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I. INTRODUCTION

In & previous article, hereafter denoted by I, we have reviewed the
symmetries of the Schroedinger equation for a Coulomb potential and dis-
cussed the use of a non-compact group isomorphic to the pseudo-orthogonal
he bound state levels.® It is of som
pursue the analysis further to the scattering states. This is the goal of
this work. The "hidden symmetry" is now an invariance under the homogeneous
Lorentz group 0(1,3) and the space of scattering states can be written as
a direct integral of infinite dimensional Hilbert spacés, which are carrier
spaces of unitary representations of the Lorentz group. This is a frequent
occurrence when dealing with a non-compact group, the simplest example
being Fourier analysis for the group of translations in one dimension. We
shall follow the usual device of introducing non-normalizable scattering
states in order to achieve the decomposition. PFhysically, of course, the
direct integral is related to the continuous spectrum of the Hamiltonian.

As in the bound state case, there exists a larger group, isomorphic to 0§1,4)
which connects the scattering states, but we have to introduce wave functions
for both attractive and repulsive potentials, We shall show that the repre-
sentation of this group, obtained in this way, is equivalent with the cne
previously discussed in I. This representation is in fact not unique and
the ambiguity which arises is the same as the one already encountered.

We shall slightly generslize the discussion by taking an arbitrary di-
mension f Tfor the configuration space. In order to construct the wave
functions it will be necessary to use harmonic analysis on a two-sheeted

hyperboloid. This has been developed in four dimensions in a series of



papers by Dolginov and collaborators® but we shall briefly recall the main
features including orthogonality and completeness of the "spherical func-
tions." This part can perhaps be used for other purposes in a different
context.

In an appendix we have performed the necessary transformations in order
+o show that the wave functions coincide with their ordinary expressions in
configuration space, both for scattering and bound states.

We will have to use repeatedly the following notations:

67!

unit sphere in a p-dimensional real Euclidian space, the measure

1Y
on the sphere being ¥ with
f dp-lﬂ =w = 2Trp/2
» I(p/2)
s
P
3 (n ,n ) will stand for the "®&-function” on S_, 1.e.,
sph 172 P
" o )e(s )5 (5,0 ) = eln)
J 1 1’ spht i’z 2
S
b
Tp : unit hyperboloid in a p-dimensional real Euclidian space,
p-1
u: u? - ZL u? =1
o] i
i=1

+
T£ will denote respectively the upper (uo > 1) or lower (uo < -1)
sheet of this hyperboloid. Our constant parameterization of T;

will be: u_ = ché, u, = shén,, with 8 > O and n, on S .
0 i i - 1 p-1



The measure on T; will be written as dp-l“ with

dp_lu = shep-gdedp-zﬂ. The megsure on T; will be related to the

one on T' by the transformation ueT_ S ueTt. Finally, & (u ,u )
D P i hyp 17 2

+
will stand for the "&-function" on Tp.

II. THE SYMMETRY GROUP

1. Infinitesimal Method

We study the scattering states in a Coulomb potential. As in I, we
introduce the following two-vector operators:

the angular momentum,

and the Runge-Lenz vector,

ﬁ=-élz(§xf-f><p)—k:? (1)

" Ry > > > . .
with r standing for r/lrl ; p is the linear momentum, u the reduced
mass; k denotes the strength of the potential.

The Hamiltonian

commutes with both these vectors. They satisfy also the following commu-
tation relations:

. DijH
[L,0,) = dfey g T, DML = - 2E ik Dk

3 M
(2)
[Li,Mj] = i}ieijk M,
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Consider the subspace corresponding to the positive spectrum of H. In
this subspace let Mi = %% Mi where the square root of H 1is defined
by the condition of positiveness. Then Li and ﬁi build up the Lie
algebra of the homogeneous Lorentz group 0(1,3) (our notation implies that
0(p,q) is the pseudo-orthogonal real group leaving the metric with p plus
signs and q minus signs invariant). In terms of L and M the Hamiltonian
reads:

R S O

5 .

The requirement that H be Hermitian restricts L and M to be likewise
Hermitian, and hence we are interested in unitary representations of the
Lorentz group.3 These representations are labeled by two numbers (Qb,c)
with {b a non-negative integer and ¢ pure imaginary, ¢ = ip (the prin-

cipal series) or {b =0 o<c <1l (the supplementary series).

12 -

> is a Casimir operator equal for each representation to %i + e -1,
From Eq. (1) it follows that we have one further relation among I and M,

namely

L-ﬁ+b~4-L=o=2i%Oc (3)

Equation (2) thus restricts us to the representations with -%b = 0. Thus
kgu 1

- (%)

E=-—
Zﬁg =

where E 1s the energy; and as we have assumed H to be positive ¢ = ip

and we are only concerned with representations of the principal series.



2., Global Method — The Fock Transformation

As mentioned above, we shall now generalize the problem to an arbitrary

dimension f > 2. The Schroedinger equation in momentum space takes the

form

2(q)

2k L f
(v® - 2uE) @ (B) = d'g (5)
ﬂwf_lﬁ l; _ alf-l
. . . > -3 > i
with E > O. Changing variebles from p to (EuE) p and letting

o(p) = ¥ ((M)’% 5)

Eq. (5) becomes

] . x(aw? IR
(p" - 1) ¥ (p) = —2 A e TSR (6)
Tfﬁbf_l ‘p - q'

We now imbed the f-dimensional space into one of f + 1 dimensions and
perform a projection of the original momentum space onto a two-sheeted
hyperboloid, T, (the Fock transformation, see Fig. 1). Iet u be an
arbitrary point in the f+l-dimensicnal space with component u along

the f + 1 direction and E its ordinary projection in the original space.
We introduce a Minkowski metric into this space, i.e., ¥ = ui - u2 . The

hyperboloid is given by the equation v =1 and the point 5 corresponds

to a point on this hyperboloid with coordinates:

