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ABSTRACT

We discuss the properties of the 15~-dimensional SU(Y4) supermultiplet
of negative parity excited states of the A = U4 system. This multiplet
consiste of the electric dipole resonance and its spin-isospin analogues.

The position of the "center-of-gravity" of this supermultiplet is determined
by the Wigner and Majorana components of the nucleon-nucleon force while the
splittings within the supermultiplet are due to the spin dependent parts of
the force. We calculate the energies and state vectors of these levels withe-
in the framework of the shell model after isolating the center-of-mass motion
and assuring ourselves that we are dedling with proper intrinsic excitations
of the system. We compute the position of the'center-of-gravity" of the
supermultiplet and the splittings within it using both a Kurath force and a
force taken from low energy nucleon-nuclecn scattering. The results are

compared with some recent experimental findings concerning these levels.
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Among the very light nuclei, He* is the one with the highest symnetry.
This reflects itself not only in the quantum numbers charécterizing the ground
state of He* but also in its exceptional stability: The lowest ionization
energy for He* is the threshold energy 19.813 MeV for the reaction
He* - H® + p, and no bound states below this energy are known.

In the past few years, several unbound excited states in the A=lL
miclei have been identified. These include a O T=0 state at 20.1 Me’\ll’g’5
and a group of negative parity states in H%, He* and Li* at energies

between 20 MeV and 30 MeVu’S’6

above the ground state of He*. The latter
turn out to have a particularly simple structure and their analysis is the
subject of the present paper.

The double magic ground state of He* 1is assigned the quantum numbers
T=0 5=0 JW=O+. To the extent that the muclear forces are dominated by central
(Wigner) and space-exchange (Majorana) forces, this state belongs to the
identity (i.e. [1]) representation of SU(L4) in Wigner's supermultiplet

7 to the [15]

theory.7 The negative parity excited states belong then
dimensional representation of SU(4), and they include among them alsc the
giant dipole resonance. The [(2T+1) ® (2S+1)] content of this representation
is 3 ® 11 ® 1 ® 3] ® [3 ® 3] and therefore the [15] representation
contains the states in Table 1. To the exﬁent that one can neglect the spin-
dependent forces, these states should appear as a degenerate supermultiplet

at the energy of the giant electric dipole resonance. Just as the giant

electric dipole resonance may be thought of as the oscillation of the protons

against the neutrons, the other states may be regarded roughly as oscillations
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of protons with spin up and neutrons with spin down against protons with
spin down and neutrons with spin up etc.7

The spin-dependent forces which will break the degeneracy of this
supermultiplet are the spin-orbit force, the difference in the triplet and
singlet central forces, and the tensor force. The P3/2 - P1/2 spin-orbit
splitting is known from n-0¢ and p-0 scattering to be of the order of
2-L4 MeV. The difference in the triplet and singlet potentials gives rise
to only a 2 MeV difference in the binding energy of the two-nucleon system.
The spin-dependent splittings are therefore expected to produce a "fine
structure” of a few MeV in the supermultiplet. The beauty of the «-
particle is that the system is so simple that it only depends on a few
parameters of the nucleon-nucleon force, yet the spectrum is rich enough
that the contribution of all the different spin components of that force can
be separated by looking at the right combination of level splittings.

One of the problems with doing spectroscopy in the few-nucleon system
is that of treating the center-of-mass correctly. Failure to take proper
account of the center-of-mass motion may mix spurious center-of-mass exci-
tations into internal excitations thus preventing direct meaningful comparison
with experiment.

If a nucleus is described by a shéll model and its ground state has
T=0 and S=0, then all states which do not affect the intrinsic structure
and involve only center-of-mass excitations must have the same values of
T=0 and S=0. They all belong, therefore, to the [1] representation of

SU(L). To the extent that the center-of-mass motion is separable, as is the
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case for a shell model with harmonic oscillator central potential, we are
therefore sure to be dealing with pure intrinsic excitations if we concentrate
on the lowest states belonging for instance to the [15] representation of

Put more

SU(L4). /simply we can say that if we study the states 3P T=0 together

03152 7
with the T=l states which are members of the [15] supermultiplet as indicated
by Table 1, we can be sure we have no spurious center-of-mass excitation
mixed in. The latter will show up in the IP; T=0 state.

To make a detailed calculation of the spectrum we shall assign shell-
model configurations to the states involved. Instead of dealing with a
free He?* nucleus, we bind it with a potential U(X) around the point
X=0 where X = % [§;+§2+§§+§ﬁ] is the center-of-mass coordinate. This does
not change the spectrum of intrinsic excitations, but superimposes on it a
superfluous discrete spectrum of center-of-mass excitations in the potential
U(x).

The handling of this modified Hamiltonian is simplified greatly, as
was pointed out by Lipkin,8 if U(X) dis a harmonic oscillator potential.

