantum numbers of
SU(3). Furthermore, it can mix states of different SU(6) g representations only
within the same U(6) X} U(6) multiplet which we denote by (yq, “51)' We, therefore,
start our analysis by considering all staﬁes belonging to the (].Lq,[.l,c—l) representation

of the non-chiral U(6) ® U(6), which have the same values of Aand M [e. g, all
octet states with M = 0 in the (21,21)]. We then follow the procedure of Section II.

All the considered states can be labeled by the following sets of quantum numbers:

I. sA S M ,00 ,u—,A_,S_,M_,o_
b e e % e Y e g%

II. ‘ uq,ﬂq,#s,/\,S,M,ﬁ

III. NQ’MC_I’“W,A’W’M"Y
where Mg and by are the dimensionalities of the representétions of SU(6)S
and SU(G)W, respectively, and aq,a_,ﬁ,v are additional quantum numbers
which may be needed for distinguishing between two identical SU(3) (X SU(2)
representations within the same SU(6) multiplet. It is convenient to denote
the set of quantum numbers S,M ,x)by R andthe set (A-,S_, M.,0

© 4 (g2 B Mgperg BY By (Ag> S Mg
by R-.

Y q

The transition between the sets I and II is then given by the usual SU(6)
Clebsch-Gordan coefﬁcients:zo |
HgSB

A VoA, M R HaRa [BgASH) 30
Iangquq ) = (U R R |HgASE) (30)
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The transition between the sets I and III is given by the same coefficients
S_-M-
multiplied by (-1) ¢ 9

WY S5~ My
Br & Wy bgrAs M) = (-1 © MRk | by AWY) 1)

Finally:

g WY Sq ™ My
c oA M) = E -1 ASB | R ;uR._
ugsp Hg ) (-1) (SB[ p R saRe)

: R
R R_
qaq (32)

R ;u_R AW
(qq“qql“W 7))

or, in matrix notation C = ATB
The simplest non-trivial C-matrix is the 2 X 2 matrix obtained for the
SU(3) singlet, M =0, quark-antiquark system. In this case mS,S) obtains the

values (35,1) and (1,0) and the explicit form of C is:
(33)

Namely the S = 0, SU(G)S—singlet is a W =1 state in the 35 of SU(G)W and the

S =1 state of the 35 of SU(6)S isa W=0 SU(G)W singlet.
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APPENDIX: SOME C COEFFICIENTS

W
S

We present here a few C\SN(S s Sq, M) coefficients. The tables include
the coefficients for M > 0. The coefficients for M < 0 can be obtained from
those by Eq. (16').

R
L S =5 §;=3
1
M=1 1] 1 1 0
1 0 | -1
M =0
0 | -1 0

=1
L S =1; 8= =3

q q
3
2
3 3 3 1
M=5 2 1 2 2
3 | L |2vZ2
1 2 { 3 | 3
M =35
1j2v2| 1
2 1 3 1 3
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V. § =2; s-=%
q q 2
5
2
5 3
1 2 2
5 | 8| 4
2 5 5
3 | 4|85 3
2 5 5 2 2
5 | 1 |2v6
2 5 5
3 |2ve| 1
2 5 5
VI.S=§;S—=1
q 2 q
5
2
5 3
1 3 3
5 | 1 |2v6
2 5 5
3 |2v6| 1|5 38 .1
2 5 5 2 2 2
5 .1 | 2 |2v5
2 5 I 5
3 1.2 |13 |2v5
2 5 15 15
1 of2vs j2vs | 1
2 5 15 3
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S =2; S- =1
q
3 2
1| 2v2
3 3
2v2 | 1
- -3 3 2 1
g |1l | 45| 4
15 15 5
o | 45| 2 | /5
15 3 5
4 Vs | 2
Ll 5] 515 3 !
g | -1 2v/6
5 5
2 0 0
L | 2ve L
5 5
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