’.—‘
+
te}
D

:'1;"’11 = s (7)




on the lower one. We shall need the following relations. If 5 and a

correspond to u and v respectively, then

13- 5P - (u_- v)? [ - v

- T+u ) (T+v) = |l+u0| ll+vol

%

o5(u® - 1) al™he afu (W)

d'p

|1+ uo|f i |1 +u |f
.. e}

where we remind ourselves that all scalar products involving u and Vv

must be taken with the Minkowski metric. For wu given by Eq. (7) and

Il
o(u) = 11 ¥ uo! 2 ¥(3) (8)
we obtain the following equation for 6 :
1 N
~ k(2u)® € u P o (v)
Bw) - £ [ v — (9)
onw, . KBS 2| ==
-1 T (u - v)5| 2

£+1

with e(uo) =+l if u >1, e(uo) =-1 if u < -1. The above equa-
tion exhibits explicitly the invariance of the problem under the group of
homogeneous, metric preserving, transformations in a f+l-dimensional
Minkowski space, i.e., under the group O(1,f).

Equation (9) is of the same type as the one obtained in I for bound
states which was solved using the properties of spherical harmonics on
the sphere. It will turn out that the solution, in the present case, can

also be obtasined by imtroducing a set of "spherical functions" on the



hyperboloid. (The terminology is somehow misleading and hyperbolic func-
tions would seem more appropriate; however, we stick to this name which is
apparently of general use. ) However, while the spherical harmonics are well
known, the corresponding functions -for the "Lorentz group" O(1, f) enjoy
less popularity. As mentioned in the introduction, they were studied in
particular for f = 3 by Dolginov and collaborators.z The case‘of f =2
was also used in the context of Regge poles but dates back in the mathemat-
ical literature to Mehler. We shall for the moment interrupt our discussion
of the Coulomb problem to give a description of these functions in order to
apply them to the solution of Eq. (9). However, they certainly deserve some
study for their own sake and, while exhibiting some results with lots of
"&-functions,” we shall be careful to present the proofs in such a way

that they can, hopefully, be made rigorous.

3. Definition of Spherical Functions on Hyperboloids

Let T;+l be the upper sheet, u, > 1, of the hyperboloid T

£+1°
s uS - Zf 2-1 Given two points on T+ u and u there always
h e i e p f+1° 1 2’ aay

exists a transformation AEO(+’+>(l,f) such that u = Aua. O<+’+)(l,f)
is the component of the identity of O(1,f). The set of transformations
which leave a point invariant is isomorphic to a proper rotation group

O(+)(f) so that T;+ ~ O(+’+)(l,f)/0(+)(f). The measure dfp 1§ invari-

1 o

ant under O(+’+>(l,f). Hence the Hilbert space 7

+
f+1 7’

Fal of sguare integrable

functions defined on T

e =8 f gl afu <=l



is the carrier space of & unitary representation of the non-~compact group

ol (1, 1)
g »Ug with (UAg)(u) = g(A™ )

This representation is not irreducible and decomposes into a direct inte-

gral of irreducible cnes:

Each Uﬂ, is itself a unitary'irreducible representation of the group but
again the non-compactness results in the fact that it is infinite dimen-

sional. Different N correspond to inequivalent representations. Corres-
pondingly, the space ’('f+l will be split as a direct integral of infinite

dimensional Hilbert spaces and any function in,/Q will have a repre-

4+l
sentation

s = | ) ey, () (10)
v

where V 1is a discrete index which distinguishes the components in the

space of the representation Uﬁ . The function &y V(u) will not belong
2

to ‘Aéf+l but will satisfy a certain partial differential equation in terms
of the Casimir operator of the group. Having properly chosen the indices,
gN Y will be proportional to a spherical function. We shall now derive

J

the equation satisfied by these functions. Let u = (ché, shén), we shall

investigate functions of the type

1) 0 4 o
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(£)

where Y 5 (%) is a spherical harmonic on the sphere S

The discrete
al

fl
> >
index o takes the values @ = 0,1,2, ... . If x =1rn is & point in

an f-dimensional FKuclidian space, r Y( ) (E) is a homogeneous polynomial

of degree « iIn the components of x and

o () @) < o

with the Laplace operator given in polar coordinates by

£-193 %

— - ——

£ dr® r Or e

and (132 is the generalization of the angular momentum and operates only

on the angular variables. Hence
£z (f> F) =ala+t - 2) Y(f) @) .

The index B distinguishes the finitely many, linearly independent, solu-

tions of this equation. Once normalized, the spherical harmonics satisfy:

E; éfé (n ) Yéf; (ne) = asph(nl,nz) » (12)
a,B
~ df-lQ (1’1) Y(f) ( ) Y(f) (n) -5 5 (13)
5/ %P i %2R, &, BB,

£

In £ + 1 dimensions we write the wave equation in the neighborhood of T;+l:

32 f 32 32 £

l——_]f+1 Za__=“"+“—': (%)

2
o1 dp pop P

\O
1



where - is the Casimir operator on the hyperboloid and v, o= pcho,

W, o= psheni, p close to +1. Then HN,a,B (u) is required to be an eigen-

+
f+1
to be an homogeneous function of w = pu, of degree A, with A = - £é£ + iN

function of , or px HN o, B (u) defined in the neighborhood of T
IV

(N will turn to be real) such that

[:]f+l (o% Hy op (u)) =0 .

The condition on N will be cbtained by requiring that (£+1) u) be a
JCX}B

continuous function of T;+l with the smallest possible growth at infinity.