Because of the ldentity

the effect of binding the center-of-mass with a harmonic oscillator potential

U(x) = % AMp®X® is equivalent to that of binding each one of the particles

with a harmonic potential % Mb2£§ and modifying the interparticle inter-
s M2

action by the addition of - z— (Jﬁi-}ﬁj)a. From now on we shall therefore
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confine our considerations to He? whose center-of-mass is bound by the

harmonic potential. Our Hamiltonian is therefore

H =12 7(i) +% T V(i3) + Uu(x)
4]
(1)
<H +H
o] 1
1., 22
where H =3 T(1) + = Mo®x (2)
O i 2
By =33 v(1g) - B0 (x,x 02 =2 3,7 (3)
i J iFj

The ground state of "He® is represented by the complete occupation of the
lowest states in the harmonic oscillator, i.e. by '(iS%)4 T=0, J=0), or in
SU(L) notation by [(1s)* [1]). To obtain a negative parity excited state we
have to excite the configuration (1s)3(1lp) at a zeroth order excitation
energy of %w. Other configurations of the same parity lie at an excitation
of at least 3¥w and will be neglected. To classify the spin-isospin states
we must combine a particle which belongs to the representation [4] of SU(k)
with a hole which belongs to the representation [L4]. This product can be

reduced according to the rule

L®LT=10 15 .

By our previous discussion, we can be sure we are dealing with intrinsic
excitations if we confine ourselves to the [15] representation. If we look

at the T=0 states in Table 1, we see that the states belonging to [15] are

pure L-S configurations:

ITP-193%



3.y, 8 3
|(s%p); PO,1)2> T=0

If we look at the T=1 states, then the O and 2 are simultaneously

pure L-S and pure J-j since the wave functions are identical in the two

coupling schemes in this case

|(s%p); °Bp) = |(51) "pa/zs 2) amWUfm;3%>=l® fﬂ%;w ()

o

Thus the only case where the intrinsic statesAof(ssp) are not uniquely
determined by T and J i1s in the T=1, JW¥1- states where there are two

independent states available
l(s®p); ®P1) and [(s%p); *P1)
or T=1

|(s1) 'pa/2;1) and I(s1) o5 1)
2 2

nof

Suppose we concentrate on the Wigner and Majorana parts of the two-
nucleon interaction and try and determine the position of the 'center of
gravity" of the [15] supermultiplet. We note that the extra term in the two-

a MoZ 2 . s
nucleon potential in Eq. (3), -Z 3K (ﬁi—zj) , coming from binding the
center-of-mass in an oscillator potential, is a pure Wigner force. It can
not therefore contribute to the splittings within the supermultiplet, but only
to the position of its "center of gravity". To determine its effect on the

intrinsic excitation energy of the supermiltiplet we must calculate

151 = g5 B 1(e)2p a5 HI ()20 151 - ((0)*T2)[E|(s)202D) (5)
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If the wave functions in (5) were exact eigenfunctions of the

Hamiltonian (1), then the energy difference 5[15] in Eq. (5) would have

been independent of w, since. w affects only the center-of-mass motion, and

EN [15]

by our previous argument the energies and E both correspond to

the lowest center-of-mass energy

o

Yo . They differ from each other only

in intrinsic excitation.

Since, however, we shall be taking for the states in (5) only the

zeroth order, shell model, wave functions, [i.e. eigenfunctions of Ho as

defined in Eq. (7) below] it is no longer obvious that g[l5] still has this

property, and it is worthwhile to devote a few lines to the nature of the

~[15]

dependence of € on @ in this approximation. To make this discussion

clearer we shall consider the Hamiltonian (1), i.e.

~ 2
=2 (n(2) + % mwP3) + %123 v(13) - F (52 =

=2Ti+%'Z.V(ij)+%~AM{>2X2

i3

and take its matrix elements with wave functions generated by the Hamiltonian

=7 : Ivip2 2
H_ [T(1) + 3M® xi]

where wo may be different from w. Ho can also be written in the form

2

= i i Mg v V2 o Llawnev2
H TT(i) + ziij 5 (’51 ;ﬁj) + FAMDX

and its eigenfunctions thus separate into a product of an intrinsic wave

function and a center-of-mass wave function. Since the states ]s4[l]>~ and
[}
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](s)ap[15]>o both involve the center-of-mass motion in its lowest state we
have (the index )O indicates that the expectation value is to be taken with

eigenstates of (8)):

(s#[1]]3amZ %2 |s*(1])

= ((s)%pl15] |3aMeZ x3|(s)3pl15]) =2 - 2 g
Using Eq. (9) we now find easily that
2
((2)2pl1511H[(s)%pl15]) | = ((s)®pl15]]H[(s)%pl15])  + uw%. L2
and
<S4[l]‘ﬁls4[l]>o = (54[1]IH‘S4[1]>O + 2% . % o

hence

g[lSJ = 6[15] = {(s)3pl1s]|H]|(s)®pl[15] ) - (s*[1] 1Hls4{l
The expression (12) for g[lS] is therefore independent of the potential U(X)

which was introduced to "tie" the nuclear center of mass. This is, of course,
due to the fact that the wave functions we have used are separable into center-
of-mass and intrinsic coordinates, and their center-of-mass part is the same
in both ]s4[l]>o and in [(s)sp[15]>o

Qur result (12) also indicates what should be the value chosen for
W, - The essence of our approximation lies in limiting ourselves to just one

configuration for the gound state and one for the excited supermultiplet.

Both configurations should be derived from the same central potential in order
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10

for (12) to be valid. The state }s4[l])o should thus be chosen to describe
as well as possible the ground state of He*. It is therefore reasonable to:
assume that ® should be chosen so as to reproduce as well as possible

some integral property of the ground state of He*. This can be chosen to be

the Coulomb energy or the electron scattering form factor. The corresponding

: 2
values of ®_ are given in Table 2 where we define B e . (The
o] . Mba 2 osc.
> -
usual oscillator parameter is defined as L = Hw therefore b = /Eb)

Mb2 osc ’
We shall now derive (12) using the standard shell model methods. This

will give us an opportunity to develop also the formalism required for the
evaluation of the "fine structure” within the ([15] supermultiplet.

Let us first construct the expressions for the energy keeping only the
Wigner and Majorona parts of the force. We first define a particle-hole

creation operator

e (o oG Za 2 2o (ke 2o 22
£7(1sm) =X (Imy Om, [l0L )(Gng Zng |5 39M)(5my 3ny I3 Zy)

1= "z 1
m,m 2
(13)
al b
153 m, m m 0%%; m, m, m,
171 1 2 2 2

where a+ creates a particle in the ip shell and b+ creates a hole in

the 1s shell.ll We now construct an LS' coupling excited state by defining:
trsT) = £ (1sT) |G) where |G) is the closed (1s)* shell ground state. If
we take matrix elements of [H, t7(15T)] between |IST) and [G) we get the
excitation energy of the state ILST). We can also explicitly evaluate the

commutator and keep those terms which will contribute to the matrix element.
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This is just the Tamm-Dancoff approximation and leads to the eigenvalue equationl2

~ ~ IST | ~ I3T
[ep ~e -¢ + vps;ps ] =0 (1k4)
where the Hartree-Fock single-particle energies are given by13
oo 2 2 w?
€, = Eﬁwoz(l + wé)
- (2L'+1)(28'+1)(2T'+1) ;i o o imy a4 oy St 4, ~
tz 2.2 (1p1sL' [V|1pisL') -(-1) {ipisL' |V]1s1pL')
L'S'T! 5 . o] ]
(15)
g S VR
€s T Eﬁm02<l‘+ mg)
2L'+1)(e8'+1)(eT'+1 , ~ L Tt
+ 2 ( 1 ) ) (1sisL' |V]1sisL") (1-('-1)S T (16)
Ligr 1.2.2 o

and the particle-hole interaction is

~ IST
v =
Ps;ps

-z (2L'+1) gloL')) | (ipisL' |V|ipisL' )O-ua 8 -(-1)0-L (1p1sL' |V]1s1pL')  (17)
L' 10L SO T0 ©

If we confine ourselves just to the states in the [15] representation then
GSOBTO =0 and the last term in (12) does not contribute.
It is a simple matter to write the matrix elements of ¥V in terms of

Talmi integrals and we arrive at
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il

(ipisL'I?lipisL’)o

(ipist! [F|isipL') | = 5(T -T,)

o (18)
(1sisL [F]isisrt) = T
where the Talmi integrals are defined by
+20+2 -r?
Ba0) [ Vr)e © ax
We note that only relative s- and p-states in the two-nucleon interaction
contribute to our problem. Combining these results we find
~[15] 1,~ o~
Voeips = " 2(IO+Il)
g = 2w }(l+ 9;) + 3 (3T +5T.) (19)
p 2 ©2 o 2 o “T1
g I VR
e, =% 02(1 + o2 ) + 31,
Let us now concentrate on the contribution of U(X) to e[ls]. Let
us write
I =1 +1°%™
P P b
where the second contribution comes from the additional interaction potential
in Eq. (3). We find
cm 3 w?
Io - éﬁmo mg
(20)
2
cm D D
Il = - ghmo ZE
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and therefore

€[15]

2 cm cm>
em

® i
2 + 2(310 + 511 o o N

il
O

_ 2
-2 hmo

This is equivalent to our result (12). We can therefore finally write

_ DSt s
5 bs;ps

€ - €
( b

where now

m
I

(ip‘T‘lp)o 4-§: i(2L’+l)é?2iZl)(ETr+ll
L's'T!

[{1plsL'|V|1lplsL') - (-1)S'+T'<1p1sL'lvilslpL')o]

(2L'+1)(2s'+1) (2T +1)
l.2.2

m
11

<1s[T11s>o.+§Z
L'S'T’

[<1s1sL'!vllslsL')o(l-(-l)S'+T')]

[15]
ps'ps

= - (1s1pL|V|1slpL)

These are just the equations one would write down in the shell model without
ever worrying about the center-of-mass prqblem. They are true, however, only
if we use harmonic oscillator wave functions and consider states from whose
symmetry we can conclude that they involve the center-of-mass motion in its
lowest state.

The next question is how to determine ep-es. The usual method is to

take the particle-hole energies from neighboring nuclei. If we do this we

ITP-193
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1k
have

€ s = [Mlp(HeS) - (M(He®*) + M(n))] - [M(He*) - (M(He®) + M(mn))]

~

T+ 2MeV - [-20.6 MeV] = + 22.6 Mev

where the first term involves an estimate of where the 1p state lies
between the 1p / and lp 5 states in He®. The result (25) agrees

3/2 1
fairly well with that one would get by merely taking the harmonic oscillator

spacing ignoring v (see Table 2):

e e =T tHw =18 MeV (Coulomb energies)

21.8 Mev (Electron scattering)

but we see there is some ambiguity about what we mean by particle-hole

energies in such a light system. We also see that Véi?;s - the particle-hole
3
interaction - is repulsive and moves the "center-of-gravity" of the super-
: (15] . .
multiplet, e , to higher energies.