The above conditions provide for Ze o (6) the following equation:
2

d2

(6) =0 (15)

a  ola+f -2) £ -1\ (s
+ fché - + -+ Zy
dché” dch6 sh%6

‘shze
l

The boundary conditions Jjust mentioned require N to be real and the rele-

vant solutions of Eq. (15) are for our purpose — including a normalization
to be discussed later:

for f odd;
>3

Zéfé(e) = [% . NZ(N2 + 12)....<N2 + (f -1+ a)a)J

of o 2
X sho (-——— cos N6, (16)

[

dcho

3

for f even;

L

1\2 32 ( £ 1)2)-2 : T2
(N2+(§) )(N2+(§) ) NZ*(‘e“'O"é' N Sh9a<.i_)-2 P .(cho), (17)
N th e H3

where it is understood in Eq. (17) that the factor on the right-hand side
1
reduces to (NthmN)? for f =2; P 1(ch8) is the Legendre function, and
iN-=

- 10 -



we shall throughout follow and use Chap. III of reference 4 for these func-
tions which in this context are called conical functions. In both cases
we have an even function of N; in the following it is assumed that N is

positive. With sz)(e) given by Eq. (16) or (17), we have the following

basic three relations for spherical functions:

Orthogonality relations, Nl and N2 are positive:

f () HN“‘l) ngf"'l)’a (w) =8y o B 5 W =), (1)

. 2’ 27 2 172 172
f+1

ccompleteness relations in';?Lf+l:

f }: () (o) =) ) = () (1)

integral equation

(£41) f+1 i1
f+1 2 2
~ (v) ox t cos(N log t)
., ,a,b - (f+1
a ulv) = . . u). 20
;/ - -1 P(££§§, N sh nN HN ( (207

2
Teiy (1 + t%+ 2tu-v)

In Ed. (20) t is a complex variable in a cut plane from - = to 0; log t

is real for t real positive and the argument of the expression

(1 + tz + 2tu.v) which appears in the integrand is O for +t real positive.
As is apparent from their definition [Egs. (16) and (17)], the spherical func-
tions are somehow different according to whether f 1is even or odd. This again
reflects the fact that the kernel in Eq. (20) has a square root singularity

for even f. Hence, we shall distinguish between the two cases to prove our

basic three relations.

- 11 -



b, Proof of the Three Relations in the Case £ 0dd

We start with the orthogonality relations. According to Egs. (11) and

(13) one has

(o]

(£)
G W ) - L f e’z (@) (s)as.

222 11 2° 1

| T

Tf+l

+1) (£+1)

Using the definition of zéf& [Eqg. (16)], this reduces to the study of the
F

integral:

£-1
Y e |[a )2 Y ] g \2 *
L/ d6shb 1 ¢§3§§) cos Nléj <dché) cos N29 s
¢

P
Tet us introduce the notation qp(N,Q) = sho® (35%5) cos N6. We want to
evaluate

é/\dGqP(Nl,G)qp(NZ,G) .

It is understood that Nl and N2 are positive. The auxiliary functions

qP(N,G) enjoy the following properties which are easily established:

qp+l(N,9) = (é% - pcth@)qp(N,G)

(N2 + (p - 1)2) L. l(N 6) = ( + (p - 1) cth 9) qP(N,G)

a® p(p - 1)

--—+N2-"—‘—""2 qp(N,9>=O'

a6 sh*o

- 12 -



qp(N,o) =0 if p>1 and qP(N,G) has an oscillatory behavior at infinity.
Using the recurrence relations given above we find by using integration by

parts that for p > 1:

o] oo

6/ﬁ d@qp(Nl,Q)qp(Nz,G) = 5/\ quP(Nl,9)<é% -(p - 1) cth@)qp_l(Na’Q)

[ a9 -0 e 0

(o]

= [NZ + (p - 1)2] d/Wdeqp_l(Nl,G)qp_l(Na,G) .

Since for p = O, qp(N;Q) reduces to cos N6 and

o

u/\ a6 cos N 6 cos N 6 =
5 1 2

S(Nl - Na)

noj=a

we find for p >1

(o]
N

J

e}

adqy (W, ,0)a (IN,,6) = [Nf(m‘j #1500 + (p - DF] Fo@ -w) .

et now p = al + L é L and introduce the proper normalization for Zéfé .
. >
One sees that we have just proved Eq. (18).
We turn to the completeness relation. For that purpose we use the fol-

lowing addition theorem (see reference L):

(1) . (-1 2 [ a
}: Héf;fé (ul) Héfgié (ua) = o1 ( > cos N@ , (21)
a,B

fOff_>_3 s u cu2=ch9 .



Integrating this result over N requires a little attention, since in
interpreting the result as Bhyp(ul’lﬁ) we shall naturally want to adapt the
coordinate system on the hyperboloid in order that, say, ui be the point
(1,0,0,440,0). Integration of Eq. (21) over N will introduce "&-functions"
of 6. However, with this special system of coordinates, 6 = 0 will be an
end point of the integration interval in 6. Hence we use the following
procedure, We multiply Eg. (21) by cos (Ne), with € > 0, € will be allowed’
to go to zero at the end of the calculation (the same device will later be

used without comment in the case of f even). With this in mind we find:
f-1 £-1

. (£+1) (f+1) (1) © a -
de 2 HN:O‘)B (ui) HN:GJB (uz) ) effo -1 dchf 6<912 )
(2n) ° *

2

The right-hand side does not appear at first sight to be equal to Bhyp(ul,uz),

but is indeed equal to it. To see that, recall that dip = sh 67 © asa’ o

.