RBefore attempting to calculate this let us formulate the problem of
determining the splittings within the supermultiplets. To get the splitting
we can simply replace

v(13) - V(iJ)

since they differ by a Wigner force and we know from the supermultiplet
theory that this cannot constribute to the splittings. We introduce for

convenience the jj-coupling particle-hole creation operators

ITP-193
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t = (3 = 3 i L py 1 11 )
g (lpJ)ls_L ) = g(J) "‘Z (JmJl ZerIJQJMJ)(th §mt2]—2_2TMI')alj;m.m b ;m, m

JT 2 JT ) J
mjmt 101 2

and look for excited states of the form
JT ¢ .

Except for the T=l, jwél- states there will only be one term in the sum
(27) for any given value of J and T since, for the T=0, J"=1" state

we must take the correct combination of states to have a pure sPi' The

transformation coefficients in this case are just the 9-j symbols (we

\E Ipysyt ) - \E 2,55
Ipy) = Vr% ]P_%S%l_> + \E \Pa/25%1—>

Linearizing the equations of motion in the same way as before we

couple (s£)J)

[l

|p-)
1

|

arrive at the equation

j;l [(ep - ) - T B.., + JTAT ~ o

V..
i %3 3d S
j' 2
where ¢ and € are again the single-particle single-hole energies.
1
g -l )

The particle-hole interaction is given by 1

Jr - 3y05) { b . >

vor, o= - 27'+1)(2T'+1 ‘1 51T {Vp,s, 3T

33" >_,Z< )t ) %‘JJj yyr )Ly d T VIR oy 72t

Jr T

t 1.1 m
;_ (_l)%i-J"'J (_l)2+—§+T (p_'le'T' |V]SLPJ'T'>
Jd 3 2 J o
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16

Equation (29) allows us to express the particle-hole interaction in terms of

matrix elements of the particle-particle interactions. We give the matrix

33'3) (45T
of coefficients ~(2J'+1)(2T'+1) 1557 {2 in Table 3.
5 22 :

These relations can also be derived using fractional parentage coef-

1
ficients. 2 If we are only interested in the splittings we obtain

117 ¢2 %%l*?e
E(jTJﬂ—) .—-% Z(errwl) 7Td VJ(T'J) + Z(2J’+l) J,Jj) Vj(‘I'J') (30)
Tt J!

where the particle-particle matrix elements Vj(T'J') are the same as in

Eq. (29). Equation (30) again expresses the particle-hole energies in terms
of the particle-particle energies. The coefficients giving one in term of

the other (Table L) differ from those of Table 3, because the energies are
calculated with respect to a different zero point. If we include the Hartree-
Fock energy of the pj particle in the interaction matrix rather than in the

configuration energies we obviously change nothing. This energy is given by

V(pj.)H-F ) Z (23'+1)(2T7'+1) _l)j%-J'(.l)%%-T'

(23+1)(2) [(PJ-S%J'T'lleJ.s_%_J'TWO—(

JrT!

(5,537 V] egp T >OJ (31)
or writing it out explicitly we have
H-F 1 - - - o
v(p)" " = [v(07,0) + 3v(17,0) + 3v(07,1) + 9v(1 ,l)J
v(paf2) " =3 {v(l',o) + 5v(27,0) + 9v(17,1) + 15v(2',1)}

Adding this matrix of coefficients to those of Table 3 we get Table L.
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We proceed now to write the particle-particle matrix elements in terms

of Talmi integrals. Let us assume a nucleon-nucleon interaction of the form

V(r) = (aw+aMPM+asPo+atPT)V(r12) + J(r 2)(8()1J(bo+btPT)

1

where PM’ PO and PT are the space, spin, and isospin exchange operators

and S(OL is the tensor operator S = [o(l)()o(E)]eM , L = [r12<)IE212M .

(We can easily generalize our results to include different radial‘dependences

. W
for the forces by letting (aw+aM§ ---)V - (awV +aNyNh --~) at the end.)

We first go over to L-S coupling. We have

1, 1,1
S+ j+J! F+5+T! :
81T |V p,sy J'T) - (-1)2 -1)2'2 51T |V syp J'T!
<le % I IPJ _%_ )O ( ) ( ) <pJ' %_ ! ' _é_pj >O
- 2o ddds
1
-6 V(Qj+l)(2j‘+lfj{j(2s+l) 10L\ J10L{ (a+a,(-1)""T 4o (-1)1*S
1 - iy W 5
o sz Jd J'zJ

1+7! o) S+T! o)
+a (-1)7 7 N(EH(ITHIY) - (-1)77 H(10-11))
11 11
2117024 L1:
2 2 2 2 1 1
+6 -3 - N(23+0)(23+1)31 0 L{ /10 T\ (b4 )(-1)7 30 L L oy5s . 1
j%Jl jt%--J—t o 7 211 Tf1 T

where I = (1p] |3(x)[r O] }|1p) is the matrix element of the radial part
2

of the tensor force in a relative 1lp state. We note that since the tensor

force vanishes both for ©5=0 and in a relative [=0 state, we can only have

a contribution from the tensor force in an (=1, S=1, T=1 state. Writing

these equations out we find for the particle-particle matrix elements

ITP~193
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vl%(O—O) = (aw+aM+a;—at)Io

V%%(O-l) = (aw—aM+aS+at)Il + E;Ekbo+bt)IT

vy (170) = £ (arae ma )T+ 5(a mayma e )T

na(171) = 3 (s rayate )T + %(aw—aM+as+at)Il - -2-9/-5—(%@;0-)%
vg 5(170) =% (2 opgta -a, )T, + Sla -ayee -a )T

v_g 2(2 0) = (aw_+aM+a -at)Io

Vg 2(171) = %(aw+aM-as+at)Io + %(aweaMfas+at)Il - %?Ebo+bt)IT

v% %(2'1) = (aw-aM+aS+at)Il + g(b +D )IT

vy 5(170)-- z an+aM+aS-at)Io—(aw-aM-as-at)Il]

Vi 1g(l_l) = -;E (a+ay-a ta )T - (a -aa +a, )Ty + —C(b +b, ) I,

We can now use our coefficients to get the particle-hole energies (we are

only interested here in splittings within the [15] supermultiplet so we use

the coefficients in Table 4).