Adapting the coordinate system as explained above, we compute with a test

function V¥ @

-1 £-1
2 © © 2
(-1) ] £-1 +
1im 5 a6 [ a 2(n) sh 6 v(8,n)| - 5(6 - )
e~ 40 -—-é-._ 5 dchb
(en) = 2 f
f-1
1 v o a\? e
= lim ——p7 u/\de A" " o(n)d(6 - ¢) sh 6 4 sh 9 °° y(o,n) .
2 . (2n) f

- 1h -



' 4 P
We now use the fact that sh 9<§é%5> sh 6 2 goes to zero for & —++0

£-1
as long as q < = (recall that £ is odd and greater or equal to 3),

while £

a\° o r(f - 1)
lim sh 6 sh 8 ° =

6~ +o dché =1,
2 P(I~l>

Our integral is thus y¥(0) (which stands for W(O,E), E arbitrary, the value
f-1
being the same for all 1) times I(f - 1)/(kx) 2

f-1
r . . R
(—5—) wf which 1s in
fact equal to 1, using the area of the sphere given in the introduction
f/2/ £ ) .
25 P(E . TIn short, Eq. (19) is proved.
It remains to prove Eg. (20). let t be for the moment a real positive

variable with log t real and compute the following absolutely convergent

integral:

sin 6 sh =N sh nl¥

[ve] o
1 /i an sin N6 _ 1 " lsin N(& + log t), sin N(6- log
o cos (Il log t) = 5= L/ dN( +
o o

It is easy to show that

o0
ax S ¥X o o X,
sh x 2
-00
Hence our integral is egual to
1 e +log t 9-1ogt) 1
——— 4th —————— 4+ th =
it sh 6 2 2 5 1+t +2tchs

- 15 -



The integral i1s absolutely convergent for complex t© as long as t varies
in a plane cut from -« to O, such that log t 1is real for real positive

t., For these values of t we get by analytic continuation:

[>¢]

1 -1 anN d
> - = —_ b/\-—-——-—-—--— cos (N log t) (cos N6)  (22)
1+t +2tch 6 t N sh N dché

O

The addition theorem (21) together with Eq. (22) yields with the same re-

strictions on %

1 2 1 aN O
~ (£+1) (£41)
FIC 7T “/\NshﬂN cos(N log t) EJBN,Q’B(ul)HN o B(ug) .
2 2 £-1 y . 2 ° a,B
(1+t +2tul.u2) - 1)1t

Hence, using the orthogonality relations Eq. (18), we get the desired result

Eq. (20).

5. Proof of the Three Relations in the Case of f Even

We first must give some properties of the Legendre functions which will
be used in the following, principally the Mehler's transformation formulas.

PiN—l/E(Z) is the solution of the Legendre equation:
d ;.2 a 1 ~
(dz (-1 g+ E) Pin-1/2 (2) =0 (23)

with the property that it is regular at the pcint +1 where it takes the
value +1. For =z 7real greater than one, N real, which is the domain in

which we are interested, PiN—l/E is real and is even in N. For 6 real

- 16 -



positive, the following two inﬁegral representations hold:*

- T ayv  (24)
(ch v - ch 6)2 TS (ch & - ch ¥)2

J2 f’" sin Ny 4y J2 /? cos Ny
These two integrals are reminiscent of the theory of Abel's integral equa-
tion. We propose to show that it leads us to the theory of Mehler's trans-
forms. Let g(¥) be a function defined for V¥ > O vanishing for ¥ = O,
squere integrable. between O and o« and sufficiently regular for the

following integrals to be well defined. One has the couple of equations:

o©

g(v) =§ f sin Ny G(N) au

O

w (25)
G(N) = f sin Ny g(v) ay .

O
Consider the linear transformation:
7 g(v)

g(y) ~£(6) = f &y (26)

§ (ch Vv ~-ch 8)%

where 6 > O. The inverse formula of this Abel equation is defined, if
say g(¥) < A¥ for small v, and gives us
0
14 £(8) sh 6438

g(v) = - — — N (27)
mdy " (ch ¥ - ch 6)2

- 17 -



Combining Egs. (26) and (25) we find

2 e > sin NV
£(6) = — av G
- Of () f dy

5 (ch ¥ - ch e)%

(28)

= f WPy n (ch 8) 2 (th aw) G(N)

where we have used the first integral representation in Eq. (24) for the

Legendre function. Similarly combining Egs. (27) and (25) we find:

[=0] o0

: b 1a [  £(6) sh o
¢(N) = f av (sin N¥) g(v) = -J v sin Ny — — f ao

o o T dy ¥ (ChG—chw)%

o]
(=)

oo [o¢]
sin Vv £(6) sh 6 1 £(6) sh 6
= |- Jf de + - L/1. dylN cos wa/\ ae
Ty v

L :
(ch 6 - ch V)2 n S (ch 6 - ch w)%

Assuming that g(V¥) is the derivative of a function which vanishes at
infinity, we can drop the integrated term and we find, using the second
integral representation in Eq. (24):

co

N A
G(N) = — sh 6d67r(6) P,
22 ¢ +

N-1/2 (ch 6) a6 (29)

If we call F(N) = G(N) /2 th =N we deduce from Egs. (28) and (29) the

couple of Mehler transforms:
(o0}

r(e) = f F(I) Pin-1/2 (ch 6) an
) o (30)

F(N) = N th =N f d6e sh of(e) P, (ch 6)

“iN-1/2

- 18 -



We can express Eq. (30) in a different language with x ,x

real and greater
than one, Nl and N2 positive;

o“/\ W Piya/p (x ) Pin-1/2 (x,) N th 7N = 6(xl -x)

(31)
A s(N - N )
jF W Py aafe O) By ygp (2) = R
1 1 2 N th o
1 1

We are now in a position to derive formulas (18), (19) and (20) in the case

of f even > 2. From Egs. (11) and (13) we get as before

f N SR € (£)
u/\d u(u)HN o B (u)HN a8 (u) = 8, o ,55 B u/\sh ) dQZN o (e)zN Ja (6)
ot 17171 2° 27 2 172 17 2% 171 27 1
£+l

Using the definition of zéf&, Eg. (17), leads us to study the integral:
2

r (N ,8) r (N ,0) sh 646
] £-2 . 1’ -2 4 2’
0 2 a1 2 1

where the auxiliary function rp(N,@) (equal up to a factor to the associated

Legendre function) is defined through:

rp(N,G) = (sh )P (

P
dch@) Fin-1/2 fon ) -

This function satisfies the following relations deduced from the analogous

- 19 -



ones valid for the Legendre function:

d
rp+l(N,6) —Qig - p cth 9> rp(N,e)

(1\12 + (p - %)2> I.P_l(N,e) = - (% + pcth 9) rp(N,G)

d . d p2
sh®6 | — +2ch 6 + NF 4 - - r (N,6) =0
d ch 6 dch @ L sh® o] P
Hence, by integration by parts using the fact that rp(N,G) is bounded

N
at infinity by A(ch 8) © :

[oe] [e)

~ I
a
J a6 sh 6 rp(Nl,6)<a—9— - (p -1) cth e)rp_l(me,e)

ae e N ,6 N ,0
[ a0 o 0= (3,6) 7,(x,,0)
o o}

(2]

[ a
-] 48 sh 6 rp_l(Nz,G) (3-5 + p cth e)rp(Nl,G)
O

4]

2 \
+ (P - %) } / dé sh 6 rp_l(Nl}G)rp_l(Nz’e) e
o]

I
=
b

Since for p = 0, rP(N,G) reduces to the Legendre function for which Eg. (31)

holds, we get

ofd@ sh 6 x (N ,8) r (N,,6) = [(Nf + (p - _32:)2)<N2 + %)]w BN - X)) .

The coefficient in front of the d-function is to be understood as (Nl th ﬁNl)—l

if p = O. Comparing this result with the normalization of Zéfé(@) we see

that we have proved Eq. (18).
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For the completeness relations we use the addition therorem:*

-2
n th =N -2 a Y2

L (f+1) ngﬂl)(u ) = ( 1)—2—

0 = .
ch pl u.2

Pin-1/2 (ch 8). (32)

To prove Eg. (19) it remains to integrate Eq. (32) over N. With the sawe trick
as in the previous section, we find with the help of Eg. (31):

£-2 £-2

T ) ) dE (0= [ a ¥
deZ HNaﬁ(u)H.Na’B(u)= lim 8(ch 8 - 1 - €)

/2
270 22!
S ap e~ +o (2x) d ch 6

Again, this is indeed 6hyp(ul,u2) since with the test function

£-2 r-2
°°f (_1)2 a 2
lim a u{u) v(u) 8(ch 8 =1 - ¢)
£/2
e 40 § (2n) dch 6
f-2
1 a \? -f-— .
= lim fsh@d@&(ch@-l-e) 75 f\;f(e) an(n)
er+0 Y (2n) dch
Again
0 if q<—f;—2
4 -
lim (a—é%—g) sh ef 2 =
6— +0 £-2
-2} ,2 - =2
(2>'2 Hoa=-3

s0 that the integral reduces by Leibniz rule to V(0) times
<(f 2)/2) (f 2)/2 (2n )f/2 1. The completeness relations, Eq. (19),

are thus proved.
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It remains to cbtain the integral equation, (20). For this we use the

alternative integral representation of P, (ch 6):

iN-1/2
--iW

( ) c¢h =N ) t
P, ch 8) = u/ dat . (33)
in-1/2 (1 +2tcho+t3)%

By Fourier transformation Eq. (33) gives:

oo

1 f ( ) an 1 -
t cos (N log t) P (ch 6) = . 3
s inN-1/2 ch 1 (1 + 2t ch 6 + t2)2

This resuit can again be continued analytically in the complex t plane
cut from - to O, with the principal determination of the logarithm

in the left-hand side and the sgquare root on the right-hand side such that
it will be positive for real positive t.

Combining Eqs. (32) and (34) we get:

f-1
— 2
s\p dN 't l - 30-..(f - 3)
£ T+1 35)
\/ e cos (N log t) }; ( +l Hé ; ; f/g * f-1 (
N sh s (2“) 2\ 2
Q,B (1+2tul.u2+t )

with 1 - 3eees(f - 3) replaced by 1 if f = 2 and the same restrictions
on t as before. With the help of the orthogonality relation, Eq. (18),

* we deduce from Eq. (35) the desired integral equation, (20).

6. Solution of the Integral Equation for the Coulomb-Potential

Having now the required tools, we compare Eas. (9) and (20). If we
let t go to 1 in Eqe. (20) the expression is well defined. If we approach

-1, either by the upper or lower imaginary plane, we again find a unique
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limit. Using these facts, let- g(u) be a function defined on the whole

. _ mT -
hyperboloid Tf+l = Tf+l + Tf+l’ by

+
ueley 5 8w = Hy o

ueTf+l , glw)

I
+
.
Q
-
™
A~
o
p—

One deduces from Eq. (20) that:

. +
= a + ch Nx if ueTf+l
¢ g(v) 2
/ﬂ a u(v) r i g(u)

2 — f—l) 1 L -
Tf+l (u - v) 2 F(——— N sh =N S ch Nx  if ueTf+l

=
3

, order that g{u) be a solution of Eg. (9), it is thus necessary that
(a + ch 7l) = - (% + ch =N), in which case a = ~eT, Correspondingly

we have two solutions (up to a normalization):

) +
(s HN,a,B<u) if uely .
(DN,CX,B(u) = (36)

which satisfy

~(2) : %}l' £ 6; o,8")
8) (o) == e(u)f afu(v) —E (37)
2x 2 Ten |- w72

Because of the completeness relations, Eq. (19), one can convince oneself
that the functions, Eq. (36), exhaust the solutions of Eq. (9). The fact
that for given N,Q®,B there exist two solutions is a natural consequence

from the fact that choosing N positive was a matter of indifference;
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. /\+ Al -
indeed Q( ) (v) = ®( ) (u). On the other hand, this double solution re-

N,a,B -N,&,B

flects the fact that we can as well treat attractive or repulsive potentials.