Particle-Hole energies (we define bo+bT = b since only this combination

enters our results):

F%(O_O) = (aw+aM+as-at)Io + (2aw-2aMfaS+at)Il + /gbIT
Ey(170) = ;(Sa +5a +2a ~2a )1 + g(Qa -2a +a +a, )T, - 1551
% = P\ OB T TEAGTERL I, T BVER TERTE T /A1 T 0y
- /5.
E%(O 1) = (aw+aM)Io + 2(aw_—aM+aS+at)I1 + 3§bIT
- - l" -1__ ~ ’ -_J—g
E%(l 1) = (Baw+3aM-aS+at) 510 t3 (6a,w. 6aM+5aS+5at)Il 5 bl

ITP-193
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E_g(l-o) = %( 7aw¢7aM+'aS-at)Io + %(2aw-2aM+aS+at)Il - %lé_bIT

E§(2 0) = (aw+aM+aS-at)Io + (2aw-'aaM+a.S+at)I1 + i/gbIT

Eg(l'l) = %(Baw+3aM-2as+2at)Io + %(6aw-6aM%has+uat)Il - {§£IT

E§(2 1) = (aw+aM)Io + 2(aw-aM+as+at)Il + %%ng‘

V% %(1'0) = %?khaw+haM—2as+2at)Io + %gi(-haw+haM-2as-2at)Il + i%§£IT

Vi 2(1'1) = g(at-as)lo - —g—é(at+as)11 + —l/%QbIT (3k4)

where V) s are the off-diagonal elements of v in the particle-hole configur-
2 2

We still have to pick out the correct combination for the Jwél-, T=0

state corresponding to the 3Pi' We use

|®p,) =\[§ lp%(fs;),'ll') - E ‘pg(é,;»)'?‘.l-)

and after a little algebra arrive at

- /5
= -+ - - - A .
EagPi(l ,0) = (a tayta -2, )T + (22 -2a+a 42 )3 - I, (35)
We are now in a position to draw several interesting conclusions about the
splittings within the supermultiplet.

i) If we look at the splitting of the O  and 2 states for both T=0 and

T=1 we find

B(07,0) - E(27,0) = & ¥5vI, o (36)

E(07,1) - E(27,1) = 'i% /'s'bIT
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Therefore none of the central forces contribute to this splitting. This can

be understood very easily as this splitting must be due to the difference
between the interaction of the p% particle in the J=0 state with the
(s%_)s configuration and that of the pg particle in the J=2  state with
the same configuration. Neglecting differences in the radial wave function
for p% and pg , such a difference in the interaction can result only from
spin dependent forces. However the spin 9, of the p-particle always sees
a saturated pair of spins Q4 and 8 of the unlike particles in the s-
orbit, and as far as the spin of the like particle ¢, 1is concerned, it is
parallel to ¢, both for J=2" and for J=0", as can be seen from Fig. 1.
Thus the central spin-dependent interaction of the p-particle with the
(s_%_ )3 is the same for both J=0  and J=2 and does not lead to an additional
splitting between them.

There is one effect we have not yet included namely that it is known
that the pg and p% levels are split by a single particle spin-orbit force.

If we go back to our Hartree-Fock single-particle energies we see that with

the two-particle force we have assumed in Eq. (32) we have

H-T
)

‘1
v(py - X(a, 32 )T_ + (58 -Satha_+ha )T, (37)

and we cannot explain this splitting within the present approximation. We
will therefore simply add an emperical single-particle spin-orbit splitting

in our single-particle configuration energies, and define

€ -e_ =g (38)
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We can either take this value from p-a and n-0 scattering to be
€ = k4 Mev, (p-a and n-a scattering)

or use € a5 a parameter to be determined from the splittings within the
supermultiplet. The spin-orbit splitting may come from the spin-orbit part
of the mucleon-nucleon interaction or from second order effects of the tensor
force. In any event, it is a quantity which we will not attempt to calculate
in the present approximation. Since the 0" and 2 states are pure j-j

configurations, we can immediately include e and obtain, instead of (36),

£(07,0) - E(27,0) = ¢ + -l%/EbIT

(39)
- - 5
E(07,1) - E(27,1) = ¢ + —16/EbIT
ii) If we look at the T=0 splittings, we just have to compute the energy
splittings within the triplet SEE . From the above we get
- " 0) == 2 /5
E(0 ,0) - E(1,0) = 3 € + 3 5101T
(ko)
- - 2
E(17,0) - E(27,0) =3 ¢ -% /EbIT
Again the central forces do not contribute to these splittings, the effect
being entirely due to the single-particle spin-orbit interaction and to the
tensor force. The former can be evaluated directly from the fact that it
involves the scalar product of two Vectors,l6 leading, in the absence of
tensor forces, to:
E(270) - E(10) _6-2 .
= = = =2 if = b
B(170) = E070) - 20 Ip=0 (b1)
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Combining the resul£s of i) and ii) we see that we have three independent
splittings in terms of the two parameters e and bIT. The contributions of
these two quantities can therefore be determined and the consistency of the
whole picture can be checked, by comparing (39) and (L0) with experiment.

iii) The splitting between the isospin multiplets can be obtained from the

above as

B(27,1) - K(27,0) = (a,-2)I_+ (a_+a,)Is - %El/gbIT . (Le)

It is independent of the Wigner and Majorana forces, as it must be, and is

also independent of € since both states in (42) are pure pg configurations.
' 2

iv) In the limit of pure Jj-j coupling, the T=1 spectrum splits into two

5% doublets. It is known17 that the lowest member of such doublets has even

or odd J according to whether the parity of the configuration is negative

or positive. The splittings of these doublets is evidently given by

i

Eg(17,1) - Eg(27,1)

2 2 L
2 2 —3—(at-as)Io - g(as+at)11 - 'h—s’/gbIT

(J-J (43)
coupling).

1

in
)11 - §JEEIT

1
-a_ )I - —(as+a

) - 1
E%(l »1) - E%(O »1) S(at s’”70 3

t

With no tensor force these splittings would simply be in the ratio of 2:1.
For the Jvél-, T=1 states, however, we must actually diagonalize the
interaction to find the correct state vectors. From Eq. (28) we see that

we must solve the two equations

- 1 - - 17
(%e - € +E%(1 ,1) - ¢ ’l) oci_‘ ’l+v%_§(l ,1)a§m=o
(Lk)
- 17,1 1 - 1-,1, 1-,1 _
Yg%(l »1) a% + (- 3 €& + E%(l s1) - ¢ ) q§ T =0
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ai »1 anad aé »L. Note that Va 1 (17,1) = Vi 8 (17,1) since the matrix
3 2 2 2 2 2

elements of the potential are real, and that again, only the spin dependent

i T N A b ot - a A A A~ +hta AalAiilod S A
pal s O4 vilc dllvelaCulOll Cllvel LU0 Lills Callulda LliOll.

If we denote the two new eigenvalues by s}-’l we see that
- - l - -
%(ei oLy e% ’l) =3 [E%(l »1) + Eg(17,1) + % e - 26;]
L 2 -

and the center-of-gravity of the two Jﬂél-, T=1 levels is not affected by

the "mixing" introduced by v

fiv )
ok

v) "Center-of-Gravity'" Theorem.

From Eq. (21) we have

151 o 35l

b s bs;ps

This is the energy of the supermultiplet before the spin dependent forces
(15]

are turned on. We can ask how is related to the actual spectrum,

that is, do the spin dependent forces shift the position of the "center-of-

gravity" of the supermultiplet ? Let us define this new quantity by

JT

c = 2[15](2J+l)(2T+l)E

GG 2150 ori1)(ome1)

where EJT is the actual energy of the level J,T. If the spin-orbit force

is of the form Hs 0. = ~t(r) £.s then it is a simple matter to see that

(note that €% =0):

)
b1

nm

JT
8

.0

2151 p5i1)(omi1) € o .
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If we now take the:energy shifts obtained from Eq.(29) and sum them over the

supermultiplet we obtain

2J+l)(2T+l)vj$qT

Z[151(

Z(:LS](
€og = €p "~ €5t

b (9)

2J+1)( 2T+1)

In the sum we have to take the correct combination of matrix elements for
the SPl, T=0 state (see Eq. (35)) and we can forget the configuration mix-
ing in the 17, T=1 states since the 'tenter-of-gravity" of these states is

unchanged by the mixing as we saw in (U45). Carrying out the sum we arrive at

m
[}

1 1 2
e ep-es - [Q(aw+aM)Io + 2(aw-aM)I%] - g(as+at)11

(151 2
= ep—es + Vps;ps - S(as+at)Il =g

(151 2
- E(as+at>11

We conclude therefore that the central spin dependent forces give rise an

additional shift in position of the center-of-gravity beyond that given by

the supermultiplet theory according to Eq. (kL6).

Numerical Results:

We shall calculate the spectra of He? with three different nucleon-
nucleon potentials. The first is a potential of the type used by Kurathl8
in his systematic attempt to fit the spectra of light nuclei in an intermediate
coupling calculation. This potential is of the form
o Mt T F (51)

We give the numerical value of the parameters we use in Table 5. The second
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and third potentialé are taken from fitting low~energy nucleon-nucleon ccatter-
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ing. We chose a Serber force (which fits the data up to about 90 MeV). Note

that if we really have a Serber force then the tensor force does not contribute

to the splitting of the supermultiplet since we have shown that it can only

contribute through the odd relative angular momentum states. We take
1 1 1
v = [Mv(r) ﬂ(l'gl‘oz) + %v(r) K(5+Q1'02)] E(l*PM)

which we can also write as

V = %%BV+1V)(1+PM) + (V-)(p -P) é

and calculate the energies using both a Yukawa and E;ponential radial
dependence. The parameters are also summarized in Table 5.

We can immediately evaluate the necessary Talmi integrals, and the
results are given in Table 6. (We use b = 1.95f.)