3(+)

(k < 0). Comparing Egqs. (9) and (37) we get the following relation between

the energy E and N:

independently of the dimension f. One notes that Eq. (38) is the analytic

continuation in the index A of the equation corresponding to bound states

(Eq. (19) in I) from real integer values to complex values of the form

A= - £é£+ iN. So, in fact, are the eigenfunctions. We cobserve also in

the case f = 3, from the Lie-algebra analysis, that the eigenvalue ¢

which characterizes our representations of O0(1,3) is equal to iN.

Each set of functions Héf;lg(u) for fixed N provides a basis for
272

an irreducible unitary representation of O(+’+)(l,f) through
(£41),, -1y _ N (£+1)
H—N’a’B(A u) - DQIJB‘;Q,B(A) ’al)ﬁl(u) *

This is clear since the equation satisfied by this function for fixed N
is invariant under the group. We shall not exhibit explicitly the matrix
elements of these representations; it would require too lengthy calcula-

tions. We return to this question in the following section.

IIT. TRANSFORMATION GROUP

We shall discuss briefly the introduction of a larger group of trans-
formations. The motivation is the same as in I: We want to find a group
which relates the various scattering states corresponding to different

- 24 .
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corresponds to the attractive case (k > 0), ®( ) to the repulsive case

(38)

(39)



energies but we have to mix solutions for attractive and repulsive potentials.

7
Consider the space fﬁ{ of square integrsble functions on Tf+l with the
~(£)
o) . ‘-
N,G,B(u) We are look

f+1
megsure dfp. It is spanned by our scattering states
ing for a group which contains 0(1,f) as subgroup and has a unitary represen-

A
/»‘

tation in Y which reduces to the ones.described above when restricted
to O(l,f). Again, the answer is in terms of projective transformations.
We recall the construction of this group. Let us denote for the moment
by w an arbitrary point in Euclidian f 4 1 dimensional space. Introduce
the quantity z = w® (where u* denotes the Minkowski square). In the
(z,u) space we are restricted to the previous "paraboloid." Consider the

projective transformations which leave this parabolcid invariant. Intro-

ducing the homogeneity variable t we find the homogeneous group, leaving

£

st - 42 = (z + t)2 _ (Z ; t)2 _ ui + E: ui

i=1
invariant. That is the "conformal Lorentz group” O0(2,f + 1). Going back
to our f + 1, Euclidian space we ask for the subgroup of 0(2,f + 1) which
leaves the initial hyperboloid Tf+l invariant. The condition is 2z - t = Q.
Hence the required group is G = O(l,f + 1). The result turns out to be the
same as for the bound state case, This will appear clear at the end of this

section. Going through the previous transformations, the action of G on

the hyperboloid is found to be

u-—"Ae+u=1u' ; u,u'eT
? ’ '+




The Greek indices run from O to £, the Latin ones from 1 to f. The

real matrix A Dbelongs to G; that is

l'l-l
//aaB %rt\\ ..
‘-1
A= Y = 3
-1
St St
(41)
ATyA =7 .
The hyperboloid is clearly invariant since one finds
o -1

u't - 1 = =0 (42)

2
(é 8y Uy * att)

Tt is to be remarked that in Egs. (40) and (42) the denominator may vanish
for certain transformations. This means in fact that in order to consider
the action of G on Tf+l we have to add to the hyperboloid extra points

"at infinity." In other words, T has been compactified by the adjunc-

£+l

tion of a surface at infinity.

We build the following unitary representations of G 1in :;f+l which

depend on the index p:

o(A )
o(u) —>ij\@ (u) = _ - %ip . (43)
é ata(A l) Uy t att(A l)




Using Eq. (42) one checks the unitarity of these representations:

f By = / aulrlolrhy ] ()

Tf+l rI.f+l

We have studied in I similar representations of O(l,f+l) realized in

the Hilbert space of square imtegrable functions on the sphere Sf+15

it by Cﬁyf+l. It may be interesting to know whether we have constructed

denote

equivalent or inequivalent representations of the same group. The remainder
of this section will be devoted to the proof of the unitary equivalence of
the two sets of representations. All the properties investigated before,

such as irreducibility, will thus hold true in the present case.

For that purpose we first define a transformation which maps the sphere

2 § 2
» 'U_ =
Sf+l Vo vo + 5 1

il

on the hyperboleoid

£41 s

It is the following mapping (see Fig. 2a)

1 v,

veSf+l ~u =T veTf+l s o uw=f—, —

v v
o o]
(45)
- 1 “Uy
d = - M = § — ———
uETf+l v =T ueSf+l ;v B

u u

o] o]
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Let v —=Av =v' be a conformal transformation of S, .3 AeO(1,f+1) and