Let us first concentrate on the splittings within the supermultiplet
since these are really the quantities which we can calculate most reliably.
The resulting gpectrum with the Kurath force is shown in Fig. 2. The spin-
orbit splitting was taken as

€ =+ 3.2 MeV
to fit the 0 - 2 T=1 separation in Li‘*.l* We therefore predict five
spacings. The experimental spectrum is shown in Fig. 5.h’5’6 The agreement
is very satisfactory. We note that the 1° and 0, T=1 state have not
been seen so far in He?, and these energies were taken from H* and Li®.

The spectrum with the free Serber force depends on two parameters

chosen to- be positive:

ITP-193
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We give the general spectrum in Fig. L. (Recall that a Serber-tensor force
does not contribute to the splittings.) The values of the parameter =

which we get from Table 6 are

a =+ 2.45 MeV (Yukawa )

I

+ 2.90 MeV (Exponential) .

The resulting spectra, again using
€ =+ 3.2 MeV (1i*)

from the 0 -2° T=1 splitting in Li4, is given in Fig. 5. The Yukawa and
ixponential potentials give almost identiecal spectra and the results are
very similar to those of the Kurath force, although somewhat closer to the
experimental splittings.

We can next ask what the prediction is for the position of the center-
of-gravity of the supermultiplet. This dependends on the Wigner and Majorana
parts of the force. There is some ambiguity in this calculation because of
the difficulty of locating the unperturbed particle-hole energy ep—es. We

summarize the results in Table 7.

ITP-193



27

The experimental vélue, using the Landé interval rule to locate the missing

1 and 0, T=0 states is

€ g = 25.8 MeV (experimental) .

In all cases %Hp = 18.0 = ep-es gives too low a result and should probably
be discounted. 1In the other cases the Kurath force does very well and the
free force is 2-% MeV too high. The free force also gives a result too high
by 1-2 MeV in the giant resonance region in C*2 and 02°, It is difficult
to draw any definite conclusions from this however since the levels we are
discussing are not really bound states but broad continuum resonances.
Finally we discuss electric dipole transitions from the T=1, 1~
states to the ground state. 1In the case of the Serber force the matrix

equations (28) for the states T=1 J'=1" are of the form

'/?_q
'—“5 &

[We have shifted our energy origin to simplify things. This does not change
any results. A 1is the new eigenvalue. ]

The eigenvalues are

A, = %[(e-%a) + 1(6-%&)2 + %aej"§] (55)

and if we define the coupling parameter

% =afe (56)
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then the ratio of coefficients is

2/2 - l.’ A » ».8.. _{;___
(eyfog, = - 52 b/ - Je - 2 - B0z e
(57)
2/2 1 oa
(Ot%/o%)_ = -5 (x/ 1 - 3% +\](1 - %mc + .(’_)Xa ]

~

Now electric dipole transitions to the ground state, can only take place
from the [P T=1) components of theses states. Using the above and

1
Eq. (2() we can compute the ratio of the probabilities for finding the upper

and lower jv:l-, T=1 states in a P configuration to be
1

, . L .

|<12 ]w+)]2 1-x - \(l - % x)% + g xZ \(1 - % x)Z % xZ 4+ 1 - % x
L = : { QT ; 1

1<1Pll¢_>[2 1- % (- % x)% + g %7 v(l - % x)2 + grxq - (1 - % x)

This ratio has the following limiting values for pure IL-S8 or Jj~j coupling

(e 1v,) 12
e vz F 70

~ 2 %7 - (L-S coupling)
X =

j coupling)

Mol
LY
Ce

1
(]

rohe

]w+> is the upper state and |¢_> the lower state. As x - O the upper

state becomes pure |(1s

=

)—l(lpi)l-> and the lower state pure |( S%>-l(lp§>l->

!

and % is Just the square of the ratio of the ilP ) content of these states.
1

AS X - o we have pure L-S coupling and the upper state becomes pure |*P )
!
while the lower state is |3P ). Therefore E1l  transitions from the lower
1

state are forbidden in this limit. The results for the free force are given

in Table 8 which says that the upper T=1, 1= state should have most of the
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El strength (phase'space only increases this ratio). This appears to be in
contradiction with the experimenrtal results where the peank in the photoabsorption
cross section is at the lower state. The only way out of this dilemma within
.the framework of the precent calculation is through the use of more complicated
forces., In the calculation which we have carried out, a and e can be
thought of as being determined expefimentally from the obsgerved spectrum and
the above ratio is therefore fixed. [The Kurath force gives the enme results. ]
One must.go farther and include for example the two-body tensor and spin-orbit
forces with the hope of improving the wave functions without drastically
changirg the spectrum. One would like to be closer to the Jj-j ccupling
limit for then |<1P1T$+>|2/[<1P1‘W_>|2 = 1/2 which ig in agreement with
the experiments.6 Since ail the spiittingswithin the supermultiplet come
only from the spin-dependent parts of the nucleon-nucleon force, these other
components of the force may well play a non-negligible role even though they
enter only in rclative p states.

The negative parity excited ztates of He? at an excitation energy of
about % are described by exceptionally symmetric wave functions. Decausc
of this symmetry their splitting can be due only to a part of the nucleon-
nucleon interaction: Wipner and Majorana forces can lead to no splittings
among thesge levels, and oue hag to resort Lo cpin dependent interactiones to
obtain the observed structurc of the s%p 15 dimensional supermultiplet.
Furthermore if we use harmonic oscillator wave functions as described before

only two averages of the interaction come in - those taken in a relative
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s-state and relative‘p—state. If we believe that the He? structure is not
too sensitive to off-energy shell matrix elements of the interaction and that
only low relative energies play an important role there, a further simplifi-
cation results. The low energy nucleon-nucleon scattering data is well
accounted for by a Serber-type force, and this force leads to no interaction
in relative p-state. We are then left with just one integral of the inter-
action, in addition to the pg - p% splitting, which determines the structure
of the cénfiguration s3p. Hence the "selectivity" of these states as far

as information on the nuclear fo;ce is concerned.

The position of the known levels could be calculated to an accuracy
which is an order of magnitude better than their widths. This was achieved
by a calculation that assumed no width whatsoever. One would expect that
energy shifts are less affected than widths of levels by small modifications
of the wave functions. The observed widths of the levels indicates that a
resonating nucleon is reflected ten or more times before it overcomes the
centrifugal barrier and manages to escape from the excited He?; success of
a bound state approximation is perhaps not unexpected. Still the fact that
levels of different widths turn out to have equal shifts is surprising and
may have interesting physics behind it. One is reminded that a similar
situation exists in other nuclei as well as in elementary particle physics.
The gonclusion that the four I-multiplets in the SU(3) decuplet are equi-
distant in mass is basically a "bound state” approximation. FExperimentally
they are indeed found to be equidistant although one of them - the Q" - has

practically a zero width, and the widths of the others vary wildly. The
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understanding of these results may prove to be interesting, expecially if its

seemingly general validity could be explained.
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TABLE 1

States in the [15] SU(k4) Supermultiplet [(L=1].
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TABLE 2

Oscillator Parameters for He?

72 1
e -2 %
b
9 . . —_ oscC
Coulomb Energy 2.15fF 18.0 MeV

10
Electron Scattering 1.95f _ 21.8 MeV

ITP-193
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TABLE 3%

Matrix of coefficients to go from particle-particle_‘(J""‘,E') to particle-

JT P TORY )
holg/(intgractions in He*: -(2J'+1)(2T'+1) Eg j? Z%E" i g,
|T| _
JT (0,00 (1,00 (0,1)] (17,1)
Py = % (07,0) | -1/& | 3/k 3/ | -9/b
Py = By (17,0) 1/4 1/4 -3/h -3/
(07,1) 1/ -3/4 1/h -3/ 4
(17,1) -1/k -1/h -1/k -1/4
J'T
P, =Py’ M (1,0) | (27,0) | (17,1) | (27,1)
- _ 23 (17,0) | -1/8 5/8 3/8 | -15/8
! . (27,0) 3/8 1/8 -9/8 -3/8
(17,1) 1/8 -5/8 1/8 -5/8
(27,1) | -3/8 -1/8 -3/8 -1/8
J_ITI _ _
Py =Py (L,0) ] (1,1)
2
Py = B3 (17,0) | -1/2 3/2
(17,1) 1/2 1/2
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TARIE L

Same as Table 3 only including the single-particle energy of Egq. 31.

Py = Py J& (070) |(a70) |(071) |(371)

Py = BL (0"Q) 0 3/2 | 3/2 0
(170) 1/2 1 0 3/2
(o1) | 1/e 0 1 3/2
(171) 0 1/2 | 1/2 2

J'T!

b - o3 T~ 0 |(z70) |(x71) |(271)

Py = Pg (170) | o/ | 5/% | 3/2 0
(270) 3/ | 3/k 0 3/2
(1’1) | 1/2 0 5/4 | 5/k
(271) 0 1/2 | 3/h | 7/b
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Force

Kuratiy

Free (Serber-Yukawa )

Free (Serber-ixponentinl)

ITP-193%

TABLE £

/\/\./- N /\/«_,-\

VO(MeV)
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1

Singlet
Triplet
Singlet

Triplet

46,9
52.1
108
195

e

.855
726
1.409
1.506
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TABLE 6

Talmi Integroals (b = 1.95f)

(in MeV)
\I \
Force lI I%[ BI
—_ o) 1 o
Kurath -3.8 <3.2 2.2

Free (Serbew-~Yukewa)

Free (Serber-ixponentinl)

B. 3
ll Io
-8
-1h.5
-15.2

11

-9.6

-9.k4

3



TABLE 7
Predictions for o (all in MeV)
[15] 2
Force Vsp;sp - -E(at+as)Il ep-es
Kurath +2.8 +.3 02.6(2)
21.8(P)
18.0¢)
Free (Serber-Yukawa) 6.0 0 22.6(a>
21.8(?)
18.0¢)
Free (Serber-Exponential) 6.1 0 22.6(a)
21.8(P)
18.00¢)

(a) From neighboring muclei (Eq. (25)).

25.7
2k.9
21.1
28.6
27.8
2k.0
28.7
27.9
2h.1

(b) From % as determined from electron scattering (Table 1).

(c) From Tw as determined from Coulomb energies (Table 1).

ITP-193%
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]1P1> Content of

Force

Free (Serber-Yukawa)

Free (Serber-Exponential)
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TABLE 8

the

jﬁ

x = afe

77
91

=17, T=1 States

22, v, 27172, V) |2
2.4
3.1
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FIGURE CAPTIONS

Structure of the JW =0 and JW = 2" levels.

Splitting of the [15] supermultiplet using the Kurath force.

Experimental spectrum in the A = 4 system.
General spectrum with a Serber force.

Splitting of the [15] supermultiplet using the free Serber

force.
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