1 __—
25070 T Z 80375 * Bot 8i0'0 T Z 81575 T Bit
Vo J . J
v = 4 , v = (16)
atovo + zq atjvj + 8yt atovo + }: atjvj + 84t
J J
with
%t | ZtB .
\aat 88
y Toelng as in Eg. (hl). Performing the projection T we find that the
corresponding point on Tf+l undergoes the following transformation:
v —>Au=1u'
T
Al i
attuo - 2; atju' * a‘to -a‘tuo+ }: alJuJ - a1o
J J
Uy = > ¥ T — (48)
au-Z‘a_.u.+a a - a .u, +a
ot o 0J 3 00 ot o 0J lole]
J J
That is with:
/ 1 0 \ 1. 0 ©
A= 1{ O -1 A= 1 0 0 1
T f o)
0 0 0 --If 0
one has
gt Pty %o
-l = - -
Aph, &t i3 %o (49)
Got -aoj aoo



If is a unit f X f matrix, The correspondence A.~>Af is an inner

automorphism of 0(1,f+1) and one even remarks that Ao always belongs
to the component of the identity.
If u = Tv one also finds, using Eq. (45), that

8 u(w)
lu lf ;ou=Tv L (50)

de(v) =

and belong to U

Hence, if ¥(v) is a function defined on Se, 41

1

2

V(T )
[ 1uwl® dfa) - | | s duu) (51)

ESh
Se ) T ol

-7
i
.y

. = . - . A, J{/
Using Eg. (91) we define a unitary mapping Up from <L o4l to , £41 by

) W)
v(v) € A ~[u y] (u) = € TL
f+1 P El—ip f+1
u
0
(52)
y o)
o) ¢ A pyp 7 LOSOX(Y) = e gy
2P
v
O

The unitary representation of o(1 ,f+l) that we investigated in I for
Ly‘/‘//f_i_l was defined through

N Y(A™ M)
W) = (BN (v) = (53)

\. -1 -1\l 2
Z aea(A ) vyt att(A )

a




with Av given by Eq. (46). Similérly, Eq. (43) defines a unitary repre-

sentation T':)\ of the same group in J‘r/&;‘ﬂ_. We will now prove that
Ap
u =7 U (54)

Since in virtue of Eq. (49)

A A ( AN
T o o
T = T TA T )
5 o TorTo (55)
and all operators are unitary, Eg. (54) is indeed a statement of unitary

equivalence. The pr)oof of this equality is rather straightforward. Consider

for instance

(A T7ha)
A
(U Rp\ﬂ(u) = = ;
° " 1 1| TP
att<A ) u - Z atj(A ) us + ato(A )
J
on the other hand,
-1 -1
A | v(T A u)
[z " U yi(w) = - X
PP 1 \ 1 1 |§+ip
- - - =1y
aOO(A ) U L ao (A7) u, +a t(A }i
J
. =+ip
-1 -1 2
aOO(A ) u Z aoj(A ) Uy + a t(A )
J
-1 -1 -1
att(A ) u - Z atj(A Y u. + ato(A )
J
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and since by definition of the automorphism t, Tt A;l= A;l Tt Eg. (54)
is easily obtained and the unitary equivalence established. The geometric
transormation (45) which was at the basis of our proof is best understood

by adding an homogeneous coordinate such that u_ = Y/T, u, = Xi/T and the

same for v. The sphere and the hyperboloid appear as cones centered re-

spectively around the T and the Y axis; the abstract group O(l,f+l)
is realized in two different ways as homogeneous linear group which leave
one of these cones invariant. A rotation of 180 degrees around the line
Xi =0, Y =T which is tangent to both cones is the substitute for the
transformation T. This is pictured in Fig. 2-b.

As a matter of fact, one can prove that the unitary representations of
0(1,f) constructed in Section ITI with the help of spherical functions and
those cbtained in the section by means of conformal transformations on a
sphere or an hyperboloid are equivalent. The proof is an extension of the
one given in the case of f = 3 in the third article of reference.?

Before concluding this section we shall briefly mention the case of
zero energy. From the commutation relations, Eq. (2), we note that
[Mi’Mj] = 0 and the operators i, ﬁ, build the algebra of the Euclidian
group in three dimensions, E(3). In f dimensions this may likewise Dbe
realized globally. We project the f dimensional momentum space onto a

paraboloid in f+1 dimensions, P If u is a point on the parabolold

f+1°

2 >
u, = a /2, with ug in the f+l1 direction and u in the original £

dimensional subspace, we let p —u = [1/(20%) g/pa]. Performing this

transformation on Eq. (5) we cbtain, with 0(u) = @ (g/pz) l/pf+l.
> ~
R ouk gttt f&(vo -2 ) B(v)
o(u) = o f % - T[T ’
o1 u - v
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which exhibits the invariance of the problem under the Euclidian group in

f dimensions, Ef. It may also be noted that the group of conformal trans-
formations in T+1 dimensions which leaves Pf+l invariant is again
0(1,f+1). The action of the group on functions defined on P, , may be
obtained from its action on Sf+l or Tf+l by noting that in Fig. 2-b,

if we make a rotation of 45° in the (T,Y) plane, we transform Seu1 and
Trq into Pf+l' Tt is amusing to note that the large group of transform-
ations in all cases is O(1,f+1) and the subgroups which are symmetries of
the problem in the cases E <0, E =0, E>O0 are o{f+1), E(£), 0o(1,1)

respectively, which are the little groups of the Poincaré group in an

(1,f+1) dimensional Minhowski space.

IV, CONCLUSION

The hydrogen atom illustrates several aspects of the use of group theory,
and especially non-compact groups, in gquantum mechanics. The theory of in-
finite dimensional representations can be of interest in various problems.

We hope to have shown in this work that it can be used beyond the realm of

Lie algebras.

It is a pleasure to thank Professor Panofsky for his hospitality at SLAC.
Thanks are due Dr. R. Stora for discussions on the necessity of including

both attractive and repulsive solutions.



APPENDIX

In Section II, Eq. (36), and in Reference 1, Egs. (12) and (40), we
obtained representations of the wave function in momentum spaces, in the
scattering and bound-state cases, respectively. We shall explicitly trans-
form back to configuration space and show that we obtain the usual expressions.

We set, of course, £ = 3.

1. Bound States

Using the results of I, we find for the radial wave fun:tion with prin-

cipal gquantum number n and angular momentum L

('U% ép /" = [~ ofaq
Wn,fﬂr) = __—;%575——" © (0% - 18)... (1 - 3] k/\-----—.......___‘,§

(A.1)
, £
D ) 2 ( a ) sin nd
. o .
- dp g ——} sin ©
Kk d cos © sin ©
q = th /2 ,
where po = -2uE . We want to evaluate the last integral; dencte it by
: P2 :
In;&(rpo/ﬁ) . It is clear that In;ﬂ(y)y»o = 0(y’) . We consider the
following sum for }tI <1
* o . L2
B n L1 2l .
> nl {Ky>t = (1-t3)t7 2 ({+l)16/j quﬂ(qy) .
A n, 2,. ..\2 2
N ‘ , g (1+t)” + (1-t)

The integrand is even; we can extend the integration from -« to +x and

use J{KZ) = %? %h +)(Z> - héf>(z)§ . The Hankel functions satisfy:

£-1

(+) () = (opyPrt (D) (£),) = oz
By (-z) = (1) R (2) , my(a) =0 ) -
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Hence we can write:

> ) fj_j_j b 2l f 1 () . >&+g
_ ot o1 F1+t)® + (1-1)F

(1-t%) L1 ol 2ni <_—_> h(+)(qy) q >
2i (l+t)E;2 dq 2 a{i+t) + i(1-t)

where the integral was performed by closing the contour in the upper half

{

fi
C*-
av}

b
g-plane. Since the sum behaves like yv for y -0 we can drop in the
derivative all the terms which are of smaller power in y. We use explicit

form of the Hankel function® and cbtain:

2t
© Newmoy
Ej nI {ﬂy) £ = nf%+l 2£ 2 y/&e-y ——E—iii——-
lJ ¢ (l""t) 2’&*‘2

On the right-hand side we recognize the generating function of associated

Laguerre polynomials:

%

YTt 2 (-1)PF N

ST bl
D

p=0 (p + k)!

and thus get

© /&
~ g7aq a sin nd
T = g(@) sin &( >< )

il

5 (1+q ) d cos B sin 8 B=Darct
(A.2)
A1
-1 {,2 {, -y _obs
= T e L 5 ,(2y)
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Introducing the Bohr radius:

. B (A.3)

ku

we obtain by combining Eqs. (A.1) and (A.2) the radial wave function:

-0t (n--1)¢ 12
R A ey | SN M CHE - S NS

2. Scattering Case

With the necessary adjustments for normalization we find for the radial

wave function with angular momentum 4 and energy

hﬁi& N 8

w7 T | e T ) (R

L1
2 \* 2, d
quqa jplae){—| sh 6. cos NO_
J 1-q d ¢h Gh
(4.5)
-nN ﬁ 2 2 . L d {&l.
- e [ aad” gplap)|—) sn 6 {———] cos W5,
. 1-g d ch 9+
1 J 2uE 1

N = k-;;:— y P = ﬁ r, th(G_/E) =q for 0<g <1, th(9+/2) = E for g > 1.
. =g

The positive (negative) values of N correspond to attractive (repulsive)
potentials. Of course we must give some prescription to deal with the singu-

lar point g = 1. We introduce

1 d G cos N&
oz ()

sh s \d ch 6 sh &

..35..



i sh t(-1f£6&+1)£

40
Fp(t,6) = ane™® g, (m,0) =
t -5/\ L (ch 6 + ch t){+2

M—ﬂi{/—l N % ’F/ ’P/!-l
v = e sh 7l - 1) A 2
m,t (2n)5/2 T (1-e TR (B413)... (FBH2) (L)) *

40 40

. L2
f dte'iNt sh t f dqj/&(qp)< q >u+
(t-ie)]

- s q®[1-ch (t-ie)l + [1+ch

[~

The prescription ch (t-ie) takes care of the singularity at gq = 1.

NOBNS

. . 1 , ,
We replace again J{/ by 51 ( ) ) ),close the contour in the upper

half of the g-plane and use the explicit form of the Hankel function to

calculate the derivative which occurs at the point g = cth (t -21e)_ The

result is

8257 N e ich%-p—iNt

3 at
WN /& = sh N 2Jﬂ-2p&f—-——T e
AT (o5 (1- 22 (B 412)... (P +H3) 5 (sh2 3) L
2

£ .
We take x = xth 5 as a variasble, the region of integration being the real

exis except the segment (-1,+1). We can close the contour in the upper half

plane (p is positive) and move it to (-1,+1). Taking into account changes

of arguments in the integrand we get

___N—— -ip ’E/ eﬂN L ’P/— ’Ef-l-
v, = sh N e 2P (1 o Y (5 YEHIT
Wt T \/eﬂ 1-e 2™ ( 2 ) VIR .. (P EF) :{ﬁ R

with Arg(x+l) = Arg(1l-x) = O. Apart from a proportionality factor and an
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exponential, the integrand is a classical representation of the hypergeo-

metric function. Taking this factor into account and

\/«1\. (=41 (=L P2 :\IN a —rrTlI‘(/PV iT+l\[
V JLAY \J\‘l l.l_/ * e @ \J.‘i W / V &Y otk Jld¥ | \ ) LY /J
our result reads
pay 2 «
o () = el L £ +1N+1) (g_p_) T p(La | ela2l21p)
n, L (2l+1): 1

with o as in (A.5).

(A.6)
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